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Bounds on the Degree of Impropriety
of Complex Random Vectors

Peter J. Schreier, Member, IEEE

Abstract—A complex random vector is called improper if it is
correlated with its complex conjugate. We introduce a measure for
the degree of impropriety, which is a function of the canonical cor-
relations between the vector and its complex conjugate (sometimes
called the circularity spectrum). This measure is invariant under
linear transformation, and it relates the entropy of an improper
Gaussian random vector to its corresponding proper version. For
vectors with given spectrum, we present upper and lower bounds
on the attainable degree of impropriety, in terms of the eigenvalues
of the augmented covariance matrix.

Index Terms—Canonical correlations, circularity spectrum, im-
proper complex random vector, noncircular random vector, strong
uncorrelating transform, widely linear transformation.

I. INTRODUCTION

zero-mean complex random vector s with covariance ma-
Atrix R = EsgvH is called improper if its complementary
covariance matrix R = FEss” is nonzero. This letter is con-
cerned with quantifying the degree of impropriety of s. In [1], a
vector s; is called “less improper” than a vector s if the eigen-

values of the augmented covariance matrix of s;, which is the

covariance matrix of [s7, si ]T, are majorized by (less “spread
out” than) those of so. However, [1] does not define a numerical
measure of the degree of impropriety.

Propriety is preserved by linear transformation. Hence, we re-
quire the degree of impropriety to also be invariant under non-
singular linear transformation. This means it must be a function
of a complete set of invariants for R and R under linear trans-
formation. As shown in [2], such a set is given by the canon-
ical correlations between s and its conjugate s*. These canon-
ical correlations have also been investigated in [3], where they
have been called circularity coefficients and shown to play a
key role in independent component analysis of complex signals.
Among the many plausible functions of these canonical corre-
lations, one stands out because it relates the entropy of an im-
proper Gaussian random vector to its proper version. We demon-
strate that this function can be interpreted as a measure of the
eigenvalue spread of the augmented covariance matrix, thus val-
idating the insights of [1].

Our key contribution is the development of lower and upper
bounds on this measure when the eigenvalues of the augmented
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covariance matrix are known. There are several reasons why we
are interested in these bounds.

Firstly, computing an eigenvalue decomposition (EVD) is
computationally much less expensive than a canonical correla-
tion decomposition. Thus, computing bounds on the degree of
impropriety is cheaper than computing the actual degree in the
reduced-rank case.

Secondly, when canonical correlations are estimated from
sample covariance matrices, they can be numerically unstable.
The eigenvalues of the augmented covariance matrix, on the
other hand, are numerically stable. Thus, in the reduced-rank
sample case, it may be more meaningful to work with bounds in
terms of the estimated eigenvalues of the augmented covariance
matrix than with estimates of the canonical correlations.

Most importantly, the bounds show how to maximize or mini-
mize entropy under widely unitary transformations, which leave
the eigenvalues of the augmented covariance matrix unchanged.

Our program for this letter is as follows. In Section II,
we present some background material on improper complex
random vectors. In Section III, we look at the canonical correla-
tions between s and s*, and we define measures for the degree
of impropriety. Section IV discusses bounds on the degree of
impropriety for a random vector with given spectrum.

II. PRELIMINARIES

Lets € C" denote a zero-mean complex random vector with
covariance matrix R = Ess and complementary covariance
(or pseudo-covariance) matrix R = EssT.IfR = 0, s is
called proper, otherwise improper. It is convenient to work with

p— T H T .
an augmented vector s = [s',s™] [4]-[6] whose covariance
matrix
ey

ﬁ:EééH:[R R]

R* R*

is called the augmented covariance matrix of s [4]. The advan-
tage of working with augmented vectors and augmented covari-
ance matrices is that it allows us to exploit the vast number of
results on 2 X 2 block matrices.

A transformation of the form s’ = A;s + A,s* is called
widely linear [7] (or linear-conjugate linear). It may be repre-

sented in augmented form as
—r s’ A= Kl KQ S
R R

Note that in this augmented representation, R and A € C*"*?"
satisfy a particular block structure where the northwest is the
conjugate of the southeast block, and the northeast is the con-
jugate of the southwest block. Throughout this letter, matrices
that satisfy this block pattern are overlined.
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In factorizations of R, all factors must also have this block
structure. This is why the EVD of s takes on the unfamiliar form
[4, Prop. 1]

R =UAU" 3)
with WL A® AD _A@)
~ 1[AD L A® A® _p
A=51A0 JA@ A0 e “
A )—diag()\l /\3 ..... )\Qn 1) (5)
A® =diag(Xa, Ay, ..., Aan). (6)

