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6. Sampling, Reconstructionand the Discrete Fourier Transform

—

» Real implementation signal processing design ( lters)
may lack accuracy and robustness.

# Modern signal processing schemes are implemented
digitally, using CPU's and memory.
This is called Digital Signal Processing (DSP).

» Computers cannot process data in continuous time,
they work only with discrete samples of signals.
o How might these samples be obtained?
o What information about the continuous time signal
is contained in the samples?
s How can we construct a continous time signal from
certain samples?
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Sampling

f # Analog to Digital (A/D) converter: T
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o Samples a continous (analog) signal at times
determined by a clock signal,

» Convert these samples to an n-bit representation

» The binary-format or digital signal is then given to
a CPU, stored in RAM/disk, transmitted, etc.
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# Analog to Digital (A/D) converter:
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o thetime (s)is called the sampling period, and
s theratefg=1= (Hz)and!s= 2 = (rad/s) are
known as the sampling frequency.

The continous time signal u(t) gives rise to the sequence:

| uc, uk) = u(t)jy k= 2 1,012
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Sampling
- |

® We measure the information of u(t) contained in the
samples ux = u(k) interms of the signal spectrum.

»® To compare the signal u(t) and the sequence f ukg, we
use an ideally sampled version of u(t):

Up(t) = :ii+vu ¢ (t+ ) +up (H)+uy (B ) +:::= ug (t k)

If we de ne the periodic signal p (t) as:

b3
p (), (t k)

k=1
Then up(t) can be derived via multiplication:
up(t) = u(t) p (t)
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Sampling
N

u(t) Continuougime up(t) Perfect
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» Note that if up(t) = u(t) p (t) then, from properties of
the Fourier transform, we have:
z
W)= Lu-P1m=2 P (e )d
o(! 5 ! >, !

L |
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® ToobtainP ()= F fp (t)gwe notethatp (t)isa
periodic signal with period T = . Therefore:
b3

h3 )
p (1), (t k) = O
k=1 k=1

where ! ¢ = 2 = and the coef cients are:

&=~ (e 1€ tat= T

The Fourier transform of the periodic signal p (t) then
is:
R
PM=2" ( Ko te=2
k=1
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Sampling

# Therefore, we have that:

141
Up(!) = 2, P ()Hu( )d

1Zl "X #

= = u(! ) ( klg) d
1 k=1

1 A 21

= — u( ) ( klg)d
k=1 1
b3

-1 U kls)

k=1

This is known as the Poisson summation formula.
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Sampling

f ® From uy(!)= 1 X u( k's) , we have that: T
<l i Ui
4 -
; - Samplngivesspectratepetiion
IUp(‘)l
e

s = —

s Uy(!) is arepeated and scaled version of the
spectrum U(! ).

s The spacing between the repetitionsis! = 2 =
rad/s, and the magnitude scaling factor is 1= . J
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# From the relationship:

1 %
Up(l) = = u¢ k')
k=1

we note that:

s The ideal sampled signal up(t), because consists of
in nitely sharp spikes, contains spectral
components fromO0to 1 .

» The signal up(t) does not exist. It is just a concept
used to represent the sequence ux = u(k) .

» The repeated nature of Uy(! ) implies that, based
only on the samples f ukg, it is impossible to be
unambiguous about the frequency of sine-wave

L components that may have generated them ...
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Sampling

f » ... Two different signals can generate the same
sequence of samples:

I

In fact, in nitely many sine waves pass through the
sampling points, since for every integer m:

2
L ugc=coslk) =cosfk +2km)=cos ! +m— Kk
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Reconstructionand the Nyquist Sampling Criterion

| N

# Associated with the idea of sampling is that of
reconstruction : how might a continous time signal
u(t) be reconstructed from given samples ux = u(k) ?

# In the frequency domain, we address the problem as
that of reconstructing U(! ) from Up(! ).

» Recall that Up(! ) is a repeated and scaled version of
U(! ), hence this can be recovered via:

U(t)=H() Upg!)
where H(! ) is a perfect(low pass lter :

ty =
H() =
¢y gy o=

L |
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Reconstructioy low passItering

A

B B

» Note that perfect reconstruction is possible only if
there is no overlap of U(! ) with U(!  !g). Thatis:

2
— 2 B
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Reconstructionand the Nyquist Sampling Criterion

Reconstructioniter H (w)

JUP(!)J/

Reconstructioy low passItering

Ui
B

B

® Nyquist Sampling Criterion : A signal u(t) can be
reconstructed from samples ux = u(k) if the sampling
frequency is at least twice the bandwidth of the signal:

