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Abstract—The assessment of multivariate association between
two complex random vectors is considered. A number of corre-
lation coefficients based on three popular correlation analysis
techniques, namely canonical correlation analysis, multivariate
linear regression, and partial least squares, are reviewed and
connected to performance measures in signal processing and
communications, such as mean-squared estimation error, mutual
information, and signal-to-noise ratio (SNR). For complex data,
there are three types of correlation coefficients, which account for
rotational, reflectional, and total (i.e., rotational and reflectional)
dependencies between two random vectors. These three types are
defined and analyzed for different correlation coefficients, and a
numerical example is given. It is often required to compare two
complex random vectors in a lower-dimensional subspace. For the
large class of increasing, Schur-convex correlation coefficients,
it is shown that the low-rank approximations of two random
vectors maximizing a particular correlation coefficient are deter-
mined only by the constraints imposed on the correlation analysis
technique. In this context, the correlation spread is defined as a
normalized measure of how much of the overall correlation is
contained in a low-dimensional subspace.

Index Terms—Canonical correlations, correlation analysis, im-
proper complex random vector, majorization, multivariate linear
regression, partial least squares, polarization, widely linear esti-
mator.

1. INTRODUCTION

HE assessment of multivariate association between two
T random vectors x and y is of interest in a multitude of re-
search areas, ranging from geography to psychometrics to com-
munications. A function p(x,y) that gives an overall measure
of the association between x and y is called a correlation co-
efficient if it satisfies the following conditions for all nonzero
scalars « and [, provided that x and y are not both zero [1],

[2]:

0<p(xy) <1 (D
p(x,y) =plax,y) = p(x, By) 2
p(x,y) =1lif x = By 3)
p(x,y) =0if x,y uncorrelated. (@)
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Many correlation coefficients are symmetric in the sense that
p(x,¥) = p(y,x). However, we shall not generally require this
property. Sometimes a correlation coefficient is defined taking
values in the interval [0, ¢] or [—c, c]. The conditions (1)—(4) then
apply to the normalized absolute value of the coefficient. Con-
ditions (3) and (4) are necessary conditions only. It is usually
desirable to have further cases that result in p(x,y) = 1, such
as x = Ty, where T is any full-rank matrix, or x = Uy, where
U is any unitary matrix.

In this paper, we discuss three popular correlation analysis
techniques: canonical correlation analysis (CCA) [3], multi-
variate linear regression (MLR) [4], [5], and partial least squares
(PLS) [6]-[8]. Each of these techniques transforms x and y
into internal representations £ and w, respectively. Different
correlation coefficients are then defined as functions of the
diagonal correlations {k;} between the internal representations
& and w;. CCA, MLR, and PLS are designed to maximize these
diagonal correlations. Yet they actually do more than just max-
imize the {k;}. We will demonstrate that CCA, MLR, and PLS
produce diagonal correlations {k;} that have maximum spread
in the sense of majorization [9]. Because of this, any correlation
coefficient that is an increasing, Schur-convex function of the
{k;} is maximized. Moreover, the internal coordinate systems
of CCA, MLR, and PLS are also the right coordinate systems
to determine rank-r approximations of x and y such that any
increasing, Schur-convex correlation coefficient is maximized,
for arbitrary choice of 7. This connects our results to closely
related problems in optimum reduced-rank estimation and
filtering [5], [10].

The key difference between CCA, MLR, and PLS is their in-
variances. CCA is invariant to linear transformation of x and y,
MLR is invariant to linear transformation of y but only unitary
transformation of x, and PLS is invariant to unitary transfor-
mation of x and y. The correlation analysis technique must be
chosen to match the invariances of the problem under consid-
eration. For instance, mutual information between Gaussian x
and y is invariant under linear transformation of x and y. Thus,
CCA is the right method to deal with mutual information. On
the other hand, linear minimum mean-squared estimation error
is invariant under linear transformation of the measurement y
but only unitary transformation of the message x. Hence, MLR
is the right technique to address linear estimation.

Almost all the work on correlation analysis has been done
for real data. Yet, in many research areas, complex data is
routinely used. Complex signals may arise as special cases of
bivariate real signals, e.g., as horizontal velocity components
in geophysical measurements. Complex signals are also used
to describe underlying real wave phenomena. The complex
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descriptions employed are either the analytic or the complex
equivalent baseband representation of a real signal. For in-
stance, in communications, equivalent baseband signals make
the detector insensitive to unknown phase in bandpass signals.

Complex data can exhibit three different types of correlation.
If z and y are two scalar complex random variables, they are said
to be rotationally dependent if z = ky for some constant k. This
means that, in the complex plane, sample pairs of = and y rotate
in the same direction (clockwise or counterclockwise) by the
same angle. They are called reflectionally dependent if z = ky*
for some constant /. This means that sample pairs of  and y ro-
tate by the same angle, but in opposite directions. Rotational and
reflectional correlation measure the degree of rotational and re-
flectional dependency, respectively. It is also possible to define a
total correlation as the combined effect of rotational and reflec-
tional correlations. Rotational and reflectional, but not total, cor-
relations of scalar complex random variables are investigated in
[11], one of the very few papers on correlation analysis of com-
plex data. Prior work on rotational and reflectional correlations,
e.g., [12], often considered real data of double dimension rather
than complex data. However, expressing rotational and reflec-
tional correlations in terms of real data of double dimension is
significantly more cumbersome and provides less insight.

