
306 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 1, JANUARY 2005

Correspondence________________________________________________________________________

Detection and Estimation of Improper Complex
Random Signals

Peter J. Schreier, Member, IEEE, Louis L. Scharf, Fellow, IEEE, and
Clifford T. Mullis

Abstract—Nonstationary complex random signals are in general im-
proper (not circularly symmetric), which means that their complementary
covariance is nonzero. Since the Karhunen–Loève (K-L) expansion in its
known form is only valid for proper processes, we derive the improper
version of this expansion. It produces two sets of eigenvalues and improper
observable coordinates. We then use the K-L expansion to solve the
problems of detection and estimation of improper complex random signals
in additive white Gaussian noise. We derive a general result comparing the
performance of conventional processing, which ignores complementary
covariances, with processing that takes these into account. In particular,
for the detection and estimation problems considered, we find that the
performance gain, as measured by deflection and mean-squared error
(MSE), respectively, can be as large as a factor of 2. In a communications
example, we show how this finding generalizes the result that coherent
processing enjoys a 3-dB gain over noncoherent processing.

Index Terms—Detection, estimation, improper complex random signal,
Karhunen–Loève (K-L) expansion, nonstationary process, widely linear
transformations.

I. INTRODUCTION

In the literature, the use of complex random signals commonly as-
sumes that the signals are proper. A complex zero-mean random signal
s(t) is called proper if its second-order properties are completely char-
acterized by the covariance function 
(t1; t2) = Es(t1)s

�(t2). This
means its complementary covariance function c(t1; t2) = Es(t1)s(t2)
must be identically zero [1]. Proper signals play a prominent role in
communications and signal processing because analytic and equiva-
lent low-pass signals constructed from wide-sense stationary (WSS)
real signals are always proper [2]. Therefore, since thermal noise is
usually assumed to be WSS, its equivalent low-pass representation is
proper. Information-bearing signals, on the other hand, are usually not
WSS, and thus possibly improper. Detection and estimation algorithms
that assign statistical properties to the signal1 offer better performance
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1Not all detection strategies assign statistical properties to the signal. For
instance, in maximum-likelihood detection, the message is assumed to be un-
known, but deterministic. In this case, it is irrelevantwhether or not the message
is improper because the probability density of the observation conditioned on
the message is proper if the noise is proper.

if impropriety of signals is taken into account. In this paper, we solve
the problems of detecting and estimating nonstationary improper com-
plex random signals in additive white Gaussian noise. This continues
the development of the theory of improper random signals reported in
[2]–[6].
An essential tool for the treatment of nonstationary signals is the

Karhunen–Loève (K-L) expansion. Because the well-known form of
this expansion is only valid in the proper case, we develop the im-
proper version of it in Section II. The K-L expansion is the infinite-di-
mensional equivalent of the eigenvalue decomposition (EVD) in the
finite-dimensional case. The improper version of both the EVD [6,
Proposition 1] and the K-L expansion differ from their proper versions
in that there are two sets of eigenvalues instead of one and the internal
description, in terms of observable coordinates, is improper instead of
proper.
Based on theK-L expansion of improper complex signals we are able

to solve the problems of estimating and detecting an improper signal
in additive white Gaussian noise in Sections IV and V. The basic ques-
tion is how much can we gain by correctly accounting for the informa-
tion contained in the complementary covariance, or, equivalently, how
much would we lose by treating improper signals in the conventional
way. In Section III, we show that, despite the fact that there is a variety
of different applications and associated performance measures, there
is a surprisingly general answer to this question. In fact, we prove that
both for the estimation and the detection problem the performance gain,
as measured by mean-squared error (MSE) and deflection [7], respec-
tively, can be as large as 2. In a communications example, we demon-
strate how this finding generalizes the result that coherent processing
enjoys a 3-dB gain over noncoherent processing. We also show that if
the additive noise happens to be improper, the performance advantage
can actually be arbitrarily large.