The eigenvalues of R are arranged in nonincreasing order A; >

Ay > -+ > Ao,. The widely unitary transform U € c2nxn
has the pattern of (2) and satisfies U ﬁH = UHU = I. The
EVD of s can be determined as follows [4]. Let s = 1/v/2(x +

J¥), Ree = ExxT, Ry, = Eyy”’,R,, = Exy”, and
» X T T sz ny :|
R=F x = . 7
I L e
Furthermore, define the unitary matrix
1 [1 41 ]
T=_"_ . 8
V2 iI =1 ®

so that R = TRT¥. Hence, R and R have the same eigen-
values. From the real EVD

AY o
0 A(Z)

where A and A are defined in (5) and (6), we obtain U =
TUTH. B

We emphasize that A is diagonal if and only if all eigenvalues
of R have even multiplicity [4, Prop. 1]. In general, A is not
diagonal but has diagonal blocks instead. ThlS isa conse(#ience
of the fact that, in the latent description s U1 s+ U,s*
is not generally possible to decorrelate s and s}* usmg w1dely
unitary transformations. The latent description s” always has
uncorrelated components, i.e., s} s* = Es's’| = 0fori # j.
However if the eigenvalues do not have even multiplicity, then
s” is improper because Es//? = (Ag;i_1 — A2;)/2.

R= U[ }IVJT )

III. MEASURES OF IMPROPRIETY

Propriety is preserved under linear (but not widely linear)
transformation, which includes rotation and scaling of s. A max-
imal set of invariants for the augmented covariance matrix R
under nonsingular linear transformation is the set of canonical
correlations [8], [9] between s and s* [2]. This means that any
function of R that is invariant under linear transformation must
be a function of these canonical correlations. In order to deter-
mine them, we begin with the coherence matrix [9]

M =R /2RR™7/2. (10)
Since M is complex symmetric, M = M7, there exists a spe-
cial singular value decomposition (SVD), called Takagi’s fac-
torization, which is

M = FKFT. (11)
It is shown in [10, Sec. 4.4] how to compute the Takagi
factorization. The complex matrix F is unitary, and
K = dlag(k17k2....,kn) contains the canonical correla-
tions 1 > ky > ko > -+ >k, > 0 on its diagonal. The latent

description s’ = FFR~1/2s is said to be given in canonical
coordinates. The canonical coordinates are uncorrelated, i.e.,
Esis’t = Esis}; = 0fori # j, and they have unit vari-
ance, F|s} | = 1 However, they are generally improper as
Es! 2 = k. In [3], vectors that are uncorrelated with unit vari-
ance, but possibly improper, are called strongly uncorrelated,
and the transformation FER /2, which transforms s into
canonical coordinates s’, is called the strong uncorrelating
transform. The canonical correlations {k; }-_, are referred to as
the circularity spectrum of s in [3]. A more thorough discussion
of properties of {k;} is contained in [3] and [2]. The insight
that the {k;} are canonical correlations is critical as it enables
us to utilize the many results on this topic in the literature.

The canonical coordinates are determined as s’ =
FER1/2s so that their _complementary covariance ma-
trix is Es's’’ = FAR-Y2RR-T/2F* = FE¥MF*. In order
to make this matrix diagonal, Takagi’s factorization (11) rather
than the “regular” SVD M = UKV (that generally yields
U # V™) must be employed. However, if only the canonical
correlations {k;} need to be computed and the canonical coor-
dinates s’ are not required, M may be resolved by a “regular”
SVD as it yields the same canonical correlations.

Combining our results so far and proceeding along the lines
of [9], we may factor R as

R R]_[RY2 o F 0][T K
R* R*| | 0 R*2||0 F*||K I
FE 0 RH/2 0

X [ 0 FT:| [ 0 RT/2:|- (12)

Note that each factor satisfies the pattern of (2). The factoriza-
tion (12) establishes, similarly to [11]

=det’R[J (1-#})

i=1

detR = det’R det(I — K?) (13)

This allows us to derive the connection between the entropy of
an improper Gaussian random vector with augmented covari-
ance matrix R and the corresponding proper Gaussian random
vector with covariance matrix R (see [3, Cor. 2]) in the bargain
as

Himpropor = % log [(WB)Qn det ﬁ]

= log [(me)" det R] —I—% logH (1—k7). (14)

