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7. Z-Transforms
-

# For continuous time systems, we analysed the
response y(t) using its Laplace Transform Y'(s):

» The differential equation was transformed in an
algebraic equation.

s The qualitative information on y(t) was determined
using the poles of Y'(s).

» For discrete time systems, we use the difference
equation:

Ykan T On—1Ykyn—1 + .- + Q1Yk11 + QOYk

= bpUgtrm + - - + brugy1 + boug.

We do not analyse the output sequence {y;} directly in
L the time domain, using instead the Z-Transform.
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Relationship between Z-Transformsand L aplace Transforms

f # Consider the continuous time system: T

d*y(t) | dy(t) du(t)
@ Ty TvW =30y

Now in frequency domain, considering sinusoidal
components in the input «(¢) and the output y(¢):

(jw)?Y (W)t +2(jw)Y (W)t +Y (W)t = 3(jw)U (w)el*

Now cancelling ¢/“* on both sides, we get the
Frequency Response of the system:

Y (w) 3

Uw)  (jw)?+2jw+1

which, however, does not consider transient responses
. ofthe system.
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L

»® On the other hand, Laplace Transform considers the
exponential components e*! of the input u(¢) and the
output y(¢). Then:

$%Y (5)e7% + 25Y (5)e?*t + Y (s)est = 3s - U(s)e
and we obtain the Transfer Function of the system:

Y(s) 3s A
U(s) s2+2s+1 = H(s)

This is a generalisation of Fourier analysis since sine
wave signals ¢/“* are special cases of exponential
signals e*f, when s = jw.
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—

d2y(t) , dy(t) Cdu) | T (W)Y (@) + 2j0Y (@) + Y (W) = 3wl (w)
2 T2 g Ty =3—7~ Ts=jw
LR, 2y (s) +28Y () + Y(s) = 3U(s)

L

Relationship between Z-Transformsand L aplace Transforms

# lllustrative diagram:

Time Domain .
Frequency Domain

Fourier

o This gives us a complete bag of tools to work with
in continuous time.

o What about discrete time?
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—

Relationship between Z-Transformsand L aplace Transforms

# Consider, for example, the discrete time system: T
Yk+2 — LOykr1 + 056y, = 3ug 1

We assume an input u;, = Ue/“F2 (A: sampling period)
which generates an output at the same frequency
yr = Yel“RA Then:

e]wZAYe]mkA _ 1.5€JWAY€]WICA + O.56Y€'7w}€A — Se]wAe]ka

Cancelling ¢/“*2 on both sides, we find the discrete
time Frequency Response:
Y ZeiwA

U~ ei2wA 1 5eiwd 1056

As for the continuous time case, this doesn't tell us
anything about the transient response of the system.
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# Considering an exponential in the input u;, = Ues*?,
which produces an exponential output y;, = Ye* 2, we
have that:

252V R A 4 1.6e°2Y e A 4+ 0.64Y ePFA = 352U esFA

If we denote z = 52 then we obtain the Transfer
Function:

Y 3z A

U  22—-152+0.56

H(z)

If s = jw then we have zF = ¢/“F2 and then H(z) for
the special choice = = ¢/“2 gives the sinusoidal steady
state frequency response.

L ]
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Relationship between Z-Transformsand L aplace Transforms

f # |lllustrative diagram: T

Time Domain .
Frequency Domain

eI2WAY, (W) —1.57A Yy (w) +0.56 Y (w) = 3672 Up (w)

1z =elwd

DFT
_—
Yk+2—1.5Yk+1+0.56yr =3upy1

= 22Y (2) — 1.52Y (2) + 0.56Y (2) = 32U (2)

Similar to the continuous time case, however:

» Sampling has been assumed in order for the discrete time
sequences to exist

» In continuous time, et is a general exponential and making

s = jw we get sinusoidal analysis (e/“! = coswt + jsinwt).

» Indiscrete time, z = e = ¢%t|,_, is introduced, and to get

L sinusoidal analysis we use z* = e/“~F = coswkA + jsinwkA. J
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Relationship between Z-Transformsand L aplace Transforms

[ N

# lllustrative diagram:

Time Domain .
— Frequency Domain

-1.5 +0.56y =3u = eI20AY, (W) — 156792 Y (W) +0.56Yy (w) =372 Up (w)
Y42 = L-9Yk41 T U900y = 0oUk 41 12=efwd

2 22Y(2) = 1.52Y(2) + 0.56Y(2) = 32U(2)

. . dr . . .
» In continuous time @est = (s)Pest into the differential

equation relates the strength Y'(s) of the component in y(t) at
st to the strength U(s) of the component in u(t) at e*t.
» Indiscrete time ¢PzF = 2**P into the difference equation
relates the strength Y (z) of the component of {y,} at z* = %4
to the strength U (z) of the component in {u;} at 2*.

