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Spectral Relations for Multidimensional Complex
Improper Stationary and (Almost) Cyclostationary
Processes
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Abstract—We study continuous-time multidimensional wide-
sense stationary (WSS) and (almost) cyclostationary processes in
the frequency domain. Under the assumption that the correlation
function is uniformly continuous, we prove the existence of a
unique sequence of spectral measures, which coincide with the
restrictions to certain subdiagonals of the spectral measure in the
strongly harmonizable case. Moreover, the off-diagonal measures
are absolutely continuous with respect to the diagonal measure. As
a consequence, for strongly harmonizable scalar improper almost
cyclostationary processes, we obtain representation formulas for
the components of the complementary spectral measure and the
off-diagonal components of the spectral measure, in terms of
the diagonal component of the spectral measure. We apply these
results to analytic signals, which produces sufficient conditions for
propriety for almost cyclostationary analytic signals.

Index Terms—(Almost) cyclostationary processes, analytic
signals, complementary correlation, harmonizable processes,
improper processes, multidimensional processes, wide-sense sta-
tionary (WSS) processes.

I. INTRODUCTION

HE second-order statistics of a zero-mean scalar complex
T stochastic process s(t) are characterized by the correlation
function 7(¢,u) = E(s(t)s*(u)) and the complementary corre-
lation function 7(¢,u) = E(s(t)s(u)), which is sometimes also
called pseudo-correlation [1]. Processes with vanishing com-
plementary correlation are called proper [1]. Proper processes
are circular (or circularly symmetric) in the sense that s(¢) and
a rotated version s(#)e’® have the same second-order statistics
for all real angles o [2]. Complex-valued stochastic processes
may arise as equivalent descriptions of underlying real signals.
The two most prominent examples are the analytic signal and the
equivalent baseband signal in communications. Analytic signals
are important in several areas of signal analysis [3], in partic-
ular time—frequency analysis [4]. The analytic signal enables a
decomposition of a real signal into amplitude and phase. The
equivalent baseband signal describes a real bandpass signal in-
dependently of the carrier frequency [5].
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Historically, the focus has been on proper signals. The main
reason, besides the simplicity of description, is that a complex
signal is known to be proper if it is either the analytic signal
or the equivalent baseband representation of a real wide-sense
stationary (WSS) bandpass signal [6]. However, in other situa-
tions, propriety is not guaranteed. Recently, there has been an
increased interest in the study of improper complex signals be-
cause they can arise in modern signal processing and communi-
cations applications, e.g., multiuser detection [7], [8], equaliza-
tion [9], and array processing [10]. Correctly accounting for the
improper nature of signals can lead to significant performance
gains [11].

In this paper, we consider zero-mean continuous-time
second-order multidimensional complex (vector-valued) im-
proper stochastic processes. In order of increasing generality,
we treat WSS, cyclostationary, and almost cyclostationary pro-
cesses. Cyclostationary processes are periodically correlated
and serve as models of phenomena occurring in science and
technology, including communications, physics, meteorology,
oceanography, climatology, astronomy, biology, and economics
[12]-[19]. The concept has a natural extension to the class of
almost cyclostationary processes [20], [21], which is of interest
both from a theoretical and a practical point of view. Almost
cyclostationary processes are interesting as mathematical ob-
jects in a way similar to almost periodic functions, which also
comprise nonperiodic functions such as sin(x) + sin(wz). They
are also important as models of physical signals that are close
to being periodic but have nonharmonically related frequency
content, e.g., in climatology [22].

Cyclostationary and almost cyclostationary processes have
been given much attention in the engineering and mathemat-
ical literature [12]. One of the pioneers was Gladyshev [15],
[16], who found a criterion for a function to be the correlation
function of an almost cyclostationary process. This criterion re-
veals a connection between almost cyclostationary processes
and vector-valued WSS processes, which has been further ex-
plored by Gardner, among others. Hurd, Gardner, Dehay, and
others have made important contributions to the spectral theory
of (almost) cyclostationary processes [13], [14], [18]-[21], [23].
In [24], a more general class of Hilbert space-valued processes,
called asymptotically stationary and defined on locally compact
Abelian groups, is discussed. The paper [25] treats estimation
of the frequencies of discrete-time almost cyclostationary pro-
cesses.

For strongly harmonizable processes, there exists a two-di-
mensional spectral measure, which is the Fourier transform of
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the correlation function, and another two-dimensional com-
plementary spectral measure, which is the Fourier transform
of the complementary correlation function. The spectral mea-
sure of a strongly harmonizable cyclostationary process has
support along diagonals whose intersection with a coordinate
axis constitutes a frequency lattice. For almost cyclostationary
processes, the describing set of frequencies is still countable
but may be incommensurate, i.e., not supported by a lattice.
This means that the spectral measure may be described by
a sequence of measures defined on R. There exists such a
sequence of spectral measures under weaker assumptions than
strong harmonizability. For scalar processes, Hurd [21] showed
that uniform continuity of the correlation function is sufficient
for the existence of a sequence of measures. Later, Dehay
[20] showed that the off-diagonal measures are absolutely
continuous with respect to the diagonal measure under the
same assumption. In this paper, we extend these findings to
infinite-dimensional processes. As a consequence, we obtain
results on the spectral measure and complementary spectral
measure in the scalar strongly harmonizable case, using the
two-dimensional process (s(t) s*(t))T.

Our paper is constructed as follows. In Section II, we give a
characterization for a pair of matrices to be the correlation and
complementary correlation matrices of a finite-dimensional sto-
chastic vector. This generalizes a well-known result for invert-
ible correlation matrices [26] to the singular case. In Section III,
we review the framework of strongly harmonizable multidimen-
sional complex processes. Section IV treats WSS processes. In
the scalar case, we obtain a characterization of the spectral mea-
sure and the complementary spectral measure, which general-
izes a result by Picinbono [6] to signals whose spectral measure
and complementary spectral measure are not necessarily abso-
lutely continuous with respect to Lebesgue measure.

Sections V and VI deal with strongly harmonizable scalar
cyclostationary and multidimensional almost cyclostationary
processes, respectively. First, we show that, for scalar pro-
cesses, the assumption of strong harmonizability leads to an
extension of Dehay’s result on absolute continuity of the off-di-
agonal measures with respect to the diagonal measure. This
result gives a stronger conclusion under a stronger hypothesis,
and the proof is based on a simple decomposition technique and
the Cauchy—Schwarz inequality. Then, in Section VI, we relax
the assumption of strong harmonizability to uniform continuity
of the correlation function. We give a generalization of [20,
Theorem 2.3] to multidimensional almost cyclostationary pro-
cesses. This result says that there exists a sequence of spectral
measures supported on subdiagonals, and the off-diagonal
components are absolutely continuous with respect to the di-
agonal component. As a special case, this gives representation
formulas for the complementary spectral measures and the
off-diagonal spectral measures of a scalar improper strongly
harmonizable almost cyclostationary process, in terms of the
diagonal spectral measure. The latter result is similar to, but
slightly weaker than, the corresponding result for cyclosta-
tionary strongly harmonizable processes in Section V.