II. MERCER’S THEOREM AND K-L EXPANSION

The tools required for dealing with improper complex signals have
been presented in a unified framework for the vector and WSS cases
in [6]. The basic ideas carry over to a nonstationary setting. The ap-
propriate algebra is based on augmented signals ���(t) = [s(t) s�(t)]
that carry along their complex conjugate. We shall use the notation
���(t) , s(t) to indicate that the augmented signal ���(t) is an equiv-
alent description of s(t). The covariance matrix of ���(t) is called the
augmented covariance matrix [8] of s(t) and is given by

RRR(t1; t2) =E���(t1)��� (t2) = E
s(t1)

s�(t1)
[ s�(t2) s(t2) ]

=

(t1; t2) c(t1; t2)

c�(t1; t2) 
�(t1; t2)
: (1)

The augmented covariance matrix gives a complete second-order de-
scription of the signal. It belongs to a matrix algebra

W=
h1(t1; t2) h2(t1; t2)

h�2(t1; t2) h�1(t1; t2)
h1; h2 2 L

2([0; T ]2 ! ) (2)

which is closed under addition, multiplication, inversion (when in-
verses exist), and multiplication with a real, but not with a complex
scalar. The notation L2([0; T ]2 ! ) stands for square-integrable
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functions defined on [0; T ] � [0; T ] that take their values in the
complex field. The operation

r(t1) =
T

0

h1(t1; t2)s(t2)dt2 +
T

0

h2(t1; t2)s
�(t2)dt2 (3)

is called widely linear (WL) because it depends linearly not only on
s(t) but also on s�(t). Strictly linear (SL) operations are described by
h2(t1; t2) � 0 and are thus a subset of WL operations.

We now state Mercer’s theorem and the K-L expansion for improper
complex signals.

Theorem 1: Suppose that fs(t), 0 � t � Tg is a zero-mean
second-order complex random process characterized by augmented co-
variance RRR(t1; t2), where both covariance 
(t1; t2) and complemen-
tary covariance c(t1; t2) are continuous on [0; T ]2. ThenRRR(t1; t2) can
be expanded in the uniformly and absolutely convergent series

RRR(t1; t2) =
n

���n(t1)���n���n(t2): (4)

The matrix ���n is real and it involves two nonnegative eigenvalues �rn
and �in

���n =
1

2

�rn + �in �rn � �in
�rn � �in �rn + �in

: (5)

The matrix

���n(t) =
�n(t)  n(t)

 �

n(t) ��n(t)
2 W (6)

satisfies the orthogonality condition

T

0

���n(t)���m(t)dt = III �nm: (7)

The matrices ���n and���n(t) are found as the solutions to the equation

���n(t1)���n =
T

0

RRR(t1; t2)���n(t2)dt2: (8)

Then ���(t) , s(t) can be represented by the mean-square convergent
series

���(t) =
n

���n(t)���n , s(t) =
n

�n(t)sn +  n(t)s
�

n (9)

where the complex K-L coefficients are

���n =
T

0

���n(t)���(t)dt

, sn =
T

0

(��n(t)s(t) +  n(t)s
�(t))dt: (10)

These K-L coefficients sn are improper, with the following covariance
and complementary covariance:

E(sns
�

m) =
1

2
(�rn + �

i

n)�nm (11)

E(snsm) =
1

2
(�rn � �in)�nm: (12)

Proof: Let 2
�
be the image of 2 under the unitary map

TTT =
1p
2

1 j

1 �j : (13)

The space of augmented signals ���(t) consists of square-integrable
functions [0; T ] ! 2

�
and is denoted by L2([0; T ] ! 2

�
). This

space is not linear (rather it is WL), but it is isomorphic to the space
of square-integrable maps [0; T ] ! IR2. This isomorphism enables

us to write down the K-L expansion for an augmented signal, using
the results of [16] for vector random processes. Let the assumptions
be as in the statement of the theorem. Then the augmented covariance
RRR(t1; t2) can be expanded in the series

RRR(t1; t2) =
n

�n'''n(t1)'''n(t2) (14)

where f�ng are the nonnegative scalar eigenvalues and the

f'''
n
(t) = [fn(t); f

�

n(t)] g

are the corresponding orthonormal eigenfunctions. Each '''
n
(t) is

L2([0; T ] ! 2
�
). Eigenvalues and eigenfunctions are obtained as

solutions to the integral equation

�n'''n(t1) =
T

0

RRR(t1; t2)'''n(t2)dt2; 0 � t1 � T (15)

where the eigenfunctions '''
n
(t) form a complete orthonormal set for

L2([0; T ] ! 2
�
)

T

0

'''
n
(t)'''

m
(t)dt = 2Re

T

0

f
�

n(t)fm(t)dt = �nm: (16)

Then ���(t), s(t) can be represented by the mean-square convergent
series

���(t) =
n

xn'''n(t), s(t) =
n

xnfn(t) (17)

where the xn are the K-L coefficients

xn =
T

0

'''
n
(t)���(t)dt = 2Re

T

0

f
�

n(t)s(t)dt: (18)

The surprising result here is that the K-L coefficients xn are real scalars
with correlation

E xnxm = �n�nm: (19)