L |
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® The strength of % in y(t) is Y (s), given by:
Y(s) = £y} = [ yltear

To know the strength of e*! the sequence {y,} we
consider again the signal y,(t):

Y,(s) = L{yp(t)} = /:’O < Z yro(t — kA)) e—stdt

k=—o0

e’}

= i Yk /OC S(t — kA)e stdt = Z e kA

k=—o0 k=—oc0

Replacing = = e~ *2 we define the Z-Transform of

(o) s
" V()L 2= Y wet

k=—o00
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Calculation of Z-Transforms
o |f we substitute z = e/“2 we get
Y (8) = 37 e~y (w)
k=—00

which gives Discrete Fourier Transform (DFT).
# Most text books define Y (z), with £ starting from O:

o0
V()= 2"
k=0

implicitly assuming all causal signals (y, = 0 for & < 0).
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Calculation of Z-Transforms
]

» Recall that the sum of a geometric series:

N-1
SN = Z ark
k=0
is given by:
1— N
SN = a(l —7; :

If |r| < 1then Y — 0as N — oc. This yields:

oo

Soo = Z :1i7‘

k=—00

This result will be often used to compute Z-Transforms.

_
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» Consider the sequence:
N k>0

Yk =
0 k<O

Then, its Z-transform is:

= Z Ypz Z)\k -k Z (A\/2)*
k=—o0 k=0
Which provided |\/z| < 1, gives:
1 z
Ve =t = ooy > W

L ]
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Calculation of Z-Transforms
f . coswkA k>0 T
0

» Consider the sequence y;, = .
k<0

Then, its Z-transform is:

Z (coswkA)z %i elwkA ,jka)

k=0 k=0

k=
1 .
1—2 lcywA Z*lcfjuA 7‘Z| >1
2_2—1 e]wA TLem ]wA)
{172 1 67“}A+€ ]uJA)+Z 2}

. . z(z — coswA
L Which gives  Y(z) = > _( 2zcoswAl T |z| > 1 J
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Calculation of Z-Transforms

f » We have found that > (A=) = ﬁ 2 > A T

Differentiating both sides with respect to A > 0:

% Z()\z—l)k — Z %)\kz—k — Zk)\k_lz_k _ %Zk)\kz_k
k=0 k=0 k=0 k=0

%(ziA):(z—zw

Therefore:

EXF k>0 A
yk={ B = V()= izl > A

z = )
0 k<0 (&) (2= A)? |
And, in general:
AR k>0 AP
U = = = Y=gk <A
0 k<0 (z =P

L
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Z Transform of {y; }

Time Domain Sequence {yy }
Aok >0
Yk =
0 k<0
coswkA k>0
Yk =
0 k<0
sinwkA k>0
Y =
0 k<0
EPAE k>0
Yk =
0 k<0

Y(Z):Zf)\

slzl > Al

z(z — coswA)

Y(z) = AT CSWD) g
) 22 — 2zcoswA + 1 i1l >
v _ zsinwA . 1
(2) 22 —2zcoswA + 1 ilel >
I\P
Y(z) = (zli,\)iﬂ szl <A

_
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Calculation

of Z-Transforms

-

Time Domain Sequence {yy } Z Transform of {y, }
B N coswkA k>0 V() = 2(z — AcoswA)
Yk = 0 k<0 z T 22— 2XcoswAz + A
) AFsinwkA k>0 V() = AzsinwA
Yk = 0 k<0 z T 22— 2 zcoswA + A2
) EXFsinwkA k>0 V(o) = Az(22 = M) sinwA
Yk = 0 k<0 71 = (22 — 2XzcoswA + A?)?2
) kXFcoswkA k>0 Y(s) = AzfcoswA(22 + A2) — 2)z]
Yk = 0 k<0 T (2% —2XzcoswA + A%)?

