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Spectral Relations for Multidimensional Complex
Improper Stationary and (Almost) Cyclostationary

Processes
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Abstract—We study continuous-time multidimensional wide-
sense stationary (WSS) and (almost) cyclostationary processes in
the frequency domain. Under the assumption that the correlation
function is uniformly continuous, we prove the existence of a
unique sequence of spectral measures, which coincide with the
restrictions to certain subdiagonals of the spectral measure in the
strongly harmonizable case. Moreover, the off-diagonal measures
are absolutely continuous with respect to the diagonal measure. As
a consequence, for strongly harmonizable scalar improper almost
cyclostationary processes, we obtain representation formulas for
the components of the complementary spectral measure and the
off-diagonal components of the spectral measure, in terms of
the diagonal component of the spectral measure. We apply these
results to analytic signals, which produces sufficient conditions for
propriety for almost cyclostationary analytic signals.

Index Terms—(Almost) cyclostationary processes, analytic
signals, complementary correlation, harmonizable processes,
improper processes, multidimensional processes, wide-sense sta-
tionary (WSS) processes.

I. INTRODUCTION

THE second-order statistics of a zero-mean scalar complex
stochastic process are characterized by the correlation

function and the complementary corre-
lation function , which is sometimes also
called pseudo-correlation [1]. Processes with vanishing com-
plementary correlation are called proper [1]. Proper processes
are circular (or circularly symmetric) in the sense that and
a rotated version have the same second-order statistics
for all real angles [2]. Complex-valued stochastic processes
may arise as equivalent descriptions of underlying real signals.
The two most prominent examples are the analytic signal and the
equivalent baseband signal in communications. Analytic signals
are important in several areas of signal analysis [3], in partic-
ular time–frequency analysis [4]. The analytic signal enables a
decomposition of a real signal into amplitude and phase. The
equivalent baseband signal describes a real bandpass signal in-
dependently of the carrier frequency [5].
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Historically, the focus has been on proper signals. The main
reason, besides the simplicity of description, is that a complex
signal is known to be proper if it is either the analytic signal
or the equivalent baseband representation of a real wide-sense
stationary (WSS) bandpass signal [6]. However, in other situa-
tions, propriety is not guaranteed. Recently, there has been an
increased interest in the study of improper complex signals be-
cause they can arise in modern signal processing and communi-
cations applications, e.g., multiuser detection [7], [8], equaliza-
tion [9], and array processing [10]. Correctly accounting for the
improper nature of signals can lead to significant performance
gains [11].

In this paper, we consider zero-mean continuous-time
second-order multidimensional complex (vector-valued) im-
proper stochastic processes. In order of increasing generality,
we treat WSS, cyclostationary, and almost cyclostationary pro-
cesses. Cyclostationary processes are periodically correlated
and serve as models of phenomena occurring in science and
technology, including communications, physics, meteorology,
oceanography, climatology, astronomy, biology, and economics
[12]–[19]. The concept has a natural extension to the class of
almost cyclostationary processes [20], [21], which is of interest
both from a theoretical and a practical point of view. Almost
cyclostationary processes are interesting as mathematical ob-
jects in a way similar to almost periodic functions, which also
comprise nonperiodic functions such as . They
are also important as models of physical signals that are close
to being periodic but have nonharmonically related frequency
content, e.g., in climatology [22].

Cyclostationary and almost cyclostationary processes have
been given much attention in the engineering and mathemat-
ical literature [12]. One of the pioneers was Gladyshev [15],
[16], who found a criterion for a function to be the correlation
function of an almost cyclostationary process. This criterion re-
veals a connection between almost cyclostationary processes
and vector-valued WSS processes, which has been further ex-
plored by Gardner, among others. Hurd, Gardner, Dehay, and
others have made important contributions to the spectral theory
of (almost) cyclostationary processes [13], [14], [18]–[21], [23].
In [24], a more general class of Hilbert space-valued processes,
called asymptotically stationary and defined on locally compact
Abelian groups, is discussed. The paper [25] treats estimation
of the frequencies of discrete-time almost cyclostationary pro-
cesses.