Intuitively, the results we obtain for almost cyclostationary
processes might be anticipated as a consequence of the
Cauchy—Schwarz inequality in the frequency domain. This
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inequality bounds the off-diagonal values in terms of the
diagonal. However, since both the diagonal and off-diagonal
spectral measures and complementary spectral measures may
contain Dirac measures, some measure-theoretic care must be
taken in the application of the Cauchy—Schwarz inequality.
Even if the spectral measures do not contain Diracs, they are
themselves “Dirac ridges” along certain subdiagonals.

Finally, in Section VII, we discuss some implications of our
results for analytic signals. Using our results, we obtain infor-
mation on how the Hilbert transform affects the complemen-
tary spectral measure for (almost) cyclostationary processes. We
give sufficient conditions, in the spectral domain, for an analytic
almost cyclostationary signal to be proper.

A. Notations and Definitions

We let LE(Q) = L3(Q,B,P) denote a given space of
second-order zero-mean complex-valued random variables,
and L2(,C?) a space of zero-mean second-order stochastic
variables with values in C¢. When d = oo, we study L3(2,1?),
which is the space of random variables that take values in the
square-summable sequence space [2 = [%(Z). We will use
the term nonnegative definite (NND) for matrices, functions,
and measures. Thus, the term must be interpreted in slightly
different ways, depending on the context. They all resemble
the NND definition for matrices: A € C?*¢ is NND if and
only if 7 Az > 0 for all z € C?. Let R(R) denote the range
space of a matrix R € C?*<, and N'(R) its null space. The
pseudoinverse, or Moore—Penrose generalized inverse [27], of
a possibly singular matrix R is R". When R is Hermitian,
we have RR" = R'R = IRy, which is the matrix that
leaves R(R) invariant and is zero on R(R): = N(R). We
define the translation operator for measures and functions as
(Tapr)(z) = p(x — a), and for sets as T,A = A+ a, A C R,
a € R. Note that (7,u)(A4) = u(1_,A).

We will utilize some measure theory [28]. The domain of
a complex-valued measure p on R is a class of subsets of R,
which is closed under countable unions and complement, and it
includes the empty set. The Borel o-algebra, denoted B(R), will
be used as domain for measures. A measure fulfills () = 0. It
is countably additive in the sense of u(|J7" Ax) = D77 u(Ax)
when { Ay }$° are pairwise disjoint.

The Dirac measure is defined by §p(A) = 1if 0 € A and
60(A) = 0if0 ¢ A. The measure y on R?, defined by u(z,y) =
do(z — ), fulfills u(A x B) = 6(AN B), A, B € B(R). The
tensor product ® is defined as (f ® g)(z,y) = f(z)g(y) for
functions or measures f, g. Composition of a measure p and a
transformation 7" : R? — R? is denoted (0 T)(x) = u(T(z)).
The total variation || of a measure p is

1l (4) = A € B(R)

sup 3 (A

{Ar}re 1

where the supremum is taken over all {A;}7° such that
U Ar = A and {A4;}5° are pairwise disjoint. The total
variation |u| is a finite measure if u is a finite measure. If
is a nonnegative measure and v is a measure, v is said to be
absolutely continuous with respect to p if u(A) = 0 implies
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v(A) = 0 for all A € B(R). Then the Radon—Nikodym the-
orem says that there exists a unique function f € L!(u) such

that
A>=_/A f(@)u(de

We denote the set of bounded linear operators between two
Hilbert spaces Hy, Ho by B(Hq, Hs) and its norm by || - ||
The set of trace-class operators [29] from H; to Hs is denoted
T(Hy, Hs) and T(Hy) if Hy = Hj. It consists of all T €
B(Hi, H) such that the norm

17|l = sup Z (T fr, gn) 1, |
n>0
is finite, where the supremum is taken over all orthonormal se-
quences {fn}n>0 C Hi and {gn}n>0 C Haz. The subset of
nonnegative definite trace-class operators is denoted 7'(Hy)™.
IfA e B(HQ,Hl), B € B(Hl,HQ), and T € T(HQ) then
ATB € T(H;) and

IATB|l- .y < TANIBINT 7 (1) (D

II. CHARACTERIZATION OF CORRELATION MATRICES

We first consider finite-dimensional, zero-mean stochastic
vectors 8 = (sq -+ sq)T, and characterize the pair of matrices
R, R € C%9 such that E(ss) = R and E(ssT) = R.
There is a well-known characterization when R is invertible
[26], which says that R, R are a pair of correlation and com-
plementary correlatlon matrlces if and only if R is NND, Ris
symmetric, and R — R'R™'Ris NND. The following result
is a generalization of this theorem when R is singular.

Theorem 1: Let R, R € C%4. There exists a stochastic
vector s with correlation matrix R and complementary correla-
tion matrlx R 1f and only if Ris NND, R is symmetric, N (R) C
N(R ), and R — R R"Ris NND.

Proof: Suppose there exists a vector 8 such that £/ (s8) =

R and E(ss8”) = R. Then R is NND and R is symmetric. The
matrix
- R R 2dx2d
r-( L1 2
(R R*> €t @

is NND since it is the correlation matrix of the vector (87 s#)7.
The identity N (142 = (AH) , valid for any matrix A E
C?*4, gives N(R') = R(R)"*. Suppose N'(R) ¢ N(R
Then there exist ,y € C?\ {0} such that Rz = 0 and
" Ry # 0. Without loss of generality, we can choose g such
that 7 Ry = b < 0 and ||y|| = 1. Let \; denote the largest
eigenvalue of R, which is positive (because otherwise we have
the trivial case 8 = 0). Then, if a € R, we get

o ()
Yy
—a2z" Rz + y" R*y + az" Ry + ay"'R =
=yT Ry + ZaRe(a:Hﬁy)
<A +2ab<0
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if a is chosen large enough. This cogiradicts the assumption that
R is NND, and thus N (R) C N(R ).
We now show that R can be factored as

z_(_ A O\(R o
“"\RR" 1)\0 RR-RR'R
I R'R
(0 ")
_(_R RR'R 3)
" \RR'R F
Since R = R? angﬁ — R, we have N(R) = R(R)*
and N(R ) = R(R)*. Thus, N(R) C N(R) is_equiva-
lent to R(R) C R(R). It follows that RRYR = R, since

RRY restricted to R(R) acts like the identity matrix. Now let
x € C? be arbitrary, and decompose i 1t intoz = x,, Fa where
2, € N(R) and z, € R(R). Then R "R*Rz = R R"Rz, =

R z,. = R z,since N(R) CN ( ) This proves the decom-
position (3), which implies that R* — R R"Ris NND. Hence,
the four conditions in the statement of the theorem have been
established.