Hproper

This again shows the classic result that Hipproper < Hproper-

We would now like to introduce a measure for the degree of
impropriety. If that measure is supposed to be invariant under
linear transformation, it must be a function of the canonical
correlations {k;}, but several functions seem plausible. For in-
stance

dy =1-J[ (1= k}) =1-detRdet >R (I5)
i=1

ka
Zk2

det(RR™*R*)det 'R (16)

—tr R'RR*R*) (17)
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are all conceivable as measures of impropriety. These functions
have been discussed in [12] as measures of multivariate asso-
ciation between an arbitrary pair of real vectors. They satisfy
0 < d; < 1, and they can be defined for reduced rank » < n,
considering only the 7 largest canonical correlations in the com-
putation. We consider d; the most compelling measure mainly
for two reasons. Firstly, as shown above in (14), d; connects the
entropy of the proper and improper cases. Secondly, it is a mea-
sure of the linear dependence between s and s* and, as such, can
be used to design a generalized likelihood ratio test for impro-
priety [11], [2]. In the remainder of this letter, we will discuss
d = d.

In the case of a scalar random variable s with covariance R =
E|s|? and complementary covariance R = Es?, we have d =
|R|?/R?. For example, M-PSK, M > 4, and QAM symbols are
proper, d = 0, whereas BPSK and PAM symbols are maximally
improper, d = 1. This reflects the fact that M-PSK and QAM
are rotationally symmetric and thus maximize entropy, whereas
BPSK and PAM are maximally statistically redundant and thus
minimize entropy. For QPSK with I/Q imbalance characterized
by gain imbalance (factor) G > 0 and quadrature skew ¢, it is
easy to show that

4 2
J— G* - 2G coszqﬁ—i—l' (18)
(1+G?)

Clearly, QPSK with perfect I/Q balance has G = 1, ¢ = 0, and
thus d = 0, whereas the worst possible I/Q imbalance ¢ = /2
resultsind = 1.

IV. BOUNDS ON IMPROPRIETY

With specified covariance matrix R, it follows from (10) and
(11) that all valid complementary covariance matrices are of the
form

R = R'/?2FKFTR7/2 (19)
where F is an arbitrary unitary matrix, and K is a matrix of ar-
bitrary canonical correlations. Hence, besides the trivial bounds
0 < d < 1, nothing more can be inferred about the degree of
impropriety. In this letter, we are interested in the case where the
eigenvalues of R, denoted by A = [\, ..., A2,]7 with ordering
AL > Ay >+ > A9, > 0, are specified. In this scenario, there
exist both nontrivial upper and lower bounds on the achievable
degree of impropriety.

A. Upper and Lower Bounds

Proposition 1: The degree of impropriety d of a vector s with
prescribed eigenvalues A of the augmented covariance matrix R
is upper bounded by

d=1-JJ(1-&)<1

i=1

I PO
= (A + Aong1i)?

This upper bound is attained when R = 1/2diag(A1+A2n, A2+

A2 1yeeesAn + )\n+1) and R = 1/2diag()\1 — Xon, Ao —

A2n—1y+ s An = Ang1).

Proof: This bound has been derived in [13] for canonical
correlations between arbitrary pairs of random vectors (s,r),
and it holds a forteriori for the canonical correlations between
s and s*. It is easy to see that R, with R and R as specified in
the Proposition, has spectrum A and attains the bound. O
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There is no nontrivial lower bound on the canon-
ical correlations between arbitrary pairs of random vec-
tors (s,r). It is always possible to choose, for instance,
Esst = diag(A1,..., ), Erefl = diag(Ang1,.. ., Aon),
and Fsrf = 0, which has the required spectrum X and all-zero
canonical correlations K = 0. That there is a lower bound
for the canonical correlations between s and s* stems from
the special structure of R, where the northwest and southeast
blocks must be complex conjugates.

Proposition 2: The degree of impropriety d of a vector s with
prescribed eigenvalues A of the augmented covariance matrix R
is lower bounded by

- D YTERD vy
d=1-— 1-k2)>1— i Ul AT
H( )2 LI;II (A2ic1 + A2i)?

i=1

(20)

This lower bound is attained when R = 1 { 2(AY + A®) and
R =1/2(A% — A®), with AY) and A® as in (5) and (6).
Proof: Refer to the definitions in (7). From [4], we

know that R = 1/2(R.e + Ry, + j(RL, — Ryy))
and R = 1/2(R,. — Ry, + j(RL, + Ryy)). In (13),
detR = Hfgl A is fixed. Hence, the minimum d is achieved

when det R is minimized. We can assume without loss of
generality that R is diagonal. If it is not, it can be made diag-
onal with a strictly unitary transform that leaves det R and the
eigenvalues A unchanged. Thus, denoting R.; the ith diagonal
element of R, we have
n n 1
mindet R = min H R;; = min H 5 (R 201