For strongly harmonizable processes, there exists a two-di-
mensional spectral measure, which is the Fourier transform of

0018-9448/$25.00 © 2008 IEEE



WAHLBERG AND SCHREIER: MULTIDIMENSIONAL COMPLEX IMPROPER STATIONARY AND (ALMOST) CYCLOSTATIONARY PROCESSES 1671

the correlation function, and another two-dimensional com-
plementary spectral measure, which is the Fourier transform
of the complementary correlation function. The spectral mea-
sure of a strongly harmonizable cyclostationary process has
support along diagonals whose intersection with a coordinate
axis constitutes a frequency lattice. For almost cyclostationary
processes, the describing set of frequencies is still countable
but may be incommensurate, i.e., not supported by a lattice.
This means that the spectral measure may be described by
a sequence of measures defined on . There exists such a
sequence of spectral measures under weaker assumptions than
strong harmonizability. For scalar processes, Hurd [21] showed
that uniform continuity of the correlation function is sufficient
for the existence of a sequence of measures. Later, Dehay
[20] showed that the off-diagonal measures are absolutely
continuous with respect to the diagonal measure under the
same assumption. In this paper, we extend these findings to
infinite-dimensional processes. As a consequence, we obtain
results on the spectral measure and complementary spectral
measure in the scalar strongly harmonizable case, using the
two-dimensional process .

Our paper is constructed as follows. In Section II, we give a
characterization for a pair of matrices to be the correlation and
complementary correlation matrices of a finite-dimensional sto-
chastic vector. This generalizes a well-known result for invert-
ible correlation matrices [26] to the singular case. In Section III,
we review the framework of strongly harmonizable multidimen-
sional complex processes. Section IV treats WSS processes. In
the scalar case, we obtain a characterization of the spectral mea-
sure and the complementary spectral measure, which general-
izes a result by Picinbono [6] to signals whose spectral measure
and complementary spectral measure are not necessarily abso-
lutely continuous with respect to Lebesgue measure.

Sections V and VI deal with strongly harmonizable scalar
cyclostationary and multidimensional almost cyclostationary
processes, respectively. First, we show that, for scalar pro-
cesses, the assumption of strong harmonizability leads to an
extension of Dehay’s result on absolute continuity of the off-di-
agonal measures with respect to the diagonal measure. This
result gives a stronger conclusion under a stronger hypothesis,
and the proof is based on a simple decomposition technique and
the Cauchy–Schwarz inequality. Then, in Section VI, we relax
the assumption of strong harmonizability to uniform continuity
of the correlation function. We give a generalization of [20,
Theorem 2.3] to multidimensional almost cyclostationary pro-
cesses. This result says that there exists a sequence of spectral
measures supported on subdiagonals, and the off-diagonal
components are absolutely continuous with respect to the di-
agonal component. As a special case, this gives representation
formulas for the complementary spectral measures and the
off-diagonal spectral measures of a scalar improper strongly
harmonizable almost cyclostationary process, in terms of the
diagonal spectral measure. The latter result is similar to, but
slightly weaker than, the corresponding result for cyclosta-
tionary strongly harmonizable processes in Section V.

Intuitively, the results we obtain for almost cyclostationary
processes might be anticipated as a consequence of the
Cauchy–Schwarz inequality in the frequency domain. This

inequality bounds the off-diagonal values in terms of the
diagonal. However, since both the diagonal and off-diagonal
spectral measures and complementary spectral measures may
contain Dirac measures, some measure-theoretic care must be
taken in the application of the Cauchy–Schwarz inequality.
Even if the spectral measures do not contain Diracs, they are
themselves “Dirac ridges” along certain subdiagonals.

Finally, in Section VII, we discuss some implications of our
results for analytic signals. Using our results, we obtain infor-
mation on how the Hilbert transform affects the complemen-
tary spectral measure for (almost) cyclostationary processes. We
give sufficient conditions, in the spectral domain, for an analytic
almost cyclostationary signal to be proper.

A. Notations and Definitions

We let denote a given space of
second-order zero-mean complex-valued random variables,
and a space of zero-mean second-order stochastic
variables with values in . When , we study ,
which is the space of random variables that take values in the
square-summable sequence space . We will use
the term nonnegative definite (NND) for matrices, functions,
and measures. Thus, the term must be interpreted in slightly
different ways, depending on the context. They all resemble
the NND definition for matrices: is NND if and
only if for all . Let denote the range
space of a matrix , and its null space. The
pseudoinverse, or Moore–Penrose generalized inverse [27], of
a possibly singular matrix is . When is Hermitian,
we have , which is the matrix that
leaves invariant and is zero on . We
define the translation operator for measures and functions as

, and for sets as , ,
. Note that .