_
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Properties of Z-Transforms

# Using the Z-Transforms U(z) and Y (z) we can now

-

obtain the strength of the sequence 2* in {u;} and

{yr}-

Example: Consider the basic filter

Yr+2 — L.5Yry1 = 0.56yx = 3ug41

Then the transfer function is:

V() = 3z

= = 1510560 %)

If {uy} is a step function, then U(z) = ZL , and so

~1
Y(z) = (zz - 1:5)):2 ¥ 0.56> ( - 1)

70z _ 120z n 50z
T (z-07) (2—-08)  (z—1)

_
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‘ Example: (continued)

70z 120z 50z
Y& ="om " Goos TG
=y =2 Y (2)}
= 70(0.7)* — 120(0.8)% + 50(1)*

k>0

»® However, in the calculations we glossed over a few
things:
s We assumed the Z-Transform was linear.
s We assumed that the Z-Transform was unique.
o We assumed that {y;.} was causal (y; = 0 for

L k < 0).
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Properties of Z-Transforms
- |

#® Linearity of Z-Transform
Suppose {u;} and {z;} are two sequences and « and

(4 two real numbers. Then for the sequence:

Yk = aug + By
The Z-Transform is:

(o) o0
Y(z) = Z ypz k= Z (auy + Bay)z "
k=—o00 k=—o00
oo o0
= Z upz F + 8 Z zpz
k=—00 k=—00

=alU(z) + BX(2)
L so that the Z-Transform is linear.
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Properties of Z-Transforms
N

#® Uniqueness of Z Transform
Suppose two sequences {uy} and {z;} with
Z-transform U(z) and X (z). If U(z) = X(z), then by
definition:

U(z) = Z upz k= Z r2 % = X(2)

k=—o00 k=—o00

s U(z) and X (2)t are polynomials in 2!,
s The two polynomials are equal if and only if all its
co-efficients are equal.
s Therefore Y(z) = U(z) if and only if y;, = uy, for
every k.
This means each Z-transform is uniquely associated
L with only one discrete time sequence. J
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»® Time Shifting Property
When using:

Z{qur} = Z{yr+1} = 2Y(2)

we are implicitly assuming that {y; } is causal.
However, {y;} might have non-causal components
(yx # 0 for k& < 0) sometimes called initial conditions.

o Backward shifts in time
o0 o0
Za "y =D 0 "z =Y ez =y O
k=0 k=0

=z" (yfnzn + ylfnzi(lin) +.o.o+ Yo+ y1271 + .. )

n o0
= z_”(z y_p2® + Z yrzk )
k=1 k=0

init. cond. Y (z)
Chapter 7. Z-Transforms — p.22/4

Properties of Z-Transforms
| N

»® Time Shifting Property
o Backward shifts in time That is:

n
Z{g "wy =Y () 427y gyt
k=1

Forn=1,2,3,... this becomes:
Z{g y) =27 Y (2) + Y
Z{q Pyt =27 (2) + 27y Yo
g Py =2Y () + 2y + 2 e s

Z{g "yt =Y (@) + 2"y + o+ Y

L ]
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Properties of Z-Transforms
[ N

»® Time Shifting Property

» An analogous result using Forward shifts in time
is:

n—1
Z{"n} = 2"Y (2) = 2" Y e
k=0
Which forn = 1,2 and 3 is:

Zayr} = 2Y (2) — 2yo
Z{qzyk} =22y
Z{q?’yk} =23y

(2) - 2’21/0 — 2
(2) - 2’31/0 - 2’2y1 — 2Y2

This is not so useful in practice:

Note that (for n = 3) Y (z) will depend on {yo,v1,y2},
L which we are precisely interested to obtain ! J
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® Example 1:
Consider the case of borrowing money from the bank:

» we borrow C dollars,
» we repay in equal installments of P dollars,
» the interest rate per payment period is 100a% of unpaid
principle,
® 1y is the amount owed after k£ th payment, and
® wu, = payment per period.
Then, by the time the (k + 1)th payment is due:
Ykr1 =Yk +ayp —up = qur = (1 + )y — uy.

Taking the Z-Transform and using linearity and time shifting
properties gives:

L 2Y(2) —2yo = 1+ )Y (2) - U(z) J
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Properties of Z-Transforms

[ N

® Example 1: (continued)

So, we obtain Y(z) = — 20 Ulz)
z—(1+a) z—(1+0a)
Now yo = C' the amount initially borrowed, and U(z) corresponds to

the constant repayment P. Then:

P k>0
up = — U(z)=Pz/(z—1)
0 ;k<0

Substituting these values gives:

Cz _ Pz
z—(14+a) (-1)(E-01+a))

-(7) =50 0) =i
P

L :>yk:§+<0—a>(1+a)k i k>0 J
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Y(2) =

Properties of Z-Transforms
f #® Example 1: (continued) T

yk:§+(C—§>(1+a)k i k>0
» The system is unstable unless o < 0
» However banks do not pay you for borrowing money!
» Of course, a > 0 and we are able to pay off the loan if

c-L£<o.
In the figure:
C = $10,000

a = 8/12% per month
for different payments P.

