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Chapter 4

Laplace Transform Analysis

The previous chapter has established that for a very wide class of (linear and time invariant) systems
of engineering importance, the relationship between a signal u(t) that ‘drives’ a system and another
signal y(t) that is the subsequent response of this system is given by the convolution relationship

y(t) = [h ~ u](t) =

∫ ∞

−∞
h(t − σ)u(σ) dσ.

While this general principle is very useful for deducing broad and fundamental properties of linear
systems (such as those of section 3.11.1), it is not so useful for the purposes of detailed calculations.
Furthermore, it is also somewhat cumbersome when insights into the essential features of a system
response are required.

To address these latter requirements, a tool known as the Laplace Transform is more relevant, and
it is the purpose of this chapter to provide an introduction to its definition, properties and use.

4.1 Laplace Transform Definition and Interpretation

Given a signal f(t) which is a function of t ∈ R, its Laplace Transform is a new function F (s) of a
complex valued variable s ∈ C. The dependence of F on f is denoted by

F (s) = L{f}

and the actual definition for the dependence is given as follows

For a signal f(t), its Laplace Transform F (s) = L{f} is defined via the integral

F (s) = L{f} ,

∫ ∞

−∞
f(t)e−st dt ; s ∈ C. (4.1)

Notice that since s is allowed to be complex valued, then e−st may also be complex valued and
therefore the Laplace Transform F (s) itself can be complex valued even though the underlying signal
f(t) is real valued. Notice also the common convention introduced in (4.1) that if a signal has a
lowercase symbol associated with it such as f , then its Laplace transform is given the upper-case of
that same symbol, such as F .
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In fact, the definition (4.1) is more correctly called the ‘bilateral Laplace Transform’ in order to
distinguish it from the ‘unilateral Laplace Transform’ which is given as

F (s) = L{f} ,

∫ ∞

0−
f(t)e−st dt ; s ∈ C. (4.2)

Here, the notation 0− means a point that is infinitesimally smaller than 0. That is, 0− is less than
0 (to the left of it on the number line), but still arbitarily close to 0. The only difference between
the definitions (4.1) and (4.2) is the integration range used, and clearly the definition (4.2) (which is
perhaps the one in most common usage) ignores any values of f(t) for t < 0.

Throughout the remainder of this book only the bilateral Laplace Transform (4.1) will be used
since it has several advantages

1. It does not ignore values of f(t) for t < 0, and in the sequel this will allow us to address the
possibility of non-causal systems. This is especially important in the context of filter design;

2. It allows a simple and direct relationship between Fourier Transforms and Laplace Transforms
to be established - the former become a special case of the latter;

3. Some fundamental properties of the Laplace Transform, such as the effect of time translation,
are simpler to state and use under the bilateral transform definition.

4.2 Geometric Interpretation

An obvious question now arises as to what physical interpretation can be given to F (s). To address this
issue, consider for a moment the separate problem of computing the component of a 2-dimensional
vector lying in the span of another vector. That is, referring to figure 4.1, suppose that we are inter-

z =
x ◦ y

‖x‖
·

x

‖x‖θ

y = (y1, y2)

‖x‖

0

x = (x1, x2)

‖x‖

Figure 4.1: The component z of a vector y lying in the span of another vector x.

ested in computing the vector z which is the projection of y onto x. Put another way, z is the best
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approximation of y that can be made in the direction x. Using the notation ‖ · ‖ to denote length, the
‘best’ z is defined as being the one minimising the distance ‖z−y‖. To compute this optimal z, notice
that by basic trigonometry

cos θ =
‖z‖
‖y‖ (4.3)

where ‖z‖ is the length of z and ‖y‖ is the length of y. Therefore, since x/‖x‖ has length ‖x‖/‖x‖ =
1 regardless of the length ‖x‖ of x, then clearly

z = ‖z‖ × x

‖x‖ (4.4)

(z is in the direction x but must have length ‖z‖) so that substituting (4.3) in (4.4)

z = ‖y‖ cos θ × x

‖x‖ =
‖y‖‖x‖ cos θ

‖x‖2
x.

Finally, the quantity ‖y‖‖x‖ cos θ is simply the dot product (or inner product)

x ◦ y = x1y1 + x2y2 = ‖y‖‖x‖ cos θ

and hence
z =

x ◦ y

‖x‖2
x =

x ◦ y

‖x‖ · x

‖x‖ .

Therefore, the dot product x ◦ y can be interpreted as the ‘size’ of the component of y in the direction
x.

The point of this digression into projection of one vector on another is that the Laplace Transform
F (s) is a direct analogue of the dot product x◦y. That is, F (s) = L{f} can be thought of as relating
to the ‘size’ of the component of the signal f(t) that lies in the direction of the signal e−st where the
notation s denotes the complex conjugate of s, and ‖e−st‖ is a measure of the ‘size’ of the signal e−st.
To be precise, in the common case where f(t) = 0 for r < 0, then ‖e−st‖ is a measure of the energy
in the signal as follows

‖e−st‖ ,

√
∫ ∞

0
|e−st|2 dt =

1
√

2Real {s}
.

With this in mind, the Laplace Transform F (s) has a geometric interpretation illustrated in figure 4.2
which, when compared to figure 4.1, shows that that F (s) takes the place of the dot product compu-
tation that exists in the 2-dimensional vector case.

As s is chosen as different complex numbers, this affects the nature of the signal e−st whose
‘importance’ in forming f(t) is measured by F (s). Specifically, suppose that

s = α + jω.

Then by De Moivre’s Theorem

e−st = e−(α−jω)t = e−αtejωt = e−αt (cos ωt + j sinωt) (4.5)

and hence F (s) = F (α + jω) is a measure of the ‘strength’ of the component of f(t) due to a signal
with exponential envelope e−αt and with oscillatory components cos ωt and sinωt.
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f(t)

‖e−st‖

0

θ
F (s)e−st

‖e−st‖
·

e−st

‖e−st‖

‖e−st‖

e−st

Figure 4.2: The geometric interpretation of F (s) as the ‘size’ of the component of f lying in the
‘direction’ e−st.

To see this from another perspective, note that by the definition of the Laplace Transform,

F (s)|s=α+jω =

∫ ∞

−∞
f(t)e−st dt

=

∫ ∞

−∞
f(t)e−αt cos ωtdt − j

∫ ∞

−∞
f(t)e−αt sinωtdt. (4.6)

Consequently, the real part of F (s) at s = α + jω is a measure of the ‘strength’ of the component

e−αt cos ωt

in f(t) while the imaginary part of F (s) gauges the ‘strength’ of the component

e−αt sinωt

in f(t). Depending on how α and ω are then chosen as the real and imaginary parts of s, then F (s)
measures the strength of various exponentially enveloped and oscillating signals in f(t).

Refer to figure 4.3 for a graphical depiction of the relationship between the choice of s and the
corresponding signal component e−st. From this diagram, combined with (4.6) it is clear that by
choosing different values of s the quantity F (s) provides a decomposition of f(t) into fundamental
components which are exponentially enveloped and oscillating.

This is the essence of Laplace Transform methods; a signal u(t) is decomposed into its com-
ponents according to U(s) = L{u}. How a system acts on u(t) to provide a new signal y(t) is
then characterised according to how it affects the fundamental component strengths U(s) in order to
provide new component strengths Y (s) = L{y}.

4.3 Computation of Laplace Transforms

To proceed deeper into the application of this Laplace Transform idea of signal decomposition, it
is necessary to investigate how the transform acts on certain important classes of signals that were
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t

e−αt

αα

e−αt

0

t

e−αt

Real

Imaginary

t

t

e−αt cos(ωt)
e−αt

2π

ω

e−αt

ω

2π

ω

e−αt cos(ωt)

2π

ω

Figure 4.3: The relationship between choice of s and signal e−st - only the real part is shown.

introduced in chapter 2.
There is an important point in the examples to follow. Specifically, the resulting function F (s),

which is the Laplace transform of a signal f(t), will be well defined (that is, finite) for a wide range
of values of s. However, this range will usually be greater than a more restricted domain in which
F (s) is not only well defined, but also actually represents the value of the integral in the definition
(4.1). This more restricted domain is called the ‘region of convergence’ (ROC) of the transform, and
is always given in association with the transform itself.

4.3.1 Dirac Delta δ(t)

The Laplace Transform of this signal is particularly simple by virtue of the defining characterisation
of the Dirac delta. Specifically

L{δ} =

∫ ∞

−∞
δ(t) e−st dt = e−st

∣
∣
t=0

= 1.

This result clearly holds for all value of s, and hence the ROC is the whole complex plane C.

L{δ} = 1 ; s ∈ C. (4.7)
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4.3.2 Step 1(t)

For the step signal defined in (2.1) of section 2.1.2, its Laplace Transform can be directly computed
as

L{1} =

∫ ∞

−∞
1(t) e−st dt =

∫ ∞

0
e−st dt =

e−st

−s

∣
∣
∣
∣

t=∞

t=0

=
1

s
; Real{s} > 0. (4.8)

Here, the region of convergence is all s such that Real{s} > 0 since it is only for those values that at
the upper integration limit of t = ∞, e−st = 0 and hence that the above integral is finite. That is

L{1} =
1

s
; Real{s} > 0. (4.9)

To emphasis the point about the region of convergence (ROC), note that once computed as L{1}, the
function 1/s is perfectly well defined for all values of s (other than at s = 0) even if Real {s} < 0.

However when, in fact Real{s} < 0 and hence s is outside the ROC, then even though 1/s might
be sensible (for example, at s = −1 where 1/s = −1), it has nothing to do with the integral computa-
tion (4.1) that defines L{1}; it is a number completely separate from the integral computation (4.8).

4.3.3 Ramp r(t)

For the ramp signal

r(t) = 1(t) · t =







t ; t ≥ 0

0 ; t < 0

defined in (2.2), its Laplace Transform can be directly computed using the previous result by noting
that since

d

ds
e−st = −te−st

then

L{s} =

∫ ∞

−∞
1(t) · t e−st dt = −

∫ ∞

0

[
d

ds
e−st

]

dt = − d

ds

∫ ∞

0
e−st dt

= − d

ds
L{1}

= − d

ds

1

s

=
1

s2
; Real{s} > 0.

Here, the region of convergence is all s such that Real{s} > 0 since it is only for those values that
limt→∞ e−st = 0 and hence that the above integral is finite. That is

L{r} =
1

s2
; Real{s} > 0. (4.10)
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4.3.4 Exponential eαt

This signal, defined as

f(t) = 1(t) · eαt =







eαt ; t ≥ 0

0 ; t < 0.

is, for practical purposes, probably the single most important example to study. Note that α could be
complex valued. By direct computation and assuming that Real{s} > Real{α}

F (s) = L{f} =

∫ ∞

0
eαte−st dt =

∫ ∞

0
e(α−s)t dt =

e(α−s)t

α − s

∣
∣
∣
∣
∣

t=∞

t=0

= 0 − 1

α − s
=

1

s − α
.

The assumption of Real{s} > Real{α} is required to ensure that the upper integration limit involving
limt→∞ e(α−s)t gives the value zero rather than infinity. This assumption then specifies the ROC in
which 1/(s−α) actually represents L

{
1 · eαt

}
although, as already mentioned, the function 1/(s−α)

of itself is still perfectly well behaved for values outside this ROC (except at s = α), it just has nothing
to do with L

{
1 · eαt

}
at these points. We therefore have the very fundamental result:

L
{

1(t).eαt
}

=
1

s − α
; Real{s} > Real{α} (4.11)

4.3.5 Polynomial times Exponential tneαt

Suppose that the previous example is extended to consider a slightly more complicated signal f(t)
given as

f(t) = 1(t) · teαt.

Then since
d

dα
eαt = teαt

it holds that

L
{

1(t) · teαt
}

=

∫ ∞

0
teαte−st dt =

∫ ∞

0

[
d

dα
eαt

]

e−st dt =
d

dα

∫ ∞

0
eαte−st dt =

d

dα
L

{
1(t) · eαt

}
.

Therefore, by using the previous result

L
{

1(t) · teαt
}

=
d

dα

(
1

s − α

)

=
1

(s − α)2
.

In fact, this method works for higher order powers of t since for any integer n ≥ 1

tneαt =
dn

dαn
eαt

so that

L
{

1(t) · tneαt
}

=
dn

dαn

(
1

s − α

)

=
n!

(s − α)n+1
; Real{s} > Real{α}. (4.12)

Since (4.12) is inherited from the result (4.11) for L
{

1(t) · eαt
}

, the ROC is also inherited from
(4.11).
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4.3.6 Cosine cos ωt

Suppose that a signal f(t) is a pure tone at a frequency of ω radian/second; for example the cosine
signal

f(t) = 1(t) · cos ωt =







cos ωt ; t ≥ 0

0 ; t < 0.

Then since by De Moivre’s theorem

ejωt = cos ωt + j sinωt

it follows that

cos ωt =
1

2

[
ejωt + e−jωt

]
.

This also allows the computation (assuming that Real{s} > 0 so that limt→∞ e−st = 0)

L{1(t) · cos ωt} =

∫ ∞

0
(cos ωt)e−st dt

=

∫ ∞

0

1

2

[
ejωt + e−jωt

]
e−st dt

=
1

2

∫ ∞

0
ejωte−st dt +

1

2

∫ ∞

0
e−jωte−st dt

=
1

2

∫ ∞

0
e−(s−jω)t dt +

1

2

∫ ∞

0
e−(s+jω)t dt

=
1

2

e−(s−jω)t

−(s − jω)

∣
∣
∣
∣
∣

t=∞

t=0

+
1

2

e−(s+jω)t

−(s + jω)

∣
∣
∣
∣
∣

t=∞

t=0

=
1

2

[
1

s − jω
+

1

s + jω

]

=
s

s2 + ω2
.

That is, together with the region of convergence (required so that in the above calculation of integrals,
the value at t = ∞ of the anti-derivative is zero)

L{1(t) · cos ωt} =
s

s2 + ω2
; Real{s} > 0. (4.13)

4.3.7 Sinusoid sin ωt

This case, which also considers a signal f(t) which is a pure tone at a frequency of ω radian/second,
is very similar to the previous one. To be specific, suppose that

f(t) = 1(t) · sinωt =







sinωt ; t ≥ 0

0 ; t < 0.
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Then again using De Moivre’s theorem

sinωt =
1

2j

[
ejωt − e−jωt

]

and hence (again assuming that Real{s} > 0)

L{1(t) · sinωt} =

∫ ∞

0
(sinωt)e−st dt

=

∫ ∞

0

1

2j

[
ejωt − e−jωt

]
e−st dt

=
1

2j

∫ ∞

0
ejωte−st dt − 1

2

∫ ∞

0
e−jωte−st dt

=
1

2j

∫ ∞

0
e−(s−jω)t dt − 1

2j

∫ ∞

0
e−(s+jω)t dt

=
1

2j

e−(s−jω)t

−(s − jω)

∣
∣
∣
∣
∣

t=∞

t=0

− 1

2j

e−(s+jω)t

−(s + jω)

∣
∣
∣
∣
∣

t=∞

t=0

=
1

2j

[
1

s − jω
− 1

s + jω

]

=
ω

s2 + ω2
.

That is, together with the region of convergence (required so that in the above calculation of integrals,
the value at t = ∞ of the anti-derivative is zero)

L{1(t) · sinωt} =
ω

s2 + ω2
; Real{s} > 0. (4.14)

4.3.8 Exponentially Damped Cosine eαt cos ωt and Sine eαt sin ωt

Suppose that a signal f(t) is no longer a pure tone at a frequency of ω radian/second, but is either
exponentially decaying or exploding while also co-sinusoidally oscillating at ω radians/second. That
is,

f(t) = 1(t) · eαt cos ωt =







eαt cos ωt ; t ≥ 0

0 ; t < 0.

Here, the sign of the real part of α determines whether there is exponential decay (Real{α} < 0) or
exponential explosion (Real{α} > 0) as t → ∞. Note that by using De Moivre’s theorem (as was
done previously)

eαt cos ωt =
1

2
eαt

[
ejωt + e−jωt

]
=

1

2

[

e(α+jω)t + e(α−jω)t
]

.
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Therefore, assuming that Real{s} > Real{α}

L
{

1(t) · eαt cos ωt
}

=

∫ ∞

0

(
eαt cos ωt

)
e−st dt

=

∫ ∞

0

1

2

[

e(α+jω)t + e(α−jω)t
]

e−st dt

=
1

2

∫ ∞

0
e(α+jω)te−st dt +

1

2

∫ ∞

0
e(α−jω)te−st dt

=
1

2

∫ ∞

0
e−[s−(α−jω)]t dt +

1

2

∫ ∞

0
e−[s−(α+jω)]t dt

=
1

2

e−[s−(α−jω)]t

−[s − (α − jω)]

∣
∣
∣
∣
∣

t=∞

t=0

+
1

2

e−[s−(α+jω)]t

−[s − (α + jω)]

∣
∣
∣
∣
∣

t=∞

t=0

=
1

2

[
1

s − (α − jω)
+

1

s − (α + jω)

]

=
s − α

[s − (α − jω)][s − (α + jω)]
=

s − α

(s − α)2 + ω2
.