The reason for this lies in (16). This equation shows that the functions
fn(t) do not have to be orthogonal in L2([0; T ] ! ) to ensure that
the eigenfunctions'''

n
(t) be orthogonal in L2([0; T ]! 2

�
). In fact, it

is clear that in general there are more orthogonal augmented functions
'''
n
(t) inL2([0; T ]! 2

�
) than there are orthogonal functions fn(t) in

L2([0; T ] ! ). In other words, we are able to reduce the dimension
of the internal description (real rather than complex K-L coefficients)
becauseL2([0; T ]! 2

�
) allows more orthogonal eigenfunctions than

L2([0; T ] ! ). This increase in the number of eigenfunctions is not
clearly visible since in both cases we have infinitely many.
From (14) it is not clear how the improper version of Mercer’s the-

orem is connected to its proper version. To make this connection ap-
parent, we rewrite (14) as

RRR(t1; t2)

=
n

['''2n(t1);'''2n+1(t1)]TTT

� TTT
�2n 0

0 �2n+1
TTT TTT

'''2n(t2)

'''2n+1(t2)

=
n

�n(t1)  n(t1)

 �

n(t1) ��n(t1)

�
1

2
(�2n+�2n+1)

1

2
(�2n��2n+1)

1

2
(�2n��2n+1) 1

2
(�2n+�2n+1)

��n(t2)  n(t2)

 �

n(t2) �n(t2)

=
n

���n(t1)���n���n(t2) (20)
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where �n(t) = f2n(t)� jf2n+1(t) and  n(t) = f2n(t)+jf2n+1(t).
Thus, the internal representation is now given by complex K-L coeffi-
cients sn = 1p

2
(x2n + jx2n+1)

���n =
sn
s�n

= TTT
x2n
x2n+1

=
T

0

���n(t)���(t)dt: (21)

For these coefficients, we find because of (19)

E(snsm) =
1

2
[E(x2nx2m)� E(x2n+1x2m+1)

+ j(E(x2nx2m+1) + E(x2n+1x2m))]

=
1

2
(�2n � �2n+1)�nm (22)

and, similarly

E(sns
�
m) =

1

2
(�2n + �2n+1)�nm:

If we now agree on the definitions �rn �2n, �in �2n+1, the proof
is complete.

This theorem is the continuous-time equivalent of the finite-dimen-
sional eigenvalue decomposition for the improper case presented as
Proposition 1 in [6]. The main differences between the proper and im-
proper version of this theorem are that there are two sets of eigenvalues
f�rng, f�

i
ng, and the K-L coefficients sn are improper. In the proper

case, c(t1; t2) � 0, the two eigenvalues �rn and �in are equal, the K-L
coefficients sn become proper, and the functions  n(t) � 0 8n. Then
the K-L expansion of Theorem 1 simplifies to the known formulas.

Example: To gain more insight into the role of the two sets of
eigenvalues, consider the following communications example. Sup-
pose we want to detect a real waveform x(t) that is transmitted over
a channel that rotates it by some random phase � and adds complex
white Gaussian noise n(t). The observations are then given by

r(t) = x(t)ej� + n(t) (23)

where we shall assume mutual independence of x(t), n(t), and �. Fur-
thermore, denote the rotated signal by s(t) = x(t)ej�. Its covariance is
given by 
(t1; t2) = Ex(t1)x(t2) and its complementary covariance
is c(t1; t2) = Es(t1)s(t2) = Ex(t1)x(t2) � Ee

j2�.
There are, of course, two important special cases. If the phase � is

uniformly distributed, then c(t1; t2) � 0 and detection will be non-
coherent. The eigenvalues of the augmented covariance of s(t) satisfy
�rn = �in = �n. On the other hand, if � is known, then c(t1; t2) �
ej2�
(t1; t2) and detection will be coherent. If we order the eigen-
values of the augmented covariance of s(t) appropriately, we have
�rn = 2�n and �in = 0. Therefore, the coherent case is the most im-
proper case under the power constraint �rn + �in = 2�n. These com-
ments are clarified by noting that

1

2
�rn = Efs(t)Re sng;

j

2
�in = Efs(t)Im sng: (24)

Thus, �rn measures the correlation between the real part of the observ-
able coordinate sn and the continuous-time signal, and �in does so for
the imaginary part. In the noncoherent version of (23), these two corre-
lations are equal, suggesting that the information is carried equally in
the real and imaginary parts of sn. In the coherent version, �rn = 2�n,
�in = 0 shows that the information is carried exclusively in the real
part of sn, making Re sn a sufficient statistic for the decision on s(t).
Therefore, in the coherent problem, WL processing amounts to only

considering the real part of the internal description. The more inter-
esting applications of WL filtering, however, lie either in between the
coherent and noncoherent case, characterized by a nonuniform phase
distribution, or in adaptive realizations of coherent algorithms.