1 . 2 .
—=fg> ZBJHZ or —=14> 2BJrad/S
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Reconstructionand the Nyquist Sampling Criterion

f » Note that in the time domain: . T

1
ut)=F *fH(') Up(')g= h( Jup(t  )d
1

where h(t) = F 1fH(! )g, which is:

Z _ .
= — 't = Lfst . = 1
=5 @'t St

h3
and up(t) = u(t) (t k) . Then we have:

k=1
1 1

u(t) = sin fs_ ut ) (t k) d
1 k=1
1 1w

= %u(t ) (t k) d
k=1 1

1

sin fs(t k)

e T |
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# Shannon's Reconstruction Theorem : Given

samples ux = u(k) of a signal u(t) of bandwidth B Hz,

then if the sampling frequency fs > 2B, the signal u(t)
can be reconstructed via:

X sin fs(t k) 1
u(t) = uk) s B fo= o
- fst k)

Reconstructed (t)

sin fg(t 2)
! Int lant—————
A NI

= SamplingPeriod
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Reconstructionand the Nyquist Sampling Criterion

—

# Shannon's Reconstruction Theorem:

X sin fo(t k) 1
u(t) = uk) oSt B o= o
- fst k)

In practice, this perfect reconstruction is not possib le:

o First, because the lter above is non-causal
(h(t) 6 Ofort < Q).

» Butterworth, Chebychev or other approximation to
perfect reconstruction lter can be used.
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Reconstructionand the Nyquist Sampling Criterion

—

# Shannon's Reconstruction Theorem:
X in fs(t k 1
un= "ok TS s 2
k=1 s

s Secondly, from Paley—Wiener theorem and the
property F fu(t+ T)g= e ' TF fu(t)g:

tlogiU()i, _ * logie TV, _ * logje 1'TUM)]
1 1+12 ' 1 1+12 ) )

1 1+12

Butifju()j=oforjtj> B, then this is equal to 1
and thererefore u(t+ T) 6 0 for some t+ T < 0, or
equivalently somet< T, for any value of T.

That is, a signal u(t) is perfectly bandlimited if and
L only it has persisted for all time. J
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# Shannon's Reconstruction Theorem:

sin fg(t k)

x
um= T uk) e

k=1
In practice,
» Any signal u(t) will exist over a nite duration,
hence having in nite spectrum.
s A nite bandwidth B can be chosen neglecting

components beyond ! = B, and thus overlapping
effects (aliasing).
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Reconstructionand the Nyquist Sampling Criterion

f » Digital to Analog (D/A) converter

Vo Vol
= e — =

R Samplesof signalu (t)| | | | Zeroorderholdreconstructi (1) Continuousime
Wiy e
P %5 e

signal

AID Reconstructipn u(t)
CPU n bit databus CONVERTER Fiter
—— R(s)
CLK
IRGT)I
M \

Accepts n-bit binary-format samples.
s Synchronised to a clock signal, converts these
binary values to a voltage amplitude.
» This voltage is held until a new sample is converted
L to voltage (Zero Order Hold or ZOH).
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Reconstructionand the Nyquist Sampling Criterion

f » Digital to Analog (D/A) converter T
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e —
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—

» The reconstruction lter acts on the ZOH signal.
It is an approximation to the perfect low-pass
Shannon reconstruction Iter.

s Intuitively, the Iter just smooths the signal J
L produced by the D/A converter.
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#® The relationship between the perfectly sampled signal
up(t), and the ZOH output us(t) can be understood as:

us(t) = [up~ h](t)
where the sample and Qold function shape is:
<1 5t2[0] ;

h(t) = .
- 0 ;Otherwise

u g (t) =Sampleandheldsignal

up(t) Perfect
7

Sampling B

Reconstructe@ignal

t Hold t ter
Function
H (s)

e
. 1 4 h(t) = impulseresponse
of hold function
| :

— -
= hold time = samplingperiod
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Reconstructionand the Nyquist Sampling Criterion

f # In the frequency domain:
Us(!) = Fflh~ upl(t)g= F fh(t)g F fup(t)g= H(') Up(!)
where:
1 1 e ! 1 =psinl =2

H() = h(t)e 1'tdt = ej!‘dt=%l=2e1! |
1 0 ]! :

sothat: jH(1)j= sincl!— I
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Reconstructionand the Nyquist Sampling Criterion
f ® The spectrum Ug(! ) then is a distorted version of T
Up(!):

IV
B
/, P
-
- F
L
-/\’._a&"/‘-\’/"\/'/\‘/T ~
B !