That is, together with the region of convergence (required so that in the above calculation of integrals,
the value at t = ∞ of the anti-derivative is zero)

L
{

1(t) · eαt cos ωt
}

=
s − α

(s − α)2 + ω2
; Real{s} > Real{α}. (4.15)

The analysis for the sinusoidal case follows in the same manner with a minor change in the use of De
Moivre’s Theorem to

eαt sinωt =
1

2j
eαt

[
ejωt − e−jωt

]
=

1

2j

[

e(α+jω)t − e(α−jω)t
]

so that with the assumption of Real{s} > Real{α}

L
{

1(t) · eαt sinωt
}

=

∫ ∞

0

1

2j

[

e(α+jω)t − e(α−jω)t
]

e−st dt

=
1

2j

∫ ∞

0
e−[s−(α+jω)]t dt − 1

2j

∫ ∞

0
e−[s−(α−jω)]t dt

=
1

2j

e−[s−(α+jω)]t

−[s − (α + jω)]

∣
∣
∣
∣
∣

t=∞

t=0

− 1

2j

e−[s−(α−jω)]t

−[s − (α − jω)]

∣
∣
∣
∣
∣

t=∞

t=0

=
1

2j

[
1

s − (α + jω)
− 1

s − (α − jω)

]

=
ω

(s − α)2 + ω2
.

Therefore

L
{

1(t) · eαt sinωt
}

=
ω

(s − α)2 + ω2
; Real{s} > Real{α}. (4.16)
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Summary of Transforms

The preceding signals whose Laplace Transforms have just been calculated are the most important
ones in applications. These results, together with the transforms of several other less commonly
encountered signals are summarised in table 4.1.

Time Domain Signal f(t) Laplace Transform F (s) = L{f} ROC

f(t) = δ(t) F (s) = 1 s ∈ C

f(t) = 1(t) F (s) =
1

s
Real{s} > 0

f(t) = 1(t) · t = r(t) F (s) =
1

s2
Real{s} > 0

f(t) = 1(t) · tn F (s) =
n!

sn+1
Real{s} > 0

f(t) = 1(t) · eαt F (s) =
1

s − α
Real{s} > Real{α}

f(t) = 1(t) · tneαt F (s) =
n!

(s − α)n+1
Real{s} > Real{α}

f(t) = 1(t) · cos ωt F (s) =
s

s2 + ω2
Real{s} > 0

f(t) = 1(t) · sinωt F (s) =
ω

s2 + ω2
Real{s} > 0

f(t) = 1(t) · eαt cos ωt F (s) =
s − α

(s − α)2 + ω2
Real{s} > Real{α}

f(t) = 1(t) · eαt sinωt F (s) =
ω

(s − α)2 + ω2
Real{s} > Real{α}

f(t) = 1(t) · t cos ωt F (s) =
s2 − ω2

(s2 + ω2)2
Real{s} > 0

f(t) = 1(t) · t sinωt F (s) =
2ωs

(s2 + ω2)2
Real{s} > 0

Table 4.1: Laplace Transforms of some common signals
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4.4 Properties of Laplace Transforms

Having now defined and interpreted the Laplace Transform, it is important to understand some of its
fundamental properties.

4.4.1 Linearity

Perhaps the most important property of the Laplace Transform is its linearity. Specifically:

For any two signals f(t) and g(t) and any fixed numbers α, β ∈ C, then for all s in the intersection of the
ROC’s of L{f} and L{g}

L {αf + βg} = αL{f} + βL{g} . (4.17)

This is a consequence of the Laplace Transform definition and the linearity of the operation of inte-
gration. Specifically:

L{αf + βg} =

∫ ∞

−∞
[αf(t) + βg(t)] e−st dt

= α

∫ ∞

−∞
f(t)e−st dt + β

∫ ∞

−∞
g(t)e−st dt

= αL{f} + βL{g} .

Example 4.1 Noting that

cos ωt =
1

2
ejωt +

1

2
e−jωt

and that according to (4.11)

L
{

1(t) · eαt
}

=
1

(s − α)
; Real {s} > Real {α}

then using the linearity property and the fact that Real {jω} = 0

L{1(t) · cos ωt} = L
{

1(t) ·
(

1

2
ejωt +

1

2
e−jωt

)}

; Real {s} > Real {0}

=
1

2
L

{
1(t) · ejωt

}
+

1

2
L

{
1(t) · e−jωt

}

=
1

2

[
1

s − jω
+

1

s + jω

]

=
s

s2 + ω2
; Real {s} > Real {0}

which is the result previously derived in (4.13), but obtained more directly by using the linearity
property of the Laplace transform.

�
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4.4.2 Time Shifting

Suppose that a signal g(t) is formed from another signal f(t) by time shifting (translating) by an
amount T . That is

f(t) = g(t − T ).

Then there is a simple relationship between the Laplace Transforms of f(t) and g(t).

If f(t) = g(t − T ), then for all s ∈ ROC of G(s)

F (s) , L{f} = e−sTL{g} = e−sT G(s). (4.18)

This property follows by using the change of variable x = t− T in the Laplace Transform definition.

F (s) = L{f} =

∫ ∞

−∞
g(t − T )e−st dt

=

∫ ∞

−∞
g(x)e−s(x+T ) dx

= e−sT

∫ ∞

−∞
g(x)e−sx dx

= e−sTL{g} = e−sT G(s).

4.4.3 Time Scaling

If the time evolution of a signal is either compressed or expanded, then its Laplace Transform is
(respectively) expanded or compressed; ie. the complement of the original signal modification.

If for some signal g(t) a new signal f(t) is formed as

f(t) = g(αt) ;α ∈ R

then for all s ∈ ROC of G(s)

F (s) = L{f} =
1

α
L{g}

∣
∣
∣
∣
s:=s/α

=
1

α
G

( s

α

)

. (4.19)

This follows by direct application of the Laplace Transform definition and the change of variable
x = αt ⇒ dx = αdt.

F (s) ,

∫ ∞

−∞
f(t) e−st dt

=

∫ ∞

−∞
g(αt) e−st dt

=
1

α

∫ ∞

−∞
g(x) e−xs/α dx

=
1

α
G

( s

α

)

.
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Example 4.2 Suppose that
f(t) = 1(t) · e−2t

for which it is known that

L{f} = F (s) =
1

s + 2

and that the Laplace Transform of
g(t) = 1(t) · e−t

is required. Obviously this could be found by the general formula (4.11). However, it is also true that

g(t) = f(αt) ;α =
1

2

so it should hold via (4.19) that

L{g} =
1

α
F

( s

α

)

= 2F (2s) =
2

2s + 2
=

1

s + 1

which, according to (4.11) is the correct expression.

�

4.4.4 Convolution

As already emphasised, the previous chapter has established that for a broad range of engineering
scenarios in which underlying systems are linear and time invariant, then the relationship between
two signals y(t) and u(t) will be governed by a convolution expression:

y(t) = [h ~ u](t) =

∫ ∞

−∞
h(t − σ)u(σ) dσ. (4.20)

The fundamental reason for the importance of Laplace Transforms is that when studying signals obey-
ing this convolution relation (4.20), then analysis is greatly simplified, since the convolution is trans-
formed to multiplication. That is

If y(t) = [h ~ u](t), then for all s in the intersection of the ROC’s of H(s) = L{h} and U(s) = L{u}

L {h ~ u} = L{h}L {u} = H(s)U(s). (4.21)

Establishing this fundamental property may be achieved as follows. Firstly, by the definitions of
Laplace transformation and convolution

Y (s) =

∫ ∞

−∞
y(t) e−st dt

=

∫ ∞

−∞
[h ~ u](t) e−st dt

=

∫ ∞

−∞

[∫ ∞

−∞
h(t − σ)u(σ) dσ

]

e−st dt

=

∫ ∞

−∞
u(σ) e−sσ

[∫ ∞

−∞
h(t − σ) e−s(t−σ) dt

]

dσ.
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Now, use the substitution x = t − σ ⇒ dx = dt in the inner integral above to obtain

Y (s) =

∫ ∞

−∞
u(σ) e−sσ

[∫ ∞

−∞
h(x) e−sx dx

]

dσ

=

∫ ∞

−∞
u(σ) e−sσ dσ

∫ ∞

−∞
h(x) e−sx dx

= U(s)H(s) = H(s)U(s).

That is, recalling the earlier comments of section 4.2 on the signal decomposition of the Laplace
Transform, the property Y (s) = H(s)U(s) holding when y(t) = [h ~ u](t) provides a way of
understanding how a signal u(t) affects a linear system with impulse response h(t) to produce a new
signal y(t).

Specifically, the Laplace Transform can be used to decompose u(t) into fundamental components
of the form e−st according to U(s), and then y(t) will also have a decomposition into these same
fundamental components according to Y (s) which itself is then directly related to the decomposition
U(s) via the simple product Y (s) = H(s)U(s).

4.4.5 Differentiation

The previous property concerning the Laplace transform of convolved signals indicates the importance
of these transforms in simplifying the analysis of linear systems. However, as chapter 3 established,
there is a close connection (via state-space representations) between convolution relations and differ-
ential equation ones.

As a consequence, if Laplace transformation simplifies the operation of convolution, then it should
also simplify the operation of differentiation, and indeed this is the case. However, in addressing this
issue, it is necessary to be very careful about where any discontinuities in f(t) might occur.

In this book, such discontinuities have so-far all occurred at the origin point t = 0 by virtue of the
use of the 1(t) signal which has been used in a multiplicative role in various other signal definitions;
see section 2.1 and table 4.1.

With this in mind, then in order to explain how Laplace Transformation affects the derivative of
a signal f(t), observe that a fundamental principle of calculus is that the derivative of the product of
two functions f(t) and g(t) may be decomposed as follows (see Appendix 3.A.1)

d

dt
[f(t)g(t)] = g(t) · d

dt
f(t) + f(t) · d

dt
g(t). (4.22)

Therefore, with g(t) = e−st this becomes

d

dt
[f(t)e−st] = e−st · d

dt
f(t) − sf(t)e−st.

Integrating both sides of this equation after multiplication by 1(t) then provides

∫ ∞

−∞
1(t) ·

[
d

dt
f(t)

]

e−st dt

︸ ︷︷ ︸

L
{

1(t) · d

dt
f(t)

}

= s

∫ ∞

−∞
1(t) · f(t)e−st dt

︸ ︷︷ ︸

L{1(t) · f(t)}

+

∫ ∞

−∞
1(t) · d

dt
[f(t)e−st] dt (4.23)
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Now, because of the definition of the unit step 1(t) (see section 2.1.2), the above multiplication by
1(t) has the effect that

1(t) · d

dt
[f(t)e−st] = 0 ; t ∈ (−∞, 0).

Therefore, the lower integration limit in (4.23) may be changed from −∞ to the point 0− (which is
infinitesimally close to 0, but still less than 0) without changing the results of the Laplace Transform
computations. That is, the relationship between the Laplace Transform of a signal and its derivative
is

L
{

1(t) · d

dt
f(t)

}

= L{1(t) · f(t)} +

∫ ∞

0−

d

dt
[f(t)e−st] dt. (4.24)

However, by the Fundamental Theorem of Calculus (again, see Appendix 3.A.1), and assuming that
Real {s} > 0

∫ ∞

0−

d

dt
[f(t)e−st] dt = lim

t→∞
f(t)e−st − lim

t→0−
f(t)e−st = 0 − f(0−)

which in combination with (4.24) leads to

L
{

1(t) · d

dt
f(t)

}

= sL{1(t) · f(t)} − f(0−).

This result is worth formally highlighting.

Suppose that f(t) is differentiable on the interval [0,∞). Then for all s in intersection of the ROC of F (s)
and the region Real {s} > 0:

L
{

1(t) · d

dt
f(t)

}

= sL{1(t) · f(t)} − f(0−) = sF (s) − f(0−). (4.25)

Clearly, here we have used the notation F (s) , L{1(t) · f(t)}.

That is, the process of Laplace Transformation turns the operation of differentiation into the process
of multiplication by the scalar s. This confirms the earlier reasoning that if Laplace Transformation
simplifies convolution (by turning it into multiplication), then it should also simplify the process of
differentiation.

Example 4.3 Derivative of an Exponential Suppose that

f(t) = 1(t) · eat

for some a ∈ C. Then using the result in table 4.1

L{f} =
1

s − a
.

Furthermore,
d

dt
f(t) =

d

dt
eat = aeat

so that

L
{

1(t)
d

dt
f(t)

}

= L
{

1(t) · aeat
}

=
a

s − a
.
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However, using (4.25) we could also calculate this result via

L
{

1(t) · d

dt
f(t)

}

= sF (s) − f(0−) =
s

s − a
︸ ︷︷ ︸

sF (s)

− lim
t→0−

eat

︸ ︷︷ ︸

1

=
s

s − a
− 1 =

a

s − a
.

Note how crucial it is to include the f(0−) term in the calculation.

�

If a higher order derivative needs to be dealt with, then this is possibly be repeated use of the re-
sult (4.25). For example, putting f(t) := df(t)/dt and using (4.25) twice provides

L
{

1(t) · d2

dt2
f(t)

}

= sL
{

1(t) · d

dt
f(t)

}

− lim
t→0−

d

dt
f(t)

= s
{
sF (s) − f(0−)

}
− d

dt
f(0−)

= s2F (s) − sf(0−) − d

dt
f(0−)

A pattern is clearly emerging, which leads to the following general relationship.

Suppose that all the derivatives
dk

dtk
f(t) ; k = 0, 1, 2, · · · , n

exist on the interval [0,∞). Then for all s in intersection of the ROC of F (s) and the region Real {s} > 0:

L
{

1(t) · dn

dtn
f(t)

}

= snF (s) − sn−1f(0−) − sn−2 d

dt
f(0−) − · · · − dn−1

dtn−1
f(0−) (4.26)

= sn F (s) −
n∑

k=1

sn−k dk−1

dtk−1
f(0−). (4.27)

Here F (s) , L{1(t) · f(t)}.

That is, the operation of n’th order differentiation becomes (essentially) simplified to multiplication
by sn under Laplace Transformation.

Example 4.4 Transform of cosine. Note firstly that from table 4.1

L{1(t) · cos ωt} =
s

s2 + ω2
. (4.28)

Therefore, by (4.27)

− 1

ω2
L

{

1(t) · d2

dt2
cos ωt

}

= − 1

ω2

[
s2 · L {1(t) · cos ωt} − s · cosωt|t=0− + ω sinωt|t=0−

]
(4.29)

= − 1

ω2

[

s2 · s

s2 + ω2
− s

]

=
s

s2 + ω2
.
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This is consistent with the earlier result (4.28), since

− 1

ω2

d2

dt2
cos ωt = cos ωt

and hence the left hand side of (4.29) is, in fact, L{1(t) · cos ωt}.

�

4.4.6 Integration

Laplace Transformation also provides a simplified means for interpreting the process of integration.
To be specific, using integration by parts (See Appendix 3.A.1) (and assuming that t > t0)

L
{∫ t

t0

f(σ) dσ

}

=

∫ ∞

−∞

[∫ t

t0

f(σ) dσ

]

e−st dt

=

∫ ∞

−∞

[∫ t

t0

f(σ) dσ

]
d

dt

(
e−st

−s

)

dt

=

[
e−st

−s

∫ t

t0

f(σ) dσ

]∣
∣
∣
∣

t=∞

t=t0

+
1

s

∫ ∞

−∞
f(t) e−st dt (4.30)

=
1

s
F (s) ; s ∈ {ROC{F (s)} ∩ Real{s} > 0} .

Again, the assumption of Real{s} > 0 has been used to conclude that limt→∞ e−st = 0 (and hence
only one term exists in the final result, since the term within the square brackets in (4.30) disappears).
Also, again the process can be extended, this time to multiple integration by simply repeating the
above integration by parts process to provide the following.

Assume that f(t) = 0 for t < 0. Then for any n and for all s in the intersection of the ROC of L{f} and
Real{s} > 0

L
{∫ tn

t0

∫ tn−1

t0

· · ·
∫ t2

t0

∫ t1

t0

y(σ) dσ dt1 dt2 · · · dtn−2 dtn−1

}

=
1

sn
F (s). (4.31)

Example 4.5 Step as integral of delta The result (4.31) is consistent with the Laplace Transform prop-
erties presented earlier for step 1(t) and Dirac delta δ(t) signals. That is, since

1(t) =

∫ t

−∞
δ(σ) dσ

then by (4.31)

L{s} =
1

s
L{δ} =

1

s
, Real{s} > 0.

�
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4.4.7 Transform of a Product

We have just seen in section 4.4.4, that one of the most important features of the Laplace Transform
is that it translates convolution into multiplication. Associated with this is the ‘dual’ result, that
multiplication is translated into convolution under the Laplace transform. That is

If h(t) = g(t) · f(t), then for any γ ∈ R such that both G(s) and F (s) exist for all s = γ + jω with γ fixed
and ω ∈ (−∞,∞), then

H(s) =
1

2πj

∫ γ+j∞

γ−j∞
F (s − σ)G(σ) dσ. (4.32)

Establishing this is somewhat more difficult than for the previous properties. It relies on the fact that
the Dirac delta may be expressed as

δ(t) =
1

2π

∫ ∞

−∞
ejωt dω

which, with the change of variable σ = γ + jω becomes

δ(t) =
1

2πj

∫ γ+j∞

γ−j∞
e(σ−γ)t dω = e−γt 1

2πj

∫ γ+j∞

γ−j∞
eσt dσ =

1

2πj

∫ γ+j∞

γ−j∞
eσt dσ. (4.33)

Here the last equality stems from the fact that since the whole integral quantity is known to equal δ(t),
then only the value of e−γt at t = 0 can matter in the integral representation, and this value is equal
to 1.

To see how to use this formulation of δ(t), notice that by the defining property of the Dirac delta

∫ ∞

−∞
δ(t − x)

[∫ ∞

−∞
f(t)g(x)e−st dt

]

dx =

∫ ∞

−∞
f(t)g(t)e−st dt = L{fg} . (4.34)

Therefore, substituting (4.33) into (4.34) and swapping the orders of integration leads to

L{fg} =

∫ ∞

−∞
δ(t − x)

[∫ ∞

−∞
f(t)g(x)e−st dt

]

dx

=
1

2πj

∫ ∞

−∞

[∫ γ+j∞

γ−j∞
eσ(t−x) dσ

] [∫ ∞

−∞
f(t)g(x)e−st dt

]

dx

=
1

2πj

∫ γ+j∞

γ−j∞

[∫ ∞

−∞
f(t)e−(s−σ)t dt

][∫ ∞

−∞
g(x)e−σx dx

]

dσ

=
1

2πj

∫ γ+j∞

γ−j∞
F (s − σ)G(σ) dσ.