In this paper, we provide a unifying discussion of correlation
analysis for vector-valued complex random data. In Section II,
we present a review of CCA, MLR, and PLS. We list six com-
monly used correlation coefficients that are defined on the basis
of CCA, MLR, and PLS, and connect these coefficients with
some important performance measures in signal processing
and communications: mean-squared estimation error, mutual
information, and signal-to-noise ratio (SNR). In Section III, we
demonstrate that these correlation coefficients are increasing,
Schur-convex functions of the diagonal correlations {k; }. This
means that they are maximized by CCA, MLR, or PLS, for
arbitrary rank r. We also introduce a normalized measure,
inspired by the degree of polarization [13], [14], that indicates
how much of the overall correlation is contained in a lower-di-
mensional subspace.

For simplicity, we will assume real vectors in Sections II and
IIT before considering complex vectors in Sections IV and V.
Section IV deals with rotational, reflectional, and total correla-
tions of complex data, and analyzes the properties of the cor-
responding correlation measures. Finally, Section V presents a
numerical example illustrating the usage of the different cor-
relation measures. The Appendix contains some relevant back-
ground material on majorization and widely linear transforma-
tions.

II. CORRELATION MEASURES

Consider two real zero-mean random vectors x € R™ and
y € R™ with correlation matrices R,, = Fxx! and R,, =
EyyT. We shall assume that both R, and R, are invertible.
The cross-correlation properties between x and y are described
by the cross-correlation matrix R,, = ExyT, but this matrix
is generally difficult to interpret. In order to illuminate the un-
derlying cross-correlation structure, many correlation analysis
techniques transform x and y into p-dimensional internal rep-
resentations £ = Ax and w = By, with p = min(m,n),
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Fig. 1. Principle of CCA, MLR, and PLS.

as shown in Fig. 1. The full-rank matrices A € RP*™ and
B € RP*™ are chosen such that all partial sums over the ab-
solute values of the correlations k; = F¢;w; are maximized

subject to the following constraints that determine the type of
correlation analysis.

* In CCA [3], the internal representations - and wc are
required to be white: F€-€L = AcR..AL = T and
Ewcwg = BCRyyBg = I, where the subscript C refers
to CCA.

* In MLR [4], Ay is restricted to be row-orthogonal (i.e., it
has orthogonal rows) and the internal representation wy;
is required to be white: AyAL = T and Fuywi, =
BumR,,Bi; = I, where the subscript M stands for MLR.

e In PLS [6]-[8], both Ap and Bp are restricted to be row-
orthogonal: ApAT = T and BpBY = I, where the sub-
script P means PLS.

As discussed in Section III, the solution to the maximization
problem (5) for CCA, MLR, as well as PLS results in a diagonal
cross-correlation matrix between € and w

K — ngT = diag(kh ey kp) (6)

with ky > kg > .-+ > k, > 0. Sometimes we need to assume
k, > 0. In order to summarize the correlation between x and
y, an overall correlation coefficient p can then be defined as
a function of the diagonal correlations {k;}. This correlation
coefficient shares the invariances of the {k;}.

CCA and PLS provide a symmetric assessment of correlation,
as the roles of x and y are interchangeable. MLR, on the other
hand, distinguishes between the message (or predictor variables)
x and the measurement (or criterion variables) y. Because of the
maximization (5), all three techniques allow the assessment of
correlation in a lower-dimensional subspace of rank » < p =
min(m,n). We will use the notation [€], to denote the vector
consisting of the first r elements of €. For matrices, [A],xm
denotes the matrix consisting of the first » rows and m columns
of A. Let us now take a more detailed look at CCA, MLR, and
PLS.

A. Canonical Correlation Analysis

The most common way of assessing multivariate association
is CCA [3]. In CCA, both € and w¢ are required to be white,
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ie, AcR,.AL = I, BcR,,BL = I The optimum transfor-
mations solving (5) are found as [2], [3]

Ac =F{R,}/? ©)
Bc =GIR,}/? ®

where the column-orthogonal matrices Fc € R™*P and
G¢ € R™*P are determined by the singular value decomposi-
tion (SVD) of the coherence matrix

Cc =R,,’R,,R;/? = FcKcGL. 9)
The canonical correlations k¢ ; are normalized such that 0 <
kc,; < 1, and invariant under nonsingular linear transformation
T, € R™*™ applied to x and nonsingular linear transformation
Ty € R™ ™ applied to y. The internal representations {- =
Acx and we = Bey are the canonical variables, which are
said to be in canonical coordinates.