We now prove the sufficiency of the four COIldlthIlS As-
sume that R is NND, R is symmetric, N(R) C N(R ) and
R* — R R*Ris NND. By the same arguments as above, de-
composition (3) holds. Because R and R —R R"Rare NND,
R is NND. If we define the unitary matrix [30]

L1 jI 2dx2d
T=— . eC
V2 (1 I )
we obtain
THRT — <Re(R + z?) ~Im(R —ﬁ) )
Im(R+ R) Re(R-R) '

Since T RT is NND, there exists a real-valued stochastic
vector (27 yT)T, £ € R, and y € R?, such that the correlation
matrix of (27 y7)" is T RT. If we define s = 1/v/2(z + jy),
it follows that E(ss) = R and E(ss”) = R [30]. O

III. STRONGLY HARMONIZABLE PROCESSES

A. Scalar-Valued Processes

Let s(t) denote a zero-mean complex-valued second-order
stochastic process defined on R. Its correlation function is

r(t,u) = E(s(t)s"(u))
and the complementary correlation function is defined by
7(t,u) = E(s(t)s(u)).

If 7(t,u) = O for all t,u € R, the process is said to be
proper (or circularly symmetric), otherwise, improper [1]. The
Cauchy—-Schwarz inequality gives the bound

F(tw))? < et r(uw),  tueR
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We assume that a scalar process s(t) is strongly harmonizable
[17], [31]. This means that it can be represented as

() = /R 91 5(dt) 4

where S is an L2(£2)-valued measure, called spectral process
[17], [31], such that the correlation function can be written as

ritvu) = [ [ &t mag, ) )

where

m(4, B) = E(S5(A)S™(B)),

By definition, m is assumed to be a measure on R? of bounded
variation [17], [31]. The measure m is called the spectral mea-
sure. It is NND, which means

> wiafm(Ai, Ay) 20 Vil € C,
ik=1
{A;}i, C B(R) pairwise disjoint,

A,B€B[R). (6

n > 0.

It follows from (4) that the complementary correlation function
can be represented as

7t u) = / / eI Be=um i (dg dn) 7
JR2
where

m(A, B) = E(S(A)S(-B)), A,BeBR) (8
is called the complementary spectral measure. From the as-
sumption that mn is a measure it follows that m is a bimeasure,
i.e., m(A,-) and m(-, B) are measures of bounded variation
on R for all A, B € B(R) [17], [31]. The set of bimeasures is
larger than the set of measures. We will assume that m is not
only a bimeasure, but a measure of bounded variation on R?.

When they exist, the derivatives of m and m with respect
to Lebesgue measure are called the spectral correlation and
complementary spectral correlation function, respectively [32].
From (6), (8), and the Cauchy—Schwarz inequality we obtain
the basic symmetries and bounds

m(A, B) =m*(B, A)
m(A,B) =m(-B,—-A)
[m (A4, B)I2 <m(A, A)ym(B, B)

|m(A, B)|> <m(A,A)ym(-B,—B), A,B € B(R). (9)

B. Vector-Valued Processes

We will also work with vector-valued (multidimensional)
processes 8(t) = (s1(t)---sa(t))T [17], [33]. A vector-valued
process can be seen as a map R — L3(Q,C?) if d < oo, or
amap R — L2(Q,1?)if d = oo [17]. When d < oo, the
correlation function R of a multidimensional process 8(t) is
the matrix-valued function

R(t,u) = E (s(t)s" (u)) eC™?,  tueR (10

and the complementary correlation function is

R(t,u) = E (s(t)s7(u)) .
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~T ~
We have R (t,u) = R(u,t) and R" (t,u) = R(u,t). When
d = oo, the correlation function is defined as an operator on /2
by

(R(t ’U,).'l?, y)l2 = E((S(t)/ y)l2 (‘T? 3(”))12 )7

It follows that R(t,u) € T(I*) [17], i.e., R is trace-class oper-
ator valued, and the same is true for R.

As in the scalar-valued case, a multidimensional process is
said to be proper if E(s(t)s”(u)) = 0 for all t,u € R. This
means that each process s;(t), 1 < ¢ < d, is proper. Further-
more, all processes are jointly proper, i.e., E(s;(t)sg(u)) = 0
forallt,u € Randall1 <i # k < d.

The theory of strongly harmonizable processes extends to
the vector-valued case, with some subtle modifications when
d = oo [17]. A vector-valued process is said to be strongly har-
monizable if we can write

R(t.w) = / | /[R AU M(dg, )

Ritw) = [ [ ot Mg,

where M and M are C?*4.valued bounded measures on R2.
When d = 0o, M and M are T'(I%)-valued, which implies that
each entry of the matrices M and M is a bounded measure on
R2.

As in the scalar case, the assumption that M has bounded
variation implies that M is a bimeasure [17], but we will again
assume the stronger property that M has bounded variation.

The spectral measure M is NND according to the definition

z,y € >

(1)

Yzl M(A;, Ap)ay >0, V{z;}7_, c C,

ik=1

A}y C B(R) pairwise disjoint, n > 0. (12)
=1

Corresponding to (4), we have the spectral representation
s(t) = [ s,
JR

where S is a d-dimensional spectral process that satis-
fies M(A,B) = E(S(A)S’H(B)), A,B € B(R), and
M(A, B) = E(S(A)8" (-B)).

We will need the following characterization of C?*?-valued
functions on R? that are correlation functions. It is a special case
of [17, Proposition IV.1.2].

Lemma 1: Tf 8(t) is a C%-valued process, then its correlation
function satisfies

> @ R(ti, i)z, >0, V{z;}i, c C’,
ik=1

{t:;}-, CR, n>0. (13)
Conversely, for every R : R? — C**? that fulfills (13), there
exists a proper process 8(¢) with correlation function R(t,u),

and R(t,u) = 0 for all {,u € R.
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Results for the complementary spectral measure of a scalar-
valued process s(t) can be obtained by setting d = 2 and con-
sidering vectors with the special structure 3(t) = (s(t) s*(t))7.

Their correlation function is

- t r(t
Rt u) = (’;*((2.13) :*((t,.lg)) ec™® a9
and the corresponding spectral measure is
= _ m(A, B) m(A, B)
oo = (555 % ) )
A,B e B(R). (15)

Both R and M are NND, i.e., they satisfy (13) and (12), re-
spectively. However, it is not easy to interpret (12) as a relation
between m and m. Nevertheless, as we will see, a simple char-
acterization of the set of possible m and m exists in the case of
scalar WSS processes.

IV. WSS PROCESSES

In this section, we assume that d < oco. A zero mean d-di-
mensional process 8(t) is said to be WSS if there exist single-
variable matrix-valued functions p and p such that the correla-
tion and complementary correlation functions satisfy R(t,u) =
p(t — u) and R(t,u) = p(t — u). If p is continuous then it
automatically has a spectral representation with a measure sup-
ported on the diagonal only, i.e., M(A, B) = pu(A N B) [17].
Our definition of strong harmonizability includes that M is a
C%*4_valued measure, and M (A, B) = (AN B) follows from

R(t,u) = p(t — u). Hence, we have
olt) = [ euiat)

p(t) = | /[R e/ p(d) (16)

where pu(A) € C%*4 is a NND matrix for all A € B(R) [17].