This sort of phenomenon, in which one operation maps to another (in this case, convolution to mul-
tiplication) regardless of which domain (time t or Laplace s) the operations are done in, is known as
‘duality’, and applies in some form for all Laplace transform operations.

4.4.8 Multiplication by eαt

To provide another example of a dual result, compare the following to the one presented earlier in
section 4.4.2 for time shifting.
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Suppose that for some signal g(t), a new one is formed as f(t) = eαtg(t). Then

F (s) = L{f} = L
{
eαtg(t)

}
= G(s − a). (4.35)

This is very simple to show as follows

L
{
eαtg(t)

}
=

∫ ∞

−∞
eαtg(t)e−st dt =

∫ ∞

−∞
g(t)e−(s−α)t dt = G(s − α).

Here the duality is that multiplication by an exponential function in one domain corresponds to trans-
lation in the other.

Example 4.6 Suppose that
f(t) = 1(t) · eαt cos ωt.

Then since by (4.13)

L{1(t) · cos ωt} =
s

s2 + ω2

and the above rule (4.35) it should follow that

L
{

1(t) · eαt cosωt
}

= L{1(t) · cos ωt}|s:=s−α =
s − α

(s − α)2 + ω2

which is the result obtained earlier in (4.15).

�

4.4.9 Multiplication by t

As a final example of a dual result, compare the following one to that presented in section 4.4.5 for
the transform of a derivative.

For any signal f(t), any integer n and any s in the ROC of L{f}

L {tnf(t)} = (−1)n dn

dsn
L{f} = (−1)n dn

dsn
F (s). (4.36)

This is again straightforward to establish, since by direct differentiation of the Laplace Transform
definition

dn

dsn
F (s) =

dn

dsn

∫ ∞

−∞
f(t)e−st dt =

∫ ∞

−∞
f(t)

dn

dsn
e−st dt =

∫ ∞

−∞
f(t)(−1)ntne−st dt = (−1)nL{tnf(t)} .

The duality indicated by this result and that of section 4.4.5 is that differentiation to order n in one
domain corresponds to multiplication by the domain variable (s or t) raised to the power n in the other
domain.

Example 4.7 According to (4.14)

L{1(t) · sinωt} =
ω

s2 + ω2
; Real{s} > 0.
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Therefore, by the result (4.36)

L{1(t) · t sinωt} = (−1)
d

ds

(
ω

s2 + ω2

)

=
2ωs

(s2 + ω2)2
; Real{s} > 0.

This is the same result that was presented earlier in table 4.1 (without substantiation).

�

4.4.10 Initial Value Theorem

According to the derivation (4.22)–(4.25) which related the Laplace transforms of a signal f(t) to its
derivative df/dt

sL{1(t) · f(t)} − f(0−) = L
{

1(t) · d

dt
f(t)

}

=

∫ ∞

−∞
1(t) ·

[
d

dt
f(t)

]

e−st dt. (4.37)

Taking the limit as Real{s} → ∞ on both sides of this then leads to

lim
Real{s}→∞

sL{1(t) · f(t)} − f(0−) = lim
Real{s}→∞

∫ ∞

−∞
1(t)

[
d

dt
f(t)

]

e−st dt

=

∫ ∞

0−

d

dt
f(t)

[

lim
Real{s}→∞

e−st

]

︸ ︷︷ ︸

0

dt = 0

and therefore
lim

Real{s}→∞
sL{1(t) · f(t)} = f(0−).

However, the above operation of pulling the lim operation through the integral sign is only valid if the
integral itself actually exists (is finite), and if the derivative df/dt is bounded on [0,∞). Therefore
some caveats on the ROC of F (s) and the nature of f(t) are necessary.

Suppose that the derivative of f(t) exists and is bounded on the interval [0,∞). Then provided that the
ROC of F (s) , L{1(t) · f(t)} is a half plane {s ∈ C : Real {s} > α} for some α ∈ R

lim
Real{s}→∞

sF (s) = f(0−). (4.38)

provided that the limit on the left hand side of (4.38) exists

Example 4.8 Consider the signal
f(t) = eαt

for which, via (4.11)

F (s) = L{1(t) · f(t)} =
1

s − α
.

Then, by the Initial Value Theorem

f(0−) = lim
s→∞

sF (s) = lim
s→0

s

s − α
= 1. (4.39)
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Furthermore, by the definition of f(t)

f(0−) = lim
t→0−

eαt = 1

which agrees with (4.39).

�

Example 4.9 Consider the signal
f(t) = 1(t)

for which, by the definition (2.1)
f(0−) = 0. (4.40)

On the other hand

F (s) = L{1(t)} =
1

s

and hence
lim

s→∞
sF (s) = lim

s→0

s

s
= 1

so that application of the Final Value Theorem would suggest that f(0−) = 1 which disagrees with
(4.40).

However, note that strictly speeking, 1(t) is not differentiable at t = 0, and hence not on the
interval [0,∞), although it can often be safely assumed that

d

dt
1(t) = δ(t).

However, even in this case, the derivative is not bounded, and hence the Initial Value Theorem cannot
be applied, which resolves the above apparent discrepency.

�

4.4.11 Final Value Theorem

Again starting from (4.37), but this time taking the limit as s → 0 provides

lim
s→0

sF (s) − f(0−) = lim
s→0

∫ ∞

−∞
1(t) · d

dt
f(t)e−st dt

=

∫ ∞

0−

d

dt
f(t)

[

lim
s→0

e−st
]

︸ ︷︷ ︸

1

dt

=

∫ ∞

0−

d

dt
f(t) dt

= f(∞) − f(0−).

The Fundamental Theorem of Calculus (3.220) has been used in the last step. Therefore

lim
s→0

sF (s) = f(∞).

provided that the limiting operation involves values of s within the ROC of F (s).
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Suppose that f(t) is such that L{1(t) · f(t)} , F (s) is defined for all values of s in a region around the
origin 0. Then

lim
s→0

sF (s) = f(∞) (4.41)

provided that the limit on the left hand side of (4.41) exists

Example 4.10 Consider the signal
f(t) = eαt

for which, via (4.11)

F (s) = L{1(t) · f(t)} =
1

s − α
.

Then, by the just-presented Final Value Theorem

lim
t→∞

f(t) = lim
s→0

sF (s) = lim
s→0

s

s − α
= 0. (4.42)

Furthermore, by the definition of f(t)

lim
t→∞

f(t) = lim
t→∞

eαt = 0 ; for Real {α} < 0

which agrees with (4.42).
On the other hand, when Real {α} > 0 (for example α = 1) then eαt explodes in size as t → ∞

and therefore
lim
t→∞

f(t) = ∞ 6= lim
s→0

s

s − α
= 0.

This situation provides an example of when keeping track of the region of convergence (ROC) is
necessary. Specifically, the Final Value Theorem can only be applied if, when taking the limit as
s → 0, all values of s are within the region ROC of F (s).

However, the ROC of L
{

1(t) · eαt
}

is, according to (4.11) Real {s} > Real {α}. Therefore, if
Real {α} > 0 so that eαt is exploding with increasing t, then the ROC of its Laplace Transform does
not include values of s near the origin, and hence the Final Value Theorem cannot be used.

�

4.4.12 Summary of Properties

A table providing an overview summary of the important Laplace Transform properties that have
been derived here is presented in table 4.2. In that table, where a time signal f(t) or g(t) is used, it is
assumed that it is zero for t < 0. As well, all results hold only under the restriction that Real{s} > 0.
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Property Name Operation Laplace Transform Property

Linearity h(t) = αf(t) + βg(t) H(s) = αF (s) + βG(s)

Time Shift f(t) = g(t − T ) F (s) = e−sT G(s)

Time Scale f(t) = g(αt) F (s) = (1/α)G(s/α)

Convolution y(t) = [h ~ u](t) Y (s) = H(s)U(s)

Differentiation f(t) = 1(t) · dn

dtn
y(t) F (s) = snY (s) −

n∑

k=1

sn−k dk−1

dtk−1
y(t)

∣
∣
∣
∣
t=0−

Integration y(t) =

∫ ∫

· · ·
∫

︸ ︷︷ ︸

n times

f(σ) dσ · · · dtn−1 Y (s) =
1

sn
F (s)

Transform of Product h(t) = f(t)g(t) H(s) =
1

2πj

∫ α+j∞

α−j∞
F (s − σ)G(σ) dσ

Multiply by eαt f(t) = eαtg(t) F (s) = G(s − α)

Multiply by t f(t) = tng(t) F (s) = (−1)n dn

dsn
G(s)

Initial Value Theorem f(0−) lim
Real{s}→∞

sF (s), F (s) , L{1(t) · f(t)}

Final Value Theorem f(∞) lim
Real{s}→0

sF (s), F (s) , L{1(t) · f(t)}

Table 4.2: Laplace Transforms Properties.
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4.5 Inversion of Laplace Transforms

In order to actually apply Laplace Transform methods for the purposes of computating differential
equation solutions it is necessary to provide a means for recovering a signal f(t) from its transform
F (s) = L{f}. This is achieved by means of the inverse Laplace Transform, which is defined as
follows.

The Inverse Laplace Transform is given as

f(t) = L−1 {F} ,
1

2πj

∫ γ+j∞

γ−j∞
F (s)est ds (4.43)

where γ ∈ R is any value such that F (s) is within its region of convergence for all s ∈ (γ − jω, γ + jω).

This inverse transform relationship may be derived by using the formulation given in (4.33) for the
Dirac delta δ(σ)

δ(σ) =
1

2πj

∫ γ+j∞

γ−j∞
eσs ds. (4.44)

This can be combined with the Dirac delta property itself

f(t) =

∫ ∞

−∞
f(σ)δ(t − σ) dσ (4.45)

in order to write, by substituting (4.44) into (4.45) and swapping the order of integration

f(t) =

∫ ∞

−∞
f(σ)

[
1

2πj

∫ γ+j∞

γ−j∞
e(t−σ)s ds

]

︸ ︷︷ ︸

δ(t−σ)

dσ

=
1

2πj

∫ γ+j∞

γ−j∞

[∫ ∞

−∞
f(σ)e−σs dσ

]

︸ ︷︷ ︸

F (s)

est ds

=
1

2πj

∫ γ+j∞

γ−j∞
F (s)est ds.

An important point is that, just like the ‘forward’ Laplace Transform, the Inverse Laplace Transform
is a linear operation.

For any two Laplace Transforms F (s) and G(s) and any complex numbers α, β ∈ C

L−1 {αF + βG} = αL−1 {F} + βL−1 {G} . (4.46)

This follows simply by the fact that integration is a linear operation, so that since according to equa-
tion (4.43), and using the notation Λ to indicate the line (γ − j∞, γ + j∞) over which the integration
in (4.43) is performed

L−1 {αF + βG} =
1

2πj

∫

Λ

[
αF (s) + βG(s)est

]
est ds

= α
1

2πj

∫

Λ
F (s)est ds + β

1

2πj

∫

Λ
G(s)est ds

= αL−1 {F} + βL−1 {G} .
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4.5.1 Contour Integral Formulation

The formulation (4.43) for the Inverse Laplace Transform may appear somewhat complicated, but
in practice it can usually be evaluated very simply by converting it to what is known as a ‘contour
integral’. The simplification occurs since contour integrals only depend on what are known as the
‘residues’ of the integrand, and these tend to depend very simply on the nature of F (s).

To be more specific, the integral (4.43) can be visualised according to figure 4.4 as being one that
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Real

Imaginary

γ

Line Λ = (γ − j∞, γ + j∞)

Function F (s)est

Extension Γ

Infinite Radius

0

Area = f(t) =
1

2πj

∫ γ+j∞

γ−j∞

F (s)est ds

Figure 4.4: Graphical illustration of integration used to invert a Laplace Transform.

is along some infinite length line (labelled as Λ) which is parallel to the imaginary axis; see figure 4.4.
Furthermore, for most Laplace Transform functions F (s) that are encountered in practice

lim
|s|→∞

|F (s)| = 0.

This will certainly be the case for all the Laplace transforms (except the first δ(t) one) listed in ta-
ble 4.1. For example

lim
|s|→∞

L
{
eat

}
= lim

|s|→∞

∣
∣
∣
∣

1

s − a

∣
∣
∣
∣
= 0.

In this case, F (s) will be zero at the infinite end-points of the line Λ shown in figure 4.4, and it will
also be zero all along the infinite radius arc Γ which is also shown in figure 4.4.

Finally, for all s on the infinite line Λ = (γ − j∞, γ + j∞)

est = e(γ+jω)t = eγtejωt = eγt(cos ωt + j sinωt).

Therefore, for any fixed t ≥ 0, est will be bounded everywhere on the line Λ and also on the infinite
arc Γ. Consequently, if F (s) → 0 as |s| → ∞ along Λ, then the product F (s)est = 0 for all s ∈ Γ
(since |s| = ∞ on Γ), but only provided that t ≥ 0 so that the product γt < 0 for s = γ + jω lying
on the part of the arc Γ lying in the extreme left half plane.
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The point is, that if F (s)est equals zero for values of s out on an infinite boundary Γ shown
figure 4.4, then extending the integration path from the straight line Λ to a closed contour C, which is
Λ plus the extension arc Γ out at infinity, will not change the value of the integral, since the integrand
is zero over the added part Γ. That is, since F (s)est = 0 for s ∈ Γ then

1

2πj

∫

Γ
F (s)est ds = 0 ; t ≥ 0

and hence for t ≥ 0

f(t) =
1

2πj

∫

Λ
F (s)est ds +

1

2πj

∫

Γ
F (s)est ds

︸ ︷︷ ︸

=0

=
1

2πj

∮

Λ+Γ
F (s)est ds =

1

2πj

∮

C
F (s)est ds

(4.47)
where the closed contour C = Λ + Γ. Note that in (4.47) the circle is added to the integral sign to
denote a closed integration path, and this provides the following contour integral formulation for the
Inverse Laplace Transform.

If a Laplace Transform F (s) satisfies the condition that |F (s)| → 0 as |s| → ∞, then the Inverse Laplace
Transform may be written as the closed contour integral

f(t) = L−1 {F} =
1

2πj

∮

C
F (s)est ds ; t ≥ 0 (4.48)

where C is the contour shown in figure 4.4, and further on again in figure 4.5.

4.5.2 Evaluation by Residue Calculation

Once the inverse Laplace transform (4.43) is converted to the contour integral form (4.48), it can be
computed by using what is known as ‘Cauchy’s Residue Theorem’, but only once two new terms have
been defined.

Firstly, a ‘pole’ pk of a function F (s) is any value of s at which F (s) equals ±∞. That is, if
s = pk is a pole of F (s), then

F (pk) = ±∞.

For example, if

F (s) =
1

s − a
(4.49)

then F (s) has a pole p1 at s = p1 = a. Associated with a pole, is the ‘residue’ of F (s) at the pole
location s = pk and which is written as

Res
s=pk

F (s)

The meaning of this term ‘residue’ is that, if at the pole position s = pk where the residue is to
computed, there are m poles (most often, m = 1), then the residue may be computed as

Res
s=pk

F (s) =
1

(m − 1)!

dm−1

dsm−1
[(s − pk)

mF (s)]

∣
∣
∣
∣
s=pk

. (4.50)

In words, the above says that the residue of F (s) at the pole location s = pk, is found by removing
the poles (this is the multiplication by (s− pk)

m step), differentiating the result m− 1 times (since m
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is mostly equal to 1, normally no differentiation is required), and then substituting the pole location
s = pk into whatever remains after division by (m − 1)! (which with m = 1 is 0! = 1).

Again, using (4.49) as an example with pole at p1 = a, the residue of F (s) at this pole is

Res
s=a

F (s) = Res
s=a

1

s − a
=

s − a

s − a

∣
∣
∣
∣
s=a

= 1

while (as a further example) if there are m = 2 poles p1 = p2 = a at the same location via F (s) =
1/(s − a)2 then according to (4.50), since (m − 1)! = 1! = 1

Res
s=a

F (s) = Res
s=a

1

(s − a)2
=

d

ds
(s − a)2 · 1

(s − a)2

∣
∣
∣
∣
s=a

=
d

ds
1

∣
∣
∣
∣
s=a

= 0.

Finally, Cauchy’s Residue Theorem then says that when considering a contour integral such as (4.48),
it is only the poles of F (s) that matter in its calculation, and the way that the poles matter is via the
above residue definition.

Theorem 4.5.1 Cauchy’s Residue Theorem Take a smooth closed curve C in the complex plane, and
suppose that a function G(s) is differentiable everywhere within C except at isolated poles p1, · · · , pn

within C. Then
1

2πj

∮

C
G(s) ds =

n∑

k=1

Res
s=pk

G(s).

Here it is assumed that the integration is taken counter-clockwise around the path C. Clockwise
integration can be accommodated by reversing the sign of the above result.

�

Applying this theorem with G(s) = F (s)est in the contour integral (4.48) then provides a simple
formula.

Suppose that the poles of F (s) are at points p1, · · · , pn and that F (s) → 0 as |s| → ∞. Then f(t) =
L−1 {F} may be computed as

f(t) =
1

2πj

∮

C
F (s)est ds =

n∑

k=1

Res
s=pk

[
F (s)est

]
; t ≥ 0. (4.51)

4.5.3 The Case of Isolated Poles

In particular, whenever the poles pk in F (s) only singly (m = 1), then (4.50) becomes

Res
s=pk

[F (s)] epkt = (s − pk)F (s)|s=pk
epkt. (4.52)

In this case, the inverse Laplace transform formulation (4.51) takes on a very simple form.