I
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Example 2. Suppose a digital filter whose transfer function is:

q
H(g)= —9
(@) @ — 1.7 +0.72

This is equivalent to the input-output relationship:

Ykt2 — L7ykr1 + 0.72y5 = upta
Taking Ztransforms of both sides of this difference equation:
(22Y (2) — 2%yo — z1) — 1.7 (2Y (2) — 2y0) + 0.72Y (2) = 2U (2) — 2uo

Which on factoring out Y'(z) and U(z) becomes:

B z z2(z — 1.T)yo + zy1 — zuo
Yiz) = (22 — 17z 0.72) Ve = v

Here Y'(z) depends on the unknowns y, and y; !
This happens because k = 2 was implicitly taken as the division
between past and future, and not & = 0.
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Properties of Z-Transforms

Example 2. (continued) T
The problem can be avoided rewriting the recursive input-output
difference equation as:

Yr — L7y—1 +0.72y, 2 = up_1

Equivalently, using the backward shift operator ¢—':

q 1 q
Hg=— 3 = g =
@)= 17,07 @) = T 7 T 0m2g2

Using the ZTransform time shifting properties:

-1

Y(2) = L7 (271 (2) +y—1) +0.72 (272 (2) + 27 ty—1 +y—2) = 27 1U(2) +u_1

Which on factoring out Y'(z) and U(z) becomes:

271 (1.7-0.72z"Yy_1 — 0.72y_o + u_1
Ye)=— 2y
@)= T o2V 1-1.72-1 40722
_ z Ul) + 2(1.72 — 0.72)y_1 — 0.722%y_o + 22u_1
22 —1.72+0.72 22 —1.72+0.72
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Properties of Z-Transforms

Example 2. (continued) T
If we consider {u} a unit step at k = 0, then:
Y(2) = 22 2(1.72 — 0.72)y_1 — 0.722%y_o
T (2-0.9)(z—0.8)(z — 1) (z—0.9)(z — 0.8)

Using partial fraction expansion, we obtain:

z z
Y(z2)= _— - dy_1 —6.48y_
(2) 50(2 1)+( 90 + 8.1y_; — 6.48y 2)(2_0.9)

z
40 — 6.4y _ 5.76y_
+ (40 — 6.4y_1 + 5.76y 2)(2*70.8)

Then, the step response of the filter is given by:
50 + (=90 + 8.1y—1 — 6.48y_2)(0.9)*
+(40 — 6.4y_1 + 5.76y_2)(0.8)* k>0
Y-1 jk=-—1

Y—2 jk=-2
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sponse y_k of digital fiter

® Example 2. (continued)

In particular,
if the initial conditions
y_1 and y_o are zero, then:

yr = 50 — 90(0.9)F 4 40(0.8)*
k>0

100
Sample Number

» The d.c. gain of this filter is 50, as expected:
1

:*:r
—17tom2 "

d.c. gain = H(e“?)| _ = H(1)

w=0
» The (sometimes complex) partial fraction expansion will be
avoided using an Inverse Z-Transform formula.

L ]
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Inverting Z-Transforms Using Contour Integration

o |f we make the substitution:

=A== Y, (w) = Z yrz k& Y (2)

k=—o0

And also  dz = jA&“?dw = jAzdw = dw= K
ZjA
Substituying these expressions in the IDFT:
A (% : A dz
0 — jwkA - = k
Yk 27r/0 Y, (w)e dw o I Y(2)z A

where the contour C' is the unit circle, and simplifying:
1 Y
Yp = — ﬁzkdz
2y Jo =
L This formula is known as the Inverse Z-Transform.
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Inverting Z-Transforms Using Contour Integration

f »® We recall the Cauchy’s Residue Theorem: T
1 ) B m
3 74; f(z)dz = n; ZR;%sn F(z)

Where {p,} are the m poles of F'(z) inside C, and
Res,—,, F(z) is the residue of F'(z) at py.

