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Chapter 3

Modelling, Differ ential Equationsand
SystemProperties

In most engineering scenarios, if there are multiple signals of interest, then they will be related to one
another by the laws of physics. The process of using these laws in order to develop equations which
describe how signals interact can often be very complicated; although equally often the essential
characteristics can be captured by a simplified analysis that deliberately ignores intricate and non-
core features.

The point is that a complete study of physical modelling is a huge task, and therefore such a
project is not the aim of this chapter. Rather, the goal here is simply to provide an appreciation
for why physical models are very often of a certain (differential equation) form, and also to provide
insight into the general principles that are used to derive, describe and analyse these models.

3.1 Electrical Circuit Modelling Examples

As a first example of how differential equation modelling arises, notice that any electrical circuit must
obey physical laws which are Kirchoff’s voltage and current conservation rules

(KCL)
∑

k

ik(t) = 0, (3.1)

(KVL)
∑

n

vn(t) = 0. (3.2)

That is, via (3.1) the summation of currents ik(t) at a circuit node must be zero (with current sign
accounting for current direction) and by (3.2) the summation of voltages around a circuit mesh must
be zero (with voltage sign accounting for voltage polarity).

Furthermore, the fundamental circuit elements which might be involved in such a nodal or mesh
equation are often the essential passive components of resistor, inductor or capacitor which obey laws
such as

(Resistor, Ohm’s Law) vn(t) = Rik(t), (3.3)

(Inductor) vn(t) = L
d

dt
ik(t), (3.4)

(Capacitor) ik(t) = C
d

dt
vn(t). (3.5)
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Here R is resistance, L is inductance, and C represents capacitance. If any substitution of (3.3)– (3.5)
is made into (3.1) or (3.2), then a new equation describing relationships between voltages, currents
and their derivatives is obtained. That is, there will be a differential equation which describes the re-
lationship between voltage and/or current signals in a circuit. This concept is probably best illustrated
by examples.

+
−

+

+

−

−

vR(t)

i(t)

vC(t)
v(t)

Figure 3.1: Circuit considered in example 3.1.

Example 3.1 Consider the elementary RC circuit shown in figure 3.1. By Kirchoff’s Voltage Law
applied around the one and only mesh in the circuit

v(t) = vR(t) + vC(t). (3.6)

Also, by Ohm’s Law
vR(t) = Ri(t) (3.7)

and by the characterisation (3.8) of capacitive action

i(t) = C
d

dt
vC(t). (3.8)

Substituting the circuit element characterisations (3.7) and (3.8) into the Kirchoff-derived constraint (3.6)
then provides

v(t) = RC
d

dt
vC(t) + vC(t) (3.9)

which is a differential equation relationship between the capacitor voltage signal vC(t) and the inde-
pendent source voltage signal v(t). It can be expressed in the slightly neater form:

d

dt
vC(t) +

1

RC
vC(t) =

1

RC
v(t). (3.10)

�

Example 3.2 Consider the elementary Op-Amp circuit shown in figure 3.2. Then by Kirchoff’s cur-
rent law applied at the negative (−) input node of the Op-Amp (no current enters or leaves the − node
due to an assumption of infinite input impedance):

i1(t) = i2(t) + i3(t). (3.11)
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However, by Ohm’s Law and Kirchoff’s Voltage Law

i1(t) =
vi(t) − v−(t)

Ri
, i2(t) =

v−(t) − vo(t)

Rf
. (3.12)

Furthermore, according to the characteristic for capacitor operation

i3(t) = C
d

dt
[v−(t) − vo(t)]. (3.13)

Substituting (3.13) and (3.12) into (3.11) then leads to

vi(t) − v−(t)

Ri
=

v−(t) − vo(t)

Rf
+ C

d

dt
[v−(t) − vo(t)]. (3.14)

Assuming infinite differential gain for the Op-Amp means that via the negative feedback strategy of
the circuit v−(t) = v+(t) = 0 so that (3.14) becomes 1

vi(t) = −
Ri

Rf
vo(t) − CRi

dvo(t)

dt
.

Re-arranging this equation then shows that the input-voltage signal vi(t) is related to the output-
voltage signal vo(t) via the differential equation relationship

dvo(t)

dt
+

1

CRf
vo(t) = −

1

CRi
vi(t). (3.15)

�

3.2 Mechanical System Modelling Examples

For a mechanical system, similar interactions of physical laws again lead to differential equation
relationships between signals. For example, by Newton’s second law, the vector sum of forces
F1(T ),F2(t), · · · acting on a body must equal its mass m times its acceleration vector a(t)

(Newton’s 2nd Law)
∑

k

Fk(t) = a(t). (3.16)

At the same time, the acceleration vector a(t) is the second derivative (with respect to time t) of
displacement the displacement vector u(t) so that

a(t) =
d2

dt2
u(t). (3.17)

As well, many physical mechanical components obey laws which again are expressible via differential
equation (or simpler) relationships. For example, for a spring (which moves only in one dimension so
that vector notation is not required)

1The Operational Amplifier (Op-Amp) obeys the law v0 = K(v+ − v−) for some gain K. If we assume a perfect
Op-Amp where K = ∞, then v+ − v− = 0 is the only possibility if v0 is to remain finite.
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vi(t) vo(t)
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Figure 3.2: Circuit considered in example 3.2.

Fk(t) = −ks[xk(t) − x◦] (3.18)

where ks is the spring constant, and x◦ is the natural resting length of the spring, so that xk > x◦

corresponds to spring stretching, and xk < x◦ corresponds to spring compression. The negative sign
in (3.18) therefore corresponds to the force produced by the spring acting in a direction opposite to
the direction of extension (or contraction) of the spring.

Furthermore, for what is known as a damper (or dash-pot) the following relationship holds

Fk(t) = −kd
d

dt
xk(t) (3.19)

where kd is the damper viscosity, and increasing xk(t) corresponds to extension (of the damper).
Therefore, any mechanical system composed of springs and dampers will obey a relationship

between force and displacement signals that involves substitutions of the relations (3.17), (3.18)
and (3.19) into (3.16) which will again be a differential equation relationship.

Example 3.3 Car Shock Absorber Consider the particular mechanical system which is a car shock-
absorber and which is shown diagrammatically in figure 3.3. The parallel spring and damper represent
the shock-absorber, which forms the connection between the car chassis, and the wheels which contact
the road. The purpose of this shock-absorber is to smooth the time variation of the signal y(t), which
is the height of the car above some reference (say sea level), as compared to the time variation of the
signal u(t), which is the height of the road above sea level.
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y(t)

Spring Damper

F1(t) = mg

Road

CAR CHASSIS

u(t)

F3(t) = kd
d
dt

[y(t) − u(t)]F2(t) = ks [(y(t) − u(t)) − x◦]

Figure 3.3: Car shock absorber considered in Example 3.3.

In this case there are three forces acting on the car. The first one is due to gravity

F1(t) = mg (3.20)

where m is the mass of the car and g is acceleration due to gravity; 9.8 ms−2. The second force is
due to the action of the spring (the direction of the force acting on the care is as shown by the arrows
in figure 3.3)

F2(t) = ks[(y(t) − u(t)) − x◦] (3.21)

and the final force is due to the damper

F3(t) = kd
d

dt
[y(t) − u(t)]. (3.22)

Substituting these forces (3.20), (3.21) and (3.22) together with (3.17) into Newton’s 2nd Law (3.16)
then gives a differential equation relationship between the road height signal u(t) and the car height
signal y(t)

mg + ks[(y(t) − u(t)) − x◦] + kd
d

dt
[y(t) − u(t)] = −m

d2

dt2
y(t). (3.23)

Note that the right hand side of (3.23) involves a minus sign, since the vector sum on the left hand
side is directed downwards, and hence the orientation of the dispacement vector differentiated on the
right hand side of (3.23) must be consistent with this.

This expresion can be re-arranged into the slightly cleaner form

d2

dt2
y(t) +

kd

m

d

dt
y(t) +

ks

m
y(t) =

kd

m

d

dt
u(t) +

ks

m
u(t) +

(
ks

m
x◦ − g

)

. (3.24)
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x(t)

F1(t) F2(t)

Figure 3.4: Car velocity situation considered in Example 3.4.

Note that at rest, when all first and higher order derivatives are zero, the model (3.24) reduces to

y(t) − u(t) = x◦ −
mg

ks
. (3.25)

That is, the resting height of the car above the road is the natural extension x◦ of the spring, minus the
amount mg/ks that the spring is compressed by the force due to the mass of the car.

�

Example 3.4 Car Velocity As a further example of the application of Newton’s second law, consider
the case of a car which is subject to a force F1(t) produced by the engine, and also wind resistance
F2(t) acting in an opposite direction; see figure 3.4. Air resistance is known to be proportional to
velocity, so for some constant k ∈ R

F2(t) = kv(t), v(t) ,
d

dt
u(t). (3.26)

At the same time, acceleration a(t) is the time rate of change of velocity v(t) so that

a(t) =
d

dt
v(t). (3.27)

Substituting (3.26) and (3.27) into (3.16) with the motor induced force F1(t) labelled as F1(t) = f(t)
then leads to the following differential equation model for the relationship between the motor force
signal f(t) and the velocity signal v(t)

m
d

dt
v(t) = f(t) − kv(t)

which may be re-written as
d

dt
v(t) +

k

m
v(t) =

1

m
f(t).

�

Example 3.5 Water Tank As a further mechanical type system modelling example, consider the sit-
uation shown in figure 3.5 in which a circular tank, of surface area Am2 is subject to an inflow of
u(t)m3/s of water, which results in an outflow of y(t)m3/s. The challenge is to model the relation-
ship between y(t) and u(t), and for this purpose we note that the total mass of water entering, must
equal that of the water leaving plus whatever extra water is accumulated in the tank.
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That is, with A being the surface area of the tank in m2, then since the total volume V (t) of water
can be expressed in terms of the height of water in the tank as

V (t) = Ah(t) (3.28)

then the rate of change of this volume must equal the difference between flow rate in u(t) and flow
rate out y(t). That is

A
d

dt
h(t) = u(t) − y(t). (3.29)

Furthermore, assuming smooth laminar flow (as opposed to turbulent flow), the output flow rate y(t)
will be proportional to the pressure at the bottom of the tank where the outlet pipe is, and in turn this
pressure will be proportional to the height h(t) of the water in the tank. Therefore, for some constant
of proportionality K ,

y(t) = Kh(t) (3.30)

Combining (3.30) and (3.29) then provides the final differential equation model

A

K
·

d

dt
y(t) + y(t) = u(t). (3.31)

Suface Area = Am2

h(t) y(t)

u(t)

Figure 3.5: Tank filling situation considered in Example 3.5.

Example 3.6 Coupled Water Tanks The previous example can be extended to one in which the out-
flow x(t) of one tank of surface area A1 becomes the inflow of a second tank of surface area A2 as
shown in figure 3.6.

As per the previous example, the rate of change of volume in each tank is equal to the differences
between input and output flow rates. That is

A1
d

dt
h1(t) = u(t) − x(t) (3.32)

A2
d

dt
h2(t) = x(t) − y(t). (3.33)
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Furthermore, assuming smooth laminar flow (as opposed to turbulent flow), then the flow rate x(t)
between the tanks is equal to the pressure difference, which is proportional to the difference h1(t) −
h2(t) of water heights in the two tanks. That is, for some constant of proportionality K1

x(t) = K1[h1(t) − h2(t)] (3.34)

Note that x(t) can be negative (i.e. water can flow into tank 1 via the bottom pipe) if the water height
in tank 2 is higher than in tank 1 (as is shown in figure 3.6). Finally, as in the previous example, for
some constant of proportionality K2 the output flow rate y(t) is related to the height h2(t) as

y(t) = K2h2(t) (3.35)

Substituting (3.34), (3.35) into (3.32) and (3.33) then leads to

A1
d

dt
h1(t) = u(t) − K1

[

h1(t) −
1

K2
y(t)

]

(3.36)

A2

K2

d

dt
y(t) = K1

[

h1(t) −
1

K2
y(t)

]

− y(t). (3.37)

Adding (3.36) and (3.37) togehter then yields

A2

K2

d

dt
y(t) + A1

d

dt
h1(t) = u(t) − y(t). (3.38)

Furthermore, differentiating (3.37) provides

A2

K2

d2

dt2
y(t) − K1

d

dt
h1(t) = −

(
K1

K2
+ 1

)
d

dt
y(t). (3.39)

Multiplying (3.39) by A1/K1 and then adding the resulting equation to (3.38) then delivers the final
differential equation model relating input flow rate u(t) to output flow rate y(t).

(
A1A2

K1K2

)
d2

dt2
y(t) +

(
A1 + A2

K2
+

A1

K1

)
d

dt
y(t) + y(t) = u(t). (3.40)

u(t)

y(t)

Suface Area = A2m2

h2(t)

h1(t)

Suface Area = A1m2

Figure 3.6: Tank filling situation considered in Example 3.6
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3.3 General Differential Equation Models

The discussion and examples of the previous sections were intended to clarify that, for a very wide
class of physical phenomena, the relationship between one signal y(t) and another signal u(t) is that
of a differential equation, which in its most general (linear, time invariant and finite-dimensional) form
may be written as

dn

dtn
y(t)+an−1

dn−1

dtn−1
y(t)+· · ·+a1

d

dt
y(t)+a0y(t) = bm

dm

dtm
u(t)+· · ·+b1

d

dt
u(t)+b0u(t). (3.41)

What is meant by the epithets ‘linear’, ‘time-invariant’ and ‘finite-dimensional’ will be discussed in
section 3.12, but for the moment note that (3.41) is completely characterised by the integer ‘orders’ n
and m (that is, the number of terms on the left and right hand sides of (3.41)) and by the real numbers
{a0, · · · , an−1} and {b0, · · · , bm}. Notice also that it is assumed that the co-efficient an always equals
1 since, if not, dividing the left and right hand sides of (3.41) by a non-unity an would then make an

equal to one.

Example 3.7 Previous Examples & the General Differential Equation Model. Returning to the previ-
ous examples, via (3.10) Example 3.1 is (3.41) with

y(t) = vC(t), , u(t) = v(t), n = 1, m = 0, a0 =
1

RC
, b0 =

1

RC
.

According to (3.15), Example 3.2 is the relationship (3.41) with

y(t) = vo(t), , u(t) = vi(t), n = 1, m = 0, a0 =
1

RfCf
, b0 = −

1

CRi
.

The shock-absorber studied in Example 3.3 is, via (3.24) (and neglecting the constant term ksx◦/m−
g), the relationship (3.41) with

u(t) = u(t), n = 2, m = 1, a1 =
kd

m
, a0 =

ks

m
, b1 =

kd

m
, b0 =

ks

m
.

Finally, the car-velocity problem studied in Example 3.4 is the relationship (3.41) with

y(t) = v(t), u(t) = f(t), n = 1, m = 0, a0 =
k

m
, b0 =

1

m
.

�

3.3.1 Effect of constants

This last example highlights an important issue pertaining to the general differential equation model (3.41);
it contains no constant terms that are independent of the signals y(t) and u(t). To understand the
reason for this non-inclusion of constants in the general model (3.41), suppose that y(t) and u(t)
satisfy (3.41), and now consider a new signal

z(t) = y(t) −
λ

a0
(3.42)

for some constant λ. Then since for any derivative order k > 0

dk

dtk
λ = 0 (3.43)
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it holds that again for k > 0
dk

dtk
z(t) =

dk

dtk
y(t) (3.44)

Therefore,
dn

dtn
z(t) + an−1

dn−1

dtn−1
z(t) + · · · + a1

d

dt
z(t) + a0z(t) + λ =

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0

[

y(t) −
λ

a0

]

+ λ

=
dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t)

= bm
dm

dtm
u(t) + · · · + b1

d

dt
u(t) + b0u(t). (3.45)

where the last equality arises since y(t) satisfies the differential equation (3.41). This illustrates the
following principle

If y(t) satisfies the general differential equation

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = bm

dm

dtm
u(t) + · · · + b1

d

dt
u(t) + b0u(t) (3.46)

then, for any constant λ, the new signal

z(t) , y(t) −
λ

a0

satisfies the differential equation

dn

dtn
z(t)+an−1

dn−1

dtn−1
z(t)+ · · ·+a1

d

dt
z(t)+a0z(t)+λ = bm

dm

dtm
u(t)+ · · ·+b1

d

dt
u(t)+b0u(t). (3.47)

Therefore, the consideration of the solution z(t) of a differential equations such as (3.47) that contains
a constant term λ is completely equivalent to the solution y(t) of the same differential equation with
the constant term removed, since if y(t) is known to solve (3.46) then the signal

z(t) = y(t) −
λ

a0
(3.48)

which is nothing more than y(t) affected by a constant offset, will solve (3.47).