If all the poles in {p1, p2, · · · , pn} in F (s) occur only once each (there are no repeated poles), and
lim|s|→∞ |F (s)| = 0, then

L−1{F (s)} =
n∑

k=1

(s − pk)F (s)|s=pk
epkt =

n∑

k=1

epkt
{

(s − pk)F (s)|s=pk

}

. (4.53)
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The simplicity of this residue-based method of Laplace Transform inversion is now best illustrated by
examples.

Example 4.11 Suppose that

F (s) =
1

s + a

Then the function F (s)est has only one pole at p1 = −a. Furthermore, provided t ≥ 0 then F (s)est

is zero on Γ (where Real {s} < 0) in figure 4.4. Therefore, via (4.53), for t ≥ 0.

f(t) = L−1{F (s)} = (s + a)F (s)|s=−a e−at = e−at ; t ≥ 0

which agrees with the known result (4.11).

�

Example 4.12 Suppose that

F (s) =
1

τs + 1

Then the function F (s)est has only one pole at p1 = −1/τ , and |F (s)| → 0 as |s| → ∞. Therefore,
for t ≥ 0

f(t) = L−1{F (s)} = (s + 1/τ)
1

τs + 1

∣
∣
∣
∣
s=−1/τ

e−t/τ

=
1

τ

(s + 1/τ)

(s + 1/τ)

∣
∣
∣
∣
s=−1/τ

e−t/τ

=
1

τ
e−t/τ ; t ≥ 0.

�

Example 4.13 Suppose that

F (s) =
1

s2 + 3s + 2
=

1

(s + 1)(s + 2)
.

Then the function F (s)est now has two poles, one at p1 = −1 and one at p2 = −2. Furthermore,
provided t > 0 then F (s)est is zero on Γ in figure 4.4. Therefore, via (4.53) and for t ≥ 0.

f(t) = L−1{F (s)} = (s + 1)F (s)|s=−1 e−t + (s + 2)F (s)|s=−2 e−2t

=
1

(s + 2)

∣
∣
∣
∣
s=−1

e−t +
1

(s + 1)
F (s)

∣
∣
∣
∣
s=−2

e−2t

= e−t − e−2t ; t ≥ 0.

�

Example 4.14 Suppose that

F (s) =
ω

s2 + ω2
=

ω

(s − jω)(s + jω)
.
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Then the function F (s)est again has two poles, this time purely complex ones at p1 = jω and one at
p2 = −jω. In this case, Γ needs to be chosen so that the line Λ forming part of C passes to the right of
the origin so that closing Λ with Γ to form C will enclose the poles. Therefore, since F (s)est is zero
on Γ if t ≥ 0, then for t ≥ 0

f(t) = L−1{F (s)} = (s − jω)F (s)|s=jω ejωt + (s + jω)F (s)|s=−jω e−jωt

=
ω

(s + jω)

∣
∣
∣
∣
s=jω

ejωt +
ω

(s − jω)
F (s)

∣
∣
∣
∣
s=−jω

e−jωt

=
ω

2jω

[
ejωt − e−jωt

]

=
1

2j
[(cos ωt + j sinωt) − (cos ωt − j sinωt)]

= sinωt ; t ≥ 0.

�

Example 4.15 To really illustrate the power of this residue method of Laplace Transform inversion,
suppose that F (s) is more complicated (so that it is not simply one already listed in table 4.1). Namely,
consider

F (s) =
s

s2 + 2αrs + r2
;α, r ∈ R.

Firstly, the poles of F (s) need to be identified, and this can be done by factoring the denominator of
F (s) as

F (s) =
s

(s + rejθ)(s + re−jθ)

where
θ , cos−1 α, sin θ =

√

1 − α2.

In this case, there are clearly two poles p1 and p2 in F (s). One is at

p1 = −rejθ = −r(cos θ + j sin θ) = −rα − jr
√

1 − α2

and the other is at

p2 = p1 = −re−jθ = −r(cos θ − j sin θ) = −rα + jr
√

1 − α2.

Therefore, applying the residue formulation (4.53) for t ≥ 0

f(t) = (s + rejθ)F (s)
∣
∣
∣
s=p1=−rejθ
e−p1t +

(s + re−jθ)F (s)
∣
∣
∣
s=p1=−re−jθ
e−p1t

=
rejθ

r(ejθ − e−jθ)
ep1t +

re−jθ

r(e−jθ − ejθ)
ep1t

=
1

2j sin θ

{

ejθep1t − e−jθep1t
}

=
e−rαt

2j sin θ

{

ej(θ−rt sin θ) − e−j(θ−rt sin θ)
}

=
e−rαt

2j sin θ
2j sin(θ − rt sin θ)

=
1√

1 − α2
e−rαt sin

(

cos−1 α − rt
√

1 − α2
)

; t ≥ 0.
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�

4.5.4 The Case of Repeated Poles

When poles are repeated, and hence have a multiplicity greater than 1, then the residue formulation
(4.51) still applies. However, the simple method (4.52) of evaluating the residue at a pole by simply
evaluating what is left after pole cancellation needs to be modified.

Specifically, although the residue computation at a pole p of multiplicity m still involves removing
the poles via multiplication by (s− p)m, the residue itself is the (m− 1)’st order derivative evaluated
at s = p and divided by (m − 1)!.

Example 4.16 Suppose that

F (s) =
1

(s + a)2
.

Here F (s)est has a pole at s = −a of multiplicity m = 2 so that for t ≥ 0

f(t) = Res
s=−a

est

(s + a)2
=

1

1!

d

ds

(s + a)2est

(s + a)2

∣
∣
∣
∣
s=−a

=
d

ds
est

∣
∣
∣
∣
s=−a

= test
∣
∣
s=−a

= te−at ; t ≥ 0.

�

Example 4.17 Suppose that

F (s) =
1

(s + a)3
.

Now, compared to the previous example, the pole multiplicity has been increased to m = 3, so a
second order differentiation is required

f(t) =
1

2!

d2

ds2

(s + a)3est

(s + a)3

∣
∣
∣
∣
s=−a

=
1

2

d2

ds2
est

∣
∣
∣
∣
s=−a

=
t2

2
eat ; t ≥ 0

�

4.5.5 Dealing with the Bi-proper Proper Case

The final complicating factor to be dealt with involves situations in which F (s) does not tend to zero
along the line Λ shown in figure 4.4. For example, if

F (s) =
bnsn + bn−1s

n−1 + · · · + b1s + b0

sn + an−1sn−1 + · · · + a1s + a0

with bn 6= 0, then

lim
|s|→∞

|F (s)| = lim
|s|→∞

∣
∣
∣
∣

bnsn + bn−1s
n−1 + · · · + b1s + b0

sn + an−1sn−1 + · · · + a1s + a0

∣
∣
∣
∣
= |bn| 6= 0.

In this case, it is not valid to produce a closed contour C by adding Γ to Λ, since at the farthest extreme
of Λ, the integrand F (s)est has not diminished to zero, and hence the integral around the new contour
Γ will be non-zero, making the integral around C = Λ + Γ different to that just along Λ.
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This difficulty is easily dealt with simple by re-writing F (s) as the sum

F (s) = bn + G(s) (4.54)

where

G(s) ,
(bn−1 − bnan−1)s

n−1 + (bn−2 − bnan−2)s
n−2 + · · · + (b1 − bna1)s + (b0 − bna0)

sn + an−1sn−1 + · · · + a1s + a0
.

(4.55)
In this case, since the Inverse Laplace Transform is a linear operation, then

L−1 {F (s)} = L−1 {bn + G(s)} = bnδ(t) + L−1 {G(s)} .

Furthermore, since now |G(s)| → 0 as |s| → ∞, then L−1 {G(s)} may then be computed via the
residue methods just presented.

In this sort of situation, the non-zero bn implies that the polynomial order of the numerator of F (s)
is the same as that of the denominator of F (s). The technical term for this is that F (s) is bi-proper.
Furthermore, if the denominator order is greater than the numerator, then F (s) is said to be ‘proper’,
and if the denominator order is less that the numerator order, then F (s) is said to be ‘improper’.

Example 4.18 Consider the case of

F (s) =
2s2 + 5

s2 + 6s + 8
.

Then clearly lim|s|→∞ |F (s)| = 2 6= 0 since F (s) is bi-proper. However, using (4.54), (4.55) we can
re-write F (s) as

F (s) = 2 +
(0 − 2 · 6)s + (5 − 2 · 8)

s2 + 6s + 8
= 2− (12s + 11)

(s + 4)(s + 2)
︸ ︷︷ ︸

G(s)

.

Therefore, noting that L−1 {2} = 2δ(t) and using residue methods to compute L−1 {G(s)} gives

f(t) = 2δ(t) +

[

−(12s + 11)

(s + 2)

]∣
∣
∣
∣
s=−4

e−4t +

[

−(12s + 11)

(s + 4)

]∣
∣
∣
∣
s=−4

e−2t

= 2δ(t) − 37

2
e−4t +

13

2
e−2t.

�

4.5.6 Causality of the Inverse Transform

Recall from equation (4.43) at the start of section 4.5 that the Inverse Laplace Transform is given as

f(t) = L−1 {F} ,
1

2πj

∫ γ+j∞

γ−j∞
F (s)est ds (4.56)

where γ ∈ R is any value such that F (s) is within its region of convergence (ROC) for all s ∈
(γ − jω, γ + jω).



DRAFT & INCOMPLETE Version 135

Furthermore, consideration of table 4.1 indicates that the ROC for any Laplace Transform consid-
ered so far is always of the form

ROC F (s) = {s ∈ C : Real {s} > Real {α}}

where α is such that all the poles of F (s) lie to the left of Real {α}.
Therefore, as shown in figure 4.5 (and figure 4.4) the selection of the infinite integration path

s ∈ Λ = (γ − j∞, γ + j∞) to be used in (4.56) will always be one in which all the poles of F (s) lie
to the left of that path.

Furthermore, if we restrict attention to the case of t ≥ 0, then the term est in (4.56) will be
bounded (or zero) everywhere on an infinite radius arc s ∈ Γ that lies completely to the left of the line
Λ.

Finally, if |F (s)| is also zero on this infinite arc Γ, then the integral (4.56) along the line Λ can be
turned into an integral along the closed contour C = Λ +Γ shown in figure 4.5, which will contain all
the poles p1, · · · , pn of F (s). As was just discussed in section 4.5.1, Cauchy’s Residue Theorem then
asserts that this contour integral depends only on the location of these poles so as to give the Inverse
Laplace Transform as

f(t) = L−1 {F (s)} =
n∑

k=1

[

Res
s=pk

F (s)est

]

; t ≥ 0.

However, now suppose that we are interested in the case in which t < 0. In this case, since Real {s} <

0

Im{s}

Contour C

Arc is labelled as Γ

Line is labelled as Λ

γ

Poles of F (s)

Re{s}

Figure 4.5: Graphical illustration of integration path C used to invert a Laplace Transform when
t ≥ 0. This is essentially figure 4.4 viewed from above, with poles of F (s) represented as crosses.
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0 on Γ then for t ≥ 0, est will tend to infinity as s moves around the infinite radius arc Γ shown in
figure 4.5, since the product st will have a real part which is positive. Therefore if added to the line Λ
it will result in an integration path C which is far from equivalent to the path Λ.

As a consequence, in these cases where t < 0, then the integration arc Γ must be altered as shown
in figure 4.6 to be one which lies in the right half plane in order for est for t < 0 to be either bounded
or zero everywhere on it. However, since the Λ must lie in the ROC, which in turn is a region to

Line is labelled as Λ

Poles of F (s)

Arc is labelled as Γ

Im{s}

Contour C

0 Re{s}γ

Figure 4.6: Graphical illustration of integration path C used to invert a Laplace Transform when
t < 0. Since Λ must lie in the ROC of F (s) which is region to the right of the poles of F (s), then the
C will contain no poles of F (s).

the right of the poles of F (s), then there will be no poles enclosed by the contour C. This case of
integration around regions containing no poles is addressed by Cauchy’s Integral Theorem as follows.

Theorem 4.5.2 Cauchy’s Integral Theorem Take a smooth closed curve C in the complex plane, and
suppose that a function G(s) is differentiable everywhere within C. Then

1

2πj

∮

C
G(s) ds = 0.

�

Therefore, since F (s) contains no poles within C, then F (s)est is differentiable everywhere within C
and hence by Cauchy’s Integral Theorem

f(t) =
1

2πj

∮

C
F (s)est ds = 0 ; t < 0.
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Example 4.19 It was established in section 4.3.4 that for the signal

f(t) = 1(t) · eαt =







eαt ; t ≥ 0

0 ; t < 0.

then

F (s) =
1

s − α
(4.57)

with region of convergence Real {s} > Real {α}. Now, when t ≥ 0 then F (s)est is zero on the left
half plane infinite arc Γ shown in figure 4.5, which will then lead to a contour C which encloses one
pole at s = α. Therefore, as already established in Example 4.11, a residue calculation provides

f(t) = L−1{F (s)} = (s + α)F (s)|s=−α e−αt = e−at ; t ≥ 0.

On the other hand, when t < 0 then F (s)est will be zero on the right half plane infinite arc Γ shown
in figure 4.6. This will then lead to a contour C that contains no poles, and hence

f(t) = L−1{F (s)} = 0 ; t < 0.

Therefore, the full inverse transform of (4.57) accounting for both t ≥ 0 and t < 0 is L−1 {F} =
1(t) · eαt.

�

This phenomenon that f(t) = L−1 {F (s)} satisfies f(t) = 0 for t < 0 is commonly stated as ‘f(t)
is causal’. This is in recognition of the fact that, as was discovered in section 3.12.2, a linear time-
invariant system is causal (depends only on past, and not future inputs) if, and only if, its impulse
response h(t) satisfies h(t) = 0 for t < 0.

The general ‘causality’ principle for Laplace Transforms that has been exposed in this section
should be emphasised.

Suppose that F (s) satisfies |F (s)| → 0 as |s| → ∞, and that the region of convergence of F (s) is of the
form {s ∈ C : Real {s} > α,α ∈ R}. Then

L−1 {F (s)} = f(t) = 0 for t < 0.

At the risk of overly complicating matters, but in the interests of a complete treatment, it is important
to recognise the value of considering the ROC of F (s) in the above result.

For example, consider the ‘anti-causal’ (strictly zero for t > 0) signal

g(t) = 1(−t) · eαt =







eαt ; t ≤ 0

0 ; t > 0

Here we assume α > 0 so that the above exponential tends to zero as t → −∞. In this case, the
Laplace Transform of f(t) can be computed as

G(s) = L{g(t)} =

∫ 0

−∞
eαte−st d =

e(α−s)t

α − s

∣
∣
∣
∣
∣

t=0

t=−∞

=
−1

s − α
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with region of convergence {s ∈ C : Real {s} < Real {α}}. However, from table 4.1 the strictly
causal signal

f(t) = −1(t) · eαt =







−eαt ; t ≥ 0

0 ; t < 0

has Laplace Transform

F (s) = L{f(t)} =
−1

s − α

with region of convergence {s ∈ C : Real {s} > Real {α}}.
Therefore, the only thing to discriminate between the Laplace Transform F (s) of the strictly

causal signal f(t) and the Laplace Transform G(s) of the strictly anti-causal signal g(t) is the associ-
ated region of convergence. For the causal signal f(t) it lies to the right of some point Real {α}, and
for the anti-causal signal g(t) it lies to the left of that point Real {α}.

In fact, using the same arguments as have already been used in this section, we can make the
general characterisation of the Laplace Transforms of anti-causal signals.

Suppose that G(s) satisfies |G(s)| → 0 as |s| → ∞, and that the region of convergence of G(s) is of the
form {s ∈ C : Real {s} < α,α ∈ R}. Then

L−1 {G(s)} = g(t) = 0 for t > 0.

Therefore, although it is vital to specify the ROC for any Laplace Transform, it is often left unstated,
in which case it is understood to lie to the right of the right-most pole, and hence (via the above result)
it is also understood to correspond to the transform of the strictly causal version of a signal.

4.5.7 Dealing with Time Translations

According to the time-shifting property (4.18),

L{f(t + T )} = esTL{f(t)} = esT F (s). (4.58)

Since time translation is a frequently occuring physical process (for example, due to transport delays)
it is common to encounter Laplace Transforms that are of this form esT F (s).

However, in order to compute L−1 {F (s)} via the residue methods of this chapter, it has been
important to require that |F (s)| → 0 as |s| → ∞. Clearly any |esT | term in |F (s)| will prevent this
required decay to zero.

The simple solution to this problem is to initially remove any esT term from the necessary Inverse
Transform computations, and then account for it at the end via the necessary time translation.

Example 4.20 Consider the case of

F (s) =
e−2s

s − α
.

Via the previous example 4.19 and also table 4.1, the part of F (s) not containing the e−2s term has
inverse Laplace Transform of

L−1

{
1

s − α

}

= 1(t) · eαt.
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Furthermore, via (4.58) any e−2s term in a Laplace Transform corresponds to a time delay (shift to
the right) so that

L−1

{
e−2s

s − α

}

= 1(t − 2) · eα(t−2).

�

Example 4.21 Consider the case of

F (s) =

(
e−s

s2 + s − 2

)

︸ ︷︷ ︸

F1(s)

+

(
e3s

s + 4

)

︸ ︷︷ ︸

F2(s)

. (4.59)

Dealing with F1(s) first, then after removal of the e−s term and using the residue method

L−1

{
1

s2 + s − 2

}

= L−1

{
1

(s − 1)(s + 2)

}

=

(
1

s + 2

)∣
∣
∣
∣
s=1

et +

(
1

s − 1

)∣
∣
∣
∣
s=−2

e−2t

=
1

3
et − 1

3
e−2t

and therefore

f1(t) = L−1 {F1(s)} =
1

3
1(t − 1) ·

[

e(t−1) − e−2(t−1)
]

.