III. PERFORMANCE COMPARISONS BETWEEN

WL AND SL PROCESSING

It is of particular interest to compare the performance achieved by
WL processing with that of SL processing. There is obviously a variety
of different applications and, thus, a variety of different performance
measures, and at this point it is not clear whether we can hope for a uni-
fying approach. Many of these performance measures, however, are of
the class M f�rn; �

i
ng; ppp ; i.e., they are functions of the eigenvalues

f�rn; �
i
ng of the augmented covariance of s(t) andppp, a vector of param-

eters. Typically,ppp contains at least the noise levelN0. For this particular
class of performance measures, there is a very general result comparing
WL with SL processing, which we now derive.
To make the following discussion as simple as possible, we shall

work with an N -dimensional signal sss, which is obtained from s(t) by
uniformly sampling it in [0; T ]. The sampled signal sss has covariance
matrix ��� = Essssss and complementary covariance matrix CCC = Essssss .
The K-L expansion of s(t) is then approximated by the eigenvalue de-
composition of sss [6, Proposition 1]. Since the K-L expansion produces
a countably infinite number of eigenvalues, the approximation can be
made as good as necessary by making the sampling grid finer and the
corresponding augmented covariance matrix RRR larger.
Let

RRRCCC =
��� CCC

CCC� ����
(25)

denote the 2N � 2N augmented covariance matrix of sss with fixed ���
and free CCC . The set of all RRRCCC will be called RCCC . Since every matrix
RRRCCC must be positive semidefinite, the set RCCC is convex and compact.
Assuming that greaterM(�) means better performance, the maximum
performance gain of WL over SL processing can be expressed as

maxM =M = max
ppp

max
RRR 2R

M(evevev(RRRCCC); ppp)

M(evevev(RRR0); ppp)
(26)

where evevev(RRRCCC) denotes the vector of eigenvalues of RRRCCC , and evevev(RRR0)
the vector of eigenvalues of RRRCCC with CCC = 0. Also, from (25) it is
clear that evevev(RRR0) = [���; ���], where ��� = evevev(���). The question is what
choice ofCCC maximizes the performance criterionM(�). To answer this
question, we need some definitions and intermediate results.

Definition 1 (Majorization) [9, p. 7]: A realN � 1 vector xxx is said
to be majorized by a real N � 1 vector yyy, written as xxx � yyy, if

n

k=1

x[k] �

n

k=1

y[k]; n = 1; . . . ; N � 1 (27)

N

k=1

x[k] =

N

k=1

y[k]: (28)

where [�] is a permutation operator such that x[1] � � � � � x[N ].

Intuitively, if xxx � yyy, then the components of xxx are “less spread
out” or “more equal” than the components of yyy. Note that majoriza-
tion is sometimes also defined with a permutation operator that ar-
ranges the components of xxx in increasing order [10, Definition 4.3.24],
x[1] � � � � � x[N ].
Somewhat loosely stated, we will now show the following. For a

given covariance ���, the signal whose augmented covariance has least
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Fig. 1. The convex and compact setR . The interior of this set is described by
PPP = ����CCC��� CCC > 0. Boundary points are rank-deficient points. However,
boundary points with PPP � 0 but PPP 6= 0 are not extreme points. For
instance, the boundary pointRRR shown in this figure is a convex combination
of the points RRR and RRR .

eigenvalue spreadmust be proper, i.e., haveCCC = 0. Themore improper
a signal becomes the more spread out become the eigenvalues of its
augmented covariance. Finally, the most improper signal, again for a
given covariance ���, corresponds to an extreme pointRRR

ĈCC
in the convex

set RCCC . The geometry of RCCC is depicted in Fig. 1.

Lemma 1: If ��� is invertible, a pointRRR
ĈCC
2 RCCC is an extreme point

of RCCC if and only if the Schur complement of RRR
ĈCC

vanishes: PPP
ĈCC

=

���� ĈCC�����ĈCC
�

= 0. In other words, RRR
ĈCC
is an extreme point of RCCC if

and only if it has minimum rank for given ���.
Proof: An extreme point RRR

ĈCC
of the closed convex set RCCC is a

point inRCCC that may bewritten as a convex combination of points from
RCCC in only a trivial way [10, Appendix B]; that is,RRR

ĈCC
=�RRRCCC +��RRRCCC ;

0 < � < 1, �� = 1 � �, and RRRCCC ;RRRCCC 2 RCCC , implies that RRRCCC =
RRRCCC = RRR

ĈCC
.