3.4 Solution of First Order Differential Equations

Given that a differential equation such as (3.41) describes the relationship between y(t) and u(t), what
can be said more concretely about what y(t) and u(t) actually are? Even more specifically, can an
explicit formula for y(t) be given?

In order to address this issue, consider a simple case of (3.41) in which n = 1, m = 0 so that

d

dt
y(t) + a0y(t) = b0u(t). (3.49)
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Since only a first-order derivative is concerned, this is called a ‘first-order differential equation’. It
may be solved to give an explicit formula for y(t) by first noting that if (3.49) holds, then multiplying
both sides of it by ea0t (this quantity is sometimes known as an ‘integrating factor’) will not change
its validity and will lead to

ea0t d

dt
y(t) + ea0ta0y(t) = ea0tb0u(t). (3.50)

The point of this strategy is that a fundamental rule of differential calculus is that for any differentiable
functions f(t) and g(t), the derivative of the product of these functions obeys

d

dt
[g(t) · f(t)] = g(t)

d

dt
f(t) + f(t)

d

dt
g(t).

Furthermore, if g(t) = ea0t then

d

dt
g(t) =

d

dt
ea0t = a0e

a0t.

Combining these principles then leads to

d

dt

[
ea0t · f(t)

]
= ea0t d

dt
f(t) + f(t)a0e

a0t =

[
d

dt
f(t) + a0f(t)

]

ea0t (3.51)

which, when substituted into (3.50), allows it to be re-expressed as

d

dt

[
ea0t · y(t)

]
= ea0tb0u(t). (3.52)

Finally, an essential principle of calculus is that integration and differentiation are inverse operations
(of one another) in the following precise sense. For any differentiable function f(t), and any t, t0 ∈ R

with t0 ≤ t, then
∫ t

t0

[
d

dσ
f(σ)

]

dσ = f(t) − f(t0). (3.53)

Applying this principle to (3.52) then leads to

y(t) · ea0t = y(t0) ea0t0 +

∫ t

t0

ea0σb0 u(σ) dσ. (3.54)

Dividing both sides of (3.54) by ea0t then provides an explicit expression for the solution y(t) of the
first order differential equation (3.49). That is

The first order differential equation

d

dt
y(t) + a0y(t) = b0u(t).

has a solution y(t) valid for t ≥ t0 which is

y(t) = y0e
a0(t0−t) +

∫ t

t0

ea0(σ−t)b0 u(σ) dσ. (3.55)

This solution, at time t = t0 passes through the point y(t0) = y0.
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Clearly, this solution for y(t) depends upon the signal u(t). Therefore, to be any more explicit about
y(t) requires further specification of u(t). Again, the issue can be clarified by example.

Example 3.8 First Order System with Step Input
Suppose that u(t) = 1(t) the unit step input defined in section 2.1.2 as

1(t) =







1 ; t ≥ 0

0 ; t < 0.

Then in this case, with the selection t0 = 0 the solution (3.55) to (3.49) which is constrained to pass
through y(0) = y0 is given, for t ≥ 0 as

y(t) = y0e
−a0t +

∫ t

0
ea0(σ−t)b0 1(σ) dσ

= y0e
−a0t +

∫ t

0
ea0(σ−t)b0 · 1 dσ.

Now, by the fundamental theorem of calculus (see (3.220)) the definite integral in this solution equals
the difference between the upper and lower integration limit values of the anti-derivative of the inte-
grand. That is, for t ≥ 0

y(t) = y0e
−a0t +

b0

a0
ea0(σ−t)

∣
∣
∣
∣

σ=t

σ=0

which evaluates to

y(t) =

(

y0e
−a0t +

b0

a0

[
1 − e−a0t

]
)

· 1(t). (3.56)

The time evolution of this solution signal y(t) is shown in figure 3.7

0

b0

a0

y0

y(t) = y0e
−a0t +

b0

a0
[1 − e−a0t]

Time (seconds) 5/a0

Figure 3.7: Solution (3.56) for y(t) when it obeys the first order differential equation relationship
(3.49) and u(t) is the unit step 1(t).

�
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Example 3.9 First Order Circuit with Step Input Consider the first order circuit of example 3.1 with
the initial capacitor voltage vC(t) at t = 0 specified as vC(0) = 0.5V . Suppose also that R = 100kΩ,
C = 10µF and that the voltage source signal v(t) is a unit step 1(t). Then, as mentioned in exam-
ple 3.7, this circuit may be modelled by the general first order differential equation relationship (3.49)
with the choices

y(t) = vC(t), u(t) = 1(t), a0 =
1

RC
= 1, b0 =

1

RC
= 1

and therefore, according to the solution (3.56)

vC(t) =
[
0.5e−t +

(
1 − e−t

)]
· 1(t) =

[
1 − 0.5e−t

]
· 1(t).

�

3.5 State Space Descriptions

The previous section has illustrated specific solutions of the differential equation model (3.41) for the
first-order case in which n = 1 and m = 0. However, in more general situations when the dimensions
n and m are greater than 1, then the differential equation (3.41) becomes more involved, and this can
complicate the process of trying to develop an understanding of the relationship between the signals
y(t) and u(t).

The central idea of what is known as a ‘state-space description’ is that a high order (ie. n > 1)
differential equation relationship can be reduced back to a first order one, provided that the associated
new first order differential equation is allowed to involve vector (as opposed to scalar) quantities. The
associated vector quantity is known as the ‘state-vector’, and its dimension is equal to n.

The primary advantage of reducing high-order differential equations back to first-order ones is
that it allows the solution of the high-order differential equation to be found via the same techniques
as used in section 3.4 for a first-order one.

3.5.1 A 2nd Order Case

As a first example that illustrates the basic principles of state-space descriptions, suppose that an
n = 2’nd order differential equation of the form

d2

dt2
y(t) + a1

d

dt
y(t) + a0y(t) = b1

d

dt
u(t) + b0u(t) (3.57)

is considered. Then since
d2

dt2
y(t) =

d

dt

[
d

dt
y(t)

]

the relationship (3.57) may be re-written as

d

dt

[
d

dt
y(t) + a1y(t) − b1u(t)

]

+ a0y(t) = b0u(t). (3.58)

Now, introduce new signals x1(t) and x2(t) which are defined as

x1(t) , y(t) (3.59)

x2(t) ,
d

dt
y(t) + a1y(t) − b1u(t). (3.60)



44 c©Brett Ninness

The substitution of (3.59),(3.60) into (3.58) then allows (3.57) to be written as the first order differen-
tial equation

d

dt
x2(t) + a0x1(t) = b0u(t). (3.61)

Furthermore, since the definition y(t) = x1(t) has already been made in (3.59), then (3.60) may, in
fact, be re-written as

d

dt
x1(t) + a1x1(t) − b1u(t) = x2(t). (3.62)

These two coupled first order differential equations (3.61) and (3.62) describe exactly the same differ-
ential equation relationship as (3.57), and may be compactly expressed in matrix-vector form as

d

dt

[
x1(t)
x2(t)

]

=

[
−a1 1
−a0 0

] [
x1(t)
x2(t)

]

+

[
b1

b0

]

u(t) (3.63)

y(t) =
[

1 0
]
[

x1(t)
x2(t)

]

. (3.64)

To be more succinct again, define the following matrices and vectors

x(t) ,

[
x1(t)
x2(t)

]

, A ,

[
−a1 1
−a0 0

]

, B ,

[
b1

b0

]

, C ,
[

1 0
]

(3.65)

in which case the 2nd order differential equation (3.57) in scalar quantities becomes a first order
differential equation in a 2-dimensional vector quantity x(t)

d

dt
x(t) = Ax(t) + Bu(t) (3.66)

where the scalar signal y(t) is related to the vector quantity x(t) via

y(t) = Cx(t). (3.67)

Together (3.66) and (3.67) are known as a ‘state-space description’ of the differential equation rela-
tionship (3.57).

Example 3.10 Shock Absorber (Revisited) As shown in Example 3.7, the shock absorber profiled in
Example 3.3 obeys a differential equation relating road height u(t) to car height y(t) according to

d2

dt2
y(t) +

kd

m

d

dt
y(t) +

ks

m
y(t) = g +

kd

m

d

dt
u(t) +

ks

m
u(t)

which is
d2

dt2
y(t) + a1

d

dt
y(t) + a0y(t) = b1

d

dt
u(t) + b0u(t) + g

where

a1 =
kd

m
, a0 =

ks

m
, b1 =

kd

m
, b0 =

ks

m
.

Therefore, according to (3.65),(3.66),(3.67), the shock absorber performance can be modelled in state-
space form as

d

dt
x(t) =








−
kd

m
1

−
ks

m
0








x(t) +








kd

m

ks

m








u(t)

y(t) =
[

1 0
]
x(t) + g.

�
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3.5.2 The General Case

Consider now the general differential equation relationship (3.41) with the maximum order m on the
right hand side fixed to be no higher than m = n−1 (actually, it can also be less than n−1 by setting
the appropriate terms bk, k < n − 1 equal to zero). In this case, (3.41) can be written as

n∑

k=1

ak
dk

dtk
y(t) + a0y(t) =

n−1∑

`=1

b`
d`

dt`
u(t) + b0u(t) (3.68)

with an = 1. This differential equation relationship may be re-written as

d

dt

[
n∑

k=1

ak
dk−1

dtk−1
y(t) −

n−1∑

`=1

b`
d`−1

dt`−1
u(t)

]

︸ ︷︷ ︸

xn(t)

= −a0 y(t)
︸︷︷︸

x1(t)

+b0u(t). (3.69)

In turn, with the definitions indicated above

xn(t) ,

n∑

k=1

ak
dk−1

dtk−1
y(t) −

n−1∑

`=1

b`
d`−1

dt`−1
u(t), (3.70)

x1(t) , y(t) (3.71)

so that equation (3.69) is the first-order relationship

d

dt
xn(t) = −a0x1(t) + b0u(t). (3.72)

This process of re-parameterisation to produce a first-order differential equation can be repeated, with
(3.70) now being re-written as

xn(t) =
d

dt

[
n∑

k=2

ak
dk−2

dtk−2
y(t) −

n−1∑

`=2

b`
d`−2

dt`−2
u(t)

]

︸ ︷︷ ︸

xn−1(t)

+a1 y(t)
︸︷︷︸

x1(t)

−b1u(t)

so that
d

dt
xn−1(t) = xn(t) − a1x1(t) + b1u(t)

where, in a similar fashion to above, xn−1(t) itself may be expressed as

xn−1(t) =
d

dt

[
n∑

k=3

ak
dk−3

dtk−3
y(t) −

n−1∑

`=3

b`
d`−3

dt`−3
u(t)

]

︸ ︷︷ ︸

xn−2(t)

+a2 y(t)
︸︷︷︸

x1(t)

−b2u(t).
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Repeating this process until it has occurred n − 1 times will yield the following set of n − 1 coupled
first order differential equations

d

dt
xn(t) = −a0x1(t) + b0u(t) (3.73)

d

dt
xn−1(t) = xn(t) − a1x1(t) + b1u(t) (3.74)

d

dt
xn−2(t) = xn−1(t) − a2x1(t) + b2u(t) (3.75)

...
...

... (3.76)
d

dt
x2(t) = x3(t) − an−2x1(t) + bn−2u(t) (3.77)

with x2(t) being defined as

x2(t) ,
d

dt
y(t) + an−1y(t) − bn−1u(t). (3.78)

Since, according to (3.71) y(t) = x1(t), then (3.78) may be rewritten as

d

dt
x1(t) = x2(t) − an−1x1(t) + bn−1u(t). (3.79)

Stacking (3.73)–(3.77) together with (3.79) (in reverse order) into matrix-vector form then leads to

d

dt










x1(t)
x2(t)

...
xn−1(t)
xn(t)










=










−an−1 1 0 · · · 0
−an−2 0 1 · · · 0

...
. . .

...
−a1 0 1
−a0 0 · · · · · · 0



















x1(t)
x2(t)

...
xn−1(t)
xn(t)










+










bn−1

bn−2
...
b1

b0










u(t) (3.80)

in which case, the relationship y(t) = x1(t) may also be written in this matrix-vector form as

y(t) = [1, 0, · · · , 0, 0]










x1(t)
x2(t)

...
xn−1(t)
xn(t)










. (3.81)

This translation from an n’th order differential equation to the 1’st order ‘state-space’ differential
equation is so important it is worth re-stating in emphasised form.
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The n’th order differential equation relationship

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = bn−1

dn−1

dtn−1
u(t) + · · · + b0u(t). (3.82)

between the signals y(t) and u(t) may be re-expressed as a first-order differential equation known as the
‘state-space’ representation of (3.82). It is described in terms of the n dimensional vector signal x(t) as

d

dt
x(t) = Ax(t) + Bu(t) (3.83)

y(t) = Cx(t) (3.84)

where x(t) is known as the ‘state’ vector and

A ,










−an−1 1 0 · · · 0
−an−2 0 1 · · · 0

...
. . .

...
−a1 0 1
−a0 0 · · · · · · 0










, B ,










bn−1

bn−2
...
b1

b0










, C , [1, 0, 0, · · · , 0, 0] . (3.85)

The formulation (3.85) for A,B,C is known as the ‘observer canonical form’ representation of (3.82).

3.5.3 State Transformations and Canonical Forms

The translation from the differential equation (3.82) to the A,B,C matrices/vectors in (3.85) which
define the state space representation (3.83), (3.84) is not unique. Specifically, if x(t) ∈ Rn×1, then
for any invertible matrix M ∈ Rn×n a transformation from the state vector x(t) to a new state vector
z(t) can be made as follows

z(t) = Mx(t). (3.86)

Since M is invertible, then so is the state-transformation (3.86) so that

x(t) = M−1z(t).

Therefore (3.84) may be re-written as

y(t) = CM−1Mx(t) = CM−1z(t)

where, from (3.83) the new state vector z(t) satisfies

d

dt
z(t) =

d

dt
Mx(t) = MAM−1Mx(t) + MBu(t) = MAM−1z(t) + MBu(t).

That is, the state space representation

d

dt
z(t) = A′z(t) + B′u(t) (3.87)

y(t) = C′z(t) (3.88)

with
A′ , MAM−1, B′ , MB, C′ , CM−1 (3.89)
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describes exactly the same relationship between the signals y(t) and u(t) as does (3.83)-(3.85). Since
there are an infinite number of invertible state-transformation matrices M that could have been used
in this development, then there are also an infinite number of state space representations (3.87), (3.88)
of which (3.85) is just one example.

However, a clear feature of the form (3.85) is the very direct manner in which the co-efficients
a0, · · · , an−1, b0, · · · , bn−1 of the differential equation (3.82) parameterise A,B and C of the state
space representation (3.83)-(3.85). In recognition of this, (3.85) is known as a ‘controller canonical
form’ representation, but others also exist. For example, the controller canonical form representation
of (3.82) is (3.83)-(3.84) with

A ,










−an−1 −an−2 · · · −a1 −a0

1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0










, B ,










1
0
...
0
0










, C , [bn−1, bn−2, · · · , b1, b0] .

(3.90)
There are several further canonical forms such as the ‘observability’ and ‘controllability’ canonical
forms, but they are very similar to the preceding observer and controller forms except (essentially) for
an upside-down flipping of the state-vector.