Moreover, p' (u—t) = RT(u7 t) = R(t,u) = p(t —u) implies
H(A) = i (~A).

Next, we prove a characterization of the measure pairs (g, ft)
such that p and p are the correlation and the complementary
correlation functions of a d-dimensional WSS process. For this
purpose, we define the 2d-dimensional WSS process 8(t) =
(sT(t) s (t))T, which has correlation function

— p(t)  p(t) ) 2dx2d
wo=(20 0 4
The corresponding spectral process is §(A) =

(8T (A) 87 (—A))T, and
fi(A) = E(S(4)8" (4)) = (ﬁf((ﬂ) MAA))

_( wA) wA
‘(rﬁm) Wi >>’ R

Theorem 2: Let p and p be the inverse Fourier transforms of
the measures u and i, respectively, as specified by (16). There
exists a d-dimensional WSS process 8() with correlation func-
tion p and complementary correlation function p if and only if,
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foreach A € B(R), i’ (—A) = i(A), p(A) is NND, and i(A)
is NND.

Proof: Suppose there exists a process 8(t) with correla-
tion function p and complementary correlation function p. By
a generalization of Bochner’s theorem [17, Theorem I1.5.5],
p is a C?¥9-valued measure such that p(A) is NND for all

A € B(R). Since p(=t) = R (0,t) = R(t,0) = p(t), we
have fi(A) = fi’ (—A) for all A € B(R). Finally, the fact that
B(A) is NND for all A € B(R) follows from (18). Thus, the
three conditions are necessary.

To prove sufficiency, suppose that the three conditions are
satisfied. Define M(A, B) = (A N B) and let z; € C*,
A; € B(R) (pairwise disjoint), for 1 < 7 < m,andn > 0
be arbitrary. The diagonal support of M gives

i,k=1 =1

since p(A;) is NND for all 1 < i < n. If we define R by the
first line of (11) with M = M, it follows from (19) that R
is NND. Furthermore, the diagonal support of M implies that
R is the correlation function of a WSS process, and we have
R(t,u) = p(t—u), defined by (17). Lemma 1 implies that there
exists a proper WSS process w(t) = (w¥'(t) wl(t))T, where
w1 (t) and wo(t) are d-dimensional processes whose correlation
function is F(w(t)w (v)) = R(t,u), and E(w(t)w” (u)) = 0
for all t,u € R. If we now define s(t) = 1/v/2(w1 (t) +w3(t)),
we get

E(s(t)s" (u) = % (B(wi(thwi () + E(ws(t)w3 (u)))
= p(f - u)?

E(s(t)s" (u) = % (E(wi(t)wy' (v)) + E(ws(t)wy (u)))
=p(t —u). O

If we choose any pair of indices 1 < 7,k < d and take the
determinant of the 2 x 2 submatrix of the NND matrix (18) with
row and column indices i and k + d, we obtain |, ,(A)]* <
i (A, (—A), for all A € B(R), since p; ;(A) > 0 for all
1 < ¢ < d. This is a necessary but not sufficient condition for
a WSS process 8(t) to exist, since a matrix is not necessarily
NND even if all its 2 x 2 submatrices involving the diagonal
are NND.

In the scalar case, however, Theorem 2 gives a simple char-
acterization of all x4 and g such that p and i are the spec-
tral measure and complementary spectral measure of a WSS
scalar-valued process s(t). Similar results are discussed in [6],
[30]. The following result is more general since it allows spec-
tral measures y and g that are not necessarily absolutely contin-
uous with respect to the Lebesgue measure, as it is assumed in
[6]. (The paper [6] treats the discrete-time case.)

Corollary 1: Let the scalar functions p and p be the inverse
Fourier transforms of the scalar measures p and f as specified
by (16). There exists a scalar WSS process s(t) with correla-
tion function p and complementary correlation function p if and
only if, for each A € B(R), u(—A) = u(A), u(A) > 0, and
[A(A)]> < p(A)p(-A).
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The third condition in Corollary 1 implies that zz is absolutely
continuous with respect to . Hence, by the Radon—-Nikodym
theorem, there exists a unique function f € L*(y) such that

i(A) = /A F(E)u(de), A€ BR).

V. SCALAR CYCLOSTATIONARY PROCESSES

In this section, we consider strongly harmonizable cyclosta-
tionary scalar processes s(t). Multidimensional cyclostationary
processes are included in the more general analysis of Sec-
tion VI. A process is called cyclostationary if there exists a
T > 0 such that r and 7 are I’-periodic along the diagonals,
ie,r(t+T,u+T)=r(t,u)and7(t +T,u+T) = 7(t,u) for
all ¢, u € R. Alternatively, we can define b(u,t) = r(u +t,u),
b(u,t) = 7(u+t,u), and require periodicity in the first variable

(

blu+T,t) =b(u,t
b =b(u,1),

b(u+T,t)

’

Yu,t € R. (20)

The periodicity in « motivates the definition of Fourier coeffi-
cients in the first variable

17 :
b(t) = T /0 b(u, t)67]2ﬂ—uk/Tdu./

~ 1 T. .
bk(t):f/o b(u,t)e™ 2R/ Tqy, — keZ. (1)

The assumption that 7 is strongly harmonizable is sufficient for
pointwise convergence of the Fourier series [19], [21] according
to

blu,t) = by(t)ed>™ kT

kez

but) = bi(t)el kT,
kezZ

(22)

Moreover, the Fourier coefficients by () and by () can be written
as [19]

ba(t) = /R e (dE)

bi(t) = / eI i (d€) (23)
JR
where j1y, and jij, are measures, with the symmetries
p(§) = p" 4 (§ — 27k/T)
k() =fin(~E+2mk/T),  kel. (4
Insertion of (23) into (22) gives
r(u+t,u) =bu,t) = Z eI2muk/T / ejftuk(dé’)
kez R
Fu+tu) =bu,t) =Y e/2mk/T / e i (d€).  (25)
kez R
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To see the relation between m and i, and between m and iy,
we use the coordinate transformation x(z,y) = (z,2 —y) =
x~1(w,y), and rewrite the formula (5) as

P tu) = // I o k(dE,dn).  (26)
R2

Comparison of (25) and (26) yields

oo
m = Z Pk © 2k )T O K.

k=—o0

Hence, we have

m = Z e ® 0o © T(0,—27k/T) © K

k=—o0

= Z e @ bpo Ko T(0,27k/T)-

27
k=—oc0
From (27), we obtain
m(A,B)= > (AN (B+27k/T)).  (28)
k=—oc0
The relation
m(A,B)= > Ji(AN(B+27k/T)) (29)
k=—oc0

is derived analogously.