=1 i=1

Now let g; be the 4th largest diagonal element of R, + R,
and r; the ith largest diagonal element of R. Then

Z(Ji < 27"27‘,—1 + 19 < Z)\Qv‘,—l + A2
i=1 i=1 i=1

for 1 < r < n, with equality for 7 = n. We have the second
inequality because the diagonal elements of R are majorized by
the eigenvalues of R [14, Thm. 9.B.1]. Since [] ¢; is a Schur-
concave function [14, Ch. 3], a consequence of (22) is the fol-
lowing variant of Hadamard’s inequality:

(22)

ﬁ (Raw + Ryy);; > H/\m L+ A 23)
i=1
and therefore
mindet R = H M (24)
i=1
Using this result in (13), we obtain
n 2n
1;[1 (1-k7) < T F@ (25)

from which the lower bound on d follows. The lower bound is
attained by choosing Ry, = A(l), R,, = A(Z), and R, =0,
or R and R as stated in the Proposition. O

Given a random vector s, we can produce a least improper

1 —H_ . .

analog 8" = U § with the same speg}rum A, utilizing the
eigenvalue decomposition R = U A U . The least improper
analog s’ has the same power as s, but it maximizes entropy for
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a given spectrum A. We note that a least improper analog is not
unique, as any strictly unitary transform will leave both spec-
trum A and canonical correlations {k;} unchanged.

B. Discussion

__ Both the lower and the upper bound are attained when R and
R are diagonal matrices. For diagonal R and R

n n

TL0 k) =] (1~ Bab

i=1 i=1 it

(26)

Since ﬁ~, with diagonal R and R, has eigenvalues
{Rii = [Ry;|},_,, this gives

5 PAR - (ai - bi)2 _ - 4a;b;
[T =1 (1- S i)~ [T o,

=1 =1 i=1

27

where {a;};_, and {b;}}_; are two disjoint subsets of A. Each
factor 4a;b;/(a; + b;)* is the squared ratio of geometric and
arithmetic mean of a; and b;. Hence, it is 1 if a; = b;, and O
if a; or b; are 0, and thus measures the spread between a; and
b;. We can minimize or maximize (27) by choosing the sub-
sets {a;} and {b;} from the spectrum A using a combinatorial
argument [15]. In order to minimize (27), we need maximum
spread between the two sets {a;} and {b;}, which is achieved
by a; = A, b; = A2p—;. To maximize (27), we need minimum
spread between {a; } and {b; }, whichis achieved by a; = Ag;_1,
b; = Ao;. This validates the insight of [1] that the degree of im-
propriety relates to the eigenvalue spread of R.

While Proposition 1 holds for » = 1,...,n, Proposition 2
has only been established for 7 = n. A natural conjecture is to
assume that the diagonal R and R given in Proposition 2 also
attain the lower bound for » < n. Let ¢; be the ¢th largest of the
factors

4Xoi_1X2;
(Agj1 4 A2j)?’

7=1,...,n.
Then the conjecture may be written as

d=1-J[(1-#)>1-
=1

n

I e«

i=n—r+1

r=1,...,n. (28)

C. Example

Consider the spectrum A = [100, 80, 80, 2]. It follows from
Propositions 1 and 2 that the degree of impropriety of any com-
plex random vector with this spectrum must satisfy 0.906 <
d < 0.923. The lower bound is achieved for

R = diag(90,41) and R = diag(10, 39) (29)

with k1 = 39/41 and ke = 1/9. The upper bound is achieved
for
R = diag(51,80) and R = diag(49,0) (30)

which gives k1 = 49/51 and ks = 0.

We note that R and R in (29) do not necessarily give lower
bounds for other measures of impropriety, for instance, dz. A
random vector with R and R given by (29) has d; = 0.011.
Yet a random vector with R and R given by (30)—which is
the most improper case according to measure d—actually has a
lower degree of impropriety, do = 0.

V. CONCLUSIONS

We have presented a measure for the degree of impropriety of
a complex random vector. If the eigenvalues of its augmented
covariance matrix are known, it is possible to give tight upper
and lower bounds on the degree of impropriety. We point out
that the matrices R and R that achieve the upper and lower
bounds in Propositions 1 and 2 do not necessarily give upper
and lower bounds for other measures [16], such as ds and d3 in
(16) and (17). In [16], an upper bound for ds is proved, and an
upper bound for d3 is conjectured. Lower bounds for dy and d3
are open problems.
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