There is a variety of possible correlation coefficients that can
be defined based on the first 7 canonical correlations {kc¢ ;}7_,
for a given rank r. Three particularly compelling coefficients
have been proposed for » = p in [3], [15]-[17], and their rank-r
generalizations are

1 r
porr =2 > ke (10)
posr =1—[] (1 —k,) (11)
=1

T k2

,E 1—22

1=1 C
PCar (12)

Sometimes we drop the subscript r for convenience. For r = p,
these coefficients can also be expressed in terms of the original
correlation matrices [18]
1 -1 —1RT
PCrp = ]—jtr (Rrr RiryRy!/ Riry)
1

= tr (CeCy) (13)
pcyp =1 —det (I-R; R, R, R])
=1—det (I - CcCY) (14)

tr (Ruy Ry RY, (Res — RoyRyRE,) )

PCz.p =
tr (Ras (Ro

tr (CoCE (1- CoCl) ™)
_ 7 (15)
tr (T— CcCE) ™

- R.,Ry/RE,) )

All these coefficients share the invariances of the canon-
ical correlations, i.e., they are invariant under nonsingular
linear transformation of x and y. The first coefficient, pc,,
is related to the minimum mean squared error (MMSE)
when constructing a rank-r linear estimate £~ of the p-di-
mensional canonical vector &~ from y. The estimate is
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& = [Kc]pXT[BC]TXny = [KC]])XT[WC]T, and the resulting

MMSE is [19]

Elléc — Ecll* = tr (T [Kclpxr[Kcly,)

=p— Zk

Since CCA is symmetric in x and y, the same MMSE is ob-
tained when estimating wc from x.

For » = p, the second coefficient, pc,, measures the linear
dependence between x and y. If pc, = 0, then x and y are lin-
early independent. If pc, = 1, then there is at least one canon-
ical coordinate {c ; that is perfectly linearly estimable from y.
For jointly Gaussian x and y, pc, also determines the mutual
information between x and y [19]

p(l=pc,). (16)

1
I(X§ Y) = - —logdet ( [KC]PXT’[KC]pXT)
== Zlog — k&) (17)
= —5108;(1—902)- (18)

The ith term in the sum (17), —1/2log(1 — k¢, ;), measures the
rate at which the ith canonical coordinate wg ; brings informa-
tion about the ith canonical coordinate {c ;. For v < p, pc,
determines the mutual information between rank-r approxima-
tions of x and y.

For 7 = p, an interpretation of pc, is given in [18]. Another
interesting interpretation is possible in the signal-plus-uncorre-
lated-noise case. Let Rz = Ryy = Sand Ry, = S+ N. It
is easy to show that the eigenvalues of the SNR matrix SN ™"
are {k¢ ;/(1 — k¢ ;)}. Hence, they are invariant under nonsin-
gular linear transformation of the signal x, and the numerator
of pc, p in (15) is tr(SN™1). Correlation coefficient pc, can,
thus, be interpreted as a normalized SNR.

B. Multivariate Linear Regression (a.k.a. Half-Canonical
Correlation Analysis)

There are many problems where the roles of x and y are not
interchangeable. For these, the symmetric assessment of cor-
relation by CCA is unsatisfactory. The most obvious example
is multivariate linear regression, where a message x is esti-
mated from a measurement y. The resulting MMSE is invariant
under nonsingular transformation of y, but only under orthog-
onal transformation of x. This motivates us to look for transfor-
mations A); and By that maximize the diagonal elements of
K\ under the constraints that A y; be row-orthogonal and only
w1, but not &4, be white. Such transformations are found as [2]

Ay =FY
By =GER,,)/?

(19)
(20)

where the column-orthogonal matrices F; € R™*? and G €
R™*? are determined by the SVD of [5]

Cu =Ry R;)? = FuKuGy). 1)

The coefficients kyr,; are sometimes referred to as half-canon-
ical correlations [20], reflecting the fact that they are invariant
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under nonsingular linear transformation Ty € R™*™ applied to
¥, but only orthogonal transformation U; € R™*™ applied to
x. Correspondingly, the internal representations &,; = Ayx
and wy; = By are said to be in half-canonical coordinates.

There are many conceivable correlation coefficients based on
{k1,i};_, - The most common coefficient

Z kM i
trRM

PM,r = (22)

has been called the redundancy index [21], [22]. For r = p, it
can also be written as

tr (Rzy R,y R7, )
trR 2
tr (CuCyy)

- trR,,

PM,p =
(23)

Coefficient py; is related to the MMSE resulting from con-
structing a rank-r linear estimate X of the message x from
the measurement y [23]. The estimate is given by X =
(At Kt], s, Bl ¥ = [AM] e [Kn], o, [wna], and
the MMSE is

Bl = R = Ry — 3" Ky = rRus (1= pro). - (24)

i=1

In [21] and [22], p\ has been expressed and discussed in terms
of the (full-)canonical correlations {kc;} and the transfor-
mation Ac in (7), rather than the half-canonical correlations
{km.:} as in (22). However, the connection with full-canonical
correlations is not very illuminating, as pyr has the invariances
of half- rather than full-canonical correlations.