It is known that py, is absolutely continuous with respect to
wo for all k& € Z [20]. The proof in [20] is designed for almost
cyclostationary processes (see Section VI) and the more general
situation where the process is not assumed to be strongly harmo-
nizable. However, in the more restrictive strongly harmonizable
cyclostationary case this fact can alternatively be proved in a
more straightforward way using (9), as shown by the following
theorem. While our assumptions are more restrictive, the con-
clusion is stronger, since only the first of the identities (30) was
derived in [20].

Theorem 3: 1f 5(t) is a scalar strongly harmonizable cyclosta-
tionary process, there exist unique functions f, fr € L'(po),
k € Z, such that

in(A) = /A Fe(©po(de) = /A PO GO
fir(A) = /A Fe(©)mo(de) = /

—A42wk/T

fe(§)po(dE).  (31)

Proof: Suppose 19(A) = 0. Let {Bg}4ez be an arbi-
trary partition of A, i.e., the { B, },cz are pairwise disjoint and
Ugez By = A. Set By = By([2wl/T,2x(l + 1)/T) for
l € Z, which means that { B, ;},cz are pairwise disjoint, B, =
Uicz By.i> and By is contained in an interval of length 2 /T’
for each [. By assumption, 110(Bg,;) = 0 for all ¢,/ € Z. From
(28) and (29) we obtain

m( By, Bya = 2mp/T) = p1,(Byg,1)
m(Bq-,l + 27rp/T7 Bq,l) = (T—Zfrp/TNp)(Bq-,l>

T%(Bq,l,qul - 27rp/T) = ﬁp(qul). (32)
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Fig. 1. An illustration of the decomposition technique used in the proof of
Theorem 3. Since p1(By,) = m(By,, By, — 27/T), the assumption

m(Bg .1, Bg,1) = po(Bg,1) = 0 and the Cauchy-Schwarz inequality (9) gives
p1(Bea) = 0.

Likewise, (28) shows that m(By ;, By.1) = 1t0(Bg.i) = 0. Thus

pp(Bq,i) = m(Bg1, Bqy — 2mp/T) and (9) give

|p(By,)[* < m(Bq,t, Bgi)m(Bg, — 2mp/T, By — 27p/T)
=0

and we may conclude that

|/‘p(Bq7l)| = |/~4p(Bq,l)| = |(T—27rp/Tl‘p)(BqJ)| =0

forall ¢,l € Z.Hence ) ;. |ptp(By,1)| = 0 forall ¢ € Z, and

|1p|(A) = sup Z lup(Bg)| < sup Z |1y (Bg)| = 0.
{Ba}gez ot glez

Similarly, it follows that |/i,|(A) = |7_axp/7p|(A) = 0. This
proves that ji,, fi,, and T_s., 74, are all absolutely contin-
uous with respect to 19. The Radon—Nikodym theorem [28] now
yields the representations

() = /4 Je(©no(de) = /

A—2nk/T

i) = [ Ftmae = [

—A+427k/T

9k (§)po(dE)

Jr(©)po(dE)

for unique functions f, gk, fr € L (10), where the second
equality for fij, follows from the symmetry 1. (A) = pp(—A+
27k /T) in (24). The symmetries (24) also imply that g, = f*,.
O
The proof of Theorem 3 is based on the fact that the frequen-
cies of a cyclostationary process are equidistant. This admits
the employed decomposition procedure, where a set is split into
parts of length not greater than the frequency distance, as shown
in Fig. 1. The result then follows from the Cauchy—Schwarz in-
equality (9).
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As we will see in the next section, this idea breaks down for
almost cyclostationary processes. For such processes, the spec-
tral measure and the complementary spectral measure still have
support along subdiagonals as in the cyclostationary case, but
the spectral components are no longer equidistant. In fact, there
may even be no positive distance between them, which is why
we cannot use the decomposition technique used in the proof of
Theorem 3.

Nevertheless, we will present a result corresponding to The-
orem 3 for strongly harmonizable almost cyclostationary pro-
cesses (Theorem 5), with a different proof. In fact, Theorem 5
is a corollary of a result for multidimensional almost cyclosta-
tionary processes presented in the next section.

VI. ALMOST CYCLOSTATIONARY PROCESSES

In many applications, it is natural to relax the requirement
of T-periodicity (20) to the weaker requirement that b(-, ¢) and
b(-, t) are almost periodic in the sense of Bohr [34], [35]. The
process s(t) is then said to be almost cyclostationary or almost
periodically correlated [12], [18], [20], [21]. As for periodic
functions, the spectrum of an almost periodic function is count-
able. However, the frequencies may not be contained in a lattice
of the form {27k /T }rcz, and may even come arbitrarily close
to each other [18], [20], [21].

In this section, we work with vector-valued almost cyclo-
stationary processes 8(t) = (s1(t) --- sq(t))T, where each
si(t) is a complex-valued almost cyclostationary process. We
assume that the dimension d is infinite, which contains the fi-
nite-dimensional case. We will prove a result on the existence
of the off-diagonal spectral measures and their dependence on
the diagonal measure. We relax the assumption of strong har-
monizability and assume only that the correlation function is
uniformly continuous. This result is a multidimensional gener-
alization of Hurd’s result [21, Proposition 3] and Dehay’s result
[20, Theorem 2.3]. Section VI-B specializes these findings to the
scalar strongly harmonizable case, where we give a result cor-
responding to Theorem 3 for almost cyclostationary processes.

We work again with the coordinate-transformed correlation
function B(u,t) = R(u + t,u), which is T'(1?)-valued and as-
sumed to be uniformly continuous. The assumption that B(-, t)
is almost periodic implies that the limit

T+a )
B(u,t)e " du
—T+a

B,(t) = lim €1

33

exists for all frequencies A € R, independently of a € R. The
uniform continuity of B implies that theset A = {A € R: 3t €
R : B, (t) # 0} is countable [21, Proposition 4]. Therefore, we
can assume that A is indexed by Z according to A = { Ay }rez.
We will also assume that \g = Oand &k > 0 & A\, > 0. We
may assume that A is closed under all finite linear combinations
with rational coefficients, as in [16]. The set A is symmetric
in the sense A € A = —X € A [21]. Thus, we may assume
that —A\p = A_. The functions {B,, (¢)}xrez are the Fourier
coefficients for B(-,t).

For d = 1, Gladyshev [16] proved that a uniformly contin-
uous function R(¢, ) that is almost periodic along the subdi-
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agonals (i.e., satisfies the almost cyclostationarity criterion) is a
correlation function of a scalar process if and only if

B>\k A (t) = BM —Ak (t)e]’)\kt (34)
is the correlation function of a multidimensional WSS process.
This result is the foundation for much of the subsequent de-
velopment on (almost) cyclostationary processes [12]. For mul-
tidimensional cyclostationary processes, the function (34) has
been defined in [17]. Note that By, ,(t) is defined in terms
of the Fourier coefficients (33), \; — Ax € A, and By, »,(?)
is indexed by (k,i) € Z2. Hence, B, ,(t) can be consid-
ered an infinite-dimensional matrix, indexed by (k,7) € 72, of
T(1?)-valued functions of ¢ € R.