Turning now to the F2(s) term

L−1

{
1

s + 4

}

= e−4t

so that
f2(t) = L−1 {F2(s)} = 1(t + 3)e−4(t+3).

Therefore, by the linearity of the Inverse Laplace Transform

f(t) = L−1 {F (s)} = L−1 {F1(s)} + L−1 {F2(s)}

=
1

3
1(t − 1) ·

[

e(t−1) − e−2(t−1)
]

+ 1(t + 3)e−4(t+3).

�

4.5.8 Inversion by Partial Fraction Expansion

There is a more primitive approach to inversion of Laplace Transforms, and it essentially involves
‘pattern matching’. Specifically, one rudimentary approach is that when presented with a transfrom
F (s) to invert, a possible strategy is to try to decompose F (s) into recognisable components that are
found in known lists of Laplace Transform examples, such as table 4.1.

For example, if presented with F (s) of the form

F (s) =
1

(s + a)(s + b)
(4.60)



140 c©Brett Ninness

then it is easy to recognise that it contains elements 1/(s + a) and 1/(s + b) that relate to the already
known relationship

L
{

1(t)e−αt
}

=
1

s + α
. (4.61)

This raises the idea that it would be sensible to try to decompose (4.60) in the form

F (s) =
A

s + a
+

B

s + b
(4.62)

for some constants A and B. In order to find these constants A and B, note that if (4.62) may be
re-written with a common denominator as

F (s) =
A(s + b) + B(s + a)

(s + a)(s + b)
. (4.63)

Clearly, if (4.62) is going to be valid decomposition of (4.60), then the numerator of (4.63) must be 1:

A(s + b) + B(s + a) = 1. (4.64)

This equation must hold for all s, and in particular for s = −b which implies

B(a − b) = 1.

Equation (4.64) must also hold for s = −a which implies

A(b − a) = 1.

Therefore A = (b − a)−1, B = −(b − a)−1, and the decomposition (4.62) becomes

F (s) =
1

(b − a)

[
1

s + a
− 1

s + b

]

.

This form is called a ‘partical fraction decomposition’. Applying the Laplace Transform result (4.61)
then implies that the function f(t) with Laplace Transform L{f(t} of the form of F (s) above is

f(t) =
1

(b − a)

[

e−at − e−bt
]

.

Note that this same computation of the Inverse Laplace Transform L−1 {F} (s) = f(t) can be per-
formed very easily via the previously discussed residue methods as

f(t) =
1

(s + b)

∣
∣
∣
∣
s=−a

e−at +
1

(s + a)

∣
∣
∣
∣
s=−b

e−bt =
1

(b − a)

[

e−at − e−bt
]

.

Partial Fractions: Isolated Poles

In fact, these two methods of ‘pattern matching’ and residue computation are essentially the same,
and this equivalence is best exposed by considering the general case of F (s) being of the form

F (s) =
bmsm + · · · + b1s + b0

sn + an−1sn−1 + · · · + a1s + a0
=

B(s)

(s − p1)(s − p2) · · · (s − pn)
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where we have put B(s) , bmsm + · · · + b1s + b0. This so-called ‘rational’ case (the case of F (s)
being a ratio of two polynomials) is actually very common, as will be exposed in section 4.6 following.

In this case, the required partial fraction decomposition is

F (s) =
B(s)

(s − p1)(s − p2) · · · (s − pn)
=

K1

s − p1
+

K2

s − p2
+ · · · + Kn

s − pn
. (4.65)

Considering this partial fraction form, and then pattern matching with the known transform (4.61)
then implies the inverse transform

f(t) = 1(t) ·
[
K1e

p1t + K2e
p2t + · · · + Knepnt

]
.

In order to compute K1, note that mulplying both sides of (4.65) by (s − p1) implies that

(s − p1)F (s) = K1 +
K2(s − p1)

s − p2
+ · · · + Kn(s − p1)

s − pn
.

Since this equation must hold for all s, it surely must hold for the case of s = p1 to provide

K1 = (s − p1)F (s)|s=p1
.

But, considering the definition (4.50) of a residue, this value for K1 is nothing more than the residue
of F (s) at s = p1. That is,

K1 = Res
s=p1

F (s).

Continuing this process to compute K2, · · · ,Kn and then substituting into (4.65) implies that

f(t) = 1(t) ·
[

Res
s=p1

F (s) · ep1t + Res
s=p2

F (s) · ep2t + · · · + Res
s=pn

F (s) · epnt

]

. (4.66)

This is identical to the solution (4.52) provided earlier via a different argument in which the Inverse
Transform definition (4.43) was computed via Cauchy’s Residue Theorem. Recognising this, we then
see an interpretation of residues as simply providing the co-efficients in a partial fraction expansion.

Partial Fractions: Repeated Poles

Recall that when the inverse transform (4.66), together with the formula

Res
s=pk

F (s) = (s − pk)F (s)|s=pk
(4.67)

was first presented in (4.52), a caveat was placed on it that while (4.66) applies regardless of the pole
multiplicities, the simple formula (4.67) only applies when the poles are isolated (and hence their
multiplicity is 1).

Therefore, the formulation (4.66) derived via partial fraction expansion and pattern matching must
be modified if any poles are repeated, where now the appropriate transform result to match to is that
of section 4.3.5

L
{

1(t) · tneαt
}

=
dn

dαn

(
1

s − α

)

=
n!

(s − α)n+1
. (4.68)

Now, if F (s) contains only one repeated pole of multiplicity n, then (4.68) can be used directly, and
there is no need for partial fraction expansion. Therefore, the case of interest is where there are mixed
poles p1, · · · , pnof mixed multiplicities k1, · · · , kn

F (s) =
B(s)

(s − p1)k1(s − p2)k2 · · · (s − pn)kn
. (4.69)
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In this case, the appropriate partial fraction decomposition is

F (s) =

[

K1
1

(s − p1)
+

K2
1

(s − p1)2
+ · · · + Kk1

1

(s − p1)k1

]

+

[

K1
2

(s − p2)
+ · · · + Kk2

2

(s − p2)k2

]

+

· · · +
[

K1
n

(s − pn)
+

K2
n

(s − pn)2
+ · · · + Kkn

n

(s − pn)kn

]

=

n∑

r=1

kr∑

`=1

K`
r

(s − pr)`
. (4.70)

in which case, pattern matching against (4.68) implies that the inverse Laplace Transform is

f(t) =
n∑

r=1

kr∑

`=1

K`
r

1

`!
t`−1eprt. (4.71)

Example 4.22 Consider the case of

F (s) =
1

(s + 1)(s − 2)2
.

Then according to (4.70) an appropriate partial fraction decomposition is

1

(s + 1)(s − 2)2
=

K1

s + 1
+

K1
2

(s − 2)
+

K2
2

(s − 2)2
. (4.72)

Multiplying both sides by (s + 1) then implies that

1

(s − 2)2
= K1 +

K1
2 (s + 1)

(s − 2)
+

K2
2 (s + 1)

(s − 2)2

and hence setting s = −1 gives

K1 =
1

(−1 − 2)2
=

1

9
.

Multiplying both sides of (4.72) by (s − 2)2 also implies that

1

(s + 1)
=

K1(s − 2)2

s + 1
+ K1

2 (s − 2) + K2
2 (4.73)

which when evaluated at s = 2 gives

K2
2 =

1

(2 + 1)
=

1

3
.

Finally, differentiating both sides of (4.73) with respect to s implies that

−1

(s + 1)2
=

2K1(s − 2)(s + 1) − K1(s − 2)2

(s + 1)2
+ K1

2

which evaluated at s = 2 implies

K1
2 =

−1

(2 + 1)2
= −1

9
.
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Therefore,
1

(s + 1)(s − 2)2
=

1

9
· 1

s + 1
− 1

9
· 1

(s − 2)
+

1

6
· 2

(s − 2)2

so that pattern-matching against (4.68) implies that

f(t) = 1(t) ·
[
1

9
e−t − 1

9
· e2t +

1

6
· te2t

]

.

�

Clearly the key step in this approach to Laplace Transform inversion is the computation of the co-
efficients {K`

r}. To examine this in more detail, note first that from (4.70)

(s − pr)
krF (s) = Kkr

r + (s − pr)
kr

n∑

r=1

kr−1∑

`=1

K`
r

(s − pr)`
(4.74)

and hence
Kkr

r = (s − pr)
krF (s)

∣
∣
∣
s=pr

. (4.75)

Next notice that (4.74) can be further expanded as

(s − pr)
krF (s) = Kkr

r + (s − pr)K
kr−1
r + (s − pr)

kr

n∑

r=1

kr−2∑

`=1

K`
r

(s − pr)`
(4.76)

and hence

d

ds

[

(s − pr)
krF (s)

]

= Kkr−2
r + (s − pr)

kr
d

ds

[
n∑

r=1

kr−1∑

`=1

K`
r

(s − pr)`

]

+kr(s − pr)
kr−1

[
n∑

r=1

kr−1∑

`=1

K`
r

(s − pr)`

]

and therefore, provided that the multiplicity kr > 1

Kkr−1
r =

d

ds

[

(s − pr)
krF (s)

]
∣
∣
∣
∣
s=pr

. (4.77)

Comparing (4.75) and (4.77) it is clear that a pattern is emerging in which we can formulate that for
m = 0, 1, 2, · · · , kr − 1

Kkr−m
r =

dm

dsm

[

(s − pr)
krF (s)

]
∣
∣
∣
∣
s=pr

which provides an expression for computing all the co-efficients {K `
r} in (4.71). Combining this

with (4.71) then indicates that the Inverse Laplace Transform found via this partial fraction expansion
method will be

f(t) =

n∑

r=1

kr∑

`=1

dkr−`

dskr−`

[

(s − pr)
krF (s)

]
∣
∣
∣
∣
s=pr

1

`!
t`−1eprt. (4.78)
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Alternatively, the previously explained residue-based method (4.51) provides the formulation

f(t) =
1

2πj

∮

C
F (s)est ds =

n∑

r=1

Res
s=pr

[
F (s)est

]
; t ≥ 0 (4.79)

where

Res
s=pr

F (s) est =
1

(kr − 1)!

dkr−1

dskr−1

[

(s − pr)
krF (s) est

]
∣
∣
∣
∣
s=pr

=
1

(kr − 1)!

dkr−2

dskr−2

[

(s − pr)
krF (s) test + est d

ds

(

(s − pr)
krF (s)

)]∣
∣
∣
∣
s=pr

=
1

(kr − 1)!

dkr−3

dskr−3

[

(s − pr)
krF (s) t2est + 2test d

ds

(

(s − pr)
krF (s)

)

+

est d2

ds2

(

(s − pr)
krF (s)

)]∣
∣
∣
∣
s=pr

...
...

=

kr∑

`=1

dkr−`

dskr−`

[

(s − pr)
krF (s)

]
∣
∣
∣
∣
s=pr

1

`!
t`−1eprt.

Substituting this expression for the residue back into (4.79) then leads to

f(t) =

n∑

r=1

kr∑

`=1

dkr−`

dskr−`

[

(s − pr)
krF (s)

]
∣
∣
∣
∣
s=pr

1

`!
t`−1eprt. (4.80)

Note that this is identical to the solution (4.78) found via partial fraction expansion. Therefore, as
was also the case for isolated poles, we find that partial fraction expansion methods are essentially the
same as residue methods - the residues are simply the partial fraction expansion co-efficients {K `

r}.
Given this equivalence, the residue-based method (4.79) would appear to be superior to partial

fraction methods for the following reasons.

1. It does not require memorization of any Laplace Transform results (such as those in table 4.1);

2. It allows inverse transformation even when the transform in question contain elements that are
not recognisable from available transform tables;

3. It directly exposes why a pole at p in a transform F (s) implies a term ept in the inverse transform
f(t) = L−1 {F (s)};

4. It directly exposes how the ROC of the transform determines the causility of the signal being
transformed;

5. The arithmetic manipulations involved in computing residues are identical to those involved in
computing partial fraction expansion co-efficients, and hence are no more complicated.
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4.6 Differential Equation Solution by Laplace Transform Methods

The previous chapter considered general differential equations of the form

dn

dtn
y(t)+an−1

dn−1

dtn−1
y(t)+· · ·+a1

d

dt
y(t)+a0y(t) = bn

dn

dtn
u(t)+· · ·+b1

d

dt
u(t)+b0u(t). (4.81)

which can be written somewhat more compactly as

n∑

k=0

ak
dk

dtk
y(t) =

n∑

k=0

bk
dk

dtk
u(t). (4.82)

In turn, the previous chapter also established (see section 3.17) that, for a given signal u(t) and given
initial conditions on y(t) and its derivatives at time t = t0, a solution y(t) that satisfied (4.82) for
t ≥ t0 could be found by state-space means as

y(t) = CeA(t−t0)
x0

︸ ︷︷ ︸

Natural Response

+

∫ t

t0

CeA(t−σ)
Bu(σ) dσ + Du(t)

︸ ︷︷ ︸

Forced Response

. (4.83)

Here A,B,C,D are the matrices forming the state-space representation of (4.82). The main diffi-
culty with this method of solution is that calculation of the matrix exponential eAt is not completely
straightforward, and neither is the computation of the associated convolution integral in (4.83). The
purpose of this section is to show how Laplace Transform methods may be used to compute the solu-
tion (4.83) in a simple manner that avoids these difficulties.

The key idea is to not solve directly for y(t), but instead use a first step of solving for Y (s) =
L{y}, the Laplace Transform of y(t), and then follow this with a second step of computing the
solution y(t) as the inverse Laplace Transform y(t) = L−1 {Y }.

The first step is achieved by taking the Laplace Transform of both sides of (4.82). Since equality
should be maintained by this operation then

L
{

n∑

k=0

ak
dk

dtk
1(t) · y(t)

}

= L
{

n∑

k=0

bk
dk

dtk
1(t) · u(t)

}

(4.84)

where the inclusion of the 1(t) step function has been made so as to only consider y(t) and u(t) for
t ≥ 0. Furthermore, as a consequence of the linearity of the Laplace Transform, the relationship
(4.84) may be written as

n∑

k=0

akL
{

dk

dtk
1(t) · y(t)

}

=
n∑

k=0

bkL
{

dk

dtk
1(t) · u(t)

}

. (4.85)

Therefore, according to the property (4.27) for the Laplace Transform of a derivative,

L
{

dk

dtk
1(t) · y(t)

}

= sk Y (s) −
k∑

`=1

sk−` d`−1

dt`−1
y(t)

∣
∣
∣
∣
t=0−

(4.86)

and similarly for derivatives of u(t). Using this principle in (4.85) then leads to

Y (s)
n∑

k=0

aks
k−

n∑

k=0

ak

k∑

`=1

sk−` d`−1

dt`−1
y(t)

∣
∣
∣
∣
t=0−

= U(s)
n∑

k=0

bks
k−

n∑

k=0

bk

k∑

`=1

sk−` d`−1

dt`−1
u(t)

∣
∣
∣
∣
t=0−

.

(4.87)
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Therefore, after defining

A(s) ,

n∑

k=0

aks
k = a0 + a1s + a2s

2 + · · · + ansn

B(s) ,

n∑

k=0

bks
k = b0 + b1s + b2s

2 + · · · + bnsn

the equation (4.87) becomes

Y (s)A(s)−
n∑

k=0

ak

k∑

`=1

sk−` d`−1

dt`−1
y(t)

∣
∣
∣
∣
t=0−

= U(s)B(s)−
n∑

k=0

bk

k∑

`=1

sk−` d`−1

dt`−1
u(t)

∣
∣
∣
∣
t=0−

(4.88)

and hence, by dividing through by A(s), the transform Y (s) of the solution (4.83) of (4.81) is given
from (4.87) as

Y (s) =
B(s)

A(s)
U(s) +

1

A(s)

[
n∑

k=0

k∑

`=1

sk−` d`−1

dt`−1
y(t)

∣
∣
∣
∣
t=0−

−
n∑

k=0

k∑

`=1

sk−` d`−1

dt`−1
u(t)

∣
∣
∣
∣
t=0−

]

= H(s)U(s)
︸ ︷︷ ︸

Forced Response
Component

+
1

A(s)

n∑

k=0

k∑

`=1

sk−`

[

ak
d`−1

dt`−1
y(t)

∣
∣
∣
∣
t=0−

− bk
d`−1

dt`−1
u(t)

∣
∣
∣
∣
t=0−

]

︸ ︷︷ ︸

Natural Response
Component

(4.89)

where

H(s) ,
B(s)

A(s)
. (4.90)

This development deserves to be emphasised.
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Consider the differential equation

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = bn

dn

dtn
u(t) + · · · + b1

d

dt
u(t) + b0u(t) (4.91)

and suppose that any initial conditions associated with this equation are specified at t = 0−. Then the
Laplace transform Y (s) of the solution of this differential equation is related to the Laplace transform U(s)
of the signal u(t) and the initial conditions at t = 0− according to

Y (s) = H(s)U(s)
︸ ︷︷ ︸

Forced Response
Component

+
1

A(s)

n∑

k=0

k∑

`=1

sk−`

[

ak
d`−1

dt`−1
y(t)

∣
∣
∣
∣
t=0−

− bk
d`−1

dt`−1
u(t)

∣
∣
∣
∣
t=0−

]

︸ ︷︷ ︸

Natural Response
Component

(4.92)

where

H(s) =
B(s)

A(s)
(4.93)

and

A(s) = sn + an−1s
n−1 + an−2s

n−2 + · · · + a2s
2 + a1s + a0

B(s) = bnsn + bn−1s
n−1 + bn−2s

n−2 + · · · + b2s
2 + b1s + b0.