Example 3.11 State Transformation between observer and controller canonical forms Consider the 2nd
order differential equation

d2

dt2
y(t) + a1

d

dt
y(t) + a0 y(t) = b1

d

dt
u(t) + b0 u(t) (3.91)

which, according to (3.85) has an observer canonical form state-space representation of

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t)

with

A =

[
−a1 1
−a0 0

]

, B =

[
b1

b0

]

, C =
[

1 0
]
.

However, if we make the state transformation

z(t) = Mx(t)

with

M =






α
1 − αb1

b0
1 − αb1

b0
(αb1 − 1)

b1

b2
0




 , α =

a1b0 − a0b1

a1b1b0 − a0b
2
1 − b2

0

then since in this case

M−1 =





b1 b0

b0
αb2

0

αb1 − 1




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the above state space representation may be re-written as

d

dt
x(t) = A′z(t) + B′u(t)

y(t) = C′z(t)

with

A′ = MAM−1 =

[
−a1 −a0

1 0

]

B′ = MB =

[
1
0

]

C′ = CM−1 =
[

b1 b0

]

which according to (3.90) is the controller canonical form for the differential equation (3.91).

�

3.5.4 The presence of a ‘Feed-through’ term

The previous sections have studied what what considered there as the most comprehensive differential
equation case of

dn

dtn
y(t) + · · · + a2

d2

dt2
y(t) + a1

d

dt
y(t) + a0y(t) = bm

dm

dtm
u(t) + · · · + b0u(t) (3.92)

where m < n. However, there is another level of generality which can be considered in which m = n,
which implies a term dn/dtnu(t) existing on the right hand side of (3.92). That is (remembering
an = 1)

n∑

k=0

ak
dk

dtk
y(t) = bn

dn

dtn
u(t) +

n−1∑

k=0

bk
dk

dtk
u(t). (3.93)

Because of the dnu(t)/dtn term in (3.93), its state-space formulation is slightly more involved than
when the highest order derivative of u(t) is of order m < n.

To derive the state space representation when m = n, suppose that a new signal z(t) in fact
satisfies the modified differential equation

n∑

k=0

ak
dk

dtk
z(t) =

n−1∑

k=0

(bk − bnak)
dk

dtk
u(t) (3.94)

which (since here m = n − 1 < n) has a state space formulation

d

dt
x(t) = Ax(t) + Bu(t) (3.95)

z(t) = Cx(t) (3.96)

given by one of the canonical forms (3.85) or (3.90). Now, using the signals z(t) and u(t) satisfying
(3.94), define the signal y(t) as

y(t) , z(t) + bnu(t).
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Then via (3.94) and remembering that an = 1

n∑

k=0

ak
dk

dtk
y(t) =

n∑

k=0

ak
dk

dtk
z(t) +

n∑

k=0

bnak
dk

dtk
u(t)

=

n−1∑

k=0

(bk − bnak)
dk

dtk
u(t) +

n−1∑

k=0

bnak
dk

dtk
u(t) + bn

dn

dtn
u(t)

=

n∑

k=0

bk
dk

dtk
u(t). (3.97)

That is, if y(t) satisfies the altered differential equation (3.94), with state space representation (3.95),(3.96)
then z(t) = y(t) + bnu(t) satisfies (3.97) which is (3.92). This allows an extension of the state-space
formulation of differential equations to the case of m = n as follows.

The n’th order differential equation relationship

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = bn

dn

dtn
u(t) + · · · + b0u(t). (3.98)

between the signals y(t) and u(t) may be re-expressed as a state-space representation

d

dt
x(t) = Ax(t) + Bu(t) (3.99)

y(t) = Cx(t) + Du(t) (3.100)

where x(t) is known as the ‘state’ vector and in observer canonical form A,B,C, D are given as

A ,










−an−1 1 0 · · · 0
−an−2 0 1 · · · 0

...
. . .

...
−a1 0 1
−a0 0 · · · · · · 0










, B ,










bn−1 − bnan−1

bn−2 − bnan−2
...

b1 − bna1

b0 − bna0










, C , [1, 0, 0, · · · , 0, 0] , D , bn

(3.101)
while in controller canonical form

A ,










−an−1 −an−2 · · · −a1 −a0

1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0










, B ,










1
0
...
0
0










, C ,










bn−1 − bnan−1

bn−2 − bnan−2
...

b1 − bna1

b0 − bna0










T

, D , bn.

(3.102)

The D = bn component is often called a ‘feed-through’ term, since as is clear from the relationship
y(t) = Cx(t) + Du(t) where via (3.101) D = bn, then if bn 6= 0 a proportion of u(t) is directly
‘fed-through’ to the signal y(t). In terms of physical modelling, this situation is not common since
the presence of either electrical, mechanical, thermal or other inertias prevent such an instantaneous
linkage between signals.



DRAFT & INCOMPLETE Version 51

3.5.5 Direct State-Space Modelling

The discussion so far in this section has concentrated on how a differential equation formulation may
be translated to a state space form. However, sometimes in the process of physical modelling, it
may be more natural to progress directly to a state space form. If this is possible, then there are two
advantages to the strategy; it is simple, and the states are physically interesting quantities.

Example 3.12 RLC Circuit Consider the circuit shown in figure 3.8. Then at the node formed by

+

−

+

−

+ −

vL(t)

vC(t) R vR(t)C

i(t)
L

Figure 3.8: Circuit studied in example 3.12.

the junction of the current source, capacitor and inductor, an application of Kirchoff’s Current Law
provides

iC(t) = C
d

dt
vC(t) = i(t) − iL(t).

That is
d

dt
vC(t) = −

1

C
iL(t) +

1

C
i(t). (3.103)

Similarly, around the mesh formed by the capacitor, inductor and resistor an application of Kirchoff’s
Voltage Law gives

vL(t) = L
d

dt
iL(t) = vC(t) − RiL(t)

which is expressible as
d

dt
iL(t) =

1

L
vC(t) −

R

L
iL(t). (3.104)

Collecting (3.103) and (3.104) together then directly gives a state-space description for the circuit

d

dt

[
vC(t)
iL(t)

]

︸ ︷︷ ︸

x(t)

=

[
0 −1/C

1/L −R/L

]

︸ ︷︷ ︸

A

[
vC(t)
iL(t)

]

︸ ︷︷ ︸

x(t)

+

[
1/C
0

]

︸ ︷︷ ︸

B

i(t).

In this case, the elements of the state vector x(t) are the physically important quantities of capacitor
voltage and inductor current. If, for example, the resistor voltage signal was required, then clearly

vR(t) = RiL(t) =
[

0 R
]

︸ ︷︷ ︸

C

[
vC(t)
iL(t)

]

︸ ︷︷ ︸

x(t)

.
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�

Example 3.13 Coupled Tanks
Recall the situation of two coupled water tanks considered in Example 3.6 and shown in figure 3.6.

In that example, it was discovered that since the rate of change of volume in each tank is equal to the
differences between input and output flow rates, then this implies the two differential equations

A1
d

dt
h1(t) = u(t) − x(t) (3.105)

A2
d

dt
h2(t) = x(t) − y(t). (3.106)

Furthermore, since the flow rate x(t) between the tanks is equal to the pressure difference, which is
proportional to the difference h1(t)−h2(t) of water heights in the two tanks, and the output flow rate
is proportional to the water height in the second tank

x(t) = K1[h1(t) − h2(t)], y(t) = K2h2(t) (3.107)

which when substituted into (3.105), (3.106) leads so

A1
d

dt
h1(t) = u(t) − K1 [h1(t) − h2(t)] (3.108)

A2
d

dt
h2(t) = K1 [h1(t) − h2(t)] − K2h2(t). (3.109)

Collecting these two differential equations together then directly leads to the following state space
description

d

dt

[
h1(t)
h2(t)

]

︸ ︷︷ ︸

x(t)

=

[
−K1/A1 K1/A1

K1/A2 −(K1 + K2)/A2

]

︸ ︷︷ ︸

A

[
h1(t)
h2(t)

]

︸ ︷︷ ︸

x(t)

+

[
1/A1

0

]

︸ ︷︷ ︸

B

u(t).

In this case, the elements of the state vector x(t) are the physically important quantities of water
heights in each tank, and the outflow y(t) from tank 2 is related to the state vector according to
(3.107) as

y(t) = K2h2(t) =
[

0 K2

]

︸ ︷︷ ︸

C

[
h1(t)
h2(t)

]

︸ ︷︷ ︸

x(t)

.

3.6 Differential Equation Solution via State-Space Formulation

With the preceding introduction to state-space representations completed, their utility in characterising
differential equation solutions can be presented. Firstly, recall that as illustrated in section 3.4, the first
order differential equation

d

dt
y(t) = −a0y(t) + b0u(t), y(t0) = y0 (3.110)
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may be solved for a given signal u(t) to provide an explicit expression for the scalar signal y(t) valid
for t ≥ t0, and passing through y(t0) = y0 as

y(t) = e−a0(t−t0)y0 +

∫ t

t0

ea0(σ−t)b0u(σ) dσ. (3.111)

In fact, the same methods as used in section 3.4 may also be applied to the first order state-space
differential equation

d

dt
x(t) = Ax(t) + Bu(t) (3.112)

to provide a solution x(t) which is valid for t ≥ t0, constrained to pass through the point x0 at t = t0,
and of the same form as (3.111). Namely

x(t) = eA(t−t0)x0 +

∫ t

t0

eA(t−σ)Bu(σ) dσ. (3.113)

Note that there is a change of sign between the a0 and A terms in the solutions (3.111) and (3.113)
because that same change of sign occurs between the differential equations (3.110) and (3.112).

The essential difference between the scalar valued solution (3.111) and the vector valued solution
(3.113) is that (3.113) involves the so-called ‘Matrix-Exponential’ eAt. This quantity is not just the
operation exp(·) applied to A element-wise. Instead, it is defined by noticing that, in the case of scalar
x ∈ R

exp(x) = ex = 1 + x +
x2

2!
+

x3

3!
+ · · · =

∞∑

k=0

xk

k!
.

This allows exp(·) to be defined for matrix quantities by simply substituting it for the scalar quantity
x above to provide

exp(At) = eAt = I + At +
A2t2

2!
+

A3t3

3!
+ · · · =

∞∑

k=0

Aktk

k!
(3.114)

in which case it is clear that

d

dt
eAt = A + A2t +

A3t2

2!
+ · · · = A

(

I + At +
A2t2

2!
+ · · ·

)

= AeAt = eAtA. (3.115)

Although this might seem (since it involves an infinite sums) an involved definition, it is in fact quite
straightforward to numerically compute this matrix exponential using a software package (such as
MATLAB or OCTAVE).

Example 3.14 Matrix Exponential Consider the case of

A =

[
1 2
3 4

]

. Then according to the definition (3.114)

eA =

[
1 0
0 1

]

+

[
1 2
3 4

]

+
1

2

[
1 2
3 4

]2

+
1

6

[
1 2
3 4

]3

+ · · · =

[
51.9690 74.7366
112.1048 164.0738

]

.

Note that this is quite different to the quantity
[

e1 e2

e3 e4

]

=

[
2.7183 7.3891
20.0855 54.5982

]

.
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Now, since it is also true that y(t) = Cx(t) + Du(t), then the formulation (3.113) provides a means
for expressing the signal y(t) that, given another signal u(t) satisfies an arbitrary order differential
equation relationship of the form (3.82). That is

The signal y(t) that for t ≥ t0 satisfies the n’th order differential equation

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = bn

dn

dtn
u(t) + · · · + b0u(t). (3.116)

is given by

y(t) = CeA(t−t0)x0 +

∫ t

t0

CeA(t−σ)Bu(σ) dσ + Du(t) (3.117)

where

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

is any state-space representation of (3.116) (such as (3.101) or(3.102)). The solution (3.117) for y(t) passes,
at time t = t0, through the point

y(t0) = Cx0 + Du(t0).

Example 3.15 Solution of 2nd Order Differential Equation Consider the 2nd order differential equa-
tion

d2

dt2
y(t) + a1

d

dt
y(t) + a0y(t) = b1

d

dt
u(t) + b0u(t). (3.118)

This sort of differential equation arose in example 3.3 when modelling a car shock-absorber. Assume
that the co-efficients a1 and a2 are such that for some α, β ∈ R

a1 = α + β, a0 = αβ. (3.119)

Then by (3.83)–(3.85), this differential equation may be represented in state-space form as

x(t) = Ax(t) + Bu(t)

y(t) = Cx(t)

where

A ,

[
−(α + β) 1

−αβ 0

]

, B ,

[
b1

b0

]

, C ,
[

1 0
]
.

Therefore, by (3.117) the solution y(t) of (3.118) (ie. according to example 3.4, the height of a car) in
terms of u(t) (the height of the road) is given, for t ≥ t0, as

y(t) = Cx(t) = CeA(t−t0)x0 +

∫ t

t0

g(t − σ)u(σ) dσ (3.120)
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where
g(t) , CeAtB.

Clearly, the next essential step is the calculation of the matrix exponential eAt. In general, to do this
in closed symbolic form is non-trivial. However, the point of parameterising according to (3.119) is
that it allows A to be written as (see Appendix 3.A.2 for background information related to this)

A =

[
α/(α − β) −1/(α − β)
−β/(α − β) 1/(α − β)

]

︸ ︷︷ ︸

S−1

.

[
−α 0
0 −β

]

︸ ︷︷ ︸

Λ

[
1 1
β α

]

︸ ︷︷ ︸

S

Therefore
Ak = S−1ΛSS−1ΛS · · ·S−1ΛS = S−1ΛkS

so that by the definition (3.114) of matrix exponential and the fact that Λ is diagonal

eAt =
∞∑

k=0

Aktk

k!
= S−1

(
∞∑

k=0

Λktk

k!

)

S

= S−1

[
e−αt 0

0 e−βt

]

S

=
1

(α − β)

[
αe−αt − βe−βt e−βt − e−αt

αβ
[
e−αt − e−βt

]
αe−βt − βe−αt

]

. (3.121)

Consequently

g(t) = CeAtB

=
1

(α − β)
[1, 0]

[
αe−αt − βe−βt e−βt − e−αt

αβ
[
e−αt − e−βt

]
αe−βt − βe−αt

] [
b1

b0

]

=
1

(α − β)

[

(αb1 − b0)e
−αt + (b0 − βb1)e

−βt
]

= κ1e
−αt + κ2e

−βt

where (obviously) the following definitions have been made

κ1 ,
αb1 − b0

α − β
, κ2 ,

b0 − βb1

α − β
.

Therefore, if the signal u(t) is the unit step 1(t) (again, with regard to the shock absorber example 3.3,
this corresponds to a sudden very sharp bump in the road) and x0 = 0 (the car is not moving in the y
direction at t = t0) then by (3.120) and the choice t0 = 0, for t ≥ t0 = 0

y(t) =

∫ t

t0

g(t − σ)1(σ) dσ

=

∫ t

0
κ1e

−α(t−σ) + κ2e
−β(t−σ) dσ

=
κ1

α
e−α(t−σ)

∣
∣
∣

σ=t

σ=0
+

κ2

β
e−β(t−σ)

∣
∣
∣
∣

σ=t

σ=0

=
κ1

α
(1 − e−αt) +

κ2

β
(1 − e−βt). (3.122)
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Notice that, by comparison to example 3.9 where the first order case was considered, this solution to
a 2nd order differential equation with u(t) = 1(t) is the sum of two first order solutions. To highlight
this, for the case in which α = 2, β = 1, b0 = 1, b1 = −1, the above solution (3.122) becomes

y(t) =
[
4(1 − e−t) − 3(1 − e−2t)

]
· 1(t) (3.123)

which is shown in figure 3.9.

−3(1− e−2t)

4(1− e−t)

4

−3

1
y(t) = 4(1− e−t) − 3(1− e−2t)

50

Figure 3.9: Solution (3.123) for y(t) when it obeys the second-order differential equation relationship
(3.118) and u(t) is the unit step 1(t).