The following lemma is an extension of Gladyshev’s result
to multidimensional almost cyclostationary processes (see also
[17, Theorem V.5.9]).

Lemma 2: Suppose R : R? — T(I?) is uniformly contin-
uous. Let B(u,t) = R(u + t,u) and suppose B(-,t) is almost
periodic for all ¢ € R. Then R is the correlation function of a
[2-valued process if and only if

n
Z (B, A, (ti = te) Tk, )12 > 0,
ik=1

V{z;}i_, C I, {ni}i_1 C Z, {t:}]_, C R, n>0. (35)

Proof: Suppose R is the correlation function of an
[2-valued process. By Lemma 1 we have

Z (R(ti, tr)zr, )12 > 0,
i k=1

V{z;}, C I’ {t:;}}-; CR, n>0. (36)

Letn > 0, {z;}7, C I? {n ', C Z,and {t;}"_; C Rbe
arbitrary. Using (33) with a = tk and B(u + tg,t; — tr) =
R(u + t;,u + t;) we obtain
Z Any nk tk)xk7x’i>l2
i,k=1
= (Bx,, -, (ti — ti)ed gy g;)p0
ik=1
=1 — trp,t; — 1
o 2T/ Z (e, k)

i,k=1
X ejp‘n (ti—tr)— (>‘nk—>‘n-)(u+tl')]zk x.) >du

:Th—{r;oﬁ/ Z u+t u—l—tk)

ik=1
Xe_jA"k(tk-i_u),Z‘ie JAn; (ti‘l‘u))lzdu >0

where the inequality follows from (36).

The converse implication is proved by showing that (35) im-
plies (36), and then applying Lemma 1. The proof that (35) —
(36) is entirely analogous to the proof of [16, Theorem 2], and
rather technical. We omit it. O
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Remark 1: The condition (35) is equivalent to the exis-
tence of a vector-valued WSS process z(t) = {2zx(t)}rez,
whose components zy(t) are [2-valued processes such that
E(zr(t)zH(u)) = By, A, (t — u). Under certain circum-
stances, such a process can in fact be constructed from the
original process [13], [21], [36], using independent time shifts.
In particular, if the process 8(t) is cyclostationary with period
T, the construction is very simple: If # is a random variable
with uniform distribution over [0, 7'}, independent of 8(¢), then

21, (t) = 8(t + )e?2mE+O/T
will meet the requirement. For almost cyclostationary processes,

the construction of 2 (¢) is more complicated and extra condi-
tions are required [18], [21], [36].

A. A Multidimensional Generalization of Results by Hurd and
Dehay

In the following proposition, we use Lemma 2 to prove
that the assumption that R is uniformly continuous implies
that each Fourier coefficient B}, (t) is the Fourier transform
of a T'(I?)-valued measure p,, , k € Z. The requirement that
R is uniformly continuous is weaker than R being a Fourier
transform of a measure (i.e., 8§ strongly harmonizable). We
also show that p,, are absolutely continuous with respect to
trpg, which is a nonnegative measure. In the case when 8 is
strongly harmonizable, the measures p,, are the restrictions of
the spectral measure M to the subdiagonals as

M(A,B) = Z sy, (AN (B+ )

k=—oc0

(37)

which is a generalization of the formula for the scalar cyclosta-
tionary case (28).

Proposition 1: Suppose R : R? — T'(I?) is uniformly contin-

uous and the correlation function of an almost cyclostationary
[2-valued process, let B(u,t) = R(u+t,u) and By, (t) be de-

fined by (33). Then there exist unique measures p,, : B(R) —
T(I?) such that
B, (1) = / ey (d€), kez (38)
JR
and p is T'(1?)T-valued. We have
[l (A7 < tr(pag(A))tr (o (A — Ai))
< tr(po(A4))tr(Bo(0)),
A€ B(R), k €7\ {0}. (39)

Proof: The idea of the proof is to create, for each integer
N > 0,aT(H)-valued map B(N)(t), using Bj, , (t) for a fi-
nite number of indices ¢, k. Here H is a Hilbert space direct sum
consisting of 2N + 1 copies of /2. If the dimension d < oo, this
construction means that B™)(#) is a block matrix with blocks
{Bx; A (t) })i],Jkj< - The map B™) will turn out to be the cor-
relation function of an infinite-dimensional WSS process. Then
we may use the spectral representation of infinite-dimensional
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WSS correlation functions [17], which is a generalization of
Bochner’s theorem to Hilbert space-valued processes.

Let N > 0 be an arbitrary integer, set K = 2N +1 and define
the Hilbert space H = [ @ - - - @ [2, the direct sum of K copies
of 12, with inner product

N

Z (mkv yk)ﬂv

m=—N

(Zvy)H— x:(x—N?"'va)vyEH'

Define the projection operator P, : H — [? by P,z = =, let

P* : 12 — H denote its adjoint P*z = (0,...,0,2,0,...,0)
(z at position n), and set
BM (1) = Z P*Bi, », (t)P,
m,n=—N
<~
By, . (t) = P BM )Py, |n],|m| < N.

Since By, A, (t) € T(I?), the inequality (1) implies that
B™)(t) € T(H) for all teR. Let M > 0, {t:}, C R, and
{y;}M, C H be arbitrary, and denote y,=(z; _n - Z; N)
where x; ,,, € 1?for—N <m < N. Using Lemma 2 we obtain
M

> (Bt — ti )y vi)m

ik=1

—Z Z Z Z B,\7 An t —tk).’l,‘km,.'lfi,m)lzzo

i=1 m=—N k=1n=—N

due to (35). Thus, by Lemma 1, B(N)(t) is the correlation
function of an H-valued WSS process. Furthermore, the as-
sumption that R is uniformly continuous implies that B}, (¢)
is uniformly continuous due to (33). Therefore, B! (t) is a
uniformly continuous 7T'(H)-valued function. Now [17, The-
orem I1.5.5] (which is a generalization of Bochner’s theorem of
spectral representation of positive-definite C-valued functions

to T(H)-valued functions) says that we have the spectral
representation
BM (1) = / 31 M) (dg) (40)
JR
where M™) is a unique T(H)*-valued measure, i.c.,
N
Z (PmM(N)(A)P;zmmm)lQ >0,
mn=—N
z,€0® |n|<N, AcB(R). 4l

Since By, (t) = Bo., (t) = Po.BY)(t)P; for |k| < N, we
have the representation

where
py, = MNPy 42)

is T'(I?)-valued, which follows from (1) and the fact that M (M)
is T'(H)-valued. The measure u,, is unique since M M) s
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unique. The definition (42) is independent of N if N > |k|,
since By, (t) = PoB™)(t) Py holds for all N > |k|. The NND
property (41) implies that g, is a T'(1?) T -valued measure.

We deduce from (40) and (34), with k € Z arbitrary, that

P.BM(6)P; = By, 5, (1) = By(t)e’ " = By o(t)e?
= Py B (1) Pyeitet
- / e+ p M UKD p (g
JR
- / 7€ PoMUFD pr(dg — )
i.e., !