That is, the Laplace Transform Y (s) of the solution y(t) of the general differential equation (4.81) can
be broken into two parts. The first depends only on the signal u(t), and not on any initial conditions,
and hence it is the Laplace Transform of the ‘forced response’ solution component. The second
depends only on these initial conditions, and not on u(t), t > 0, and therefore it is the Laplace
Transform of the ‘natural response’ component. If all the initial conditions

y(0−),
d

dt
y(0−), · · · ,

dn−1

dtn−1
y(0−), u(0−),

d

dt
u(0−), · · · ,

dn−1

dtn−1
u(0−)

are zero, then (4.89) simply becomes

Y (s) = H(s)U(s)

and then y(t) is simply found as
y(t) = L−1 {H(s)U(s)}

which is only a forced response component. More generally though, both the forced and natural
response components are found by Inverse Laplace Transformation of the expression (4.89).

In summary then, a complete means for differential equation solution involves taking Laplace
Transforms of both sides of the differential equation, then use the linearity property (4.17) and differ-
entiation property (4.27) in order to gain an expression for the Laplace Transform Y (s) of the solution
y(t), then finally find the solution y(t) by Inverse Laplace Transformation y(t) = L−1 {Y (s)}. This
process is probably most clearly conveyed by example.

Example 4.23 First Order Case Recall the first order differential equation case, which was used in
Example 3.1 to model an RC circuit, was used in example 3.4 to model car velocity and was used in
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Example 3.2 to model an Op-Amp circuit. All these are instances of the situation

d

dt
y(t) + a0y(t) = b0u(t) ; y(0−) = y0.

Taking the Laplace Transform of both sides of this differential equation results in

sY (s) − y(0−)
︸ ︷︷ ︸

L
{

d

dt
1(t) · y(t)

}

+a0Y (s) = b0U(s).

so that

Y (s) =

(
b0

s + a0

)

U(s)

︸ ︷︷ ︸

Forced Response

+
1

(s + a0)
y(0−)

︸ ︷︷ ︸

Natural Response

Now suppose that u(t) = 1(t) which is a unit step input, so that by table 4.1 U(s) = 1/s. Then

Y (s) =
b0

s(s + a0)
+

1

(s + a0)
y(0−)

and hence by a Residue calculation (which notes that there are poles at s = 0 and s = −a0)

y(t) =

[
b0

a0

[
1 − e−a0t

]
+ y(0−)e−a0t

]

1(t).

This (of course) is exactly the same solution as obtained by state-space means (with state dimension
equal to one) in (3.56) as part of example 3.8, where t0 = 0 was chosen in that example, and here it is
taken as t0 = 0−.

�

Example 4.24 Second Order Case Consider the circuit shown in figure 4.7. The arrow notation
around the switch indicates that it is thrown closed at t = 0 and is open for all t prior to that point.

In order to compute the evolution of vC(t) after the switch is closed, a differential equation model
for vC(t) is required. To obtain this, first notice that by Kirchoff’s Voltage Law

vR(t) + vL(t) + vC(t) = V?. (4.94)

However, the fundamental characteristics of a resistor and inductor are that

vR(t) = RiR(t), vL(t) = L
d

dt
iL(t). (4.95)

Furthermore, by Kirchoff’s Current Law

iR(t) = iL(t) = iC(t). (4.96)

Therefore, substituting (4.96) into (4.95) leads to

vR(t) = RiC(t), vL(t) = L
d

dt
iC(t). (4.97)
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Additionally, the fundamental characteristic of a capacitor is that

iC(t) = C
d

dt
vC(t) (4.98)

which when substituted into (4.97) gives

vR(t) = RC
d

dt
vC(t), vL(t) = LC

d2

dt2
vC(t). (4.99)

Inserting this into the Kirchoff Voltage Law relationship (4.94) then provides

RC
d

dt
vC(t) + LC

d2

dt2
vC(t) + vC(t) = V?

which, on dividing through by LC becomes

d2

dt2
vC(t) +

R

L

d

dt
vC(t) +

1

LC
vC(t) =

1

LC
V?. (4.100)

To compute vC(t) after the switch is thrown, we elect to first compute its transform VC(s) = L{vC(t)}
by using the principles (see section 4.4.5)

L
{

1(t) · d

dt
f(t)

}

= sL{f} − f(0−), L
{

1(t) · d2

dt2
f(t)

}

= s2L{f} − sf(0−) − d

dt
f(0−)

when taking Laplace Transforms of both sides of (4.100). This leads to
[

s2VC(s) − svC(0−) − d

dt
vC(0−)

]

+
R

L

[
sVC(s) − vC(0−)

]
+

1

LC
VC(s) =

1

LC

V?

s
. (4.101)

In arriving at this, when taking the Laplace Transform of the right hand side we have accounted for

+

+

t = 0

vC(t)

vR(t) vL(t)

V?

R = 50Ω L = 10H

C = 25000µF

Figure 4.7: Circuit leading to second order differential equation model for the capacitor voltage
vC(t).

the switch closing at t = 0 but being open prior to then by modelling the voltage source as V?1(t),
whose Laplace Transform is then V?/s.

Collecting terms associated with VC(s) in (4.101) then provides

VC(s)

[

s2 +
R

L
s +

1

LC

]

− vC(0−)

[

s +
R

L

]

− d

dt
vC(0−) =

1

LC

V?

s
. (4.102)
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To proceed beyond this point, consider the case of specific component values of

C = 25000µF, L = 10H, R = 50Ω

so that
R

L
=

50

10
= 5,

1

LC
=

1

10 · 25 · 103 · 10−6
= 4

and hence

VC(s) =
4V?

s(s2 + 5s + 4)
︸ ︷︷ ︸

Forced Response

+
(s + 5)vC(0−) + dvC(0−)dt

(s2 + 5s + 4)
︸ ︷︷ ︸

Natural Response

.

For the Forced Response component, the inverse Laplace Transform may be computed via the residue
method as

L−1

{
4V?

(s2 + 5s + 4)

}

= L−1

{
4V?

s(s + 4)(s + 1)

}

= 4V?

[
1

(s + 4)(s + 1)

∣
∣
∣
∣
s=0

+
1

s(s + 1)

∣
∣
∣
∣
s=−4

e−4t +
1

s(s + 4)

∣
∣
∣
∣
s=−1

e−t+

]

1(t)

= V?

[

1 +
1

3
e−4t − 4

3
e−t

]

1(t).

Similarly, for the natural response component

L−1

{
(s + 5)vC(0−) + dvC(0−)dt

(s2 + 5s + 4)

}

= L−1

{
(s + 5)vC(0−) + dvC(0−)dt

(s + 4)(s + 1)

}

=
(s + 5)vC(0−) + dvC(0−)dt

(s + 1)

∣
∣
∣
∣
s=−4

e−4t +

(s + 5)vC(0−) + dvC(0−)dt

(s + 4)

∣
∣
∣
∣
s=−1

e−t

=
1

3

[

vC(0−)[4e−t − e−4t] +
dvC(0−)

dt
[e−t − e−4t]

]

.

Therefore, the complete solution for the capacitor voltage for t ≥ 0 after the switch is thrown is

vC(t) = V?

[

1 +
1

3
e−4t − 4

3
e−t

]

+
1

3

[

vC(0−)[4e−t − e−4t] +
dvC(0−)

dt
[e−t − e−4t]

]

. (4.103)

Notice that if we set t = 0 in this solution we obtain

vC(0) = vC(0−)

and hence the capacitor voltage when the switch is thrown matches the initial voltage just before it
was thrown. Similarly, if we differentiate (4.103) we obtain

d

dt
vC(t) = V?

[

−4

3
e−4t +

4

3
e−t

]

+
1

3

[

vC(0−)[−4e−t + 4e−4t] +
dvC(0−)

dt
[−e−t + 4e−4t]

]

and hence
d

dt
vC(t)

∣
∣
∣
∣
t=0

=
dvC(0−)

dt
.

Therefore, the solution (4.103) satisfies any initial conditions that are placed on the capacitor voltage
prior to the switch being thrown.

�
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4.6.1 More on Initial Conditions

The previous section has illustrated how Laplace Transform methods may be used so find a differential
equation solution y(t) that satisfies certain specifications on

y(t),
d

dt
y(t),

d2

dt2
y(t), · · · ,

dn−1

dtn−1
y(t) (4.104)

at time t = 0−, which is a point infinitesimally smaller than (minutely to the left of) the time t = 0.
This particular choice for the t at which specification on (4.104) are met is imposed by the following
Laplace Transform property introduced in section 4.4.5

L
{

1(t) · d

dt
f(t)

}

= sL{1(t) · f(t)} +

∫ ∞

−∞
1(t) · d

dt
[f(t)e−st] dt (4.105)

= sL{1(t) · f(t)} +

∫ ∞

0−

d

dt
[f(t)e−st] dt (4.106)

= sL{1(t) · f(t)} − f(0−). (4.107)

Here, integration by parts is used in (4.105), and the progression to (4.106), and hence the specification
of the point t = 0− arises because the 1(t) function has a discontinuity at t = 0:

1(t) ,







1 ; t ≥ 0

0 ; t < 0.
(4.108)

With this in mind, suppose the above specification is slightly modified to produce a new function
1+(t) that is non-zero for t > 0 (rather that for t ≥ 0 as with the 1(t) function)

1+(t) ,







1 ; t > 0

0 ; t ≤ 0.
(4.109)

Using this function, the integral in (4.105) can be altered to yield
∫ ∞

−∞
1+(t) · d

dt
[f(t)e−st] dt =

∫ ∞

0+

d

dt
[f(t)e−st] dt = −f(0+)

where 0+ is a point infinitesimally greater than (minutely to the right of) t = 0. This would then lead
to an alternate differentiation property

L
{

1+(t) · d

dt
f(t)

}

= sL{1+(t) · f(t)} − f(0+). (4.110)

Therefore, Laplace Transform methods are also able to handle initial condition specifications at t =
0+, and the question of whether to use this time point, or t = 0− becomes problem dependent, as will
presently be illustrated.

The only difference between these approaches (4.110) and (4.107) is the quantity

f(0+) − f(0−) =

∫ 0+

0−

d

dt
[f(t)e−st] dt. (4.111)

If df(t)/dt is bounded in the region t ∈ (0−, 0+), then the integral on the right of (4.111) is zero (the
integration width is zero), and hence f(0+) = f(0−). In this case, initial conditions specifications at
t = 0− and t = 0+ are equivalent. However, this need not always be the case.
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Example 4.25 Derivative of 1(t) Suppose we examine the case of f(t) = 1(t). As explained in
section 2.1.5, it is possible to think of the derivative of 1(t) as a Dirac delta δ(t) so that

L
{

d

dt
1(t)

}

= L{δ(t)} = 1. (4.112)

Furthermore, if we use the rule (4.107) then we can also compute

L
{

1(t) · d

dt
1(t)

}

= sL{1(t) · 1(t)} − 1(0−) = s
1

s
− 0 = 1

which agrees with (4.112). However, if we use the alternate formulation (4.110)

L
{

1+(t) · d

dt
1(t)

}

= sL{1+(t) · 1(t)} − 1(0+) = s
1

s
− 1 = 0. (4.113)

This discrepency arises since
d

dt
1(t) = δ(t)

is clearly not bounded in the interval t ∈ (0−, 0+) and hence

f(0+) − f(0−) =

∫ 0+

0−

d

dt
[1(t)e−st] dt =

∫ 0+

0−
δ(t) dt = 1 6= 0.

Furthermore, note that the value of zero found in (4.113) is correct, since for t > 0

d

dt
1(t) = 0

and hence

1+(t) · d

dt
1(t) = 0.

�

This example combined with the preceding discussion illustrates the following principle for the Laplace
Transform of signal derivatives which extends the earlier one presented in section 4.4.5.

Suppose that all the derivatives
dk

dtk
f(t) ; k = 0, 1, 2, · · · , n (4.114)

exist on the interval (0,∞). Then for all s in intersection of the ROC of F (s) and the region Real {s} > 0:

L
{

1+(t) · dn

dtn
f(t)

}

= snL{1+(t) · f(t)} − sn−1f(0+) − sn−2 d

dt
f(0+) − · · · − dn−1

dtn−1
f(0+)

= sn L{1+(t) · f(t)} −
n∑

k=1

sn−k dk−1

dtk−1
f(0+).

Furthermore, if all the derivatives in (4.114) are also of bounded magnitude, then

L
{

1+(t) · dn

dtn
f(t)

}

= L
{

1(t) · dn

dtn
f(t)

}

= sn L{1(t) · f(t)} −
n∑

k=1

sn−k dk−1

dtk−1
f(0−).
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The question of whether to use t = 0− or t = 0+ in the specification of initial conditions can therefore
be problem dependent according to whether it is appropriate to model derivatives of certain signals as
bounded at t = 0 or not.

For example, it is very common in engineering scenarios for the input driving signal u(t) to be
a unit step u(t) = 1(t). If this signal then acts on a system which involves differentiation of u(t)
then since (see section 2.1.5) d1(t)/dt = δ(t) the system will be affected by an impulsive Dirac delta
component.

This further implies that it will be possible for the system output y(t) to change discontinuously
at t = 0, and hence the question of whether to use t = 0− or t = 0+ for the specification of initial
conditions is an important one that depends on whether it is physically reasonable to include impulsive
components in the system response.

For example, when dealing with the shock-absorber example (see example 3.3), there are two
scenarios which might be of interest.

1. The case of the vertical height of the car being at rest before the car hits a sudden bump in
the road, which is modelled as u(t) = 1(t). In this situation, it is appropriate to consider an
impulsive component affecting the system, and hence initial conditions should be specified at
t = 0−;

2. The case of the car being depressed by being held down with a weight, which is then released
at t = 0. This can also be modelled as u(t) = 1(t), but here it is not appropriate for this to lead
to impulsive components, and hence initial conditions should be specified at t = 0+.

Despite the fact that these two scenarios involve the same differential equation and the same input
u(t), one case models an impulsive input to the system, while the other models the case of a system
being released from some restrained position. The associated responses are quite different and are
completely determined by the choice of initial condition point t = 0− or t = 0+ in the Laplace
Transform analysis as will now be illustrated.

Example 4.26 Shock Absorber Revisited Let us return to the shock absorber modelling situation first
considered in example 3.3. In this case, as also assumed in Example 3.17, suppose that the car mass,
shock absorber spring stiffness and damper viscosity are (respectively) given as

m = 1000 kg, ks = 2000 N/m, kd = 3000 Ns/m.

Then according to (3.24) the relationship between car height y(t) and road height u(t) is given as

d2

dt2
y(t) + 3

d

dt
y(t) + 2y(t) = 3

d

dt
u(t) + 2u(t). (4.115)

Suppose further the initial conditions on y(t) are specified at t = 0− as

y(0−) = −0.5,
d

dt
y(0−) = −1 (4.116)

and that the input u(t) is a unit step 1(t) so that

u(0−) = 0,
d

dt
u(0−) = 0. (4.117)
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Therefore, taking Laplace Transforms of both sides of (4.115) and using the linearity of the Laplace
Transform together with the rule (4.27) for how the Laplace Transform of a signal and its derivative
are related gives

s2Y (s) − sy(0−) − d

dt
y(0−) + 3sY (s) − 3y(0−) + 2Y (s) = 3sU(s) − 3u(0−) + 2U(s)

so that

(s2 + 3s + 2)Y (s) − (s + 3)y(0−) − d

dt
(0−) = (3s + 2)U(s) − 3u(0−)

which may be re-written as

Y (s) =
(3s + 2)U(s) − 3u(0−)

s2 + 3s + 2
+

(s + 3)y(0−) + dy(0−)/dt

s2 + 3s + 2
(4.118)

Using the values (4.116), (4.117) this becomes

Y (s) =
(3s + 2)U(s) − 0

(s + 2)(s + 1)
︸ ︷︷ ︸

Forced Response

+
−0.5s − 2.5

(s + 2)(s + 1)
︸ ︷︷ ︸

Natural Response

The natural response yn(t) is then found by Residue calculation as

yn(t) = L−1

{ −0.5s − 2.5

(s + 2)(s + 1)

}

=
−0.5s − 2.5

(s + 2)

∣
∣
∣
∣
s=−1

e−t +
−0.5s − 2.5

(s + 1)

∣
∣
∣
∣
s=−2

e−2t

=

[−0.5(−2) − 2.5

(−1)

]

e−2t +

[−0.5(−1) − 2.5

1

]

e−t

= 1.5e−2t − 2e−t.

Similarly, after recognising that u(t) = 1(t) implies U(s) = 1/s then the forced response yf (t) is

yf (t) = L−1

{
3s + 2

s(s + 1)(s + 2)

}

(4.119)

=
3s + 2

(s + 1)(s + 2)

∣
∣
∣
∣
s=0

+
3s + 2

s(s + 2)

∣
∣
∣
∣
s=−1

e−t +
3s + 2

s(s + 1)

∣
∣
∣
∣
s=−2

e−2t (4.120)

=
2

(1)(2)
+

(−1)

(−1)(1)
e−t +

(−4)

(−2)(−1)
e−2t (4.121)

= 1 + e−t − 2e−2t. (4.122)

Therefore the complete response of car height y(t) to a unit step bump in the road is

y(t) = 1 + e−t − 2e−2t
︸ ︷︷ ︸

yf (t)

+1.5e−2t − 2e−t
︸ ︷︷ ︸

yn(t)

= 1 − e−t − 0.5e−2t

which is illustrated in figure 4.8. Notice that the initial condition specification

y(0−) = −0.5,
d

dt
y(0−) = −1
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Figure 4.8: Car shock absorber response using initial conditions specified at t = 0−.

at time point t = 0− is also met by the natural response component yn(t) = 1.5e−2t−2e−t at t = 0+.
However, this is not true for the total response y(t) = yf (t) + yn(t).