Us( ) e

o The central part of jUs(! )j for! 2 [ !s=2;!s=2]isa
distorted version of jU(! )j formed as

u() sinc(! =lg).
L | _|
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® Thus:

!
jUs(1)j = ju(t)j sinc —
+S
» The degree of distortion depends on the ratio of
the sampling frequency to the signal bandwidth.
s If!1 ¢>> B then the envelope is relatively constant
for! 2 [ B;B].
s Thus, in practical DSP systems it is desirable to
use a sampling frequency signicantly higher than
the Nyquist criterion, thatis ! ¢ >> 2B.
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Aliasing
f » When the Nyquist criterion is not satis ed, in Uy(! ) the
repeated and shifted versions of U(! ) appearing in
Up(! ) are overlapping. This effect is called aliasing .

IO

B B !

. ¥ NI Samplinggivesspectrarepetition

lg= 2 <28
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Aliasing

f # Consider the case of a signal cos! t with! =5 =2 T
s The bandwidthis B = 5 =2 rad/s
» The Nyquist sampling criterion requires ! s > 5

rad/s or sampling period =2 =l3< 04s.
,,,,,,,,,,, S
The choice T I |
=23 067s A S
trs) Vv W s
! s = 3 rad/s /," \\\\ (j//Shannonecons\l‘rucllonller H(!)

violates the Nyquist ‘ ‘ ‘ ‘ ‘ ‘ !
sampling criterion. T s

L e B
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» If a Shannon reconstruction Iter H(! ) is applied, then
the resulting signal is cos! 5t , with alias frequency

la,=1g | = =2radls.
u()
/ T i T 1
T |
u o+ !s?l \ Up() ”, \\U(!‘ 1)
' (/’Shannoneconglruc&lonltev H(!)
s vt
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Aliasing
f # In order to avoid the problem of aliasing, DSP schemes
include a low-pass anti-aliasing Iter :

e
u(t) Bandimited v Samplesof signalu (t)
continuoustime signal “.1 [

Continuougime
signal

Anti-alias AD
Filter CONVERTER n bit databus CPU
R(s) u(t)
CLK
RG1I L piplnlgliy]
e
The Iter cut-off frequency issetto! !s=2= = to

L ensure a bandwidth B < ! ¢=2.
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The Discrete Time Fourier Transform

f # We have seen that the relationship between u(t) and T
the samples ux = u(k ) is established using the
perfectly sampled signal:

%
up(t) = u(t)p () = uc (t k)
k=1

E ?

Up(!) = Ut kig) itz &

k=1

Up(! ) can also be expressed using Fourier Transform:

1 _ 1 1 )
Up(!) = . up(t)e ' tdt = ) u(t) (t k) el'tdt
k=1

' ut) (t k) eli'tdt

e 11k
k=1 k=1
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# This leads to the Discrete Time Fourier Transform
(DTFT) U(e' ) of the sequence of samples f uyg
de ned as:

. b3 .
ueE' ), uge 11K
k=1

Up(! ) is replaced with U(e' ) for two reasons:

o The DTFT applies for general cases where f uyg
does not necessarily correspond to samples u(k ) .

s The argument €' is used to distinguish the
DTFT U(e! ) from the Fourier transform U(! ).

L
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The Discrete Time Fourier Transform
f » Of course, when ug = u(k) are samples of u(t):
UE! )= U(!) = 1 ® ug klg) ;le= 2
Thatis, U(d' ) is simply U(! ) repeated every
ls= 2 = rad/s and scaled by a factor 1= .

Ui

1

u el = U@ ki)

B e
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1
k=1
Live + 1o [Liv)i Live ot Ljue 21
[ B |

The Discrete Time Fourier Transform
[ ]

» Even when fugg are not samples of an underlying
continuous time signal u(t), for m an arbitrary integer:

3
U(ei(!+m! s) ): ukejk(!+m! s) = ukejk! ejkm!s
k=1 k=1

However:

e ikm s — g ikm@ =) - g ikm2 —q

The Discrete Fourier Transform (DFT) is a periodic
function that repeats at intervals of the sampling
frequency ! s = 2 = |, i.e., for any integer m:

U(ei(!+m! s) ): U(ell )
L _|
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® Example: Consider the case of the samples uy =

where 2 R satises j j< 1

By de nition:
uE' )= uge 1k
k=1
b3 .
— ke jk!
k=0
_ 1
1 e I
And hence:
) g!

L
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The InverseDiscrete Time Fourier Transform

f » We have seen that Up(! ) = Up(! + ! ) is periodic. ]
Therefore, it has a Fourier series representation:

% , * A
Up(!): Ckékz =T _ Cke|k!

k=1 k=1
where we used the fact that the period is
T=15=2 = . Furthermore:
Z,.