PMIprA) = PoMUFD Pr(A — ), A € B(R). (43)

Next we fix k& € Z \ {0}. Let {f,}n>0 and {g,}n>0 be
orthonormal sequences in [2. For n > 0 fixed, we set £y =
a1Gn, Ty, = asf, where ay,as € C, and we also set &, = 0
for |m| < |k|,m # 0, and m # k. We insert these {z,, }__
into (41) with N = |k|, and conclude that the 2 X 2 matrix

<(P0M<’“'>(A)P;gmgn)p (PoM*D(A)PE f,0, g0) e )
(PM D (A Prgn, f)ie (PMUV(A) P fo, fo)i2

is NND for any A € B(R). Hence, using (42) and (43), we have
the inequality

|(”‘Ak (A)fnvgn)P |2 S (”‘O(A)gnm(hz)lz (Il'(](A - )‘k)fn, fn)127

A € B(R).
This inequality holds for all >0, which finally gives

i, (A2 2

= sup (3 (s, (4) fus g0 )02

< sup (7 (o A)gns 901 2o (A = Ne) o F) 1)

< up S (ol AV 9)e S bbo(A — M) fu)i
n>0 n>0

< tr(po(A))tr(po(A — Ar)),

The inequality tr(p(A — Ax)) < tr(py(R)) = tr(By(0)) fol-
lows from the fact that g, is 7'(1%)*-valued. d

A € B(R).

From (39) we may conclude that p,, is absolutely contin-
uous with respect to tr(g,). This is included in the following
generalization of a theorem of Dehay (see [20, Theorem 2.3])
to multidimensional processes.

Theorem 4: Suppose R : R? — T(I?) is uniformly contin-
uous and the correlation function of an almost cyclostationary
[2-valued process. Let B(u,t) = R(u + t,u) and By, (t) be
defined by (33), and let g, be the T'(1?)-valued measures that
satisfy (38). Then

H /R F(E)y, (d€) 2

< tx(Bo(0)) / |F(O)Pbe(jao) ().

Vk e Z\ {0}, feL®R). (44
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Proof: Let f be a simple function, i.e.,

n

FO) = aixa ()

=1

where a; € C, A; € B(R) for1 <i < n, {A;}_, are pairwise
disjoint, and x 4, denotes the indicator function of the set A;.
The sets {A; — A\, }7, are also pairwise disjoint, and hence

D (o (Ai = k) =tr(po (Ui (Ai — )
i=1
< tr(po(R)) = tr(Bo(0)).
Using (39) we obtain
2

H [ 5@, (@)

2

Z Aipby, (4;)
i=1

T

= (Z st (pag (A5)) e/ (g (Ai — )\k))>

< 2 lailtr(uo(A:)) D tr(ao(Ai = M)

< tr(Bo(0)) Z |ai|*tr(po (As))

=1

— t2(Bo(0)) / (Ot (a0 (d6).

The extension from simple functions to f € L°°(R) can be ob-
tained from Lebesgue’s dominated convergence theorem [28],
[37]. O

If we assume that R is strongly harmonizable then the Fourier
series with coefficients B (¢) converges pointwise according to
(171, [21]

B(u,t) =Y Ba(t)e!™".
AEA

The same assumption also allows the representation

By, (1) = / e, (dE), kel

where each p,, is a T(I?)-valued measure [17], [21], which,
according to (38), are identical to the measures (42). Since
R(t,u) = B(u,t — u) we have

Rit.w) = 30 e [ o0 dg

AEA /R

(45)

similar to (25).
B. Application to Strongly Harmonizable Scalar-Valued
Processes

We now specialize to the case d = 2 and 3(¢) = (s(t) s*(¢))T
where s(t) is a scalar strongly harmonizable process. Then 3(¢)
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has correlation function R(t, u) defined by (14). We denote the
spectral measures for R(t7 u) in (45) by &t . Hence, using a gen-
eralization of (25) from the cyclostationary case to the almost
cyclostationary case [20], [21], (14), and (45), it follows that

= 4)  a(4)
A) = l . AeA, AeB(R).
me= (a0 50 ) ”
(46)

Similarly to (24), the symmetries

i (§) = px (€= k)

ﬁAk (&) :ﬁx\k(_f"i')‘k)» kez 47)
hold for almost cyclostationary processes [20]. Thus,

fio(—A) = fig(A). Since fig(A) = PbM W (A)P; € €22 s
NND by (41), and because po(A) > 0, we have

io(A)2 < po(A)po(—4),  A€BR). @)
This implies that fio is absolutely continuous with respect to
1t0- Moreover, Proposition 1 and the Radon—-Nikodym theorem
yield the following theorem.

Theorem 5: 1f s(t) is a scalar strongly harmonizable almost

cyclostationary process there exist unique functions f, fA €
L'(po), A € A, such that for all A € B(R)

)= [ Omald) = FAOulde). AeA @)

ﬁo<A>:_A Fo€ o) = [ ol (50)

fir(4)= /A Fa(€) (o + i) (d€)
- / BE) (o + fi0)(de), A A\ {0},  (5D)
J_A+A

Proof: Formula (49) follows from Proposition 1 with d =
1, the Radon—-Nikodym theorem, and (47). Alternatively, it fol-
lows from [20, Theorem 2.3]. Formula (50) follows from (48)
and (47). To prove (51), suppose A € B(R) and (po+fio)(A) =
to(A) + po(—A) = 0. Then tr(y(A)) = 0 by (46). By Propo-
sition 1, g5y (4) = 0 for all A € A\ {0}, that is, px(A4) =
p-r(—A) = pr(A) = p_r(—A) = 0. Hence, [z, is absolutely
continuous with respect to the measure jig + fi9, and therefore
the Radon-Nikodym theorem implies that there exist unique
functions fy € L'(u0), A € A\ {0}, such that

i (4) = /A Fa(€) (o + fio) (de).

Thus, the first identity of (51) has been proved. The second iden-
tity follows from (47). O

We may conclude from this theorem that for almost cyclo-
stationary processes, similarly to cyclostationary processes, the
measures py and iy, A € A, all depend on the diagonal spectral
measure /. While the statement in Theorem 5 resembles The-
orem 3, the conclusion for iy, A € A\{0}, is weaker since [z is
absolutely continuous with respect to 119+ fio, fio(§) = po(=£),
instead of p in Theorem 3. If a measure is absolutely contin-
uous with respect to g, then it is also absolutely continuous
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with respect to pg + fig, so Theorem 3 has a stronger conclu-
sion than Theorem 5. We have to integrate with respect to the
measure o + fig instead of pg in (51).