The reason for this is that the differential equation model (4.115) involves differentiation of the in-
put u(t) which, being a unit step u(t) = 1(t) is discontinuous at t = 0. Strictly speaking, this implies
u(t) is not differentiable at t = 0, and hence that the differential equation (4.115) is not meaningful
at t = 0. However, as shown in section 2.1.5, it is possible to interpret the derivative of 1(t) as a
Dirac delta - that is, d1(t)/dt = δ(t). Under this interpretation, the forced response component for
the system (4.115) is influenced by such an impulse which, at time t = 0 can instantaneously change
y(t) and dy(t)/dt from their values at t = 0−.

To underline this point, consider an alternative scenario. Instead of addressing the case of a road
bump which, as just shown, can exert an impulsive influence on the car height, consider the case of
the normal (at rest) car height being y(t) = 1m above sea level, and up until time t = 0 it is depressed
(say, by heavy weight) to a height of y(t) = 0m, which at time t = 0 is released.

In this case, at time t = 0+ just after the car is released, the appropriate initial conditions are

y(0+) = 0,
d

dt
y(0+) = 0. (4.123)

The differential equation describing the car response will still be that of (4.115), and the input will still
be u(t) = 1(t) in order to model the above depress-release scenario. The only difference between
the previous case then is that the initial conditions are specified at t = 0+ rather than at t = 0−.
Therefore, (4.118) is modified to become

Y (s) =
(3s + 2)U(s) − 3u(0+)

s2 + 3s + 2
+

(s + 3)y(0+) + dy(0+)/dt

s2 + 3s + 2
. (4.124)

Using the values (4.123) together with the fact that u(t) = 1(t) implies u(0+) = 1 then leads to

Y (s) =
(3s + 2)1/s − 3

s2 + 3s + 2
=

2

s(s + 1)(s + 2)
.
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Therefore

y(t) = L−1

{
2

s(s + 1)(s + 2)

}

=
2

(s + 1)(s + 2)

∣
∣
∣
∣
s=0

+
2

s(s + 2)

∣
∣
∣
∣
s=−1

e−t +
2

s(s + 1)

∣
∣
∣
∣
s=−2

e−2t

=
2

(1)(2)
+

2

(−1)(1)
e−t +

2

(−2)(−1)
e−2t

= 1 − 2e−t + e−2t (4.125)

which is shown in figure 4.9. Now, notice that at t = 0+ the solution (4.125) does satisfy the initial
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Figure 4.9: Car shock absorber response using initial conditions specified at t = 0+.

condition constraints (4.123) which were also specified at t = 0+.

�

4.7 The System Transfer Function

The previous section has just illustrated, that for systems whose behaviour is modelled as a differential
equation, if any initial conditions are zero (or, if not, their effect is ignored) then the remaining forced
response y(t) has a Laplace Transform Y (s) = L{y} that is related to the Laplace Transform U(s) =
L{u} of u(t) via (see equation (4.89))

Y (s) = H(s)U(s) (4.126)

where

H(s) =
B(s)

A(s)
=

b0 + b1s + b2s
2 + · · · + bnsn

a0 + a1s + a2s2 + · · · + sn
(4.127)
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with the ak, bk co-efficients being those of the differential equation model (4.81),(4.82).
The term H(s) in (4.126) is called the ‘transfer function’ of the system, and it derives its name

from the fact that according to (4.126), it describes how the ‘strength ’ U(s) of a signal component
e−st in u(t) is transferred to a ‘strength’ Y (s) of that same component in y(t).

The particular form of H(s) shown in (4.127), which consists of a numerator B(s) divided by a
denominator polynomial A(s) is called ‘rational’. According to the analysis in the previous sections
between equations (4.82) and (4.89), whenever a differential equation model like (4.82) describes a
system, then its transfer function will always be of the rational form (4.127).

In this case, it is then possible to also write H(s) in a form in which the polynomials are factored:

H(s) =
K(s − z1)(s − z2) · · · (s − zm)

(s − p1)(s − p2) · · · (s − pn)
. (4.128)

The (possibly complex valued) numbers z1, · · · , zm are called the ‘zeros’ of H(s), since from (4.128)
it is clear that H(zk) = 0 for any k = 1, 2, · · · ,m. The numbers p1, p2, · · · , pn are called the ‘poles’
of H(s), since at these values of s, the surface defined by H(s) shoots off to infinity, in much the
same way as the poles in a circus tent raise the tent at the points where they are located. The number
K in (4.128) is simply a constant that is sometimes required to make the factored form (4.128) equal
to the expanded polynomial form (4.127).

While these ideas have been presented according to a differential equation model such as (4.82),
we have also seen in chapter 3 that any such model can also be expressed in a state-space form

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t).

In this case, taking Laplace Transforms of both sides and assuming zero initial conditions leads to

sX(s) = AX(s) + BU(s) (4.129)

Y (s) = CX(s) + DU(s). (4.130)

Now, from (4.129)
[sI−A]X(s) = BU(s)

so that
X(s) = [sI−A]−1

BU(s).

Substituting this into (4.130) provides

Y (s) = C [sI−A]−1
BU(s) + DU(s) =

(

C [sI−A]−1
B + D

)

︸ ︷︷ ︸

H(s)

U(s).

The linear, time invariant, finite dimensional sytem described in state space form

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

has transfer function H(s) given by

H(s) = C [sI−A]−1
B + D. (4.131)
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Example 4.27 Transfer Function from State Space Description Suppose that the relationship between
signals y(t) and u(t) satisfies the second order differential equation

d2

dt2
y(t) + a1

d

dt
y(t) + a0y(t) = b1

d

dt
u(t) + b0u(t). (4.132)

Then clearly, from (4.127) the transfer function for this system will be

H(s) =
b1s + b0

s2 + a1s + a0
. (4.133)

However, (4.132) also has a state-space representation

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

with, according to the observer canonical form (3.85)

A =

[
−a1 1
−a0 0

]

, B =

[
b1

b0

]

, C = [1, 0], D = 0.

Therefore, using the following formula for the inversion of an arbitrary 2 × 2 matrix M

M =

[
a b
c d

]

, ⇒ M−1 =
1

det M

[
d −b
−c a

]

(4.134)

leads to

(sI−A)−1 =

[
s + a1 −1

a0 s

]−1

=
1

s(s + a1) + a0

[
s 1

−a0 s + a1

]

.

Therefore (remember D = 0)

H(s) = C [sI−A]−1
B

=

(
1

s2 + a1s + a0

)

[1, 0]

[
s 1

−a0 s + a1

] [
b1

b0

]

=

(
1

s2 + a1s + a0

)

[1, 0]

[
b1s + b0

b0s + (a1b0 − a0b1)

]

=
b1s + b0

s2 + a1s + a0

which is what was expected according to (4.133).

�

This example raises an interesting connection between the eigenvalues of A in a state space represen-
tation and the poles p1, · · · , pn in the transfer function representation. The previous example showed
that the denominator of H(s) was formed as the determinant of the matrix sI−A, and this determinant
is intimately related to the eigenvalues of A.

To be more specific, suppose that we wish to compute the eigenvalues λ1, λ2, · · · , λn of the
n × n matrix A. Now an eigenvalue λ is defined as a scalar number which satisfies the equation
(see section 3.A.2)

Ax = λx (4.135)
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for some nonzero vector x, which is called the eigenvector of A associated with the eigenvalue λ.
Notice that the above equation can be re-written as

[λI−A]x = 0.

If this is solvable for some non-zero x, then this implies that λI − A is not invertible. Otherwise
multiplying both sides of the above by [λI − A]−1 would imply that x = 0, which violates the
assumption that x 6= 0. Therefore, the search for an eigenvalue λ is equivalent to the search for a
value such that λI−A is not invertible.

Now a matrix is invertible, if and only if its determinant is non-zero. So the only values of λ that
can possibly satisfy (4.135) (for non-zero x) must themselves satisfy

det (λI−A) = 0. (4.136)

At the same time, a formula called Cramer’s rule states that the m,n’th element of a matrix inverse
M−1 is given by

[M−1]m,n =
det N(n,m)

det M
(4.137)

where the number N(n,m) is the determinant of the matrix M with its m’th column and n’th row
removed (N(n,m) is then called a ‘cofactor’). This makes (4.137) a generalisation of the formula
(4.134).

The point is, that Cramer’s rule indicates that [sI−A]−1 contains terms, all of which have det(sI−
A) as a dividing factor. Therefore, since

H(s) = C [sI−A]−1
B + D

then it must be that the poles of H(s) are those values of s for which

det(sI−A) = 0.

But according to (4.136), these values of s are equal to the values of λ which are the eigenvalues of
A. We therefore have the following relationship between the poles of H(s) and the eigenvalues of A.

For a system with state space representation

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

and hence transfer function representation

H(s) = C [sI−A]−1
B + D =

K(s − z1)(s − z2) · · · (s − zm)

(s − p1)(s − p2) · · · (s − pn)
,

the poles p1, · · · , pn of H(s) are the eigenvalues λ1, · · · , λn of A.
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4.8 Stability and the Transfer Function

The Laplace Transform ideas of this chapter have been applied to the modelling of systems obeying
differential equation models of the form

dn

dtn
y(t)+an−1

dn−1

dtn−1
y(t)+· · ·+a1

d

dt
y(t)+a0y(t) = bm

dm

dtm
u(t)+· · ·+b1

d

dt
u(t)+b0u(t). (4.138)

As just shown in section 4.7, the great utility of Laplace Transform methods is that they permit a very
compact representation of this relationship (4.138) as

L{y(t)} = H(s)L{u(t)}
where H(s) is known as the ‘transfer function’ and is given by

H(s) =
b0 + b1s + b2s

2 + · · · + bnsn

a0 + a1s + a2s2 + · · · + ansn
=

K(s − z1)(s − z2) · · · (s − zm)

(s − p1)(s − p2) · · · (s − pn)
.

At the same time, the system (4.138) also has a state space representation

d

dt
x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t).

In terms of this latter description, section 3.12.6 established that the system (4.138) is asymptotically
stable if, and only if, all the eigenvalues λ1, · · · , λn of A satisfy Real {λk} < 0.

Furthermore, the previous section has establised that the eigenvalues λ1, · · · , λn of A are equal
to the poles p1, p2, · · · , pn of the transfer function H(s). This implies that the stability of the system
(4.138) can be established via its transfer function representation.

The linear, time invariant and finite dimensional system described by

dn

dtn
y(t) + an−1

dn−1

dtn−1
y(t) + · · · + a1

d

dt
y(t) + a0y(t) = bm

dm

dtm
u(t) + · · · + b1

d

dt
u(t) + b0u(t).

and which therefore has transfer function representation

H(s) =
b0 + b1s + b2s

2 + · · · + bnsn

a0 + a1s + a2s2 + · · · + ansn
=

K(s − z1)(s − z2) · · · (s − zm)

(s − p1)(s − p2) · · · (s − pn)
.

is asymptotically stable if, and only if

Real {pk} < 0 ; k = 1, 2, · · · , n.

Clearly, this makes sense, since in the case of pk being an isolated pole, it adds a contribution

[Res
s=pk

H(s)U(s)]epkt

to the solution y(t), and if pk = αk + jωk then

epkt = eαkt [cos ωkt + j sinωkt]

so that if αk > 0, then y(t) will contain a component which explodes as t grows. Therefore, all the
αk = Real {pk} must be negative for asymptotic stability to occur.
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4.9 Transfer Function and Impulse Response Relationship

There is a vital point to be made about a system transfer function. So far in this chapter we have
only considered linear systems for which a differential equation model holds. However, chapter 3
established that it is possible to be more general than this by characterising the relationship between
y(t) and u(t) according to convolution with an impulse response h(t). That is,

y(t) = [h ~ u](t) =

∫ ∞

−∞
h(σ)u(t − σ) dσ. (4.139)

Furthermore, around equation (4.21) it was established that

L{h ~ u} = L{h}L {u}

and hence taking Laplace Transforms of both sides of (4.139) provides

Y (s) = L{y} = L{h ~ u} = L{h}L {u} = H(s)U(s).

Therefore

The transfer function H(s) of a system is the Laplace Transform of its impulse response h(t).

Example 4.28 Car Shock Absorber Revisited Consider the shock absorber just considered in Exam-
ple 4.26 wherein the differential equation model relating road height u(t) to car height y(t) was

d2

dt2
y(t) + 3

d

dt
y(t) + 2y(t) = 3

d

dt
u(t) + 2u(t). (4.140)

Via (4.127) (see also (4.133)) the associated system transfer function is

H(s) =
3s + 2

s2 + 3s + 2
=

3s + 2

(s + 1)(s + 2)
.

Therefore, since H(s) = L{h(t)} the impulse response h(t) for this shock absorber system is

h(t) = L−1

{
3s + 2

(s + 1)(s + 2)

}

=
3s + 2

s + 2

∣
∣
∣
∣
s=−1

e−t +
3s + 2

s + 1

∣
∣
∣
∣
s=−2

e−t

=
3 · (−1) + 2

−1 + 2
e−t +

3 · (−2) + 2

−2 + 1
e−2t

= 4e−t − e−t.

�
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4.10 Direct Transform Modelling of Electrical Circuits

We have now seen how Laplace Transform methods can be used to understand and in fact compute
the response of linear systems described by a differential equation. This still leaves the task of ob-
taining this differential equation in the first place, and techniques for achieving this were discussed in
sections 3.1 and 3.3.

However, Laplace Transform methods can streamline this task, since it is possible to directly de-
rive a Laplace Transform Transfer function description, without an intermediate differential equation
modelling step. The strategy is essentially to apply the Laplace Transform as early as possible in the
modelling process.

To see how this may be achieved, recall that section 3.1 has already introduced the fundamental
electrical circuit components of resistor, inductor and capacitor. For these elements, the currents
through them are related to the voltages across them as (respectively)

vR(t) = RiR(t), vL(t) = L
d

dt
iL(t), iC(t) = C

d

dt
vC(t). (4.141)

These relationships can be combined with Kirchoff’s Laws to obtain differential equation models for
circuit behavior; see examples 3.1,3.2.

However, an alternative to this sort of direct time domain analysis is to instead take Laplace Trans-
forms of both sides of all the relationships in (4.141) to obtain, after using the principle introduced in
(4.27) (with n = 1) of

L
{

d

dt
1(t) · y(t)

}

= sY (s) − y(0−).

This implies new Laplace Transform domain characterisations

Resistor: VR(s) = RIR(s)

Inductor: VL(s) = sLIL(s) − LiL(0−)

Capacitor: VC(s) =
1

sC
IC(s) +

1

s
vC(0−)

(4.142)

In the case where any initial energy storage in the elements is zero so that iL(0−) = vC(0−) = 0,
then the above relationships are all special cases of the following general one

V (s) = ZI(s) (4.143)

where
Resistor: Z = RI

Inductor: Z = sL

Capacitor: Z =
1

sC
.

(4.144)

That is, according to (4.144), in the Laplace Transform domain, all elements obey what is basically
Ohm’s Law, with the generalisation of resistance R being replaced by Z , which is called ‘impedance’.
This implies that the modelling of circuits containing capacitors and inductors does not need to be any
more complex than for those containing only resistors.
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The associations (4.142) between time domain representations (4.141) of circuit elements and
their Laplace Transform domain equivalents may be represented graphically according to figure 4.10.
In order to usefully employ these relationships, it is necessary to establish some fundamental circuit

+

+

+

+

+ +

+

+

i(t)

i(t)

i(t)

C

R

L

Z =
1

sC

Z = R

Z = sL
LiL(0)

I(s)

I(s)

I(s)

v(t)

v(t)

v(t)

1

s
vC(0)

V (s) = RI(s)

V (s) =
1

sC
I(s) +

1

s
vc(0

−)

V (s) = sL I(s) − Lil(0
−)

Figure 4.10: Graphical conventions for representing circuit elements in the Laplace Transform Do-
main.

laws that apply in the Laplace Transform domain.

4.10.1 Kirchoff’s Laws

These Laws state that at any circuit node

∑

k

ik(t) = 0 (4.145)

while around any circuit mesh
∑

k

vk(t) = 0. (4.146)

By virtue of the linearity of the Laplace Transform, these are unchanged in the Laplace Transform
domain. That is, taking the Laplace Transform of both sides of (4.145) provides

L
{

∑

k

ik(t)

}

=
∑

k

L{ik(t)} =
∑

k

Ik(s) = 0. (4.147)
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Similarly, Laplace Transforming both sides of (4.146) shows the Kirchoff’s voltage law applies for
Laplace Transforms of voltage signals as well:

∑

k

Vk(s) = 0. (4.148)

4.10.2 Parallel and Series Combinations

Consider the series connection of impedances Z1 and Z2 shown in the left of figure 4.11. Then by
Kirchoff’s voltage law

V (s) = V1(s) + V2(s).

However, by the definition (4.143) of impedance

V1(s) = Z1I(s), V2 = Z2I(s)

where each impedance has the same current flowing through it by Kirchoff’s current law. Therefore,

V (s) = (Z1 + Z2)
︸ ︷︷ ︸

Zeq

I(s) = ZeqI(s)

where, as indicated
Zeq , Z1 + Z2.

That is, a series connection of impedances may be lumped into an equivalent impedance Zeq as shown
on the right of figure 4.11. Note that this is a direct extension of the way series resistors may be
lumped.

+

+

+ +

Z1

Z2

I(s)

V (s) V (s)

I(s)

Zeq = Z1 + Z2

V1(s)

V2(s)

Figure 4.11: Impedance Zeq which is equivalent to a series combination of separate impedances.

Now consider the parallel connection of impedances shown in the left of figure 4.12. Then by
Kirchoff’s current law

I(s) = I1(s) + I2(s).