We will utilize some measure theory [28]. The domain of
a complex-valued measure on is a class of subsets of ,
which is closed under countable unions and complement, and it
includes the empty set. The Borel -algebra, denoted , will
be used as domain for measures. A measure fulfills . It
is countably additive in the sense of
when are pairwise disjoint.

The Dirac measure is defined by if and
if . The measure on , defined by

, fulfills , . The
tensor product is defined as for
functions or measures . Composition of a measure and a
transformation is denoted .
The total variation of a measure is

where the supremum is taken over all such that
and are pairwise disjoint. The total

variation is a finite measure if is a finite measure. If
is a nonnegative measure and is a measure, is said to be
absolutely continuous with respect to if implies
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for all . Then the Radon–Nikodym the-
orem says that there exists a unique function such
that

We denote the set of bounded linear operators between two
Hilbert spaces , by and its norm by .
The set of trace-class operators [29] from to is denoted

and if . It consists of all
such that the norm

is finite, where the supremum is taken over all orthonormal se-
quences and . The subset of
nonnegative definite trace-class operators is denoted .
If , , and then

and

(1)

II. CHARACTERIZATION OF CORRELATION MATRICES

We first consider finite-dimensional, zero-mean stochastic
vectors , and characterize the pair of matrices

, such that and .
There is a well-known characterization when is invertible
[26], which says that , are a pair of correlation and com-
plementary correlation matrices if and only if is NND, is
symmetric, and is NND. The following result
is a generalization of this theorem when is singular.

Theorem 1: Let . There exists a stochastic
vector with correlation matrix and complementary correla-
tion matrix if and only if is NND, is symmetric,

, and is NND.
Proof: Suppose there exists a vector such that

and . Then is NND and is symmetric. The
matrix

(2)

is NND since it is the correlation matrix of the vector .
The identity , valid for any matrix

, gives . Suppose .
Then there exist such that and

. Without loss of generality, we can choose such
that and . Let denote the largest
eigenvalue of , which is positive (because otherwise we have
the trivial case ). Then, if , we get

if is chosen large enough. This contradicts the assumption that
is NND, and thus .
We now show that can be factored as

(3)

Since and , we have
and . Thus, is equiva-
lent to . It follows that , since

restricted to acts like the identity matrix. Now let
be arbitrary, and decompose it into where

and . Then
, since . This proves the decom-

position (3), which implies that is NND. Hence,
the four conditions in the statement of the theorem have been
established.

We now prove the sufficiency of the four conditions. As-
sume that is NND, is symmetric, and

is NND. By the same arguments as above, de-
composition (3) holds. Because and are NND,

is NND. If we define the unitary matrix [30]

we obtain

Since is NND, there exists a real-valued stochastic
vector , , and , such that the correlation
matrix of is . If we define ,
it follows that and [30].

III. STRONGLY HARMONIZABLE PROCESSES

A. Scalar-Valued Processes

Let denote a zero-mean complex-valued second-order
stochastic process defined on . Its correlation function is

and the complementary correlation function is defined by

If for all , the process is said to be
proper (or circularly symmetric), otherwise, improper [1]. The
Cauchy–Schwarz inequality gives the bound
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We assume that a scalar process is strongly harmonizable
[17], [31]. This means that it can be represented as

(4)

where is an -valued measure, called spectral process
[17], [31], such that the correlation function can be written as

(5)

where

(6)

By definition, is assumed to be a measure on of bounded
variation [17], [31]. The measure is called the spectral mea-
sure. It is NND, which means

pairwise disjoint

It follows from (4) that the complementary correlation function
can be represented as

(7)

where

(8)

is called the complementary spectral measure. From the as-
sumption that is a measure it follows that is a bimeasure,
i.e., and are measures of bounded variation
on for all [17], [31]. The set of bimeasures is
larger than the set of measures. We will assume that is not
only a bimeasure, but a measure of bounded variation on .

When they exist, the derivatives of and with respect
to Lebesgue measure are called the spectral correlation and
complementary spectral correlation function, respectively [32].
From (6), (8), and the Cauchy–Schwarz inequality we obtain
the basic symmetries and bounds

(9)

B. Vector-Valued Processes

We will also work with vector-valued (multidimensional)
processes [17], [33]. A vector-valued
process can be seen as a map if , or
a map if [17]. When , the
correlation function of a multidimensional process is
the matrix-valued function

(10)

and the complementary correlation function is

We have and . When
, the correlation function is defined as an operator on

by

It follows that [17], i.e., is trace-class oper-
ator valued, and the same is true for .