VII. APPLICATION TO ANALYTIC SIGNALS

Let s(t) be a complex-valued strongly harmonizable process
with spectral process S. The Hilbert transform [3] of s(t) is
defined by

(H)(t) = ~i [ e sn(©)s(de)
and the analytic signal is deﬁnﬂzd by
2(t) = s(t) + j(Hs)(t) = 2 / " ot de).
Let r and 7 denote the correlation and. c?omplementary correla-

tion function of z(t), respectively. The spectral measure of z(t)
has support in the first quadrant

T(t,u):/o /0 ej(tg_“")m(df,dn)

whereas the spectral complementary measure of z(¢) has sup-
port in the fourth quadrant

%) 0
(b u) = / / =) e ).
0 —0o0

From Corollary 1, it is clear that an analytic WSS process
such that 14({0}) = 0 has 7 = 0, i.e., it is proper. This is well
known in the literature [1]-[3], [6], [30], [32]. We would like to
investigate the implications of our results for the complemen-
tary spectral measure m for (almost) cyclostationary processes.
Related results are discussed in [38]. According to (52), the sup-
port of m is contained in the fourth quadrant. The version of (29)
for almost cyclostationary processes [20], is thus

m(A,B) =m(ANJ0,00), BN (—00,0])

oo

(52)

= D in(AN(B+ )N [0,00) N (=00, Ar])

k=—o0

oo
= > (AN (B + X)) N[0, Ae]).
k=0
Since j1, is identically zero when k& < 0, we can restrict our at-
tention to 11, for k > 0. We consider cyclostationary processes
and almost cyclostationary processes separately.

(53)

A. Cyclostationary Analytic Processes

Let z(¢) be a complex-valued strongly harmonizable analytic
cyclostationary process with period 7', and let the components
of its spectral measure and complementary spectral measure be
denoted by iy and ji, k € Z, as in Section V. From Theorem
3 we obtain the following result.

Corollary 2:
i) IfpeZ p>0,and
po ([0, 7p/TT) =0 (54)
then g1, = 0 for k < p.
i) Ifp e Z,p > 0, and
po([mp/T,00)) =0 (55)

then 1, = 0 for k > p.
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Proof:

i) Let 0 < k < p. From Theorem 3 we obtain
1k ([0, 7k /T]) =0, and from (24) we have py (7k/THE) =
b (mk /T — &), which implies that 14 ([0, 27k/T]) = 0.
Since supp(fix) C [0, 2wk /T according to (53), we have
e =0 for k < p.

(i) Let & > p. From Theorem 3 we again obtain
uk([rk/T,2wk/T]) = 0. As above, the symmetry
(24) implies 13, = 0. O

The next result shows another consequence of Theorem 3.
Corollary 3: Let p € Z and p > 0. For each integer n >

0, define the covering of the interval [0, 27p/T] consisting of
[0, 27p/T)=U;"5 " I, where I, = 2xp/T[1/(2n), (I+1)/(2n)]

?

for 0 <1 <2n—1. Suppose that there exists n > 0 such that

i) po(l2) =0,
or

(i) po(I2141) =0,

0<I<n-1

0<li<n-1. (56)
Then 11, = 0.
Proof: For 0 <[ < 2n — 1 we have

=0+ 2mp/T = 2xp/T[(2n — 1 — 1)/(2n), (2n — 1) /(2n)]
=Ip_i-1.

From (31) we infer that 1,(f;) = 0 if uo(f;) = 0 or
po(—I1 +27p/T) = po(Ian—i1—1) = 0. Thus, if (i) is true, then
fp(I21) = 0 and i, (I241) = 0for 0 <1 < n—1,ie., 1, = 0.
Likewise, if (ii) is true, then fi,(I241) = 0 and fi,(Io;) = 0
for0 <l <mn-—1,ie.,pn, =0. O

We may interpret Corollary 2 and 3 as follows. If 1 is high-
pass in the sense of (54), then the impropriety of the process is
restricted in the sense that i, = 0 for k < p. If 19 is low-pass in
the sense of (55), then the impropriety of the process is restricted
in the sense that i, = 0 for k > p. If pq fulfills the multiple
band-stop criterion (56), then the impropriety of the process is
restricted in the sense of ji,, = 0 for a given p > 0.

B. Almost Cyclostationary Analytic Processes

Let z(t) be an analytic scalar almost cyclostationary process,
and let the components of its spectral measure and comple-
mentary spectral measure be denoted by uy and iy, A € A,
A = {Ar}rez, as in Section VI. Recall the assumption that
Ao =0and k > 0 & Mg > 0. Since supp(po) C [0, 00), (51)
gives for A € A\ {0}

fia(4) = /A Fr(©)ro(de)+ Fr(0)o(~ A 0 {0}), A C [0, 00).

With arguments similar to the proof of Corollary 2 one can prove
the following result.

Corollary 4:

(i) Ifp € Z,p > 0and puo([0, A\,/2]) = 0, then zzy = 0 for
A3 X< A,

() Ifp € Z, p > 0 and po([A,/2,00)) = 0, then iy = 0 for
A3 XA> A,
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Fig. 2. An example of the support of the spectral measure m(¢, ) of an ana-
lytic, proper, almost cyclostationary, but not WSS signal.

The final result gives a sufficient condition for an analytic
almost cyclostationary process to be proper.

Corollary 5: Suppose there exist p,q € Z, p,q > 0, such
that A\, < Ag, AN [Ap, Al = 0, po([0,A,/2]) = 0, and
po([Ag/2,00)) = 0. Then iy, = 0 forall k € Z, ie., 2(¢)
is proper.

Note that the process is not necessarily WSS, since there may
exist frequencies that are not forced to be zero by the assump-
tions on the support of 119 and the Cauchy—Schwarz inequality.
This is illustrated in Fig. 2.

VIII. CONCLUSION

We have discussed three topics concerning the pair of
correlation and complementary correlation functions of com-
plex-valued processes and vectors. First, we have generalized
a characterization of a pair of matrices to be the correlation
matrix and the complementary correlation matrix of a finite-di-
mensional stochastic vector. Second, for multidimensional
WSS processes, we have characterized the pair of spectral
measure and complementary spectral measure. For scalar
signals, this reduces to a simple criterion. Third, and most
importantly, we have studied cyclostationary and almost cy-
clostationary processes. In the multidimensional case, we
have proved the existence of spectral measures uy, A € A,
assuming a uniformly continuous correlation function. We have
shown that the off-diagonal spectral measure components p,,
A € A\ {0}, are absolutely continuous with respect to the di-
agonal component g, under the same assumption. In the scalar
strongly harmonizable almost cyclostationary case, this gives
representation formulas for the off-diagonal spectral measure
components py, A € A\ {0}, and the complementary spectral
measure components 1y, A € A, in terms of the diagonal
measure /0. In the cyclostationary case, the positive distance
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between the frequencies allows a stronger result without the
use of multidimensional techniques. As an application of these
results, we have studied spectral relations for analytic almost
cyclostationary signals.

Finally, we remark that there are corresponding results for
discrete-time signals, with the modification that the domain of
the spectral measure is [0, 27] x [0, 27]. The treatment of dis-
crete-time cyclostationary processes is simpler than in the con-
tinuous-time case, because the set of frequencies is finite.
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