Combining this with the defining property (4.143) of impedance and Kirchoff’s voltage law (which
asserts that the voltages across the impedances are the same) then leads to

I(s) =
V (s)

Z1
+

V (s)

Z2
= V (s)

[
1

Z1
+

1

Z2

]
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and therefore

V (s) =






1
1

Z1
+

1

Z2




 I(s) =

Z1Z2

Z1 + Z2
I(s) = ZeqI(s)

where clearly

Zeq ,
Z1Z2

Z1 + Z2
= Z1‖Z2.

Again, an interconnection of impedances can be lumped into an equivalent impedance in a manner
that is identical to that for purely resistive circuits. Notice in particular the use of the ‖ notation as a
shorthand way of indicating that impedances are connected in parallel.

+ +

Z2
Z1

I(s)

V (s) V (s)

I1(s) I2(s)

Zeq =
Z1Z2

Z1 + Z2

I(s)

Figure 4.12: Impedance Zeq which is equivalent to a parallel combination of separate impedances.

4.10.3 Voltage Division

Consider the circuit shown in figure 4.13. Then by the previous result on lumping series impedances

I(s) =
V (s)

Z1 + Z2
.

However, by the defining principle of impedance (4.143), then V2(s) = Z2I(s) so that

V2(s) =

[
Z2

Z1 + Z2

]

V (s). (4.149)

That is, the proportion of V2(s) to the total voltage V (s) across the series connection is the same as
the proportion of the impedance Z2 (that the voltage appears across) to the total series impedance.
This principle is known as ‘voltage division’.

4.10.4 Examples of Direct Laplace Transform Modelling

We have now established the fundamental idea that electrical circuit modelling can be achieved by
direct consideration of the Laplace Transforms of voltage and current signals. Via this strategy cir-
cuit analysis is simplified since, using the idea of impedance, component behaviour becomes just a
generalised version of Ohm’s Law. However, to fully appreciate this issue, it is necessary to see it
demonstrated.



166 c©Brett Ninness

+

+V (s)

V2(s) =
Z2

Z1 + Z2
V (s)

I(s)

Z1

Z2

Figure 4.13: The principle of voltage division across a series connection of impedances.

Example 4.29 First Order Op-Amp Circuit. Consider the operational amplifier circuit shown in the
left of figure 4.14. This was in fact first analysed via a strictly time domain approach in example 3.2.
However, if a direct Laplace Transform approach is taken where instead of labelling the circuit accord-
ing to time domain voltage and current signals, it is labelled according to their Laplace transforms,
then the result is as shown in the right of figure 4.14. In this case, by using the principle of voltage
division

V−(s) =
[Vo(s) − Vi(s)]Ri
(

Ri + Rf‖
1

sC

)

︸ ︷︷ ︸

Voltage division across Ri.

+Vi(s). (4.150)

However, as noted previously in example 3.2, by the action of negative feedback in this circuit and

+

−+ +

− −

+ −

+

−+ +

− −

−+

Ri

Vc(s)

Rf

Vo(s)Vi(s)

1

sC

V+(s)

V
−

(s)

vi(t) vo(t)

vc(t)

Ri

i1(t)

Rf
i3(t)

i2(t)

v
−

v+

Figure 4.14: Circuit considered in example 4.29. On the left is the time domain represention, and on
the right is the Laplace Transform domain one.

under an assumption of infinite differential gain in the Op-Amp

V−(s) = V+(s) = 0.
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In this case (4.150) becomes

Ri
(

Ri + Rf‖
1

sC

)Vo(s) =







Ri
(

Ri + Rf‖
1

sC

) − 1







Vi(s)

and therefore

Vo(s) =







1 −

(

Ri + Rf‖
1

sC

)

Ri







Vi(s)

=

(

−Vi(s)

Ri

)

· Rf‖
1

sC

= −Vi(s) ·
1

Ri
· Rf · 1/sC
Rf + 1/sC

= −
(

Rf

Ri(sCRf + 1)

)

︸ ︷︷ ︸

H(s)

Vi(s).

This is a much more direct means for obtaining the transfer function description H(s) than the al-
ternative of following the method of example 3.2 where the time domain differential equation model
(3.15)

d

dt
vo(t) +

1

CRf
vo(t) = − 1

CRi
vi(t)

was derived, and then taking Laplace Transforms of both sides of this (and assuming zero initial
capacitor voltage) led to

(

s +
1

CRf

)

Vo(s) = − 1

CRi
Vi(s).

This then gave (as already found above)

H(s) =
Vo(s)

Vi(s)
= − 1/CRi

s + 1/CRf
= − Rf

Ri(sCRf + 1)
.

�

Example 4.30 Higher Order Passive Circuit. As an example of a circuit of higher than first order,
consider that shown in the top diagram of figure 4.15 and suppose that the relationship between the
source voltage v(t) and the voltage v1(t) across capacitor C1 is required.

Then, with reference to the Laplace Transform domain version of the circuit shown in the bottom
diagram of that same figure, the principle of voltage division leads directly to the Laplace Transform
of v1(t) being related to the Laplace Transform of v(t) via

V1(s) =

1

sC1

∥
∥
∥
∥

(

sL2 +
1

sC2

)

(R + sL1) +
1

sC1

∥
∥
∥
∥

(

sL2 +
1

sC2

) V (s).
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All that remains now is algebraic manipulation. Specifically

1

sC1

∥
∥
∥
∥

(

sL2 +
1

sC2

)

=

1

sC1

(

sL2 +
1

sC2

)

1

sC1
+ sL2 +

1

sC2

=
C2L2s

2 + 1

s3L2C1C2 + s(C1 + C2)
.

Therefore

V1(s) =

C2L2s
2 + 1

s3L2C1C2 + s(C1 + C2)

R + sL1 +
C2L2s

2 + 1

s3L2C1C2 + s(C1 + C2)

V (s)

=

(
C2L2s

2 + 1

s4L1L2C1C2 + s3L2C1C2R + s2(C2L2 + L1(C1 + C2)) + sR(C1 + C2) + 1

)

︸ ︷︷ ︸

Transfer Function H(s)

V (s).

Since this relationship may also be written as
[
s4L1L2C1C2 + s3L2C1C2R + s2(C2L2 + L1(C1 + C2)) + sR(C1 + C2) + 1

]
V1(s) = [C2L2s

2+1]V (s)

then, if direct differential equation of the circuit in the top of figure 4.15 was performed, it would
result in

L1L2C1C2
d4

dt4
v1(t) + L2C1C2R

d3

dt3
v1(t) + [C2L2 + L1(C1 + C2)]

d2

dt2
v1(t)+

R(C1 + C2)
d

dt
v1(t) + v1(t) = C2L2

d2

dt2
v(t) + v(t)

�

Example 4.31 Accounting for Initial Conditions. As a final example of the use of Laplace Transform
method for direct circuit modelling, consider the simple first order circuit shown in the left hand di-
agram of figure 4.16 which was first treated in example 3.1. Suppose that, as opposed to the other
examples, the initial conditions on capacitor voltage are not zero (or ignorable if non-zero). Further-
more, by the notation associated with the switch, we mean that it is closed at time t = 0, but is open
for all t prior to this point.

Then as indicated in figure 4.10, the Laplace Transform domain version of this circuit is as shown
in the right hand diagram of figure 4.16. Note the presence of the voltage source dependent on the
initial capacitor voltage vC(0−). Furthermore, notice that since the closing of the switch can be
modelled via a step input voltage source of the form v(t) = V 1(t) then it’s Laplace Transform is
V/s.

Therefore, again using the elementary principle of voltage division

V1(s) =






1

sC

R +
1

sC






(

V (s) − vC(0−)

s

)

=

(
1

sRC + 1

) (

V (s) − vC(0−)

s

)

.
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+

+

+

+

R L1 L2

C1
C2

v1(t)

v(t)

V1(s)
1

sC1

V (s)

sL1R sL2

1

sC2

Figure 4.15: Circuit considered in example 4.30. In the top diagram is the time domain represention,
and the bottom diagram is the Laplace Transform domain version.

Consequently,

VC(s) = V1(s) +
vc(0

−)

s

=

(
1

sRC + 1

)

V (s) +

(

1 − 1

sRC + 1

)
1

s
vc(0

−)

=

(
1

sRC + 1

)
V

s
+

RC

sRC + 1
vc(0

−)

where the fact that V (s) = V/s was used in progressing to the last line. Taking inverse Laplace
Transforms of both sides of this (via the residue method noting poles at s = 0 and s = −1/RC) then
gives the time domain solution for vC(t)

vC(t) =
V

sRC + 1

∣
∣
∣
∣
s=0

+

(
s + 1/RC

sRC + 1

)
V

s

∣
∣
∣
∣
s=−1/RC

e−t/RC +
RC(s + 1/RC)

sRC + 1
vc(0

−)

∣
∣
∣
∣
s=−1/RC

e−t/RC

= V
[

1 − e−t/RC
]

+ vC(0−)e−t/RC .

�
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+ +

+

+

+

vC(t)C

t = 0

1

s
vC(0−)

1

sC

R

V

R

V (s) =
V

s
V1(s)

VC(s)

Figure 4.16: Circuit considered in example 4.31. In the left diagram is the first order circuit rep-
resented in the time domain, and in the right is the Laplace Transform domain version with initial
conditions on the capacitor at time t = 0 accounted for

4.11 Concluding Summary

This chapter has concentrated on how Laplace Transform methods may be applied to the analysis of
signals and systems. The Laplace transform definition used in this book is the so-called bilateral one

F (s) = L{f(t)} =

∫ ∞

−∞
f(t)e−st dt

which has an interpretation according to F (s) being a measurement of the projection of f(t) onto the
signal e−st.

As shown in the previous chapter 3, the response y(t) of any linear and time invariant system to
an input u(t) can be expressed via convolution with the system impulse resonse h(t) as

y(t) =

∫ ∞

−∞
h(σ)u(t − σ) dσ = [h ~ u](t).

The fundamental reason for the study of the Laplace Transform is that under it, the complicated
operation of convolution operation becomes the simple operation of multiplication. That is,

L{h ~ u} = L{h}L {u} .

Here, H(s) = L{h(t)} is called the transfer function, and it is a key method of system representation
since it is in one-to-one correspondence with the system impulse response via the operation of the
Laplace Transform. Furthermore, in the case where the relationship between y(t) and u(t) satisfies a
differential equation model of the form

dn

dtn
y(t)+an−1

dn−1

dtn−1
y(t)+· · ·+a1

d

dt
y(t)+a0y(t) = bm

dm

dtm
u(t)+· · ·+b1

d

dt
u(t)+b0u(t) (4.151)

then via the property that

L
{

dk

dtk
f(t)

}

= skL{f(t)}
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(assuming zero initial conditions) the transfer function H(s) is easily found as

H(s) =
bmsm + bm−1s

m−1 + · · · + b1s + b0

sn + sn−1sn−1 + · · · + a1s + a0
.

If this transfer function is then written in a factored form

H(s) =
bmsm + bm−1s

m−1 + · · · + b1s + b0

sn + sn−1sn−1 + · · · + a1s + a0
=

bmsm + bm−1s
m−1 + · · · + b1s + b0

(s − p1)(s − p2) · · · (s − pn)

then the system poles p1, · · · , pn are the eigenvalues λ1, · · · , λn of the A matrix of the state space
description for the system (4.151). Therefore, the asymptotic stability of a system represented via the
transfer function H(s) depends on the poles p1, · · · , pn of that transfer function satisfying Real {pk} <
0 for k = 1, 2, · · · , n.

The most important Laplace Transform is arguably that of a general exponential signal

L
{

1(t) · eαt
}

=
1

s − α
(4.152)

which derives its significance since so many other cases can be derived from it. For example, via the
linearity of the Laplace Transform and the fact that 2 cos ωt = ejωt + e−jωt then using α = ±jω in
(4.152) provides

L{cos ωt} =
1

2

[
1

s − jω
+

1

s + jω

]

=
s

s2 + ω2
.

Continuing this example, the property that L
{
eαtf(t)

}
= F (s − α) then further implies that

L
{
eαt cos ωt

}
=

(s − α)

(s − α)2 + ω2
.

The inversion of Laplace Transforms, in the case where |F (s)| → 0 as |s| → ∞ and where F (s) had
poles at s = p1, p2, · · · , pn was shown to be computable as

f(t) =
1

2πj

∮

C
F (s)est ds =

n∑

k=1

Res
s=pk

[
F (s)est

]
; t ≥ 0. (4.153)

where, if a pole pk has multiplicity m, the residue in this expression is given as

Res
s=pk

F (s) =
1

(m − 1)!

dm−1

dsm−1

[
(s − pk)

mF (s)est
]
∣
∣
∣
∣
s=pk

.

In the case where the poles pk are all isolated so that m = 1 in each case this implies that (4.153)
becomes the very simple operation

f(t) = L−1 {F (s)} =
n∑

k=1

epkt
{

(s − pk)F (s)|s=pk

}

.

This highlights the general principle that a pole at s = p in a Laplace Transform F (s) = L{f(t)}
corresponds to a component ept existing in the underling signal f(t).

Finally, in the case of circuit modelling, it was shown that using the idea of impedance, Laplace
Transform models for circuit behaviour could be directly obtained without any initial step of differen-
tial equation modelling.
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4.12 Exercises

1. Plot the following signals and compute their Laplace Transforms

(a)

f(t) =







0 ; t < 0
t ; t ∈ [0, 1)
1 ; t ∈ [1, 3)

4 − t ; t ∈ [3, 4)
0 ; t ≥ 4

(b)

f(t) =







0 ; t < 0
e−t ; t ∈ [0, 2)
et−4 ; t ∈ [2, 4)
0 ; t ≥ 4

(c)

f(t) =







0 ; t < 0
sin t ; t ∈ [0, π)
− sin t ; t ∈ [π, 2π)

0 ; t ≥ 2π

2. A signal f(t) has Laplace Transform

F (s) =
s + 1

s2 + 5s + 7
.

Using this information and the fundamental properties of the Laplace Transform, compute the
transforms of the following signals

(a)
g(t) = f(3t − 4)

(b)
g(t) = t f(t)

(c)

g(t) =
d2

dt2
f(t)

(d)

g(t) =

∫ t

−∞
f(σ) dσ

(e)
g(t) = sin 2t f(t)

(f)
g(t) = e−3t f(t)

(g)
g(t) = [f ~ f ](t).
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3. Determine, for each of the following cases of F (s), the inverse Laplace transform f(t) =
L−1{F}.

(a)

F (s) =
s + 2

s2 + 7s + 12

(b)

F (s) =
s + 1

s3 + 5s2 + 7s

(c)

F (s) =
3s2 + 2s + 1

s3 + 5s2 + 8s + 4

(d)

F (s) =
s2 + 1

s2 + 7s + 12

(e)

F (s) =
s + e−s

s2 + 3s + 2

4. The relationship between two signals y(t) and u(t) is known to be governed by the following
differential equation

d2

dt2
y(t) + 7

d

dt
y(t) + 10y(t) = 5

d

dt
u(t) + u(t)

(a) Compute the transfer function H(s) relating Y (s) = L{y} to U(s) = L{u}.

(b) Compute the impulse response h(t) governing the relationship y(t) = [h ~ u](t) between
y(t) and u(t).

5. The response y(t) of a system S to a signal u(t) is given by the following differential equation

d2

dt2
y(t) + 4

d

dt
y(t) + 3y(t) = u(t).

Compute the response y(t) for t ≥ 0 for the following cases (1(t) is the unit step)

(a)

y(0) = −2,
d

dt
y(t)

∣
∣
∣
∣
t=0

= 1, u(t) = 0.

(b)

y(0) = 0,
d

dt
y(t)

∣
∣
∣
∣
t=0

= 0, u(t) = δ(t).

(c)

y(0) = 0,
d

dt
y(t)

∣
∣
∣
∣
t=0

= 0, u(t) = 1(t).

(d)

y(0) = −2,
d

dt
y(t)

∣
∣
∣
∣
t=0

= 1, u(t) = 1(t).
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6. Suppose a linear system has an impulse response

h(t) =

{
2e−t/2 sin 3t ; t ≥ 0

0 ; Otherwise
.

(a) Sketch the impulse response.

(b) Suppose this system is driven by an arbitrary input u(t), write down an expression for
what the output y(t) of the system will be.

(c) Is this a causal or a non-causal linear system? Explain your answer in terms a convolution
relationship.

(d) What is the transfer function H(s) for this system?

(e) Write down a differential equation relating the output y(t) to the input u(t) for arbitrary
u(t).

7. For each of the three circuits in figure 4.17, and assuming zero initial capacitor voltages, and
zero initial inductor currents:

(a) Use direct Laplace Transform modelling methods to derive the transfer function H(s) =
V0(s)/Vi(s).

(b) Using H(s), determine the differential equation relating vo(t) to vi(t).

8. In circuit (c) of figure 4.17, use direct Laplace Transform domain modelling tecniques to deter-
mine the relationship between Vo(s) and Vi(s) when the initial voltage across capacitor C1 is
10V and the initial current through L1 is 5A.

9. For the circuit shown in figure 4.18:

(a) Assuming zero initial capacitor voltages, use direct Laplace Transform modelling methods
to derive the transfer function H(s) = V0(s)/Vi(s).

(b) Using the H(s) derived above, determine the differential equation relating vo(t) to vi(t)
in the circuit of figure 4.18.
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+

−

+

−

+

−

C1 C2
v0(t)vi(t)

R1 R2 R3

R2

C1

C2

v0(t)(a) vi(t)

R1

(b)

vi(t)

R1 R2

C1

C2
L1 v0(t)

(c)

Figure 4.17: Circuits relevan to question 7
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+

−
R2

v0(t)vi(t)

R1

C1 C2

Figure 4.18: Circuit considered in question 9.
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