�

Notice that this example has assumed that a1 = α + β, a0 = αβ for some α, β ∈ R, and this is not
completely general. For example, with regard to the shock-absorber situation studied in example 3.3,
this parameterisation would require

α + β =
kd

m
, αβ =

ks

m

which implies that in terms of the spring stiffness ks, damper viscosity kd and car mass m

α =
1

2m

[

kd +
√

k2
d − 4ksm

]

, β =
ks

αm
.

In this case, it is entirely possible that α (and hence β) are complex valued, and it is also possible that
α = β. Both cases would make the solution just presented in example 3.15 invalid.

This limitation, in combination with the difficulty with which the matrix exponential (and hence
the solution y(t)) was obtained, is an indication that state-space formulations may not be the best
option for actual calculations, and this will motivate our study of Laplace-Transform methods in the
next chapter. However, as the remainder of this chapter will capitalise on, state-space representations
are very useful as a means for understanding general properties of differential equation solutions.
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3.7 Initial Conditions

An important point, which has not been stressed so-far, is that the solution (3.117) of the general
differential equation relationship (3.116) is unique only up to the choice of the vector x0 for the value
x(t0) of x(t) at time t = t0.

In turn, and in terms of the signals y(t) and u(t) in the differential equation (3.116), the uniqueness
of the solution depends upon the ‘initial conditions’ at time t = t0 for y(t),dy(t)/dt, · · · ,dn−1y(t)/dtn−1,
u(t),du(t)/dt, · · · ,dn−1u(t)/dtn−1. To see this, note that an essential rule of calculus (see Ap-
pendix 3.A.1) is that for any integrable function f(t)

d

dt

∫ t

t0

f(σ) dσ = f(t).

Therefore, considering that the solution (3.117) may be written as

y(t) = CeA(t−t0)x0 + CeAt

∫ t

t0

e−AσBu(σ) dσ + Du(t) (3.124)

(so that the term involving the integral is seen to be a product of two functions of t), then differentiating
all this with respect to t gives

d

dt
y(t) = CAeA(t−t0)x0 + CAeAt

∫ t

t0

e−AσBu(σ) dσ + CBu(t) + D
d

dt
u(t). (3.125)

Therefore, at time t = t0

d

dt
y(t0) = CAx0 + CBu(t0) + D

d

dt
u(t0). (3.126)

Repeating this process by differentiating (3.125) and setting t = t0 then gives

d2

dt2
y(t0) = CA2x0 + CABu(t0) + CB

d

dt
u(t0) + D

d

dt
u(t0).

A pattern in clearly emerging, so that application of the differentiation and evaluation process up to
the n − 1’st derivative provides results that can be expressed in matrix-vector form as










y(t0)
dy(t0)/dt

d2y(t0)/dt2

...
dn−1y(t0)/dtn−1










︸ ︷︷ ︸

y0

=










C

CA

CA2

...
CAn−1










︸ ︷︷ ︸

O

x0+











D 0 · · · · · · 0
CB D 0 0

CAB CB D
...

...
. . . . . .

...
CAn−2B · · · · · · CB D











︸ ︷︷ ︸

Γ










u(t0)
du(t0)/dt

d2u(t0)/dt2

...
dn−1u(t0)/dtn−1










︸ ︷︷ ︸

u0

(3.127)
which, with the above indicated matrix/vector definitions is expressible as

y0 = Ox0 + Γu0. (3.128)

Therefore, a specification x(t0) = x0 combined with a specification u0 for the signal u(t) and its
derivatives at time t = t0 implies that the solution y(t) given by (3.117) satisfies certain initial condi-
tions on y(t) and its derivatives at time t = t0. These, if collected in a vector y0 specified in (3.127),
must in turn satisfy (3.127),(3.128).
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A natural question is then raised; given that at time t = t0 the properties of u(t) are specified by
u0, how should x0 be chosen to ensure that the solution y(t) given as (3.117), (3.124) satisfies a given
y0? The answer is simple. According to (3.128), choose x0 as

x0 = O−1 [y0 − Γu0] , O ,










C

CA

CA2

...
CAn−1










. (3.129)

The matrix O involved in this calculation which, by way of (3.128) links the internal state vector x0

to the signal property vector y0 is called the ‘observability matrix’.

Example 3.16 Shock Absorber Revisited Consider the shock absorber modelling situation consid-
ered in example 3.3 in which

m = 1000 kg, ks = 2000 N/m, kd = 3000 Ns/m.

Then according to (3.24) the relationship between car height y(t) and road height u(t) is given as

d2

dt2
y(t) + 3

d

dt
y(t) + 2y(t) = 3

d

dt
u(t) + 2u(t). (3.130)

Via (3.85) this has state space description in observer canonical form of

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t)

with

A =

[
−3 1
−2 0

]

, B =

[
3
2

]

, C =
[

1 0
]
.

Therefore, via (3.121) with the substitutions α = 2, β = 1

eAt =

[
2e−2t − e−t e−t − e−2t

2
[
e−2t − e−t

]
2e−t − e−2t

]

so that via (3.117), (3.124) the solution of (3.130) for car height y(t) is (D = 0)

y(t) = CeAtx0 +

∫ t

t0

g(t − σ)u(σ) dσ (3.131)

where

g(t) = CeAtB

=
[

1 0
]
[

2e−2t − e−t e−t − e−2t

2
[
e−2t − e−t

]
2e−t − e−2t

] [
3
2

]

= 4e−2t − e−t
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and the observability matrix O is given by

O =

[
C

CA

]

=

[
1 0
−3 1

]

.

Now, suppose that we are interested in examining the recovery characteristics of the shock absorber
when it is initially depressed at time t0 = 0 to a point y(0) = −0.5m below its normal settling position
and is also moving with a velocity dy(0)/dt = −1m/s. That is, the initial condition vector y0 is

y0 =

[
y(t)

dy(t)/dt

]∣
∣
∣
∣
t=0

=

[
−0.5
−1

]

. (3.132)

Since only recovery characteristics are of interest (as opposed to the response to road characteristics),
the road is assumed perfectly smooth

u0 =

[
u(t)

du(t)/dt

]∣
∣
∣
∣
t=0

=

[
0
0

]

.

In this case the relationship (3.128) between x0, y0 and u0 becomes

y0 = Ox0

and therefore, since

O−1 =

[
1 0
−3 1

]−1

=

[
1 0
3 1

]

then the appropriate initial state x0 in order that the solution (3.131) satisfies the initial condition
specification (3.132) for y0 is

x0 = O−1y0 =

[
1 0
3 1

] [
−0.5
−1

]

=

[
−0.5
−2.5

]

.

Therefore

CeAtx0 =
[

1 0
]
[

2e−2t − e−t e−t − e−2t

2
[
e−2t − e−t

]
2e−t − e−2t

] [
−0.5
−2.5

]

= 1.5e−2t − 2e−t

so that via (3.131) the complete solution for the shock absorber response is

y(t) =

[

1.5e−2t − 2e−t +

∫ t

0

[

4e−2(t−σ) − e−(t−σ)
]

u(σ) dσ

]

· 1(t). (3.133)

�

3.7.1 Observability

The process (3.129) of choosing an initial state x0 = x(t0) to satisfy specifications y0,u0 on the
differential equation solution is clearly dependent on the observability matrix O being invertible, and
this is not always the case. For example, the differential equation

d2

dt2
y(t) + 3

d

dt
y(t) + 2y(t) =

d

dt
u(t) + u(t)
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has observer canonical form realisation

A =

[
−3 1
−2 0

]

, B =

[
1
1

]

, C =
[

1 0
]
, D = 0

for which

O =

[
C

CA

]

=

[
1 0

−3 1

]

and this is invertible. However, for a controller canonical form realisation of the same differential
equation

A =

[
−3 −2

1 0

]

, B =

[
1
0

]

, C =
[

1 1
]
, D = 0

then the associated observability matrix O is

O =

[
C

CA

]

=

[
1 1

−2 −2

]

which is not invertible. The reason for this phenomenon is that while all realisations of the state space
equations

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

represent the same differential equation relationship between y(t) and u(t), if u(t) itself is zero then
the resulting state-space equations

d

dt
x(t) = Ax(t), x(t0) = x0 (3.134)

y(t) = Cx(t) (3.135)

are, for different A,C realisations, able to describe a richer variety of systems that the corresponding
differential equation relationship

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = 0. (3.136)

To expand on this, equation (3.136) only describes how one signal y(t) behaves, while the state-space
description (3.134) and (3.135) describes how n signals in the vector x(t) behave, one manifestation
of which is the scalar signal y(t) = Cx(t).

That is, while an A,C choice in the state-space description might algebraically be equivalent to
(3.136), the way that y(t) is derived from x(t) combined with the way x(t) evolves in time according
to (3.134) might mean that for some choices of x0 that y(t) = Cx(t) = 0 even though the signals
forming the entries of x(t) are not themselves zero.

In this case, because some choices of x0 lead to zero responses, some flexibility is lost in the way
a specification y0 on y(t) might be achieved by choice of x0, and hence not all y0 are possible for
that realisation. In recognition of this, if for a realisation A,C the observability matrix O is non-
singular so that no non-zero x(t) lead to zero y(t), than the resulting state-space description is called
‘observable’; otherwise it is ‘unobservable’.
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Consider a linear finite dimensional time invariant system with state space description

d

dt
x(t) = Ax(t) + Bu(t) (3.137)

y(t) = Cx(t) + Du(t). (3.138)

Then with x(t) ∈ Rn the n × n observability matrix O for this system is defined as

O ,










C

CA

CA2

...
CAn−1










(3.139)

and the system (3.137), (3.138) is termed ‘observable’ if O is an invertible matrix, otherwise the system is
termed ‘unobservable’.

3.7.2 Controllability

As just discussed, the observability of pertains to the ability of being able to determine the underlying
system state x(t) on the basis of knowing the input u(t) and consequent output y(t).

A closely related concept is that of controllability, which involves the question of whether the
state can be driven to an arbitrary value x(t) from an arbitrary initial point x0. To consider this issue
equation (3.113) gives an explicit description of how x(t) depends on x0 and u(t) as (for simplicity,
we will assume D = 0 and x0 = 0, since the conclusions to be made will be invariant to what they
are)

x(t) =

∫ t

t0

eA(t−σ)Bu(σ) dσ. (3.140)

where, as discussed around equation (3.114), the matrix exponential can be expressed as the infinite
sum

exp(At) = eAt = I + At +
A2t2

2!
+

A3t3

3!
+ · · · =

∞∑

k=0

Aktk

k!
(3.141)

Furthermore, the Cayley–Hamilton Theorem (see Appendix 3.A.2) establishes that if A is n×n, then
for some constant numbers α0, · · · , αn−1, the matrix power An can be written as a linear combination
of lower power matrices

An = α0I + α1A + α2A
2 + · · · + αn−1A

n−1. (3.142)

Consequently

An+1 = AAn

= α0A + α1A
2 + α2A

3 + · · · + αn−1A
n

= α0A + α1A
2 + α2A

3 + · · · + αn−1

(
α0I + α1A + α2A

2 + · · · + αn−1A
n−1
)

= αn−1α0I + (α0 + αn−1α1)A + (α1 + αn−1α2)A
2 + · · · + (αn−2 + α2

n−1)A
n−1
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and hence An+1 can also be written as a linear combination of I, · · · ,An−1. The principle can be ex-
tended to arbitarily high matrix powers; that is, Am for any m ≥ n can be written as a linear combina-
tion of I, · · · ,An−1. When substituted into (3.141), this means that for some set β0(t), · · · , βn−1(t)
of time varying functions

eAt = β0(t)I + β1(t)A + β2(t)A
2 + · · · + βn−1(t)A

n−1 =

n−1∑

k=0

βk(t)A
k. (3.143)

Substituting this into (3.140) then implies that

x(t) =

∫ t

t0

n−1∑

k=0

βk(t − σ)AkBu(σ) dσ (3.144)

=

n−1∑

k=0

AkB

∫ t

t0

βk(t − σ)u(σ) dσ

=
[
B,AB,A2B, · · · ,An−1B

]










z0(t)
z1(t)
z2(t)

...
zn−1(t)










= Cz(t) (3.145)

where

C ,
[
B,AB,A2B, · · · ,An−1B

]
(3.146)

and

zk(t) ,

∫ t

t0

βk(t − σ)u(σ) dσ. (3.147)

The matrix C defined in (3.146) is known as the ‘controllability’ matrix. This name derives from the
fact that via equations (3.144)-(3.145), the space of possible x(t) that can be achieved by a given u(t)
(via its influence on z(t)) depends on C.

In particular, (3.144)-(3.145) establish that any x(t) that are achievable by manipulation of u(t)
must be a linear combination of the columns of C. A system is called ‘controllable’, if this space of
achievable x(t) is the whole of Rn. Therefore, a necessary condition for a system to be controllable
is that the columns of the n × n controllability matrix C are linearly independent, which is equivalent
to the condition that C be invertible.

It turns out that this condition is not only necessary, but via an argument in which u(t) is taken as
an arbitrary combination of Dirac delta functions, it is also sufficient, which leads to the definition of
‘controllability’.
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Consider a linear finite dimensional time invariant system with state space description

d

dt
x(t) = Ax(t) + Bu(t) (3.148)

y(t) = Cx(t) + Du(t). (3.149)

Then with x(t) ∈ Rn the n × n controllability matrix C for this system is defined as

C ,
[
B,AB,A2B, · · · ,An−1B

]
(3.150)

and the system (3.148), (3.149) is termed ‘controllable’ if C is an invertible matrix, otherwise the system is
termed ‘uncontrollable’.

3.8 Forced and Natural Response

As should now be clear, the solution of any differential equation of the form given in equation (3.116)
as

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = bn

dn

dtn
u(t) + · · · + b0u(t). (3.151)

is expressible, via some state-space realisation of (3.151) as

y(t) = CeA(t−t0)x0
︸ ︷︷ ︸

Natural Response

+

∫ t

t0

CeA(t−σ)Bu(σ) dσ + Du(t)

︸ ︷︷ ︸

Forced Response

. (3.152)

This solution can be thought of as being comprised of two distinct components (as indicated); the
forced and natural response. The natural response is the part

CeA(t−t0)x0

which is purely a function of the differential equation parameters an−1, · · · , a0, bn, · · · , b0 and the
initial state x0, and it is determined by the initial size, velocity, acceleration etc. of y(t) via x0 =
O−1y0.

That is, the natural response is the signal y(t) that would evolve for t > t0 even if the signal u(t)
were zero. It is what the physical system modelled by (3.151) would naturally do if left to its own
devices and as a result of any initial energy stored in the system at time t = t0 (via voltage charge on
capacitor plates, extension of springs etc. ).

The second part of the solution (3.152), namely

∫ t

t0

CeA(t−σ)Bu(σ) dσ + Du(t) (3.153)

is purely a function of the differential equation parameters an−1, · · · , a0, bn, · · · , b0 and the signal
u(t) which forces the expression (3.153) to take a particular value. According to this interpretation of
(3.153), it is called the ‘forced response’ component of (3.152).
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Example 3.17 Shock Absorber Revisited Recall the shock absorber example, initially discussed in
example 3.3, and then revisited in example 3.16 where for the case of physical parameters being

m = 1000 kg, ks = 2000 N/m, kd = 3000 Ns/m.

combined with an initial condition specification of

y0 =

[
y(t)

dy(t)/dt

]∣
∣
∣
∣
t=0

=

[
−0.5
−1

]

The response of the shock absorber was computed in (3.133) to be

y(t) = 1.5e−2t − 2e−t
︸ ︷︷ ︸

Natural Response

+

∫ t

0

[

4e−2(t−σ) − e−(t−σ)
]

u(σ) dσ

︸ ︷︷ ︸

Forced Response

.