As in the scalar-valued case, a multidimensional process is
said to be proper if for all . This
means that each process , , is proper. Further-
more, all processes are jointly proper, i.e.,
for all and all .

The theory of strongly harmonizable processes extends to
the vector-valued case, with some subtle modifications when

[17]. A vector-valued process is said to be strongly har-
monizable if we can write

(11)

where and are -valued bounded measures on .
When , and are -valued, which implies that
each entry of the matrices and is a bounded measure on

.
As in the scalar case, the assumption that has bounded

variation implies that is a bimeasure [17], but we will again
assume the stronger property that has bounded variation.

The spectral measure is NND according to the definition

pairwise disjoint (12)

Corresponding to (4), we have the spectral representation

where is a -dimensional spectral process that satis-
fies , , and

.
We will need the following characterization of -valued

functions on that are correlation functions. It is a special case
of [17, Proposition IV.1.2].

Lemma 1: If is a -valued process, then its correlation
function satisfies

(13)

Conversely, for every that fulfills (13), there
exists a proper process with correlation function ,
and for all .
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Results for the complementary spectral measure of a scalar-
valued process can be obtained by setting and con-
sidering vectors with the special structure .
Their correlation function is

(14)

and the corresponding spectral measure is

(15)

Both and are NND, i.e., they satisfy (13) and (12), re-
spectively. However, it is not easy to interpret (12) as a relation
between and . Nevertheless, as we will see, a simple char-
acterization of the set of possible and exists in the case of
scalar WSS processes.

IV. WSS PROCESSES

In this section, we assume that . A zero mean -di-
mensional process is said to be WSS if there exist single-
variable matrix-valued functions and such that the correla-
tion and complementary correlation functions satisfy

and . If is continuous then it
automatically has a spectral representation with a measure sup-
ported on the diagonal only, i.e., [17].
Our definition of strong harmonizability includes that is a

-valued measure, and follows from
. Hence, we have

(16)

where is a NND matrix for all [17].

Moreover, implies
.

Next, we prove a characterization of the measure pairs
such that and are the correlation and the complementary
correlation functions of a -dimensional WSS process. For this
purpose, we define the -dimensional WSS process

, which has correlation function

(17)

The corresponding spectral process is
, and

(18)

Theorem 2: Let and be the inverse Fourier transforms of
the measures and , respectively, as specified by (16). There
exists a -dimensional WSS process with correlation func-
tion and complementary correlation function if and only if,

for each , , is NND, and
is NND.

Proof: Suppose there exists a process with correla-
tion function and complementary correlation function . By
a generalization of Bochner’s theorem [17, Theorem II.5.5],

is a -valued measure such that is NND for all

. Since , we
have for all . Finally, the fact that

is NND for all follows from (18). Thus, the
three conditions are necessary.

To prove sufficiency, suppose that the three conditions are
satisfied. Define and let ,

(pairwise disjoint), for , and
be arbitrary. The diagonal support of gives

(19)

since is NND for all . If we define by the
first line of (11) with , it follows from (19) that
is NND. Furthermore, the diagonal support of implies that

is the correlation function of a WSS process, and we have
, defined by (17). Lemma 1 implies that there

exists a proper WSS process , where
and are -dimensional processes whose correlation

function is , and
for all . If we now define ,
we get

If we choose any pair of indices and take the
determinant of the submatrix of the NND matrix (18) with
row and column indices and , we obtain

, for all , since for all
. This is a necessary but not sufficient condition for

a WSS process to exist, since a matrix is not necessarily
NND even if all its submatrices involving the diagonal
are NND.

In the scalar case, however, Theorem 2 gives a simple char-
acterization of all and such that and are the spec-
tral measure and complementary spectral measure of a WSS
scalar-valued process . Similar results are discussed in [6],
[30]. The following result is more general since it allows spec-
tral measures and that are not necessarily absolutely contin-
uous with respect to the Lebesgue measure, as it is assumed in
[6]. (The paper [6] treats the discrete-time case.)