= | jk! 1
2 . Up(!)e d!

However, for Up(! ) we already have the expression:

Up(!) = ue itk = u gk
k=1 k=1

Therefore, if we take u , = ¢« we could recover the
L samples uy from their discrete time Fourier transform.
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The InverseDiscrete Time Fourier Transform

f ® The Inverse Discrete Time Fourier Transform of; T
il )4 i k!
ueE )= uge
is given as:
Ug = — ueE' ek a
2

Also, substituying z=d' ) dz=j zd! ,itcanbe
expressed as the Contour Integral:
1! U(z)zK

Ug = — dz
k 2 c V4

| where Cis the unit circle jzj = 1. B
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g!

® Example. Consider: U(d! )= g 7 2R;jj< L
The inverse discrete Fourier transform is given by:
z 2 = j!
e’ Kl
= . : |
Uk = 5 b g e | d
1 z dz_ 1 z*
= — ¢ — = — dz
2] ¢z z 2] ¢z

The contour integral depends only on the residues at the poles
inside the unit circle C.
» Whenk 0, thereis only one pole at z =
Zk

Uk = Res =z = X kK 0
z= z z=

L ]
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The InverseDiscrete Time Fourier Transform

| N

® Example (continued) |
1 1
When k < 0 =— ——dz
» en 0 Uk = 5 T bz ) dz

Now consider the variable substitution
=1=z () d =( 1=2%dz= 2dz

and hence:

1 1kj d 1 q

Uk = — -_ = — —
2j c( ) 2 2) ¢ (@ )

The negative sign has been cancelled because the reversed

integration direction implied by z 7! 1= .

Note that now there is one pole inside C.

jkj jkj

L uk:R:%s a ) :(1 ) :0=0 k<O J
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The InverseDiscrete Time Fourier Transform

[ N

® Example (continued)

Therefore, the complete inverse
discrete Fourier transform of:

uE' )= enL Jm”mm...... .

v 2Rjj<1

! k!
jue' = uge !

k=1

0 T
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® When U(d' ) is formed from samples uy = u(k)
from u(t), then it only contains information about U(! )

within: h i
P2 ——= () ' 20 ;]
This suggests using the variable = known as
the normalised frequency.
»® With respect to normalised frequency ! 7!'!  the

DTFT and its inverse are given as:

. R .
U(e') = DTFT fukg= uge 1

k=1
4

ug = IDTFT U(E') = Zi uE')dx d
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Normalised Frequency
- |

»® With respect to normalised frequency ! 7!'!  the
DTFT and its inverse are given as:
_ * ,
U(e') = DTFT fucg= uge 1K
k=1 . z
ug = IDTFT U(E') = > Ut )dx d

o Software packages typically implement this
normalised frequency version.

s Thevalue of U(e') at ! = !, in normalised
frequency corresponds to ! ,= rad/s in the real
frequency.
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Propertiesof the Discrete Time Fourier Transform

| N

#® Properties inherited from the Fourier Transform
Recall that the DTFT can be viewed as the continuous
Fourier transform of the perfectly sampled signal:

b3 R
up(t) = u) (t k) = ue (t k)

k=1 k=1

Therefore, many properties are inherited from the
(continuous time) Fourier transform.

o Linearity . Suppose thaty, = fyx+ g and that
F(e')= DTFT ffyg, G(e') = DTFT fgeg. Then:
Y(E')=DTFT f uc+ ykg
= DTFT fucg+ DTFT fyyg= F(e')+ G(')

|
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»® Properties inherited from the Fourier Transform
o Time Shift. Suppose that:

Ye = Uk T
and that u(e'! ) = DTFT fukg. Then:
Y(€')=DTFT fux vg=e ' TDTFT fug=e ' TU(")
s Modulation Property. Suppose that
v = €
and that u(é! ) = DTFT fugg. Then:
Y(')=DTFT ¥ u =uE! ')
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Propertiesof the Discrete Time Fourier Transform

f # Properties inherited from the Fourier Transform

o Symmetry and Realness.
If uy is real valued for all k, then:

UE')=uUe i)

This further implies that:
jue")i* = u(")u(e")

=Ue T Ule 1) = Ue TNu(e ') = ju(e I")f?

and hence
juEe')i=juce )j

L so that jU(é")j is an even function of ! .
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Propertiesof the Discrete Time Fourier Transform

f # Properties inherited from the Fourier Transform T

» Convolution . Suppose that hp(t) and up(t) are two
perfectly sampled signals (= 1):

p 3 R
up(t) = ue (t k) 5 hp(t) = hn (t )
k=1 n=1

and that yp(t) is formed by the convolution:

1
Yp(t) = . hp( Jup(t  )d

1 1 1
= hn ( n) ug (t k) d
1 n=1 k=1
1 1 1
= hn ug ( n) (t k) d
n=1 k=1 1
1 1 1

= hhug (t n k)= hput n (t n)
n=1 k=1 n=1
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»® Properties inherited from the Fourier Transform

s Convolution (continued)
In this case, yp(t) can be rewritten as:

b3
yo(t) = Ye (t k)
k=1

Then the convolution of the sequences f hyg and
fuggis:

[h~ ul = hauk n
n=1

Furthermore, from continuous time:
Yp(t) = [hp ~ up](t) () Yo(t) = Hp(t) Up(l):

Therefore:
L DTFT f[h~ ulxg= DTFT fh,g DTFT fu,g= H(¢') U(d')
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Propertiesof the Discrete Time Fourier Transform
f »® Further Properties
s Energy Equivalence
For a perfectly sampled signal, the de nition:
Z 1
Energy = jup(t)j? dt
1

is ill-de ned due to the impulses in up(t).
For the sequence f uxg we use instead:

s
Energy = jugj?
k=1
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Propertiesof the Discrete Time Fourier Transform

f » Further Properties T
Energy Equiv alence (continued)
Consider the two sequences fuxg and fykg:

1 1

1 . .
Uk = Uk > Y (e )@k! d!
k= 1 k=1
1
1 -
= U o Y@ )e 1K di
k=1
1 1 ) 1 o
=5 uge k! Y(d!):z— ue')y(eh)ad

k=1

This is the generalised Parseval's Theorem,
which, when uy = yg, reduces to:

% z

Lo 1 A \i2
jugc= >—  ju(e)jcd
| 2 ]
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Further Properties

Transform of a product
Consider the sequences fy and gx forming a third
one:

hie = fi G
Then the DTFT H (e ) is: g
, b3 , b3 < =f
HE )= fae* = uge, T
k= 1 k=1 " Yk = ke

And hence, from Parseval's theorem:

1Z
HE )= 5 FEHYE

Furthermore, from the modulation property:
Y(e') = DTFT fyyg= DTFT ge* =gGE! ))
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Propertiesof the Discrete Time Fourier Transform

Further Properties

Transform of a product (continued)

This implies that:
z

H(¢ )= DTFT ff, Gag= Zi F(')GEC )

If g is real valued, then:
& ) G N)=cEl ")

Ok

Thus, swapping and! we obtain:
H(e'), DTFT fheg= DTFT ffy gg
z

. - 1
o FE)eE! Hd , ~F-ol)
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Propertiesof the Discrete Time Fourier Transform

B

Further Properties

The Paley—Wiener Theorem
A sequence of samples uy is causal (ux = 0for
k < 0) if and only if its discrete time Fourier
transform U(d!) = DTFT fuyg satis es:
Z
logju(e')jdl > 1

As for the continuous case, the most important
application of this result is in (digital) lter design.

|
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Property Name Operation Discrete Time Fourier Transform Property
Linearity yi = f e+ Y(e')= F (¢')+ G(d')
Time Shift Yk = Ug T Y(!')y=e I'Tu(!)
Modulation yk = ek Y@ )= u@Et ')
Convolution Yk = hnug n Y(e')=H(")U(E!)
n=1
Transform of Product he = fr ok H(') = Zi F(e )G Nd

]
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Propertiesof the Discrete Time Fourier Transform

Property Name Operation Discrete Time Fourier Transform Property
Real valued samples ug 2 R TCEICED)
Hermitian samples U = Tk ueE')2R
1 1 )
Energy Relationship | Energy = juij? Energy = > juehHjzd
k=1
Paley-Wiener u=0; k<0 logju(el' )jd! > 1

]
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L

The Fast Fourier Transform (FFT)

The Fast Fourier Transform (FFT) is the same as the DiscreteT
Fourier Transform (DFT) for nite sequences:
IX 1

bp(!) =

—

uge 1M sk
k=0
Save that FFT applies only when N is a power of 2.
When N = 2V the DFT of f uxg can be obtained
combining the DFT's of several shorter sequences:
taking every second sample of f uig,

taking every second sample of that subsequence, ...

This yields a faster method :
For the DFT you need N 2 calculations,
For the FFT you need N log, N calculations.
(DFT) N2 = 65536
(FFT) Nlog, N = 256 8= 2048 J
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For example, if N = 28 = 256
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