A generalization of MLR replaces the orthogonality condi-
tion AyyAY; = T with AwWAT, = I, where W € R™*™
is a Hermitian, positive definitive weighting matrix [2]. The op-
timum transformations and corresponding SVD are then given
by (2]

Aw =FLwW~1/2 (25)
By = GWR;;/ 2 (26)
Cw =W~ '?R,,R,/? = FyKwGY, 27

The correlation coefficient generalizing (22) to weighted MLR
is

ZkV\/ K

= S 28
PW, (W IRTT) ( )

_ tr (W 1RTyRyy1 Rzy) 29)
PW.p = (W 1sz)

Therefore, pw is related to the weighted MMSE when
constructing a rank-r linear estimate X of the message x
from the measurement y. The estimate is given by X =

—1 —1
AW, BWsn [Bwlny  =[AW] 0 [Kwlg [w0w],s
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where [Aw|.., is a right inverse: [Aw]o..
W12[Fy], ., The weighted MMSE is
Elx — 3y = E(x — "W (x - %)

=tr(W™' R, )(1 — pw). (30)
The weighted half-canonical correlations {kvw ;} and thus pw
have different invariances than the half-canonical correlations
{kw,:} and pyp. It is interesting to note that the full-canonical
correlations {kc ;} are actually weighted half-canonical corre-
lations {kyw ;} with the particular weighting matrix W = R,,.,.
This observation has already been made in [10].

C. PFartial Least Squares

Some problems are naturally invariant only to orthogonal
transformation of both x and y. We are then interested in
maximizing the diagonal elements of Kp under the constraints

ApAl =Tand BpB] = I This is achieved by [2], [8]
Ap =F] (31)
Bp =GT (32)
where Fp and Gp are given by the SVD of
Cp = R,y = FpKpGP. (33)

This technique is a variant of PLS. Note, however, that our de-
scription of PLS follows [8], which differs from the original PLS
algorithm [6], [7]. In the original PLS algorithm, both K€€ T and
Eww? are diagonal matrices (albeit not identity matrices), and
K is not generally diagonal. In the version of [8], Kp is diag-
onal, but E€p€h and Ewpw] are generally not.

The PLS coefficients kp; are invariant under orthogonal
transformation U; € R™*™ applied to x and orthogonal
transformation Uy € R™*™ applied to y. The internal repre-
sentations {p = Apx and wp = Bpy are referred to as latent
variables. Among the possible correlation coefficients

> kP,
PP = = (34)
\/tr (R RL) tr (R, RE,)

is used most frequently. For » = p, it can be expressed as [24]
tr (Rx JR )
\/tr (R..RZ,)tr (R, R

(35)

)

Both PLS and CCA provide a symmetric measure of multi-
variate association. However, there are key advantages of PLS
if it is applied to sample correlation matrices. Since the compu-
tation of C¢ in (9) requires the computation of inverses R}
and Ryy , CCA can become unstable if R, or R,, are close
to being singular. That is, the SVD (9) can change significantly
after recomputing sample correlation matrices with added sam-
ples nearly collinear with previous samples. These problems are
rectified in PLS, which is why PLS has been referred to as “ro-
bust canonical analysis” [25].
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III. MAJORIZATION AND CORRELATION SPREAD

Canonical correlations can be derived in a great number of
ways. The most common problem formulation is this: Find two
vectors ac;; € R™ and bc 1 € R™ such that the absolute value
of the scalar correlation coefficient between canonical variables
o1 = alxand we; = b{ 1y is maximized

T
ag 1 Raybe

(36)

max

kci =
ac,1,bo1 \/ag,lRmzaC,l\/balRyybC,l

The next pair of canonical variables ({c 2, wc,2) maximizes the
absolute value of the scalar correlation coefficient, k¢ 2, be-
tween oo = ag_zx and wcp = bggy, subject to the con-
straint that they are to be uncorrelated with the first pair. A total
of p correlations is determined in this manner.

In this paper, we have followed [2] by formulating canon-
ical correlations as the solution to the equivalent maximization
problem (5). This puts canonical correlations in a majorization
context. The constraints imposed by CCA, MLR, or PLS, sum-
marized following (5), determine A and B up to multiplica-
tion from the left by row-orthogonal matrices FZ and G7, re-
spectively. That is, the singular values of AR,,B” are fixed
by these constraints. Maximizing all partial sums (5) requires
maximum spread among the diagonal elements of AR, BT.
As outlined in Appendix A, the absolute values of the diag-
onal elements of an m X n matrix are weakly majorized by its
singular values. Maximum spread is thus achieved by making
AR, ,B” diagonal, which means that F*' and G* are deter-
mined via SVD. This solves the CCA, MLR, and PLS problems.

Using the results from Appendix A, it is not difficult to show
that all correlation coefficients presented in this paper are Schur-
convex and increasing functions of the diagonal correlations
{k;}. By maximizing (5) subject to the constraints imposed by
the correlation analysis technique, the correlation coefficients
are then also maximized for all ranks r.