The forced and natural response components of this solution are as marked above, and to be more
explicit about them, suppose that u(t) = 1(t − 1) a unit step delayed by 1 second. Then clearly, for
t > 1

∫ t

0

[

4e−2(t−σ) − e−(t−σ)
]

u(σ) dσ = 2e−2(t−σ)
∣
∣
∣

σ=t

σ=1
− e−(t−σ)

∣
∣
∣

σ=t

σ=1

= 1 − 2e−2(t−1) + e−(t−1).

Note that the above integral is zero for t < 1 since 1(t − 1) = 0 for t < 1.
Therefore, the forced and natural response components are as shown in figure 3.10.

t2 4 6 8

Forced Response

Total Response

Natural Response

1

0

−0.5

Figure 3.10: Natural and Forced Components as well as their sum for the shock absorber scenario
considered in example 3.17.

�
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3.9 Impulse Response

Suppose that in the solution (3.152) the time t = t0 at which the initial conditions y0 and u0 are
specified is taken as the infinite past t0 = −∞. In this case, it is reasonable to assume that at this
point in the infinite past, the vector quantities y0,u0 and (via (3.129)) x0 are all zero; ie. at the birth
of the universe all quantities are initialised at zero. In this case the differential equation solution y(t)
consists only of a forced-component part

y(t) =

∫ t

−∞

g(t − σ)u(σ) dσ + Du(t) (3.154)

where
g(t) , CeAtB. (3.155)

Here, the idea is that whatever state x0 that the system might be in at time t = t0, it arrives there by
virtue of the forcing signal u(t) ‘driving’ it there.

Clearly, the relationship between a ‘forcing signal’ u(t) and the resulting response y(t) given by
(3.154) is completely determined by the function g(t) and the ‘feed-through’ term D. In particular,
suppose that u(t) is, in fact, the Dirac delta impulse signal δ(t). Then provided t > 0

y(t) =

∫ t

−∞

g(t − σ)δ(σ) dσ + Dδ(t)

= g(t) + Dδ(t).

Because of this relationship between y(t) and δ(t), the function h(t) defined as

h(t) ,







g(t) + Dδ(t) ; t ≥ 0

0 ; t < 0
(3.156)

is called the ‘impulse response’ of a system. The fact that h(t) is zero for t < 0 is simply because,
with zero initial conditions, the response y(t) of the system is zero up until time t = 0 when the
impulse function δ(t) becomes ‘active’.

Finally, as already mentioned, when the differential equation arises from physical modelling it
is the most common situation that D = bn = 0 so that the above impulse response h(t) is only
comprised of the component g(t) = CeAtB.

Example 3.18 RC-Circuit The RC circuit shown in figure 3.1 in connection with example 3.1 obeyed
the differential equation

d

dt
vC(t)
︸ ︷︷ ︸

x(t)

= −
1

RC
︸ ︷︷ ︸

A

vC(t)
︸ ︷︷ ︸

x(t)

+
1

RC
︸︷︷︸

B

v(t)

between the capacitor voltage vC(t) and source input voltage v(t). The above state-space differential
equation is clearly completed by vC(t) = 1 · x(t) so that C = 1, D = 0. Therefore, since

g(t) = CeAtB =
1

RC
e−t/RC

then the impulse response is

h(t) =







1

RC
e−t/RC ; t ≥ 0

0 ; t < 0
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t

1

RC

0

1

RC
e−t/RC

Figure 3.11: Impulse response of RC circuit considered in example 3.18.

which is illustrated in figure 3.11.

�

Example 3.19 Shock Absorber Revisited Recall the shock absorber example, originally considered
in example 3.3 and then re-considered in example 3.15 where it was shown that D = 0 and

CeAtB =
1

(α − β)

[

(αb1 − b0)e
−αt + (b0 − βb1)e

−βt
]

(3.157)

with

b0 =
ks

m
, b1 =

kd

m
, α =

1

2m

[

kd +
√

k2
d − 4ksm

]

, β =
ks

αm
.

Consider then the particular case of a car of mass m = 1000kg, a spring with stiffness ks = 1000N/m
and a damper of viscosity kd = 500Ns/m. This implies

α = 0.25 + j0.9682 = β = 0.25 − j0.9682, b0 = 1, b1 = 0.5,

which leads to

αb1 − b0

α − β
= 0.25 + j0.4518 = 0.5164ej1.0654,

b0 − βb1

α − β
= 0.5164e−j1.0654

and hence via (3.157)

CeAtB = 0.5164ej1.0654e−(0.25+j0.9682)t + 0.5164e−j1.0654e−(0.25−j0.9682)t

= 0.5164e−0.25t
[

ej(1.0654−0.9682t) + e−j(1.0654−0.9682t)
]

= 0.5164e−0.25t [cos(1.0654 − 0.9682t) + j sin(1.0654 − 0.9682t)+

cos(1.0654 − 0.9682t) − j sin(1.0654 − 0.9682t)]

= 1.0328e−0.25t cos(0.9682t − 1.0654).
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Therefore, the shock-absorber impulse response h(t) is

h(t) =







1.0328e−0.25t cos(0.9682t − 1.0654) ; t ≥ 0

0 ; t < 0

which is illustrated in figure3.12.

t

1.0328e−0.25t cos(0.9682t − 1.0654)

0

Figure 3.12: Impulse response of shock absorber considered in example3.19.

�

3.10 Invariance of Impulse Response

As just presented, the impulse response h(t) is defined simply as the response y(t) of a system due to
excitation by an input signal u(t) which is a Dirac delta impulse δ(t).

In the special case of the underlying system being specified via a differential equation such as
(3.41), with associated state space representation given by a canonical form such as (3.99)-(3.102), it
was also just established that this impulse response has the explicit formulation

h(t) = CeAtB + Dδ(t). (3.158)

However, as discussed in section 3.5.3, for a given system there are an infinite number of state space
realisations which are all identical from the point of view of input u(t) to output y(t) response.

In particular, if [A,B,C,D] is a state space representation for a given system, then for any in-
vertible matrix M of dimension equal to that of A, the set

A′ = MAM−1, B′ = MB, C′ = CM−1, D′ = D (3.159)

will represent a system with identical input-output response. It would therefore seem reasonable that it
also represented a system with identical impulse response. However, according to (3.158) the impulse
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response h′(t) for the system given by (3.159) will be

h′(t) = C′eA′tB′ + D′δ(t)

= CM−1eMAM−1tMB + Dδ(t). (3.160)

It is not immediately clear that the impulse response (3.160) is equivalent to that of (3.158). To
investigate this further, note that as established in (3.115)

d

dt
eAt = AeAt. (3.161)

As a consequence, the following vector differential equation

d

dt
x(t) = MAM−1x(t), x(0) = x0 (3.162)

has a solution
x(t) = eMAM−1tx0. (3.163)

Furthermore, by the same property (3.161)

d

dt
MeAtM−1 = M

d

dt
eAtM−1 = MAeAtM−1 = MAM−1MeAtM−1 (3.164)

and therefore
x(t) = MeAtM−1x0 (3.165)

is also a solution to the differential equation (3.162). However, the fundamental existence and unique-
ness theorem for differential equations states that the solution x(t) for (3.162) is unique, and hence

eMAM−1tx0 = MeAtM−1x0. (3.166)

Since this equality holds for arbitrary specification of the vector x0, then this further implies that

eMAM−1t = MeAtM−1. (3.167)

Substituting this into (3.160) then indicates that

h′(t) = CM−1MeAtM−1MB + Dδ(t) = CeAtB + Dδ(t) = h(t).

The impulse response h(t) associated with a system represented in state space form is invariant to the
particular state space representation used.

3.11 Convolution

A key development of this chapter is that, according to (3.154), the relationship between signals
u(t) and y(t) obeying a linear finite dimensional differential equation such as (3.41) may also be
represented as

y(t) =

∫ t

−∞

g(t − σ)u(σ) dσ + Du(t) (3.168)
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where g(t) is defined as

g(t) , CeAtB.

Furthermore, with the definition (3.156) for the impulse response h(t), then (3.168) may also be
written as

y(t) =

∫
∞

−∞

h(t − σ)u(σ) dσ. (3.169)

Notice that in this last expression (3.169), the upper integration limit has been changed from σ = t
to σ = +∞. This change does not alter the value of the integral giving y(t) since over the range
σ = [t,∞) the function h(t−σ) has argument in the range t−σ ∈ (−∞, 0] for which h is defined in
(3.156) to be zero. That is, over the whole range of σ implied by the change in the upper integration
limit from t to +∞, the integrand is zero, and hence there is no difference between the integral values
in (3.168) and (3.169). Why change the upper integration limit then? This will become clear later,
but essentially it is often necessary (for example, when designing filters) to consider the more general
form (3.169).

In fact, the relationship (3.169) between y(t), h(t) and u(t) is tremendously fundamental to the
study of signals and systems and it is called ‘convolution’. In words, the equation (3.169) may then be
expressed as ‘the response signal y(t) is the impulse response h(t) convolved with the driving signal
u(t)’.

The intuitive interpretation of this convolution operation is that it indicates that the signal y at
time t depends on the whole weighted (by h(t)) past history of the signal u(t). That is, according to
(3.169) and remembering that integration implies the infinite summation of all values the integrand
takes on, then u(t) at time t = t? is weighted by an amount h(t − t?) and then added in as part of the
contribution to y(t). The total of all these weighted contributions, for the infinite number of times t?

in the range t? ∈ (−∞,∞) then gives the response y(t).
As already mentioned, this convolution idea has been motivated by the fact that via (3.154) it

provides a means for expressing a differential equation solution. However, in this case, the impulse
response h(t) is constrained to be primarily governed by a term CeAtB. By virtue of the eAt com-
ponent, this means that h(t) is constrained to be composed of a finite sum of functions of the form
tmkeαkt for some numbers α1, · · · , αn and some integers m1, · · · ,mn.

However, an essential point of the convolution representation (3.169) is that h(t) could be of a
much more arbitrary form than this, so that (3.169) can be used to represent scenarios that are beyond
those capable of being described by finite dimensional differential equations such as (3.41).

Finally, in terms of a graphical interpretation, the convolution representation may be thought of as
one in which a signal y(t) is generated from a driving signal u(t) after being passed through a system
that is characterised by h(t) to lead to the diagram shown in figure 3.13.

3.11.1 Properties of Convolution

There is a shorthand notation for convolution involving the mathematical symbol ~ as follows.

y(t) = [h ~ u] (t) ,

∫
∞

−∞

h(t − σ)u(σ) dσ. (3.170)

Using this notation, the following important properties of convolution can be identified.
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u(t)

Linear System

h(t)

y(t)
u(t)

y(t) =
∫

∞

−∞

h(t − σ)u(σ) dσ

Figure 3.13: Graphical Interpretation of the effect of Convolution: A signal u(t) drives a linear system
characterised by h(t) to generate a new signal y(t).

Commutative Property

On of the most important facets of convolution is that the order in which the convolved quantities is
taken does not matter. That is

[h ~ u](t) = [u ~ h](t). (3.171)

This is so, since the left hand side of the above is defined as

[h ~ u](t) =

∫
∞

−∞

h(t − σ)u(σ) dσ

and if the substitution x = t − σ is made, then this implies that

σ = t − x, dx = −dσ, x = t − σ|σ=+∞
= −∞, x = t − σ|σ=−∞

= +∞

so that

[h ~ u](t) =

∫
∞

−∞

h(t − σ)u(σ) dσ

= −

∫
−∞

∞

h(x)u(t − x) dx

=

∫
∞

−∞

u(t − x)h(x) dx

= [u ~ h](t).

Linearity

The convolution operator is linear in the sense that it functions in a manner that is analogous to what
is called a linear relationship between real numbers; that is, a relationship that when plotted on x − y
axes would be a straight line through the origin.

More specifically, if u(t), w(t) and h(t) are arbitrary functions and α, β ∈ R are arbitrary real
numbers, then
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[h ~ (αu + βw)] (t) = α[h ~ u](t) + β[h ~ w](t). (3.172)

This linearity of convolution arises since integration itself is a linear operation as follows.

[h ~ (αu + βw)] (t) =

∫
∞

−∞

h(t − σ) (αu(σ) + βw(σ)) dσ

= α

∫
∞

−∞

h(t − σ)u(σ) dσ + β

∫
∞

−∞

h(t − σ)w(σ) dσ

= α[h ~ u](t) + β[h ~ w](t).

It is for this reason that when the graphical depiction of convolution was shown in figure 3.13 the
system in that figure was labelled as a ‘linear’ system. To continue this theme of providing a graphical
representation wherever it is meaningful, the property (3.172) may be thought of as in figure 3.14.
There it is shown that if signals are amplified and combined before being passed to a linear system,
then the result is the same as if the signals were first passed through the linear system, and then
amplified and combined.

Convolution involving Dirac δ functions

As was the situation in the previous chapter, the case of a signal being a Dirac delta function δ(t) is of
particular importance. When involved in the convolution operation, it has the so-called ‘sifting’ effect
of selecting the result of the convolution at time t a being simply the value of the other function in the
convolution at time t. That is

[h ~ δ](t) = h(t). (3.173)

This arises simply by virtue of the fundamental definition of the Dirac delta function presented in
section 2.1.5.

[h ~ δ](t) =

∫
∞

−∞

h(t − σ)δ(σ) dσ = h(t).

Convolution and Time Shifted Signals

It was discussed in section 2.2.2 of the previous chapter that a fundamental signal operation was that
of time shifting or translation. A useful principle is that convolution with such a time shifted signal is
the same as convolution with the non-shifted signal, followed by a shifting of the convolution result;
ie. it does not matter what order the shifting and convolution operations are performed in. To be even
more specific, if a signal g(t) is formed from u(t) by time shifting by T seconds into the future (to
the right) as

g(t) = u(t − T )

then for any h(t) the following result holds.

If g(t) = u(t − T ), then
[h ~ g](t) = [h ~ u](t − T ). (3.174)
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+

+

+

+

y(t)

y(t)

Linear System

h(t)

Linear System

h(t)

u(t)

w(t)

Gain α

Gain β

u(t)

w(t)

[h ~ (αu + βw)]( t) = α[h ~ u]( t) + β[h ~ w]( t)

Same Response
w(t)

w(t)
Linear System

h(t)

Gain α

Gain β

y(t)

y(t)

Figure 3.14: Graphical Interpretation of the linearity of convolution: Linear combination of signals
can be done before or after a convolution operation with no difference to the final result.

Again, this property can be established by direct computation as follows. Firstly by the definition of
convolution and the definition of g(t)

[h ~ g](t) =

∫
∞

−∞

h(t − σ)g(σ) dσ

=

∫
∞

−∞

h(t − σ)u(σ − T ) dσ.

The change of variable x = σ − T in this last integral then implies that since σ = x + T

t−σ = t−(x+T ) = (t−T )−x, dx = dσ, x = σ − t|σ=+∞
= +∞, x = σ − t|σ=−∞

= −∞

so that in fact

[h ~ g](t) =

∫
∞

−∞

h((t − T ) − x)u(x) dx = [h ~ u](t − T ).

Combining this property with the previous one for δ functions implies that shifting a δ function to the
right by T seconds as

g(t) = δ(t − T )
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implies that convolution of this shifted δ signal with another signal h(t) merely ‘sifts’ the value of h
at time t = T out. That is

If g(t) = δ(t − T ) then
[h ~ g](t) = [h ~ δ](t − T ) = h(t − T ). (3.175)

Associativity

The final important property of convolution is what is known as the ‘associative property’ which
asserts that for any three signals h(t), u(t) and f(t) that are to be convolved one after another, it does
not matter which two are done first. That is

[h ~ (u ~ f)](t) = [(h ~ u) ~ f ](t). (3.176)

As in previous cases, this principle can be established by direct computation.

[h ~ (u ~ f)](t) =

∫
∞

−∞

h(t − σ)[u ~ f ](σ) dσ

=

∫
∞

−∞

h(t − σ)

[∫
∞

−∞

u(σ − x)f(x) dx

]

dσ

=

∫
∞

−∞

[∫
∞

−∞

h(t − σ)u(σ − x) dσ

]

f(x) dx.