We first show that a point RRRCCC 2 RCCC with nonzero Schur comple-
mentPPPCCC cannot be an extreme point. Note that we can assumewithout
loss of generality that ��� = III . Then every point RRRCCC 2 RCCC must sat-
isfy2CCCCCC � III , which means that all singular values ofCCC , denoted by
�i, i = 1; . . . ; N , must satisfy �i � 1. The matrixCCC is symmetric and
therefore has two singular value decompositions (SVDs)

CCC = UUUSSSVVV = VVV �SSSUUU = CCC : (29)

Since

CCCCCC =UUUSSS2UUU = VVV �SSS2VVV

,SSS2VVV UUU = VVV UUUSSS2

,SSSVVV UUU = VVV UUUSSS (30)

the unitary matrix TTT = VVV UUU commutes with SSS. Therefore, whenever
�i 6= �j , Tij = 0. From this development, we see that everyCCC can be
expressed as

CCC = VVV �DDDVVV (31)

where DDD = TTTSSS is block-diagonal with diagonal blocks of the form
DDDi = �iWWW i, where �i is a singular value of CCC andWWW i is unitary and
symmetric.

If PPPCCC 6= 0, there is at least one singular value, say �i, with 0 �
�i < 1. Then set � = (1� �i)=2 so that �iWWW i = �(�WWW i) + ��WWW i.
Thus, we construct CCC1 = VVV �DDD0VVV and CCC2 = VVV �DDD00VVV , where
DDD0 and DDD00 agree with DDD except on the block DDDi corresponding to

2ByAAA > BBB we mean thatAAA�BBB is a positive-definite matrix. Analogously,
AAA � BBB means that AAA �BBB is positive semidefinite.

singular value �i. We replace �i with �1 to get CCC1 and with 1 to get
CCC2. This construction guarantees thatRRRCCC ;RRRCCC 2 RCCC . It shows that
RRRCCC can be written as a nontrivial convex combination of RRRCCC and
RRRCCC : RRRCCC = �RRRCCC + ��RRRCCC . This is depicted in Fig. 1.

Assume now that PPP
ĈCC

= 0 for some point RRR
ĈCC
. The Schur comple-

ment is a matrix-concave function, which means that

PPP
ĈCC
� �PPPCCC + ��PPPCCC (32)

for ĈCC = �CCC1 + ��CCC2 with RRRCCC ;RRRCCC 2 RCCC . Equality in (32) holds
if and only if CCC1 = CCC2. The matrix-concavity is an immediate conse-
quence of ���(CCC1 � CCC2)���

��(CCC1 � CCC2) � 0, which is an equality
if and only if CCC1 = CCC2. Since PPPCCC � 0 and PPPCCC � 0, a van-
ishing Schur complement PPP

ĈCC
= 0 requires PPPCCC = PPPCCC = 0 and

CCC1 = CCC2 = ĈCC . Thus,RRR
ĈCC
is indeed an extreme point ofRCCC .

It is trivial to show that the eigenvalues of all extreme points are
[2���; 0N ], 0N being theN � 1 null vector. We are now in a position to
precisely state one of our main results.

Lemma 2: Within the set RCCC , we have the following partial or-
dering:

evevev(RRR0) = [���; ���] � evevev(RRRCCC) � [2���; 0N ] = evevev(RRR
ĈCC
) (33)

where RRR
ĈCC
is any extreme point of RCCC .

Proof: The left inequality has been proved in [6, Proposition 4].
The right inequality is a consequence of a theorem by Thompson and
Therianos [11], also discussed in [9, Sec. 9.C.4]. Applied to the matrix
RRRCCC , the theorem says that

n

k=1

ev[k](RRRCCC)+ev[2N�n+k](RRRCCC) �

n

k=1

2�[k]; n = 1; . . . ; N:

(34)
To show majorization, we have to demonstrate that

n

k=1

ev[k](RRRCCC) �

n

k=1

2�[k]; n = 1; . . . ; N (35)

n

k=1

ev[k](RRRCCC) �

N

k=1

2�[k]; n = N + 1; . . . ; 2N: (36)

The first inequality is an immediate consequence of (34) because all
eigenvalues are nonnegative. The second inequality is clear from the
trace constraint trRRRCCC = 2 tr���.