An interesting question in this context is how much of the
overall correlation is captured by r coefficients {k;},_,, which
can be defined either through CCA, MLR, or PLS. One could,
of course, compute the fraction p,./p, forall 1 < r < p. Alter-
natively, we can define the correlation spread as

)
p i ({k7})

__p e K 1
p=L\ (X0, k)7 P

where var and /i denote sample variance and sample mean, re-
spectively. The correlation spread provides a single, normalized
measure of how much of the overall correlation is concentrated
in a few coefficients. If there is only one nonzero coefficient k1,
then o2 = 1. If all coefficients are equal, k1 = ky = --- = kyp,
then 02 = 0.

The definition (37) is inspired by the definition of the degree
of polarization [13], [14] of a random vector x. The degree of
polarization measures the spread among the eigenvalues of R ,.,...
A random vector x is said to be completely polarized if all of
its energy is concentrated in one direction, i.e., if there is only

(37)
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one nonzero eigenvalue. On the other hand, x is unpolarized if
its energy is equally distributed among all dimensions, i.e., if
all eigenvalues are equal. The correlation spread % generalizes
this idea to the correlation between two random vectors x and
y.

It can sometimes be appropriate to modify the definition (37)
by replacing the coefficients k? with a function of the coeffi-

cients, f(k?), as
1 ({0

p (D))
st () 1) .

_ < 1
Ty — P 2112

p= L\ F (R P
For instance, if we are interested in the distribution of informa-
tion rate over individual components, then we compute the co-
efficients k%L through CCA and set f(k%t) = log(1— k%) If
a% F= 1, then there is only one canonical coordinate wc ; that
carries information about x (or, alternatively, only {c ;1 carries
information about y). If o2 s = 0, then all canonical coordi-
nates {wc ; }5_; carry an equal amount of information about x
(or, alternatively, all { fc,i}le carry an equal amount of infor-
mation about y).

(38)

IV. CORRELATION ANALYSIS OF COMPLEX VECTORS

Let us now consider two complex zero-mean random vectors
x € C™ and y € C". For complex random vectors, there are
three types of correlation: first, the correlation between x and y,
as measured by the standard Hermitian cross-correlation matrix
R,y = ExyH , and second, the correlation between x and the
conjugate y*, as measured by the complementary cross-correla-
tion matrix R, = Exy”. If R,., = 0, x is called proper, oth-
erwise improper. If x is proper and Gaussian, then it is circular
as x and e/°x have the same probability density functions for
all real o [26]. If R,y = 0, x and y are said to be cross-proper.
IfR,, =0,R,y, =0,and R, = 0, x and y are called jointly
proper.

Finally, the complete second-order statistics are described
by the augmented cross-correlation matrix ﬁmy [20], which
is the cross-correlation matrix of the augmented vectors

_ T _ T
% = [x"x"]" andy = [y" y"]
EWZEQWZ{E? R?] (39)
R:, R,

In order to preserve the structure of X, transformations applied
to X must be of the form [20]
~_ |A1 A,
el Y e
Then, El = AX describes the so-called widely linear [27] or
linear-conjugate linear transformation ¢ = A;x + A,x*. Ma-
trices that satisfy the block structure (40) are overlined.

A. Rotational, Reflectional, and Total Correlations

Either one of the pairs (x,y), (x,y*), or (X,¥) can be an-
alyzed by either CCA, MLR, or PLS. The required SVDs and
optimum transformations for the nine possible combinations are
given in Table I. The expression C = FKGT in this table is
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TABLE I

SVDs AND OPTIMUM TRANSFORMATIONS FOR DIFFERENT CORRELATION TYPES AND CORRELATION ANALYSIS TECHNIQUES

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 4, APRIL 2008

correlation type | SVD CCA MLR PLS
(x,5) C =FKGH || Cc = Rea/*RyyRy"? | Cy = Ry Ry /% | Cp = Ry,
(rotational) Ac =FIR.? Ay =F1 Ap=FH
Bc = GAR,,? By = GIR,,/? |Bp=GH
(x,y%) C=FKGT || Cc =Rz Qny w2 | Cy=ReyRyy /2 | Cp = Ry
(reflectional) Ac = FH R,./? Ay = ﬁ Ap = f‘ff
Bo = GLR,,"? By =GR,/ | Bp=GJ
(%) C-FKG" | Co=R,,"R,R,,” | Cu =R,R,”* | Cr =R,
(total) Ac=F R,)* Ay =Fh Ap=FF
Bo = GeR,,”” Bu=GuR,,* |Br=Gp

the usual SVD but with column-unitary G* € C"*P, so that the
regular transpose rather than the Hermitian transpose is taken to
match the structure of C. As discussed in Appendix B, all fac-
tors in the SVD C = FKGH must satisfy the block structure
(40). That is

[F}( Fz} |:K(1)—|—K(2) ®Y _K@)}

C, C/] 2|F, F/|[gY_K? gY4+K?
—H =T

x[g}{ E% 41)
G2 1

where K(l) and K<2) are two diagonal matrices containing two
sets of coefficients {; 1)}p and {k( )} on their respective
diagonals, with ordering k( > k(z) > k(ll) > k(z) > >
k]gl) > k,g ) > 0. The matrices F € CQ’"XZP and G € CZ"XZP
are both column-unitary.