Now, in this inner integral, make the variable change τ = σ − x to provide

[h ~ (u ~ f)](t) =

∫
∞

−∞

[∫
∞

−∞

h(t − x − τ)u(τ) dτ

]

f(x) dx

=

∫
∞

−∞

[h ~ u](t − x)f(x) dx

= [(h ~ u) ~ f ](t).

The main importance of this principle of associativity is that in combination with the previous one of
commutivity, it asserts that if any combination of signals are to be convolved together, then the order
in which those convolutions are performed does not matter. For example

[h ~ (u ~ f)](t) = [h ~ (f ~ u)](t)
︸ ︷︷ ︸

Commutivity

= [(h ~ f) ~ u](t) = [(f ~ h) ~ u](t)
︸ ︷︷ ︸

Commutivity

.

To make this point clearer, it is illustrated graphically in figure 3.15. This figure is meant to illustrate
that, on occasion where a signal u(t) passes through two linear systems in series, then in terms of the
resultant signal, it does not matter what order u(t) passes through the linear systems.
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Linear System

h(t)

y(t)

u(t)

u(t)

Linear System

f(t)

y(t)

u(t)

u(t)

Linear SystemLinear System

f(t) h(t)

Same
Input

Same
Output

Order
Reversed

Figure 3.15: Graphical interpretation of the commutivity and associativity features of the convolution
operation. Essentially they imply that if a signal u(t) passes through two linear systems in series, then
in terms of the resultant signal, it does not matter what order it passes through the linear systems.

3.11.2 Signal Convolution Examples

Having now investigated some of the fundamental properties of convolution, and in particular to have
related them to implications for the response of linear systems, it is now important to examine the
convolution operation in more detail. Specifically, it is important to see the effects of the convolution
operation on some actual signal examples.

The essence of all these examples is that the convolution equation

y(t) =

∫
∞

−∞

h(t − σ)u(σ) dσ (3.177)

involves two signals u and h and, as was detailed in chapter 2, the effect of changing h(σ) to h(t−σ)
is to ‘flip’ and ‘slide’ it. More specifically, since h(t − σ) is a function of −σ, then it is a vertically
mirrored version of h(σ) (this is the ‘flip’) and as well, the t offset in h(t−σ) means that while h(−σ)
is h(σ) directly mirrored around the y axis, h(t− σ) is this mirrored version translated to the right by
t seconds (this is the ‘slide’).

The idea then is that if the response y is required at time t, then according to the convolution
(3.177) the impulse response h is flipped around the y axis, and then slid to the left by t seconds. The
result is then multiplied by the signal u, and then the total area under this final function, which is the
product of u(σ) and h(t − σ) is calculated. This area then gives the value of y(t) at one time point t.
To calculate it at other time points, the whole process of flip, slide, multiply and integrate needs to be
repeated for this new time point.

A key principle is that since the convolution operation ~ is commutative, it does not matter which
of h or u undergoes the ‘flip-and-slide’ operation. That is, as just established in the previous section,
the convolution (3.177) may also be written as

y(t) =

∫
∞

−∞

h(σ)u(t − σ) dσ (3.178)
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so that it is possible to choose whichever of u or h is most convenient for the flipping and sliding
transformation.

Example 3.20 RC Circuit Revisited Recall that in Example 3.1 the elementary RC circuit in fig-
ure 3.1 was modelled as a first order differential equation which, as shown in Example 3.18 was
associated with the impulse response (from source voltage to capacitor voltage)

h(t) =







1

RC
e−t/RC ; t ≥ 0,

0 ; t < 0.

(3.179)

Now, according to the relationship (3.169) this may be used to calculate the response vC(t) to an
arbitrary input voltage wave-form v(t) as

vC(t) =

∫
∞

−∞

h(t − σ)v(σ) dσ. (3.180)

Suppose that in fact the voltage signal v(t) is as shown below.

1 σ

1

0

v(σ)

As well, according to (3.179) the impulse response h may be plotted as follows.

σ0

1
RC h(σ) =

1

RC
e−σ/RC

Now, the actual integral in the convolution (3.180) uses the flipped and shifted version h(t − σ) of
h(σ), and for a particular choice of t (and hence particular choice of shift to the right after flipping)
this is shown below.

h(t − σ)

σ0 t

In this case, the product h(t − σ)u(σ) will then clearly depend on how much h(t − σ) is slid to the
right. For example, with t = 0 the situation is as follows
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σ0 1

v(σ)h(t − σ), t = 0

so that h(t − σ)u(σ) = 0 for all σ, and therefore y(0) = 0. In fact, this will be true for all t < 0 so
that

y(t) = 0, t ≤ 0. (3.181)

On the other hand, if t = 0.5 then h(t − σ) is slid further to the right as follows

� �
� �
� �
� �

� �
� �
� �
� � ∫

∞

−∞

h(t − σ)u(σ) dσ

h(t − σ), t = 0.5 v(σ)

10.50

so that since h(t−σ)u(σ) is now non-zero and positive over an interval, then y(0.5) is also a non-zero
positive number. To be specific, from the above diagram it is clear that for any t ∈ (0, 1]

y(t) =

∫ t

0

1

RC
e(σ−t)/RC dσ = e(σ−t)/RC

∣
∣
∣

σ=t

σ=0
= 1 − e−t/RC . (3.182)

If t is made larger again by increasing it to some value t > 1 then this leads to the following situation.

� � �
� � �
� � �
� � �

σ0 1 t

h(t − σ), t > 1
v(σ)

∫
∞

−∞

h(t − σ)u(σ) dσ

In this case

y(t) =

∫ 1

0

1

RC
e(σ−t)/RC dσ = e(σ−t)/RC

∣
∣
∣

σ=1

σ=0
= e−t/RC

[

e1/RC − 1
]

. (3.183)

Combining (3.181), (3.182) and (3.183) then gives the full solution for the RC circuit response of

vC(t) =







0 ; t ≤ 0

1 − e−t/RC ; t ∈ (0, 1]

[

e1/RC − 1
]

e−t/RC ; t > 1

which is plotted below.
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t10

1 − e−1/RC

1 − e−t/RC

[e1/RC − 1]e−t/RC

vC(t) =

∫
∞

−∞

h(σ)v(t − σ) dσ

�

Example 3.21 RC Circuit Revisited (Again) It is of interest to repeat the above example, but to ex-
plore the advantage of using the commutivity property

∫
∞

−∞

h(t − σ)v(σ) dσ =

∫
∞

−∞

v(t − σ)h(σ) dσ.

In the right hand side version above, the impulse response remains static for all t as

σ0

1
RC h(σ) =

1

RC
e−σ/RC

However, now v is flipped and shifted so that, for example, at t = 0 we have

σ01

v(t − σ), t = 0

h(σ)

so that

y(t) = 0, t ≤ 0. (3.184)

On the other hand, for t ∈ (0, 1] the flipped and slid v(t − σ) leads to

� � �
� � �
� � �
� � �
� � �

� �
� �
� �
� �
� �

σ0

h(σ)

v(t − σ), t = 0.5

tt − 1 = −0.5
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which implies that

vC(t) =

∫ t

0

1

RC
e−σ/RC dσ = −e−σ/RC

∣
∣
∣

σ=t

σ=0
= 1 − e−t/RC . (3.185)

Finally, for t > 1 the situation is

� � �
� � �
� � �
� � �

σ

h(σ)
v(t − σ), t > 1

t0 t − 1

which means that

vC(t) =

∫ t

t−1

1

RC
e−σ/RC dσ = −e−σ/RC

∣
∣
∣

σ=t

σ=t−1
= e−t/RC

[

e1/RC − 1
]

. (3.186)

Combining (3.184), (3.185) and (3.186) then gives the full solution for the RC circuit response of

vC(t) =







0 ; t ≤ 0

1 − e−t/RC ; t ∈ (0, 1]

[

e1/RC − 1
]

e−t/RC ; t > 1

which is the same as found before. This provides further verification that it does not matter which of
the two function in a convolution is ‘flipped and shifted’, and hence the most convenient one may as
well be chosen.

�

Example 3.22 Convolution of Rectangular Signals As a final more abstract example of convolution,
suppose that u(σ) is rectangular

u(σ)

1 σ

1

0

and so is h(σ).

h(σ)

σ

1

0 0.5
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In this case, if we elect to ‘flip and slide’ h as h(t − σ), then for a particular slide by t seconds we
have.

h(t − σ)

t − 0.5 σ0 t

Now, if t is in fact chosen as t = 1.5, then this flipped and slid version together with u(σ) may be
shown on the same set of axes as

σ

u(σ)

0 1 1.5

h(t − σ), t = 1.5

Here, the product h(t − σ)u(σ) is zero, so that at t = 0 the convolution y(1.5) = [h ~ u](1.5) = 0.
As well, this will clearly be the case for any value of t > 1.5, since such values would ‘slide’ h(t−σ)
further to the right which still leaves h(t − σ)u(σ) and hence y(t) as zero. Therefore

y(t) = [h ~ u](t) = 0 ; t ≥ 1.5. (3.187)

Now suppose that t is decreased from 1.5 to the value t = 1.25. The product h(t − σ)u(σ) has area
given by the shaded region below.

�
�
�
�

�
�
�
�

∫
∞

−∞

h(t − σ)u(σ) dσ

σ

u(σ)

1.250.75

h(t − σ), t = 1.25

0

That is,

y(t) =

∫ t−0.5

1
dσ = σ

∣
∣
∣
∣

σ=t−0.5

σ=1

= 1.5 − t.

However, this expression only applies for values of t such that the right hand edge of h(t−σ) (shown
above) is to the right of the right hand edge of u(σ), since otherwise the upper integration limit will
not be 1. Such a situation holds for t ≥ 1 so that

y(t) = 1.5 − t t ∈ [1, 1.5). (3.188)

Now, if t is decreased still further to a value below 1, say to t = 0.75, then the situation is as shown
below.
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� �
� �
� �
� �

� �
� �
� �
� �

σ0

∫
∞

−∞

h(t − σ)u(σ) dσu(σ)

h(t − σ), t = 0.75

0.750.25 1

Now the area under h(t − σ)u(σ) is

y(t) =

∫ t

t−0.5
dσ = σ

∣
∣
∣
∣

σ=t−0.5

σ=t

= 0.5.

Clearly, this holds while ever the left hand edge of h(t − σ) is to the right of the left hand edge of
u(σ). That is, while ever t > 0.5 to that

y(t) = 0.5 ; t ∈ [0.5, 1.0). (3.189)

Finally, if t is decreased still further, then according to the above arguments,

y(t) =

∫ t

0
dσ = σ

∣
∣
∣
∣

σ=t

σ=0

= t.

and this will apply while ever the right hand edge of h(t − σ) is to the right of the left hand edge of
u(σ). This occurs for t ≥ 0 to that

y(t) = t ; t ∈ [0.0, 0.5). (3.190)

Finally, if t and hence h(t − σ) is moved further to the left than this, then just as was the case when
t > 1.5, the product h(t − σ)u(σ) is zero for all σ and hence

y(t) = 0 ; t < 0. (3.191)

Combining (3.188), (3.189), (3.190) and (3.191) then gives the full solution

y(t) =







0 ; t ≥ 1.5

1.5 − t ; t ∈ [1, 1.5)

0.5 ; t ∈ [0.5, 1)

t ; t ∈ [0, 0.5)

0 ; t < 0

which is plotted below.

t0.5 1.510

y(t) =
∫

∞

−∞

h(σ)u(t − σ) dσ

0.5

�
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3.12 System Properties

Up to this point, via electrical, mechanical and differential equation modelling examples we have
gradually introduced the idea of a system without formally defining what, in an abstract and general
sense, a system actually is.

A system S is a governing influence which regulates the relative behaviour of signals.
The notation used to denote this regulation is that the nature of a signal y(t) relative to
another signal u(t) is given as

y(t) = S[u](t).

So, for example, the shock absorber of example 3.3 is a system since it regulates the way in which
road height and car height signals relate to one another. The market for publically listed stocks is also
a system, since it relates how share price signals are related to one another.

Within this broad definition of a system, there are various specialised sorts, some of which we
have already met.

3.12.1 Linearity/Non-linearity

A linear system S is one, which for any signals u(t), x(t) and any constant numbers α, β obeys

S[αu + βx](t) = αS[u](t) + βS[x](t). (3.192)

Example 3.23 Convolution All systems S that, for some impulse response h(t) are expressible as
convolutions

S[u](t) = [h ~ u](t)

are, as has already been established in section 3.11.1, linear systems, since

S[αu + βx](t) = [h ~ (αu + βx)](t) = α[h ~ u](t) + β[h ~ x](t) = αS[u](t) + βS[x](t)

�

A non-linear system is any system which is not linear; ie. any system for which (3.192) does not hold.

Example 3.24 The system
S[u](t) = u2(t)

is non-linear since on the one hand

S[αu + βx](t) = (αu(t) + βx(t))2 = α2u2(t) + β2x2(t) + 2αβu(t)x(t)

while
αS[u](t) + βS[x](t) = αu2(t) + βx2(t).

Clearly, these are different, hence the system is non-linear.

�
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Example 3.25 Diode Circuit Consider the diode circuit shown in the left of figure 4.3. Assuming a
perfect diode (no voltage drop across the diode when forward biased), then the response of this system
between the v(t) source signal and vR(t) resistor voltage signal is

vR(t) = S[v](t) =







0 ; v(t) < 0

v(t) ; v(t) ≥ 0

which is shown in the right hand side of figure 3.16. This system is also non-linear since if, for

−

+ +

−
v(t) vR(t)

vR(t)

v(t)0

Figure 3.16: Diode Circuit and response as considered in example 3.25.

example, u(t) = −2V, x(t) = 1V, then

S[u + x](t) = S[−1V ](t) = 0V.

while
S[u](t) + S[x](t) = S[−2V ](t) + S[1V ](t) = 0V + 1V = 1V.

�

3.12.2 Causality

A system S is termed ‘causal’ or ‘non-anticipative’ if y(t?) = S[u](t?) depends only on u(t) for
values of t ≤ t?. In other words, the response y of a causal system does not depend on future actions
of u, only on past and present actions of u.

Note that all physical systems are causal; so far as science is aware, no systems (except possible
when certain mysterious quantum phenomena are involved) exist which can anticipate the future.

Example 3.26 The linear system
y(t) = [h ~ u](t)

is causal if, and only if the impulse response h(t) is of the form

h(t) = 0 for t < 0.

To see this, note that

y(t?) = [h ~ u](t?) =

∫
∞

−∞

h(σ)u(t? − σ) dσ.

Now this integral involves negative values of σ, and at these negative values t?−σ > t?. Superficially
then, the above relationship seems to indicate a non-causal system; it appears that y(t?) depends on
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values of u(t) with t > t?. However, if at the same time that σ is negative, these future values
u(t? − σ) are multiplied by h(σ). If h(σ) is zero for these negative values of σ, then in fact there is
no dependence on future values, and the system is causal.

For more detail on this point, refer to example 3.20 where a simple RC circuit response was
studied via convolution.

�

The principle exposed by this example is so important that it is worth emphasising.

For a system S that obeys a convolution representation

y(t) = S[u](t) = [h ~ u](t)

then S is casual if, and only if
h(t) = 0 for t < 0.

3.12.3 Memory

A causal system S is termed ‘memory-less’ if y(t?) = S[u](t?) depends only on u(t) at t = t? and
not for any values of t prior to t?. If this is not the case, then the system is said to have ‘memory’,
since then prior values of u will affect the current value of y.

Example 3.27 The simple amplifier system

y(t) = S[u](t) = Ku(t)

for some K ∈ R is a memory-less system.

�

Example 3.28 The linear system

y(t) = [h ~ u](t)

is memory-less, if and only if the impulse response is of the form

h(t) = Kδ(t), K ∈ R.

To see this, note that

y(t?) = [h ~ u](t?) =

∫
∞

−∞

h(σ)u(t? − σ) dσ.