Referring to the communications example (23), we identify nonco-
herent detection with the matrix RRR0 and coherent detection with RRR���

(with real ���), which is an extreme point of RCCC . To now be able to
make a performance comparison based on Lemma 2, the performance
measureM(�)must preserve the partial ordering in (33). Functions that
preserve a partial ordering by majorization are called Schur-convex or
Schur-concave:

Definition 2 (Schur-Convex and Schur-Concave Function) [9, Def-
inition 3.A.1]: A real-valued function g defined on a set D � N is
said to be Schur-convex onD if xxx � yyy onD implies that g(xxx) � g(yyy).
Similarly, a function is called Schur-concave onD if xxx � yyy onD im-
plies that g(xxx) � g(yyy).

With this definition, we have now proved the following theorem.

Theorem 2: LetRRRCCC be the augmented covariance matrix of a signal
to be treated by some system S and letM(evevev(RRRCCC); ppp)measure the per-
formance of S. IfM(�) is a Schur-convex function on the set of eigen-
values of RRRCCC , with ppp a set of parameters, then the maximum perfor-
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mance gain of widely linear processing over strictly linear processing
is, under the criterionM(�)

max
M

M
= max

ppp

M([2���;0N ]; ppp)

M([���; ���]; ppp)
: (37)

Let the assumptions be as above, butM(evevev(RRRCCC); ppp) be Schur-concave.
Then the maximum performance gain is

max
M

M
= max

ppp

M([���; ���]; ppp)

M([2���; 0N ]; ppp)
: (38)

There are a number of results that enable us to check whether a func-
tion is Schur-convex or Schur-concave. We now simply state some of
the results we will use later on; for a detailed discussion of Schur-
convex functions we refer the reader to [9].
Fact 1 [9, Sec. 3.A.4]: Let I 2 be an open interval and f : IN !
be continuously differentiable. Necessary and sufficient conditions

for f to be Schur-convex on IN are: f is symmetric in its arguments
on IN , and for all xxx 2 IN

(x1 � x2)
@

@x1
f(xxx)�

@

@x2
f(xxx) � 0: (39)

For Schur-concave functions this inequality must be reversed.
Fact 2 [9, Sec. 3.C.1]: If I 2 is an interval and g : I ! is

convex (concave), then

f(xxx) =

N

n=1

g(xn) (40)

is Schur-convex (Schur-concave) on IN .
We will see that interesting performance measures such as MSE or

deflection are in fact Schur-concave and Schur-convex functions of the
eigenvalues of RRRCCC .

IV. ESTIMATION

We are interested in estimating a nonstationary improper complex
zero-mean random signal s(t), characterized by its augmented covari-
ance RRR(t1; t2), in complex white (i.e., proper) Gaussian noise n(t)
with power spectral density N0. The observations are given by

r(t) = s(t) + n(t); 0 � t � T (41)

and the noise will be assumed to be uncorrelated with the signal.

A. Solution of the Estimation Problem

We are looking for a WL estimator �̂��(t), ŝ(t) of the form

�̂��(t) =
T

0

HHH(t; v)���(v)dv (42)

whereHHH(t; v) 2 W , ���(v) = [r(v); r�(v)] , r(v), and thus,

ŝ(t) =
T

0

h1(t; v)r(v)dv+
T

0

h2(t; v)r
�(v)dv: (43)

Tomake this estimator aminimumMSE (MMSE) estimator, we require
it to satisfy the orthogonality condition

���(t)� �̂��(t) ? ���(u) (44)

which translates to

RRR(t; u) =
T

0

HHH(t; v)E���(v)��� (u)dv: (45)

Using the K-L expansion of (4) in this equation we obtain

n

���n(t)���n���n(u)

=
T

0

HHH(t; v)
n

���n(v)(���n +N0III)���n(u)dv: (46)

We now attempt a solution of the form

HHH(t; v) =
n

���n(t)HHHn���n(v) (47)

HHHn =
hn;1 hn;2

h�n;2 h�n;1
2 W: (48)

Inserting (47) into (46) we get

n

���n(t)���n���n(u) =
n

���n(t)HHHn(���n +N0III)���n(u) (49)

which means

HHHn = ���n(���n +N0III)
�1
: (50)

Thus, the terms of HHHn are

hn;1 =
�rn�

i
n + N

2
(�rn + �in)

�rn�
i
n +N0(�rn + �in) +N2

0

(51)

hn;2 =
N

2
(�rn � �in)

�rn�
i
n +N0(�rn + �in) +N2

0

: (52)

If we denote the resolution of the observed signal onto the K-L basis
functions by

���n=
T

0

���n(t)���(t) dt, rn=
T

0

�
�

n(t)r(t)+ n(t)r
�(t)dt (53)

the WL estimator in (42) is

�̂��(t) =
n

���n(t)HHHn���n, ŝ(t) =
n

ŝn�n(t) + ŝ
�

n n(t) (54)

ŝn =hn;1rn + hn;2r
�

n: (55)

In the proper case, �rn = �in = �n,  n(t) � 0 8n, and we have
hn;1 = �

� +N
and hn;2 = 0. Thus, the solution simplifies to the

known result

ŝ(t) =
n

�n

�n +N0

rn�n(t): (56)

The optimum estimator is then strictly linear.