The decompositions corresponding to (x,y), (x,y*), and
(X,¥) characterize different types of correlation. If we ana-
lyze (x,y), the internal representations are £ = Ax and w =
By. Consider two different pairs (x1, y[) and (x[?, y[?I) of
samples of (x,y) and their corresponding internal descriptions

tendency of samples of éi and w; to turn in opposite direc-
tions—one turning clockwise and the other counterclockwise.
Thus, we call {k;} reflectional correlations [11].

Finally, if we analyze (x ¥), the internal representations are
¢ =Aix+ Ayx*andw’ = B1y + Byy*. We use the prime
symbol to clarify that ¢ and w’ are different than £ and w ob-
tained when analyzing (x,y). Note that £ and w’ are jointly
proper if and only if lc< ) = k( ) forall i = 1,...,p. The cor-
relation E¢lw* = (1/2)(k<1) + k(z)) provides an assessment
of the rotal correlatlon taking into account both rotational and
reflectional dependencies. The best possible match between ¢!
and o/ is achieved if £V = 5 = (E[¢/[2E|w![2)""/?, which
means that &/ and w;, are Jomtly proper.

B. Correlation Measures

On the basis of the three different correlation types—rota-
tional, reflectional, and total—we can define three different
types of correlation coefficients. We now discuss these three
versions for pc,, pm, pw, and pp. The extension to other
correlation coefficients should then be obvious. For pc, based
on CCA

r

(€M w11y and (€, wl2). Perfect correlation! k; = E&w! = po, »=1— H (1—kE,) (42)
(E|&[2E|wi|?) " for some index i means & = k;w;, and i=1 ’

hence the angles of 51[1] and 51[ equal the angles of w[ Iand . . =9

w?]: Afz[l] = sz[l] and 451[2] = sz[ I Therefore, the corre- P2 =1 H (1 B kC’L) “3)
lation k; measures the tendency of samples of ¢; and w; to turn Zjl ) o\ 11/2
clockwise or counterclockwise together. This is why we refer to peyr=1— H [(1 _ (E(Cl)v) ) <1 B (E(sz) )} | (44)
{k;} as rotational correlations [11]. i—1 ' '

If we deal w1th (x,y*), the internal representations are
5 = Axand @* = By Perfect correlation k; = E&w; =
(E|&2E|@)?) -1/2 for some index 7 means & = k;@F. For
the internal descriptions computed from two sample pairs
(x[, y1) and (x[2, y!?), the angles off and £ equal
minus the angles of wil [2] 5[1] —4w 1[,1] and
Aél[z] = —Ad),?]. Therefore, the correlatlon kl measures the

and @

IFor MLR, perfect correlation is ky ; = (E|€M,i|2)*1/2, and for CCA,

ko = 1.

For jointly Gaussian x and y, pc, determines the mutual in-
formation between x and y, if only rotational dependencies are
taken into account:

I(x;y) = —log(1 — pc,)- (45)
Note that I(x;y) for complex x and y does not contain the nor-
malization by 1/2, as in the real case (18). If only reflectional
dependencies are considered, pc, is used in place of pc,. The
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total mutual information, allowing for both rotation and reflec-

tion, is obtained with pc,. Note that if k(cl)l k<02)1

= kc,; for
_ (1) @ _
1 =1,...,r, then pc, , = pc, . Similarly, 1fk‘ = kcl
l; ifori=1,...,7 then pc, » = Pc, r
The three versions of pw, based on weighted MLR with pos-

itive definite augmented weighting matrix W, are

PW,r = o (WIIRM) (46)
~ 121 ];%\ 1
PW,r = o (Wl_lRm) 47
> (K2 + (k2)
P == —— : (48)
tr(W Rm)

For the computation of pw , in (46) and pw, in (47), the
weighting matrix W is the positive definite northwest block
of W. The weighted MMSE allowing strictly linear esti-
mates X = Hy only, is obtained, analogously to (30), as
t2(W, Rus)(1 — pw)- The weighted MMSE allowing conju-
gate linear estimates X = Hy™* only, is tr(Wl_lR 2)(1—pw).
Flnally, the weighted MMSE using a widely linear estimate
X = Hiy+Hoy*, istr(W RTT)(l pw)/2. Results for the
standard MMSE and py; can be obtained W1th W = I.For PM, 7
the normalization in (48) is then tr(W Ru) = 2trR,..
The three definitions of pp, based on PLS, are

> K

PP = = “9)

\/tr (R..RE) tr (Ry,RE)
ﬁP,r = = (50)

\/tr (Ryz RH L) tr (Rnyffy)

B 2
Z (k(n) (k@)

ﬁp’r _ =1 (51)

Jir (ReREL) o (RoREL)

The coefficients pp ., pp -, and pp . evaluate the match between
x and y under unitary, conjugate unitary, and widely unitary
transformations, respectively. Note that if U is W1dely umtary,
i.e., it satisfies the block structure (40) and UU = U U=
I, its northwest block U is generally not unitary. In contrast,
if A is an augmented matrix that describes a general widely
linear transformation, its northwest block A always describes
a strictly linear transformation.