Therefore, if h(σ?) 6= 0 for any value of σ? > 0, then y(t?) will depend on h(σ?)u(t? − σ?) and
hence also on u(t? − σ?), which is in the past.

�
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3.12.4 Time Invariance

A system S is called ‘time-invariant’ if, when the input u(t) is shifted in time as

x(t) = u(t − T )

then the response z(t) = S[x](t) to x(t) is the same as the response y(t) = S[u](t) to u(t), except
that the response is shifted by T seconds. That is

z(t) = S[x](t) = S[u](t − T ) = y(t − T ).

In other words, in terms of the response obtained for a time invariant signal, it does not matter when
a particular input is applied to a system.

Example 3.29 The simple amplifier system

y(t) = S[u](t) = Ku(t)

for some K ∈ R is time invariant. But if the gain K were changed to be

K(t) = | sinπt|

then the resultant system
y(t) = S[u](t) = | sin πt|u(t)

would be time-varying.

�

3.12.5 System Dimension

We have seen in section 3.5 that a certain class of systems that are described by n-th order differential
equations can also be represented in a state space form

d

dt
x(t) = Ax(t) + Bu(t) (3.193)

y(t) = Cx(t) + Du(t) (3.194)

where x(t) is a state vector of dimension n. In this case, the associated system (which is also linear
and time invariant) is said to have dimension n. In the (common) case where n < ∞, then the system
is also said to be finite dimensional.

The idea can be extended to the non-linear case by considering those systems which can be repre-
sented as

d

dt
x(t) = f(x(t), u(t)) (3.195)

y(t) = g(x(t), u(t)) (3.196)

where f(·, ·) and g(·, ·) are arbitrarily complicated functions. The linear system above is then a special
case of of f(x, u) = Ax+Bu and g(x, u) = Cx+Du. However, for the more general case (3.195),
(3.196), the dimension of the system is still taken as the dimension of the underlying state vector x(t).

Note that for either of (3.193). (3.194) or their non-linear cousins (3.195), (3.196) the underlying
systems S that are involved are all finite dimensional and time invariant, and in the specific case of
(3.193), (3.194) also linear.



DRAFT & INCOMPLETE Version 85

3.12.6 Stability

Intuitively, and in broad terms, a system is stable if small perturbations to it are only capable of
producing small responses. That is, a stable system cannot be given a small ‘nudge’ that causes it to
‘explode’. Unfortunately, there is more than one way to precisely encode this idea in a mathematical
fashion.

To be more precise, although the idea of stability extends to non-linear systems, the two main
interpretations of stability are most easily explained by reference to the linear and time-invariant
system response (3.152)

y(t) = CeA(t−t0)x0
︸ ︷︷ ︸

Natural Response

+

∫ t

t0

g(t − σ)u(σ) dσ + Du(t)

︸ ︷︷ ︸

Forced Response

; g(t) , CeAtB. (3.197)

From the indicated decomposition, one idea of stability involves examining whether, for any initial
condition x0, the natural response term decays to zero. This is called asymptotic stability.

An alternative concept of stability examines the forced response to see if, for any input u(t) of
bounded size, it is only able to provoke a forced response also of bounded size. This is called bounded
input - bounded output stability.

In general, these are two different ideas of stability, and there are more ideas as well (such as
Lyapunov stability) that will not be discussed here. However, for some common situations, such as
that of linear time-invariant and finite-dimensional systems (ie. those that have a state space descrip-
tion of the form discussed in section 3.5), the ideas of asymptotic and bounded-input bounded-output
stability prove to be equivalent.

Asymptotic Stability

The idea of asymptotic stability is purely concerned with examining how a system ‘recovers’ from
given initial conditions, and in the absence of any ‘driving’ input u(t). We have seen in sections 3.5-
3.8, that when the system in question is linear, time invariant, and finite dimensional of dimension n,
then its behaviour y(t) as a function only of the n-dimensional initial condition vector x0 = x(t0) is
given by (3.197) as

y(t) = CeA(t−t0)x0. (3.198)

Now, as was illustrated in example 3.15, if A can be written as

A = S−1ΛS (3.199)

where Λ is diagonal

Λ =











λ1 0 · · · · · · 0
0 λ2 0 · · · 0
...

. . .
...

... λn−1 0
0 · · · 0 λn











,

then in this case, since Ak = S−1ΛkS it follows that

eA(t−t0) = S−1eΛ(t−t0)S (3.200)
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where (see Appendix 3.A.2 for more background on this)

eΛ(t−t0) =











eλ1(t−t0) 0 · · · · · · 0

0 eλ2(t−t0) 0 · · · 0
...

. . .
...

...
. . . 0

0 · · · 0 eλn(t−t0)











(3.201)

with the numbers λ1, · · · , λn being the eigenvalues of A. In this case, (3.198) becomes

y(t) = CS−1eΛ(t−t0)Sx0. (3.202)

Clearly then, if all the eigenvalues λ1, · · · , λn have a real part which is negative, then all the diagonal
elements of eΛ(t−t0) will tend to zero as t grows large, and hence (3.202) will tend to zero for any x0.
In this case, the corresponding system is termed asymptotically stable.

On the other hand, if any eigenvalue has a real part that is positive, then the corresponding diagonal
element of eΛ(t−t0) will grow arbitrarily large as t → ∞. In this case there will exist an x0 for which
y(t) given by (3.202) grows arbitrarily large. This leads to the following criterion for the asymptotic
stability of a class of linear time invariant systems.

A linear, finite dimensional and time invariant system with state space representation

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

is asymptotically stable if, and only if, all the eigenvalues λ1, · · · , λn satisfy

Re{λk} < 0 ; k = 1, 2, · · · , n.

Bounded-Input Bounded-Output (BIBO) Stability

An alternative concept of stability involves the idea that, regardless of initial conditions, if the ‘driving
input’ u(t) that perturbs a system is bounded, then the response y(t) should also be bounded.

In the linear and time invariant case, then as discussed in section 3.11 the relationship between
input and output is given via convolution with the system impulse response h(t) as

y(t) =

∫
∞

−∞

h(t − σ)u(σ) dσ.

In this case,

|y(t)| =

∣
∣
∣
∣

∫
∞

−∞

h(t − σ)u(σ) dσ

∣
∣
∣
∣
≤

∫
∞

−∞

|h(t − σ)||u(σ)|dσ.

Therefore, if the input u(t) is bounded as |u(t)| ≤ M < ∞, then

|y(t)| ≤ M

∫
∞

−∞

|h(t − σ)|dσ.
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The question of whether or not y(t) remains bounded for all t and for bounded u(t) then becomes one
of examining whether or not

‖h‖1 =

∫
∞

−∞

|h(σ)|dσ (3.203)

is bounded. The symbol ‖h‖1 given to the above integral is called the ‘1-norm’ of the function h(t).
Although the above discussion only argues that ‖h‖1 < ∞ is necessary for |y(t)| to be bounded when
|u(t)| is bounded, it is also a sufficient condition. That is, |y(t)| is bounded for some bounded |u(t)|
if, and only if, ‖h‖1 < ∞.

With this in mind, the question of BIBO stability (as in the previous case) is most simply analysed
in the linear, time invariant and finite dimensional case

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

wherein, as shown in section 3.11, the impulse response h(t) is given as

h(t) = CeAtB + Dδ(t).

Furthermore, as explained around equation (3.200)

eAt = S−1eΛtS−1

where

eΛt =











eλ1t 0 · · · · · · 0
0 eλ2t 0 · · · 0
...

. . .
...

...
. . . 0

0 · · · 0 eλnt











with λ1, · · · , λn being the eigenvalues of A. In this case, for some set of numbers α1, · · · , αn that
depend on the vector elements CS−1 and SB

‖h‖1 = D +

∫
∞

0

∣
∣CS−1eΛt SB

∣
∣ dt ≤ D +

n∑

k=1

|αk|

∫
∞

0

∣
∣
∣eλkt

∣
∣
∣ dt.

In this case, if Re{λk} < 0 for all k = 1, · · · , n, then

∫
∞

0

∣
∣
∣eλkt

∣
∣
∣ dt < ∞

and hence ‖h‖1 < ∞ so that the system in bounded-input bounded-output stable.
Therefore, BIBO stability can also be characterised according to the eigenvalues of the state tran-

sition matrix A as follows.
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A linear, finite dimensional and time invariant system

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

is bounded-input bounded-output stable if all the eigenvalues λ1, · · · , λn of A satisfy

Re{λk} < 0; k = 1, 2, · · · , n.

Note that this criterion for BIBO stability is not an if, and only if test on the eigenvalues of A as was
the previous case of asymptotic stability. That is, it is possible, depending on B or C, for A to have
an eigenvalue with Real {λk} > 0 but for the associated linear system to still be BIBO stable.

Example 3.30 In example 3.15 we studied the general 2nd order linear time invariant system

d2

dt2
y(t) + a1

d

dt
y(t) + a0 y(t) = b1

d

dt
u(t) + b0 u(t) (3.204)

and showed that the forced response to a height ε step u(t) = ε1(t) was

y(t) =
ε

λ1

(
λ1b1 + b0

λ1 − λ2

)

(eλ1t − 1) +
ε

λ2

(
b0 + λ2b1

λ1 − λ2

)

(1 − eλ2t) (3.205)

where (3.204) has a state-space representation

A ,

[
λ1 + λ2 1
−λ1λ2 0

]

, B ,

[
b1

b0

]

, C ,
[

1 0
]
.

so that A has eigenvalues

λ1, λ2 = −
1

2

(

a1 ±
√

a2
1 − 4a0

)

. (3.206)

The time varying nature of the forced response in (3.205) is therefore completely captured by the
terms eλ1t and eλ2t. Now, if λ1 can be decomposed into real and imaginary parts as λ1 = α + jω,
then

eλ1t = eαt [cos ωt + j sinωt] .

Consequently, if α = Re{λ1} < 0, then eλ1t will tend to zero as t grows. However, if α > 0, then
eλ1t will explode towards ∞ as t grows, and hence y(t) will also explode, not matter how small ε is.

A similar argument holds for eλ2t. Therefore, the question of whether or not the system is
bounded-input bounded-output stable depends on two things. Firstly, if Re{λ1} < 0 and Re{λ2} < 0,
then the system (3.204) is definitely bounded-input bounded-output (BIBO) stable, since no matter
how large ε is made, provided it is still bounded, the signal y(t) given by (3.205) is also bounded .

On the other hand, it is still possible for the system to be BIBO stable even if an eigenvalue, for
example λ2 violates the condition Re{λ2} < 0. For instance, consider the case of

b1 = 1, b0 = −1, a1 = 1, a0 = −2 (3.207)

so that according to (3.206)
λ1, λ2 = −2,+1 (3.208)
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and hence Re{λ2} = 1 > 0. However, even though this indicates that the eλ2t term in (3.205) will
explode as t grows, that same term in (3.205) has co-efficient

ε

λ2

(
b0 + λ2b1

λ1 − λ2

)

=
ε

1

(
−1 + 1 · 1

−2 − 1

)

= 0 (3.209)

and hence according to (3.205) the forced response depends only on λ1 which satisfies Re{λ1} =
−2 < 0 and hence

y(t) =
ε

λ1

(
λ1b1 + b0

λ1 − λ2

)

(eλ1t − 1)

=
ε

−2

(
(−2) · 1 − 1

−2 − 1

)

(e−2t − 1) =
ε

2
(1 − e−2t) (3.210)

which is clearly bounded, for any bounded step-input size ε. Therefore, BIBO stability does not
depend in an if-and-only-if fashion on the condition Re{λk} < 0 as does asymptotic stability. In this
lastter case, if we denote the initial condition vector x0 as

x0 =





x1
0

x2
0





then the natural response of (3.204) is

y(t) =

(
λ1x

2
0 + x1

0

λ2 − λ1

)

eλ1t +

(
x1

0 + λ2x
2
0

λ1 − λ2

)

eλ2t.

Now, if x1
0 and x2

0 are allowed to be arbitrary, the this natural response decays to zero for any of these
arbitrary choices of x1

0 and x2
0 if, and only if, Re{λ1, λ2} < 0, and hence the case (3.207) leading to

λ1, λ2 = −2,+1 is not asymptotically stable, even though it is BIBO stable.

�

3.13 Concluding Summary

This chapter has concentrated on systems S that satisfy a differential equation relationship between
signals u(t) and y(t), with u(t) being thought of as the ‘input’ and y(t) as the ‘output’.

When the system S is first order

d

dt
y(t) + ay(t) = bu(t)

then it was shown that y(t) can be computed as a function of u(t) according to

y(t) = y0e
a(t−t0)

︸ ︷︷ ︸

Natural Response

+

∫ t

t0

e−a(t−σ)bu(σ) dσ

︸ ︷︷ ︸

Forced Response

. (3.211)

which satisfies the initial condition specification of y(t0) = y0. If the system S is higher than first
order, such as the general case of

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = bn

dn

dtn
u(t) + · · · + b0u(t) (3.212)
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then this can be re-expressed as a first order differential equation

d

dt
x(t) = Ax(t) + Bu(t) (3.213)

y(t) = Cx(t) + Du(t) (3.214)

but now involving an n × 1 vector signal x(t) which is known as the ‘state vector’.
This so-called ‘state-space’ representation provides a means for computing y(t) as a function of

u(t) via the straight-forward generalisation of (3.211) to

y(t) = CeA(t−t0)x0
︸ ︷︷ ︸

Natural Response

+

∫ t

t0

CeA(t−σ)Bu(σ) dσ + Du(t)

︸ ︷︷ ︸

Forced Response

(3.215)

which satisfies the initial condition specification of x(t0) = x0. As indicated, it clearly decomposes
into a ‘Natural Response’, which depends only on the initial condition vector x0, and a ‘Forced Re-
sponse’ which depends only on the nature of the signal u(t).

There are an infinite variety of ways in which the n’th order differential equation may be translated
into a state-space representation (3.213),(3.215). However, some are particularly simple and called
‘canonical’. For example, the observer canonical form is given by

A ,










−an−1 1 0 · · · 0
−an−2 0 1 · · · 0

...
. . .

...
−a1 0 1
−a0 0 · · · · · · 0










, B ,










bn−1 − bnan−1

bn−2 − bnan−2
...

b1 − bna1

b0 − bna0










, C , [1, 0, 0, · · · , 0, 0] , D , bn

Starting from this specific example, an infinite number of equivalent (in the sense that they all repre-
sent the same differential equation (3.212)) state space representations may be generated by choosing
any invertible matrix M to transform the state as z = Mx to give

d

dt
z(t) = A′z(t) + B′u(t)

y(t) = C′z(t)

with
A′ , MAM−1, B′ , MB, C′ , CM−1. (3.216)

If t0 is chosen as the infinite past t0 = −∞, and it is assumed that the initial state vector x0 = 0 in
this infinite past, then the general solution (3.215) becomes

y(t) =

∫
∞

−∞

h(t − σ)u(σ) dσ = [h ~ u](t) (3.217)

where
h(t) = CeAtB + Dδ(t). (3.218)

The relationship (3.217) and denoted by ~ is known as ‘convolution’, with the function h(t) being
known as the impulse response. The convolution expression (3.217) is a far more general repre-
sentation of linear time invariant systems than the state-space one (3.213),(3.214), since the latter is
constrained to have an impulse response of the form (3.218).
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While this covers some important principles of linear system analysis, there are many general
properties of a system S which are worth identifying. One particularly important one is causality - a
causal system cannot act in a manner based on a future inputs. In the linear and time invariant case a
system is causal if and only if its impulse response satisfies h(t) = 0 for all t < 0.

A final particularly important system property is that of stability, which intuitively is an under-
standing that the system does not ‘blow up’ and give arbitrarily large output when perturbed by either
a small change in initial condition or driving input u(t). In case of a linear, time invariant and fi-
nite dimensional system S , stability corresponds to the eigenvalues of the matrix A in a state space
realisation having real parts which are all strictly negative.