Corollary 1: Let the scalar functions and be the inverse
Fourier transforms of the scalar measures and as specified
by (16). There exists a scalar WSS process with correla-
tion function and complementary correlation function if and
only if, for each , , , and

.
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The third condition in Corollary 1 implies that is absolutely
continuous with respect to . Hence, by the Radon–Nikodym
theorem, there exists a unique function such that

V. SCALAR CYCLOSTATIONARY PROCESSES

In this section, we consider strongly harmonizable cyclosta-
tionary scalar processes . Multidimensional cyclostationary
processes are included in the more general analysis of Sec-
tion VI. A process is called cyclostationary if there exists a

such that and are -periodic along the diagonals,
i.e., and for
all . Alternatively, we can define ,

, and require periodicity in the first variable

(20)

The periodicity in motivates the definition of Fourier coeffi-
cients in the first variable

(21)

The assumption that is strongly harmonizable is sufficient for
pointwise convergence of the Fourier series [19], [21] according
to

(22)

Moreover, the Fourier coefficients and can be written
as [19]

(23)

where and are measures, with the symmetries

(24)

Insertion of (23) into (22) gives

(25)

To see the relation between and , and between and ,
we use the coordinate transformation

, and rewrite the formula (5) as

(26)

Comparison of (25) and (26) yields

Hence, we have

(27)

From (27), we obtain

(28)

The relation

(29)

is derived analogously.
It is known that is absolutely continuous with respect to
for all [20]. The proof in [20] is designed for almost

cyclostationary processes (see Section VI) and the more general
situation where the process is not assumed to be strongly harmo-
nizable. However, in the more restrictive strongly harmonizable
cyclostationary case this fact can alternatively be proved in a
more straightforward way using (9), as shown by the following
theorem. While our assumptions are more restrictive, the con-
clusion is stronger, since only the first of the identities (30) was
derived in [20].

Theorem 3: If is a scalar strongly harmonizable cyclosta-
tionary process, there exist unique functions , ,

, such that

(30)

(31)

Proof: Suppose . Let be an arbi-
trary partition of , i.e., the are pairwise disjoint and

. Set for
, which means that are pairwise disjoint,

, and is contained in an interval of length
for each . By assumption, for all . From
(28) and (29) we obtain

(32)
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Fig. 1. An illustration of the decomposition technique used in the proof of
Theorem 3. Since � (B ) = m(B ;B � 2�=T ), the assumption
m(B ;B ) = � (B ) = 0 and the Cauchy–Schwarz inequality (9) gives
� (B ) = 0.

Likewise, (28) shows that . Thus
and (9) give

and we may conclude that

for all . Hence for all , and

Similarly, it follows that . This
proves that , , and are all absolutely contin-
uous with respect to . The Radon–Nikodym theorem [28] now
yields the representations

for unique functions , where the second
equality for follows from the symmetry

in (24). The symmetries (24) also imply that .

The proof of Theorem 3 is based on the fact that the frequen-
cies of a cyclostationary process are equidistant. This admits
the employed decomposition procedure, where a set is split into
parts of length not greater than the frequency distance, as shown
in Fig. 1. The result then follows from the Cauchy–Schwarz in-
equality (9).

As we will see in the next section, this idea breaks down for
almost cyclostationary processes. For such processes, the spec-
tral measure and the complementary spectral measure still have
support along subdiagonals as in the cyclostationary case, but
the spectral components are no longer equidistant. In fact, there
may even be no positive distance between them, which is why
we cannot use the decomposition technique used in the proof of
Theorem 3.

Nevertheless, we will present a result corresponding to The-
orem 3 for strongly harmonizable almost cyclostationary pro-
cesses (Theorem 5), with a different proof. In fact, Theorem 5
is a corollary of a result for multidimensional almost cyclosta-
tionary processes presented in the next section.

VI. ALMOST CYCLOSTATIONARY PROCESSES

In many applications, it is natural to relax the requirement
of -periodicity (20) to the weaker requirement that and

are almost periodic in the sense of Bohr [34], [35]. The
process is then said to be almost cyclostationary or almost
periodically correlated [12], [18], [20], [21]. As for periodic
functions, the spectrum of an almost periodic function is count-
able. However, the frequencies may not be contained in a lattice
of the form , and may even come arbitrarily close
to each other [18], [20], [21].