C. Majorization and Correlation Spread

While there is no general ordering of rotational and reflec-
tional correlations, i.e., either one may be greater, it is clear that
total correlations, which take into account both rotational and
reflectional dependencies, must always be greater or equal to
rotational or reflectional correlations. Yet this does not mean
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that total correlation coefficients are necessarily greater than ro-
tational or reflectional correlation coefficients, as we will illus-
trate now.

The fact that the set of strictly linear transformations, Hy,
and the set of conjugate linear transformations, Hy*, are each
proper subsets of the set of widely linear transformations,

H,y + H,y*, implies the following weak majorization results:
(b1, k1, ks ko, Ky, k)

<o [R R B, R S O ) )
kv, ko, ko ko, ke, o)

<o [FVER B DBV ER] L 63

These relations are true for CCA, MLR, as well as PLS. Re-
call that all py ,, px,r, and py , presented in this paper are
1ncreasmg, Schur-convex functions of {k;}/_,, {k; }1 1> and
{k; }_1, respectively. An immediate consequence of (52) and
(53) is that rotational and reflectional versions of pc, , pc,, pcs»
and pyp are both smaller than their respective total version. For
pw and pp, this ordering is not generally true. This means their
rotational or reflective version can either be greater or less than
their respective total version. The reason is that rotational and
reflective coefficients on the one hand and the total coefficient
on the other hand are normalized by different denominators, as
can be observed from (46)—(48) and (49)—(51). As an example,
consider a pair of cross-proper, but not individually proper x
andy,ie., R,y = 0,but R;; # 0 and R, # 0. Then

~ 20\ L (@) _ 9N g2
3 (k) + () =220k,

i=

(54)

but

tr (ﬁmﬁ,’i) tr (Rny ) > 4tr (RooRT) tr (Ry, R

yy)

(55)

vy

thllS, pP,r < PP,r-

The rotational correlation spread o> and the reflectional
correlation spread 52 are computed as in (37) using {k;}}_;
or { ki}le , respectively. Analogously, the modified correlation
spreads o']% and 51% are computed as in (38). The modified rotal
correlation spread is defined as

o [BEE) ()]

) ()

(56)
and 52 is obtamed W1th f(z) = x. Note that if k(l) =k =k
for all 4, then 02 = 2. Correspondingly, if k(l) k72) ks
for all 4, then oy = 0. We emphasize that there is no general
ordering of 0’2 7 o2 % and a2 %, not even for f(z) = z.In particular,
we may have o2 7> 52 7 and/or G2 7> 52 - ascan be seen from the
numerical example that follows.

V. A NUMERICAL EXAMPLE

In order to illustrate the usage of the concepts discussed in
this paper, we shall now work out a numerical example. Con-
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TABLE II
CORRELATION AND CROSS-CORRELATION MATRICES FOR THE NUMERICAL
EXAMPLE
19 45 —T+j
“7—j —4j 16
546§ 2-4j —T—5j
Rop=|2-4j —6-4j —4+4j
—7—5j —4+4j 6+6j
72 “11413j —18+45j
Ry, = |11 13§ 43 11+ 18
18— 45 11— 18; 84
38416j —31—3j —6—13j
Ry, = |-31-3j 3+16j 15+36)
—6—13j 15+36j 26—4j
—30  2-67 2—26j
Ryy=|-4+5 8  —12+8;j
1845j —11—j —7+15)
~12-10j 18—4j —10-2j
Roy=| —6j  4+12
247 -5-3j —1-17j
TABLE III

FULL-RANK CORRELATION COEFFICIENTS

rotational (px p) | reflectional (px ;) | total (px )
PC1p 0.498 0.515 0.699
PCap 0.950 0.935 0.998
PCap 0.760 0.680 0.964
PM,p 0.602 0.556 0.812
PP.p 0.597 0.392 0.695

sider a pair of complex random vectors x and y, m = n =
p = 3, with correlation and cross-correlation matrices given
in Table II. Some full-rank correlation coefficients for this ex-
ample, rounded to three decimals, are listed in Table III. The
first observation we can make is that different correlation co-
efficients can paint a very different picture of the multivariate
association between x and y. While pc, ,, = 0.998 indicates an
almost perfect match, pp, = 0.392 gives a much lower level
of association. In almost all cases, the total correlation coeffi-
cient py , is significantly larger than either the rotational or re-
flectional correlation coefficients py , and py_ ,. We also note
that the rotational correlation coefficient can be smaller than
the reflectional coefficient (pc, , < pc,,p) and vice versa (all
other cases). Moreover, this relationship can change with rank
reduction, as seen from Table V. While pc, , < pc,,p, we have
pPC1,1 > PCy -

Now consider the correlation spreads listed in Table IV
(rounded to three decimals), starting with CCA. Since

0% = 0.172, 62 = 0.115, and 62 = 0.092 are all small,
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TABLE IV
CORRELATION SPREADS
rotational (¢2) | reflectional (62) | total (52)
a% 0.172 0.115 0.092
ol s 0.408 0.266 0.275
o3 0.418 0.297 0.348
012, 0.696 0.403 0.820
TABLE V