B. Performance

The MSE in the interval [0; T ], obtained by using the WL estimator
�̂��(t) in (54), is

MSE =
1

2

T

0

trE ���(t)(���(t)� �̂��(t)) dt

=
1

2

T

0

tr RRR(t; t)�
T

0

HHH(t; v)RRR(t; v)dv dt

=
N0

2
n

�rn

�rn +N0

+
�in

�in +N0

: (57)

According to Fact 2, the MSE is a Schur-concave function of the
eigenvalues f�rn; �

i
ng with parameter N0, the noise level. Thus, The-

orem 2 is applicable and to evaluate the maximum advantage of WL
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over SL processing, we consider the situation where the disparity be-
tween the two sets of eigenvalues is largest, for instance, �rn = 2�n
and �in = 0. Then the optimum choice for hn;1 and hn;2 is

hn;1 = hn;2 =
�n

2�n +N0

: (58)

This produces the estimator

ŝ(t) =
n

2�n
2�n +N0

Re (rn)(�n(t) +  n(t)) (59)

which only depends on Re rn, since this is a sufficient statistic for this
problem. The MSE is

MSE =
N0

2
n

2�n
2�n +N0

: (60)

SL processing, on the other hand, ignores complementary covariances.
Here, we cannot distinguish between the two sets of eigenvalues, and
therefore we must assume that they are equal, i.e., �rn = �in = �n.
This leads to the suboptimal coefficients

h
0

n;1 =
�n

�n +N0

; h
0

n;2 = 0: (61)

The well-known formula for the MSE is then

MSE0 =
N0

2
n

2�n
�n +N0

: (62)

Therefore, as N0 ! 0, WL processing promises half the MSE of SL
processing. This result was obtained in [12] for the WSS case. The
advantage of WL filtering diminishes asN0 becomes larger and disap-
pears completely for N0 ! 1. For the communications example in
Section II, with measurements given by (23), the maximum advantage
of coherent over noncoherent processing is the well-known 3-dB gain.

We make two important remarks. First, if the two sets of eigenvalues
of the augmented covariance of s(t) do not exhibit maximum disparity,
then the maximum performance advantage, which will be less than 3
dB, occurs for some noise level N0 > 0. Second, if the noise n(t) is
improper, the performance advantage of WL over SL processing can
be arbitrarily large. To see this, consider the case where the signal s(t)
is real and the noise n(t) is purely imaginary. In this case, the WL op-
eration Re r(t) will yield a perfect estimate of s(t). The SL estimator,
on the other hand, will suffer from a nonzero estimation error. Hence,
the relative advantage of WL over SL processing would be infinite in
this special case.

V. DETECTION

The detection problem we would like to solve is a simple hypothesis
test

H0 : r(t) =n(t)

H1 : r(t) = s(t) + n(t): (63)

We observe the complex signal r(t) over the time interval 0 � t � T .
The noisen(t) is zero-mean complex white (i.e., proper) Gaussian with
power spectral densityN0, and the zero-mean complexGaussian signal
s(t) is described by its augmented covarianceRRR(t1; t2). This detection
problem possesses well-known solutions in the real and proper cases
[14], [15].

A. Solution of the Detection Problem

In the improper case, we first determine the K-L expansion of s(t) as
described in Theorem 1. The K-L coefficients sn are improper complex
Gaussian random variables with

E(sns
�

m) =
1

2
(�rn + �

i
n)�nm

and

E(snsm) =
1

2
(�rn � �

i
n)�nm

and the resolution of the observed signal r(t) onto the K-L basis func-
tions is given by (53). Let

���r = diag [�r1; . . . ; �
r
N ]

���i = diag [�i1; . . . ; �
i
N ]

and rrr = [r1; . . . ; rN ] . The finite-dimensional log-likelihood ratio is
then

L =
1

2
[ rrr rrr ]

N0III 0

0 N0III

�1

�
1

2
(���r +���i) +N0III

1

2
(���r ����i)

1

2
(���r ����i)