»® Applying this theorem to the Inverse Z-Transform:

_ 1 Y(Z)k _m Y(Z)k
ykiQWj?i . zdzszeb P

n=1 #=pbn
Where {p,} are the m poles of Y(z)/z inside the unit
circle. If every pole p,, only occurs once:

m

yk=iﬁes@zk22w

=Pn z

(pn)F
I ]
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® Examplel

Consider the Z-Transform:

22

(z—0.8)(z—0.9)(z — 1)

Y(z) =

By using the Contour integral inversion formula:
1 Zk+1
= — dz
2§ Jo (z—0.8)(z —0.9)(z — 1)

Yk

Zk+1

3
= ,; o (= 08)(z —0.9)(z — 1)

z Zk+1 Zk:+1
(=09 (z—1)|,_0s + (2—08)(z—1)|,_o.9 + (z —0.8)(z — 0.9)
_ 0.8(0.8)% 0.9(0.9)k 1
"~ (0.8-0.9)(0.8—1) + (0.9—0.8)(0.9 — 1) + (1—0.8)(1—0.9)

= 40(0.8)* —90(0.9)* +50 ; k>0

kE+1

L

Chapter 7. Z-Transforms — p.34/4

z=1

]

Inverting Z-Transforms Using Contour | ntegration

—

» From the previous example, we observe that if the
poles in Y'(z)/z only occur once, then y; can be
obtained applying a simple set of rules:

o Cancel each pole one by one

When you cancel a pole at p,,, substitute p,, into
what is left.

Multiply this number by p*

Add all these results up and you've found the
Inverse Z-Transform.
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N

]

Inverting Z-Transforms Using Contour | ntegration

f ® Example 2

Consider the Z-Transform:

z—1.5
V()= -2
(2) 22 —-0.72+0.1
So:
Y (2) (z —1.5)

2z 2(z—-02)(z—0.5)

This has poles at {0,0.2,0.5}. Therefore, applying the procedure:

(0 — 1.5)0% (0.2 — 1.5)(0.2)* (0.5 — 1.5)(0.5)"

= 0-02)(0—05) " 02(02-05) " (0.5)(0.5—0.2)
= —15(0)F 4+ 21.67(0.2)% — 6.67(0.5)*
Now 0° = 1 and 0% = 0 for k£ > 0 so the final answer is:
~154+21.67-667=0 ; k=0
B {(21.67)(0.2)’“ —6.67(0.5)F ; k>1

B

_
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® Example 3:
Consider the Z-Transform:

2
2
YV(z) =
() = i 06— 1)
So: Y(2)zF 2kl
z  (2—08e73)(z—0.8¢7I%)(z — 1)

Using Contour integration the inverse Z-transform is:

1 Y (2)zF
” Y(z)2"

- % c z
= Res M +  Res (2)z* 1 Res Y (2)z*
=085 % 05 IE % =1 2
= (0.8)F+1 [ 6“’““)?" N eIkt E _ ] N L
(71.6sin £)(0.8¢’5 — 1)  (—j1.6sin §)(0.8¢775 —1) |1 —0.8¢7 |2

L
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Inverting Z-Transforms Using Contour | ntegration

N

® Example 3: (continued)
Which, after some manipulations, yields:
m(k+1)

k
Y = 4.923(0.8) {O,SSin % — sin

} + 2.8938

Response y_k of digital filter
T T T

oL |
L 0 2 4 6 12 14 16 18 20

8 10
Sample Number
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Inverting Z-Transforms Using Contour | ntegration

[ N

»® Repeated Poles:
Suppose Y (z)zF/z has a m poles at z = p, then the
residue at z = p is given by:

Res Y (2)2* _ 1 ( dm-t 2 7p)mY(z)zk)

z=p  z (m—1)! \dzm—1 z

z=p
¢ When m = 1 this reduces to the previous

expression and set of rules.

¢ When m > 1, after cancelling the poles at p we
have to differentiate m — 1 times before substituting

z=D.

L |
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»® Repeated Poles:
Example. Consider the Z-Transform:

z
Y =
()= G0 =04z +0.00)
Then: Y(2)2k Sk
So:
1 Y(z)zkdz _ 2k 2
Y=g }{C s R G0 022 T A 02 —02)
_ RCAE
C(2-02)2|,_ 5, de(2+02)|,_g,
_ o)k 4 (FHO2)kRTL 20
=6.25(—0.2)% + - 102)? s

=6.25(—0.2)" — 6.25(0.2)" + 2.5k(0.2)* !
=6.25 [(70.2)’v —(0.2)% + 2k(0.2)’“]

=6.25 [(—042)’c +(2k — 1)(0.2)’“] J
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