In this section, we work with vector-valued almost cyclo-
stationary processes , where each

is a complex-valued almost cyclostationary process. We
assume that the dimension is infinite, which contains the fi-
nite-dimensional case. We will prove a result on the existence
of the off-diagonal spectral measures and their dependence on
the diagonal measure. We relax the assumption of strong har-
monizability and assume only that the correlation function is
uniformly continuous. This result is a multidimensional gener-
alization of Hurd’s result [21, Proposition 3] and Dehay’s result
[20, Theorem 2.3]. Section VI-B specializes these findings to the
scalar strongly harmonizable case, where we give a result cor-
responding to Theorem 3 for almost cyclostationary processes.

We work again with the coordinate-transformed correlation
function , which is -valued and as-
sumed to be uniformly continuous. The assumption that
is almost periodic implies that the limit

(33)

exists for all frequencies , independently of . The
uniform continuity of implies that the set

is countable [21, Proposition 4]. Therefore, we
can assume that is indexed by according to .
We will also assume that and . We
may assume that is closed under all finite linear combinations
with rational coefficients, as in [16]. The set is symmetric
in the sense [21]. Thus, we may assume
that . The functions are the Fourier
coefficients for .

For , Gladyshev [16] proved that a uniformly contin-
uous function that is almost periodic along the subdi-
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agonals (i.e., satisfies the almost cyclostationarity criterion) is a
correlation function of a scalar process if and only if

(34)

is the correlation function of a multidimensional WSS process.
This result is the foundation for much of the subsequent de-
velopment on (almost) cyclostationary processes [12]. For mul-
tidimensional cyclostationary processes, the function (34) has
been defined in [17]. Note that is defined in terms
of the Fourier coefficients (33), , and
is indexed by . Hence, can be consid-
ered an infinite-dimensional matrix, indexed by , of

-valued functions of .
The following lemma is an extension of Gladyshev’s result

to multidimensional almost cyclostationary processes (see also
[17, Theorem V.5.9]).

Lemma 2: Suppose is uniformly contin-
uous. Let and suppose is almost
periodic for all . Then is the correlation function of a

-valued process if and only if

(35)

Proof: Suppose is the correlation function of an
-valued process. By Lemma 1 we have

(36)

Let , , , and be
arbitrary. Using (33) with and

we obtain

where the inequality follows from (36).
The converse implication is proved by showing that (35) im-

plies (36), and then applying Lemma 1. The proof that (35)
(36) is entirely analogous to the proof of [16, Theorem 2], and
rather technical. We omit it.

Remark 1: The condition (35) is equivalent to the exis-
tence of a vector-valued WSS process ,
whose components are -valued processes such that

. Under certain circum-
stances, such a process can in fact be constructed from the
original process [13], [21], [36], using independent time shifts.
In particular, if the process is cyclostationary with period

, the construction is very simple: If is a random variable
with uniform distribution over , independent of , then

will meet the requirement. For almost cyclostationary processes,
the construction of is more complicated and extra condi-
tions are required [18], [21], [36].

A. A Multidimensional Generalization of Results by Hurd and
Dehay

In the following proposition, we use Lemma 2 to prove
that the assumption that is uniformly continuous implies
that each Fourier coefficient is the Fourier transform
of a -valued measure , . The requirement that

is uniformly continuous is weaker than being a Fourier
transform of a measure (i.e., strongly harmonizable). We
also show that are absolutely continuous with respect to

, which is a nonnegative measure. In the case when is
strongly harmonizable, the measures are the restrictions of
the spectral measure to the subdiagonals as

(37)

which is a generalization of the formula for the scalar cyclosta-
tionary case (28).

Proposition 1: Suppose is uniformly contin-
uous and the correlation function of an almost cyclostationary

-valued process, let and be de-
fined by (33). Then there exist unique measures

such that

(38)

and is -valued. We have

(39)

Proof: The idea of the proof is to create, for each integer
, a -valued map , using for a fi-

nite number of indices . Here is a Hilbert space direct sum
consisting of copies of . If the dimension , this
construction means that is a block matrix with blocks

. The map will turn out to be the cor-
relation function of an infinite-dimensional WSS process. Then
we may use the spectral representation of infinite-dimensional
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WSS correlation functions [17], which is a generalization of
Bochner’s theorem to Hilbert space-valued processes.