1

2
(���r +���i) +N0III

�1
rrr

rrr�

=
1

N0

N

n=1

hn;1 jrnj
2 + hn;2Re r2n

=
1

N0

Re

N

n=1

ŝ
�

nrn (64)

where hn;1 and hn;2 are given by (51) and (52), and ŝn is the WL es-
timator of (55). Thanks to Grenander’s theorem [14, Sec.VI.B.2], L
converges to the log-likelihood ratio of the infinite-dimensional detec-
tion problem (63) asN !1. Note that (64) shows that a detector for
an improper signal can still be expressed as a cascade of an estimator
and a correlator just like the detector for a proper signal. Moreover, the
log-likelihood ratio (64) simplifies to the known result in the proper
case:

L =
1

N0
n

�n

�n +N0

jrnj
2
: (65)

B. Performance

To evaluate the performance of the detector, we use the deflection
criterion [7], which is defined as

D(L) =
(E1(L)� E0(L))

2

V0(L)
: (66)

Here, Ei(�) denotes expectation under hypothesis i, and V0(�) denotes
variance under hypothesis zero. The deflection can be regarded as an
output signal-to-noise ratio. It is much easier to compute than a com-
plete receiver operator characteristic curve.
Computation of D(L) is straightforward, except for the evaluation

of V0(L) = E0(L
2)�E2

0(L), because E0(L
2) involves fourth-order

properties of complex white Gaussian noise. The Gaussian assumption
forces

E n
S
i n

S

j n
S

k n
S

l =E n
S
i n

S

j E n
S

k n
S

l

+E n
S
i n

S

k E n
S

j n
S

l

+E n
S

i n
S

l E n
S

j n
S

k (67)

where Sm is either +1 or the conjugating star �. Since the noise is
white and proper, we have Ennn�m = N0�nm and Ennnm = 0, and
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the only nonzero fourth-order moment of the noise must have exactly
two star and two nonstar terms. This moment is then

Eninjn
�

kn
�

l = N2
0 (�ik�jl + �il�jk) : (68)

Using (64) we obtain

E0(L
2) =

1

N2
0 n m

E0(hn;1hm;1nnnmn
�

nn
�

m

+
1

2
hn;2hm;2nnnnn

�

mn
�

m)

=
n

hn;1

2

+
n

(h2n;1 + h2n;2): (69)

The deflection is then given as

D(L) =
1

4N2
0

� n
hn;1(�

r
n + �in) + hn;2(�

r
n � �in)

2

n
(h2n;1 + h2n;2)

=
1

2N2
0

�
n

(� )

� +N
+

(� )

� +N

2

n

�

� +N

2

+
�

� +N

2
: (70)

Using Fact 1, we can show thatD(L) is a Schur-convex function of
the eigenvalues f�rn; �

i
ng, with parameter N0. The easy, but tedious,

proof is omitted. To determine the maximum performance gain by in-
corporating knowledge of complementary covariances we can there-
fore again employ Theorem 2. In order to maximize deflection, the two
eigenvalues �rn and �in must show maximum disparity: for instance,
�rn = 2�n, �in = 0. Using the optimum coefficients hn;1 and hn;2
from (58), the deflection is then

D(L) =
2

N2
0

�
n

�

2� +N

2

n

�

2� +N

2 : (71)

On the other hand, if we were to ignore the information contained in
the complementary covariance, we would have �rn = �in = �n, and
the suboptimal coefficients (61) would only give deflection

D0(L) =
1

N2
0

�
n

�

� +N

2

n
�

� +N

2 : (72)

The ratioD(L)=D0(L) is at most 2, and this is asymptotically the case
for either N0 ! 0 or N0 ! 1. Again, this 3-dB result is not sur-
prising for the comparison of coherent versus noncoherent detection in
the communications example of Section II, (23). Note, however, that
our result is more general than just a comparison of coherent and non-
coherent detection. We have proved that the factor of 2 is also the max-
imum performance gain possible in any Gauss–Gauss detector that in-
corporates knowledge of complementary covariances.

VI. CONCLUSION

We have presented a version of the K-L expansion for improper com-
plex random signals. We have used this K-L expansion to solve the
problems of detection and estimation of improper random signals in ad-
ditive white Gaussian noise, and presented a general result comparing

the performance of widely linear with strictly linear processing. In par-
ticular, we have found that the maximum performance gain by incorpo-
rating knowledge of complementary covariances as measured by MSE
and deflection is a factor of 2. In a communications example, we have
linked the two situations that display thismaximumperformance differ-
ence to coherent detection (perfect phase knowledge) and noncoherent
detection (no phase knowledge). WL processing, however, can cover
any situation in between, where some phase knowledge is available. It
applies, as well, to adaptive approximations of coherent detection (see,
e.g., [18], [19]).
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