Clearly, state-space methods have been a vital tool used in this chapter for system analysis. The
following chapter presents an alternative tool, known as Laplace Transform analysis.
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3.14 Exercises

1. Consider the circuit shown in figure 3.17(a). Assume that the switch in the circuit has been
closed for a very long time, and is then opened at time t = 0. Assume that the voltage source
signal x(t) is zero for t < 0.

(a) Determine the initial condition y(0).

(b) Determine the differential equation relating x(t) and y(t) for t ≥ 0.

(c) Compute y(t) for t > 0 when x(t) = 0 for all t.

2. Consider the RL circuit shown in figure 3.17(b).

(a) Derive a differential equation that shows how the signals x(t) and vL(t) depend upon one
another.

(b) Solve this differential equation to derive an explicit expression for vL(t) when x(t) is a
unit step signal 1(t) and it is assumed that i(t) = 0 for t < 0.

�

++

�

+

�

R1 R2

C1

t = 0

x(t)
y(t)

1V

(a) Circuit for question 1

+

−

+

−

i(t)

L

R

y(t)
x(t)

(b) Circuit for question 2

Figure 3.17: Circuits pertaining to question 1 and question 2

3. Write the following differential equations in state space form. Use both the observer and con-
troller canonical forms.

(a)
d2

dt2
y(t) + 5

d

dt
y(t) + 3y(t) = 4

d

dt
u(t) + u(t).

(b)
d2

dt2
y(t) + 5

d

dt
y(t) + 3y(t) = 3

d2

dt2
u(t) + 4

d

dt
u(t) + u(t).

(c)
d4

dt4
y(t) +

d3

dt3
y(t) + 2

d2

dt2
y(t) + 5

d

dt
y(t) + 3y(t) = 4

d

dt
u(t) + u(t).

(d)
d

dt
y(t) + 2y(t) = u(t).
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4. Recall from Example 3.15 that the state-space system

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t)

has solution

y(t) = CeA(t−t0)x0 +

∫ t

t0

g(t − σ)u(σ) dσ, g(t) , CeAtB

and if

A =

[
−(α + β) 1

−αβ 0

]

then

eAt =
1

(α − β)

[
αe−αt − βe−βt e−βt − e−αt

αβ
[
e−αt − e−βt

]
αe−βt − βe−αt

]

.

Use these facts to solve the following differential equation

d2

dt2
y(t) + 8

d

dt
y(t) + 15y(t) = u(t),

d

dt
y(t)

∣
∣
∣
∣
t=0

= 1, y(0) = −0.5

when u(t) is the signal u(t) = s(t − 1) with s(t) being the unit step. Plot the solution.

5. Compute and sketch the impulse response h(t) associated with the following differential equa-
tion relationships

(a)
d

dt
y(t) + 4y(t) = u(t)

(b)
d2

dt2
y(t) + 8

d

dt
y(t) + 15y(t) = u(t)

(c)
d2

dt2
y(t) + 5

d

dt
y(t) + 6y(t) =

d

dt
u(t) + u(t)

6. Compute the convolution

y(t) = [h ~ u](t) =

∫
∞

−∞

h(t − σ)u(σ) dσ

for the following four cases of h and u shown in figure 3.18. Sketch the signals to be convolved
as well as the result y(t).

7. Compute and sketch the convolution

y(t) = [h ~ u](t) =

∫
∞

−∞

h(t − σ)u(σ) dσ

for the following cases



94 c©Brett Ninness

(a)

h(t) =







1 − t ; t ∈ [0, 2]
t − 3 ; t ∈ (2, 3]

0 ; Otherwise

u(t) =

{
1 ; t ≥ 0
0 ; Otherwise

(b)

h(t) =

{
1 ; t ∈ [−1, 3]
0 ; Otherwise

u(t) =

{
1 ; t ∈ [0, 2] ∪ [3, 4]
0 ; Otherwise

(c)

h(t) =

{
1 ; |t| ≤ 1
0 ; Otherwise

u(t) =
∞∑

k=−∞

δ(t − Tk)

Here, δ is the Dirac delta function, and the question should be answered for the case T = 4
and T = 1.

8. A linear and time invariant system has impulse response

h(t) =







e−t + sin t ; t ≥ 0

0 ; t < 0.

(a) Compute the response of this system to an input which is the unit step; u(t) = s(t).

(b) Compute the response of this system for the input u(t) = s(t) − s(t − 1).

9. A linear time-invariant system has input/output relationship

y(t) =

∫ t

−∞

(t − σ + 2)u(σ) dσ.

(a) Determine the impulse response h(t) of this system.

(b) Compute the output response of this system when

u(t) = s(t) − 2s(t − 1) + s(t − 2)

and s(t) is the unit step.
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10. (Harder)

Consider the cascade connection shown in figure 3.19. System 1 obeys the differential equation
relationship

z(t) =
d

dt
u(t).

Furthermore, it is known that system 2 is linear and time invariant and when its input z(t) is the
unit step s(t) then the resulting output response is

y(t) = 0.5(1 − e−2t)s(t).

Now suppose that the input u(t) to this cascade connection is

u(t) =

{
1 − t ; t ∈ [0, 1]

0 ; Otherwise.

Compute the resulting output response y(t) of the cascade connection

11. Consider the circuit shown below

+

−

+

−

R

vC(t)
C

v(t)

L

(a) Derive a differential equation relationship between the voltage source signal v(t) and the
signal vR(t) which is the voltage across the resistor.

(b) Present an observer canonical form state-space description of this same differential equa-
tion relationship.

(c) For the particular case of

C = 25000µF, L = 10H, R = 50Ω

provide an expression for the matrix exponential eAt associated with the preceding state
space realisation.

(d) Use the results of the preceding two parts to derive the system impulse response h(t).

(e) Again using the results of preceding parts, use state-space methods to calculate and plot a
the signal vR(t) that, at time t = 0 satisfies

vR(0) = −2 V,
d

dt
vR(t)

∣
∣
∣
∣
t=0

= −1 V/s

when v(t) is the signal

v(t) =







1 ; |t − 1.5| ≤ 0.5

0 ; Otherwise
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σ0

(b)

2
u(σ)

2

σ0

(a)

3 σ0

h(σ)

1

1
u(σ)

σ0

2

2

h(σ)

σ

1

0 σ0

u(σ) = e−σ

(c)

σ0 σ0

h(σ) = 2e−2σ

(d)
1

2

u(σ)

h(σ)
1

3

2

2

2

1

Figure 3.18: Signals to be convolved in question 6.

System1 System2
u(t) z(t) y(t)

Figure 3.19: System considered in question 10.
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3.A Some Mathematical Background

3.A.1 Fundamental Results of Calculus

There are two fundamental operations in calculus; differentiation and integration. More specifically,
the derivative of a function f(t) at a point t = t? is a measure of the gradient or slope of that function.

d

dt
f(t)

∣
∣
∣
∣
t=t?

= lim
∆→0

f(t? + ∆) − f(t?)

∆
. (3.219)

This is often simply written as
df(t?)

dt
,

d

dt
f(t)

∣
∣
∣
∣
t=t?

and is illustrated on the left of figure 3.20. Note that not all functions f(t) are differentiable, since it
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t? + ∆

f(t)

t t

f(t)

∆

t?

f(t? + ∆)

f(t?)

df(t?)

dt

f(t? + ∆) − f(t?)
∆

Differentiation Integration

f(α + ∆)

f(α + 2∆)

f(α)

∆
α β

Figure 3.20: Graphical illustration of the operations of differentiation and integration.

is possible that the limit in (3.219) might not exist. For example, if f(t) = 1(t) the unit step, and we
select t? = 0, then (1(∆) − 1(0))/∆ = 1/∆, which explodes to ∞ as ∆ → 0. Hence 1(t) is not
differentiable at t = 0.

Integration is the process of finding the area under the function f(t) within a limiting interval
[α, β]. This area is measured by looking at the sum of the areas of a number of rectangles that sit
under the function.

∫ β

α
f(t) dt = lim

∆→0

(β−α)/∆
∑

k=1

f((k − 1)∆ + α).
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This process is illustrated on the right of figure 3.20, and the integral is the limiting value as the
rectangle width shrinks to zero and hence the number of rectangles grows to infinity.

In fact, this process of integration is, in some sense, the opposite of differentiation. That is, if we
put

g(t) =

∫ t

α
f(σ) dσ, t > α

then by definition
d

dt
g(t) = lim

∆→0

g(t + ∆) − g(t)

∆
.

However,

g(t + ∆) − g(t) =

∫ t+∆

α
f(σ) dσ −

∫ t

α
f(σ) dσ =

∫ t+∆

t
f(σ) dσ ≈ ∆f(t)

where the last approximating step follows since, if ∆ is small and f is continuous, then f will be
approximately constant at the value f(t) across the tiny interval [t, t + ∆], and hence the area under
f within this interval is approximately that of a rectangle of height f(t) and width ∆; ie. ∆f(t).
Therefore

d

dt

∫ t

α
f(σ) dσ =

d

dt
g(t) = lim

∆→0

∆f(t)

∆
= f(t).

If a function f(t) is continuous at the point t, then provided t > α

d

dt

∫ t

α
f(σ) dσ = f(t).

Similarly, integration reverses the operation of differentiation, since if we set

g(t) =
df(t)

dt
= lim

∆→0

f(t + ∆) − f(t)

∆

then by the definition of integration

∫ β

α
g(t) dt = lim

∆→0
∆

(β−α)/∆−1
∑

k=0

g(k∆ + α).

However, for small ∆, a good approximation is that by the above definition of differentiation

g(k∆ + α) ≈
f((k + 1)∆ + α) − f(k∆ + α)

∆

and therefore

∆

(β−α)/∆−1
∑

k=0

g(k∆ + α) ≈

(β−α)/∆−1
∑

k=0

f((k + 1)∆ + α) − f(k∆ + α)

= [f(∆ + α) − f(α)] + [f(2∆ + α) − f(∆ + α)] + · · · + [f(β) − f(β − ∆)]

= f(β) − f(α)

where to get the last line, we have noticed that in the above sum, the cancellation between f(∆ + α)
in the first square bracket, and −f(∆ + α) in the second square bracket continues between all the
pairs of square brackets, and hence all that is left are the two end points f(α) and f(β). This gives
what is called the ‘Fundamental theorem of calculus’.



DRAFT & INCOMPLETE Version 99

If a function f(t) is differentiable then

∫ β

α

df(t)

dt
dt = f(β) − f(α). (3.220)

Finally, suppose we are interested in the derivative of the product of two functions f(t) amd g(t)

d

dt
f(t)g(t) = lim

∆→∞

f(t + ∆)g(t + ∆) − f(t)g(t)

∆
.

Then since

f(t + ∆)g(t + ∆) − f(t)g(t) = g(t)[f(t + ∆) − f(t)] + f(t)[g(t + ∆) − g(t)] +

[f(t + ∆) − f(t)][g(t + ∆) − g(t)]

it follows that

d

dt
[f(t)g(t)] = g(t) × lim

∆→0

f(t + ∆) − f(t)

∆
︸ ︷︷ ︸

d

dt
f(t)

+ f(t) × lim
∆→0

g(t + ∆) − g(t)

∆
︸ ︷︷ ︸

d

dt
f(t)

+

lim
∆→0

f(t + ∆) − f(t)

∆
︸ ︷︷ ︸

d

dt
f(t)

× lim
∆→0

[g(t + ∆) − g(t)]
︸ ︷︷ ︸

=0

.

Therefore

The ‘product rule’ for two differentiable functions f(t) and g(t) is

d

dt
[f(t)g(t)] = f(t)

d

dt
g(t) + g(t)

d

dt
f(t).

Finally, integrating both sides of this relationship over some arbitary integration interval [α, β] then
provides

∫ β

α

d

dt
[f(t)g(t)] dt =

∫ β

α
f(t)

d

dt
g(t) dt +

∫ β

α
g(t)

d

dt
f(t) dt. (3.221)

However, by the previous ‘Fundamental Theorem of Calculus’ result (3.220)

∫ β

α

d

dt
[f(t)g(t)] dt = f(β)g(β) − f(α)g(α).

Substituting this into (3.221) then provides a result known as ‘Integration by Parts’.

If both f(t) and g(t) are differentiable on the interval [α, β] then

∫ β

α
f(t)

[
d

dt
g(t)

]

dt = [f(β)g(β) − f(α)g(α)] −

∫ β

α
g(t)

[
d

dt
f(t)

]

dt.
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3.A.2 Eigen-analysis and Matrix Decomposition

Consider an n×n square matrix A, and and n×1 vector x. Then the matrix-vector multiplication Ax

results in some other n × 1 vector. Suppose we search for special vectors x such that the product Ax

is simply some scalar multiple of x. That is, for some λ (possibly complex-valued) scalar number, we
seek x such at

Ax = λx. (3.222)

Any special x that satisfies (3.222) is called an eigenvector, and the associated value of λ is called the
eigenvalue.

There can be at most n different eigenvectors x1, · · · ,xn and associated eigenvalues λ1, · · · , λn.
In the case where there are n different ones, then we can build an n×n invertible matrix S by making
its columns equal to the eigenvectors x1, · · · ,xn. In this case, according to (3.222)

AS = A [x1, · · · ,xn] = [λ1x1, · · · , λnxn] = SΛ = [x1, · · · ,xn]
︸ ︷︷ ︸

S








λ1 0 · · · · · · 0
0 λ2 0 · · · 0
...

. . .
...

0 · · · 0 λn








︸ ︷︷ ︸

Λ

(3.223)
Multiplying both sides of this equation on the right by S−1 then indicates that, any matrix A that has
n different eigenvalues λ1, · · · , λn and corresponding eigenvectors x1, · · · ,xn can be decomposed
as

A = SΛS−1, S , [x1, · · · ,xn]

where Λ is diagonal and given by (3.223).
In order to actually compute the eigenvalues λ defined by (3.222), note that the equation may be

re-written as
[A− λI]x = 0. (3.224)

Therefore, since only eigenvectors x 6= 0 are of interest, the corresponding eigenvalues are those
which render the matrix A−λI non-invertible. A fundamental result of linear algebra is that a matrix
M is invertible, if and only if its determinant |M | is non-zero. For a 2 × 2 matrix

M =

[
a b
c d

]

(3.225)

the determinant is defined as
|M | = ad − bc. (3.226)

For higher dimensional matrices, the determinant is defined as linear combinations of the determinants
of sub-matrices, which eventually reduce to linear combinations of 2× 2 matrices, where the formula
(3.226) may be applied.

The point is, that the search for eigenvalues becomes, via (3.224), the search for λ such that

|A− λI| = 0. (3.227)

The equation (3.227) is termed the characteristic equation for the matrix A. Via the argument just
presented that the determinant |M | of an arbitrary n × n matrix is the linear combination of the
determinant of (n − 1) 2 × 2 submatrices, whose determinant is given by (3.226), then

|A− λI| = pn(λ) (3.228)
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where pn(λ) is some n’th order polynomial

pn(λ) = α0 + α1λ + · · · + αn−1λ
n−1 + λn. (3.229)

This polynomial pn(λ) is known as the characteristic polynomial of the matrix A.

For a given n × n matrix A, its n’th order charactistic polynomial pn(λ) is defined as

λn + αn−1λ
n−1 + · · ·α1λ + α0 , pn(λ) = |A− λI| (3.230)

and the n eigenvalues λ1, · · · , λn of A are the n zeros of pn(λ); that is, the n values for which

pn(λ) = 0. (3.231)

Furthermore, by the Cayley–Hamilton theorem, the matrix A satisfies (3.231). That is

0 = pn(A) = α0I + α1A + α2A
2 + · · · + αn−1A

n−1 + An (3.232)

A key implication of the Cayley–Hamilton theorem is that it indicates that since (3.232) can be re-
written as

An = −α0I− α1A − α2A
2 − · · · − αn−1A

n−1 (3.233)

than it establishes that the n’th power An of a matrix A can always be expressed as a linear combi-
nation of all lower order powers of that matrix.