Let be an arbitrary integer, set and define
the Hilbert space , the direct sum of copies
of , with inner product

Define the projection operator by , let
denote its adjoint

( at position ), and set

Since , the inequality (1) implies that
for all . Let , , and

be arbitrary, and denote
where for . Using Lemma 2 we obtain

due to (35). Thus, by Lemma 1, is the correlation
function of an -valued WSS process. Furthermore, the as-
sumption that is uniformly continuous implies that
is uniformly continuous due to (33). Therefore, is a
uniformly continuous -valued function. Now [17, The-
orem II.5.5] (which is a generalization of Bochner’s theorem of
spectral representation of positive-definite -valued functions
to -valued functions) says that we have the spectral
representation

(40)

where is a unique -valued measure, i.e.,

(41)

Since for , we
have the representation

where

(42)

is -valued, which follows from (1) and the fact that
is -valued. The measure is unique since is

unique. The definition (42) is independent of if ,
since holds for all . The NND
property (41) implies that is a -valued measure.

We deduce from (40) and (34), with arbitrary, that

i.e.,

(43)

Next we fix . Let and be
orthonormal sequences in . For fixed, we set

, where , and we also set
for , , and . We insert these
into (41) with , and conclude that the 2 matrix

is NND for any . Hence, using (42) and (43), we have
the inequality

This inequality holds for all , which finally gives

The inequality fol-
lows from the fact that is -valued.

From (39) we may conclude that is absolutely contin-
uous with respect to . This is included in the following
generalization of a theorem of Dehay (see [20, Theorem 2.3])
to multidimensional processes.

Theorem 4: Suppose is uniformly contin-
uous and the correlation function of an almost cyclostationary

-valued process. Let and be
defined by (33), and let be the -valued measures that
satisfy (38). Then

(44)
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Proof: Let be a simple function, i.e.,

where , for , are pairwise
disjoint, and denotes the indicator function of the set .
The sets are also pairwise disjoint, and hence

Using (39) we obtain

The extension from simple functions to can be ob-
tained from Lebesgue’s dominated convergence theorem [28],
[37].

If we assume that is strongly harmonizable then the Fourier
series with coefficients converges pointwise according to
[17], [21]

The same assumption also allows the representation

where each is a -valued measure [17], [21], which,
according to (38), are identical to the measures (42). Since

we have

(45)

similar to (25).

B. Application to Strongly Harmonizable Scalar-Valued
Processes

We now specialize to the case and
where is a scalar strongly harmonizable process. Then

has correlation function defined by (14). We denote the
spectral measures for in (45) by . Hence, using a gen-
eralization of (25) from the cyclostationary case to the almost
cyclostationary case [20], [21], (14), and (45), it follows that

(46)
Similarly to (24), the symmetries

(47)

hold for almost cyclostationary processes [20]. Thus,
. Since is

NND by (41), and because , we have

(48)

This implies that is absolutely continuous with respect to
. Moreover, Proposition 1 and the Radon–Nikodym theorem

yield the following theorem.

Theorem 5: If is a scalar strongly harmonizable almost
cyclostationary process there exist unique functions ,

, , such that for all

(49)

(50)

(51)

Proof: Formula (49) follows from Proposition 1 with
, the Radon–Nikodym theorem, and (47). Alternatively, it fol-

lows from [20, Theorem 2.3]. Formula (50) follows from (48)
and (47). To prove (51), suppose and

. Then by (46). By Propo-
sition 1, for all , that is,

. Hence, is absolutely
continuous with respect to the measure , and therefore
the Radon–Nikodym theorem implies that there exist unique
functions , , such that

Thus, the first identity of (51) has been proved. The second iden-
tity follows from (47).

We may conclude from this theorem that for almost cyclo-
stationary processes, similarly to cyclostationary processes, the
measures and , , all depend on the diagonal spectral
measure . While the statement in Theorem 5 resembles The-
orem 3, the conclusion for , , is weaker since is
absolutely continuous with respect to , ,
instead of in Theorem 3. If a measure is absolutely contin-
uous with respect to , then it is also absolutely continuous
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with respect to , so Theorem 3 has a stronger conclu-
sion than Theorem 5. We have to integrate with respect to the
measure instead of in (51).

VII. APPLICATION TO ANALYTIC SIGNALS

Let be a complex-valued strongly harmonizable process
with spectral process . The Hilbert transform [3] of is
defined by

and the analytic signal is defined by

Let and denote the correlation and complementary correla-
tion function of , respectively. The spectral measure of
has support in the first quadrant

whereas the spectral complementary measure of has sup-
port in the fourth quadrant

(52)

From Corollary 1, it is clear that an analytic WSS process
such that has , i.e., it is proper. This is well
known in the literature [1]–[3], [6], [30], [32]. We would like to
investigate the implications of our results for the complemen-
tary spectral measure for (almost) cyclostationary processes.
Related results are discussed in [38]. According to (52), the sup-
port of is contained in the fourth quadrant. The version of (29)
for almost cyclostationary processes [20], is thus

(53)

Since is identically zero when , we can restrict our at-
tention to for . We consider cyclostationary processes
and almost cyclostationary processes separately.

A. Cyclostationary Analytic Processes

Let be a complex-valued strongly harmonizable analytic
cyclostationary process with period , and let the components
of its spectral measure and complementary spectral measure be
denoted by and , , as in Section V. From Theorem
3 we obtain the following result.

Corollary 2:
(i) If , , and

(54)

then for .
(ii) If , , and

(55)

then for .

Proof:
(i) Let . From Theorem 3 we obtain

, and from (24) we have
, which implies that .

Since according to (53), we have
for .

(ii) Let . From Theorem 3 we again obtain
. As above, the symmetry

(24) implies .

The next result shows another consequence of Theorem 3.

Corollary 3: Let and . For each integer
, define the covering of the interval consisting of

, where
for . Suppose that there exists such that

(i)

or

(ii) (56)

Then .
Proof: For we have

From (31) we infer that if or
. Thus, if (i) is true, then

and for , i.e., .
Likewise, if (ii) is true, then and
for , i.e., .

We may interpret Corollary 2 and 3 as follows. If is high-
pass in the sense of (54), then the impropriety of the process is
restricted in the sense that for . If is low-pass in
the sense of (55), then the impropriety of the process is restricted
in the sense that for . If fulfills the multiple
band-stop criterion (56), then the impropriety of the process is
restricted in the sense of for a given .

B. Almost Cyclostationary Analytic Processes

Let be an analytic scalar almost cyclostationary process,
and let the components of its spectral measure and comple-
mentary spectral measure be denoted by and , ,

, as in Section VI. Recall the assumption that
and . Since , (51)

gives for

With arguments similar to the proof of Corollary 2 one can prove
the following result.

Corollary 4:
(i) If , and , then for

.
(ii) If , and , then for

.
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Fig. 2. An example of the support of the spectral measure m(�; �) of an ana-
lytic, proper, almost cyclostationary, but not WSS signal.

The final result gives a sufficient condition for an analytic
almost cyclostationary process to be proper.

Corollary 5: Suppose there exist , , such
that , , , and

. Then for all , i.e.,
is proper.

Note that the process is not necessarily WSS, since there may
exist frequencies that are not forced to be zero by the assump-
tions on the support of and the Cauchy–Schwarz inequality.
This is illustrated in Fig. 2.

VIII. CONCLUSION

We have discussed three topics concerning the pair of
correlation and complementary correlation functions of com-
plex-valued processes and vectors. First, we have generalized
a characterization of a pair of matrices to be the correlation
matrix and the complementary correlation matrix of a finite-di-
mensional stochastic vector. Second, for multidimensional
WSS processes, we have characterized the pair of spectral
measure and complementary spectral measure. For scalar
signals, this reduces to a simple criterion. Third, and most
importantly, we have studied cyclostationary and almost cy-
clostationary processes. In the multidimensional case, we
have proved the existence of spectral measures , ,
assuming a uniformly continuous correlation function. We have
shown that the off-diagonal spectral measure components ,

, are absolutely continuous with respect to the di-
agonal component under the same assumption. In the scalar
strongly harmonizable almost cyclostationary case, this gives
representation formulas for the off-diagonal spectral measure
components , , and the complementary spectral
measure components , , in terms of the diagonal
measure . In the cyclostationary case, the positive distance

between the frequencies allows a stronger result without the
use of multidimensional techniques. As an application of these
results, we have studied spectral relations for analytic almost
cyclostationary signals.

Finally, we remark that there are corresponding results for
discrete-time signals, with the modification that the domain of
the spectral measure is . The treatment of dis-
crete-time cyclostationary processes is simpler than in the con-
tinuous-time case, because the set of frequencies is finite.
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