SOME REDUCED-RANK CORRELATION COEFFICIENTS

r PCy,r ﬁCl.r ﬁCl,r

p=3| 0.498 | 0.515 | 0.699

0.431 | 0.435 | 0.604

1 0.299 | 0.280 | 0.327

r pC2‘T ﬁCZ,T ﬁCZ,r

p=3 | 0.950 | 0.937 | 0.998

0.937 | 0.914 | 0.997

1 0.896 | 0.839 | 0.984

r PP, ﬁP,r ﬁP,r

p=3| 0.597 | 0.392 | 0.695

0.587 | 0.376 | 0.691

1 0.529 | 0.291 | 0.650

the reduced-rank coefficients pc, ., pc, ,»» and pc, - are all sig-
nificantly smaller than the corresponding full-rank coefficients
PC, p» PCy,p> and pc, p, as is evident from Table V. The biggest
drop occurs from r = 2 tor = 1.

The PLS correlation spreads 0'12) = 0.696, 6p = 0.403, and
0.820 are larger than the corresponding CCA correla-
tion spreads. This indicates that, in contrast to CCA, much of
the PLS correlation is contained in a low-dimensional subspace.
This makes rank reduction more effective with PLS than CCA.
For instance, while ¢, 1/pc, », = 0.468, we have pp 1 /pp,, =
0.935. Note that the relationship between rotational/reflectional
spread and total spread can be different for different correlation
analysis techniques. Indeed, in CCA, o > 52 and 6% > o5&,
butin PLS, 03 < 73 and 63 < o3.

Table IV also lists o3, ; for f(kg ;) = log(1 — kZ ;). This
modified spread function characterizes the distribution of infor-
mation rate over individual components. Since 0g ; > ¢ ;,
the ratio of reduced-rank to full-rank information rate is greater
in the rotational than the total correlation case. For rotational
correlations, log(1 — pc, 1)/ log(l — pc, p) = 0.756, cf. (45),
whereas for total correlations, log(1— pc, 1)/ log(1—pc, p) =
0.656.

=2 __
op =

VI. CONCLUSIONS

There are two fundamental choices that must be made
when analyzing multivariate association between two complex
random vectors x and y: the desired invariances of the analysis
(linear-in-x/linear-in-y for CCA, unitary-in-x/linear-in-y for
MLR, or unitary-in-x/unitary-in-y for PLS), and the type of
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correlation (rotational, reflectional, or total). In many cases,
these choices will be dictated by the problem at hand. For in-
stance, if we are interested in widely linear MMSE estimation,
the total correlation coefficient pyr, based on half-canonical
correlations, will have to be selected. As another example,
consider the transmission of information over a noncoherent
channel. Here, the rotational correlation coefficient pc,, based
on full-canonical correlations, is the right choice since it char-
acterizes mutual information in the rotationally invariant case.

Once the type of correlation analysis has been chosen, any
correlation coefficient that is an increasing, Schur-convex func-
tion of the diagonal correlations {k;} will be maximized, for
arbitrary rank 7. In this context, we have defined the correlation
spread, inspired by the degree of polarization, as a single, nor-
malized measure for how much of the overall correlation is con-
tained in a lower-dimensional subspace. The correlation spread
gives a good indication of how effective rank reduction is going
to be for the desired invariances and type of correlation.

APPENDIX

A. Background on Majorization

A vector A € RP is said to be majorized by a vector u € RP,
written as A < p, if

DM <Y mpgy r=1..p—1 (57)
i=1 i=1
P P
Z Al = Z Hfi) (53)
=1 =1
where [-] is a permutation such that Aj;j > --+ > Ap,. Intu-

itively, if A < p, then the components of A are “less spread
out” or “more equal” than the components of pu. An excellent
overview of majorization results is given in [9].

The idea of majorization becomes most powerful when it is
combined with the concept of Schur-convexity. Functions that
are Schur-convex preserve the preordering of majorization. A
real-valued function f defined on a set D C R? is said to be
Schur-convex on D if X < p on D implies that f(A) < f(p).
There are a number of tests for Schur-convexity. Particularly
useful is the following result [9, 3.A.4]. Let I € R be an open
interval and f : I — R be continuously differentiable. Nec-
essary and sufficient conditions for f to be Schur-convex on I?
are: f is symmetric in its arguments on /7, and for all A € I?,

7]
(=) |5 f ) = - f| 2 0. 69
A classic result of majorization is that if H is a p X p Hermitian
matrix with diagonal elements diag(H) = (Hi1,..., Hyp)T
and eigenvalues ev(H) = (A1,...,A,)7, then [9, 9.B.1]
diag(H) < ev(H). A generalization of this result to m x n
complex matrices is possible if we introduce weak majoriza-

tion.
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A vector A € RP is said to be weakly majorized by a vector
p € RP written as A <, p, if

(60)

Z)\mgzum, ’I“Zl,...,p.
i=1 i=1

In (60) and in contrast to regular majorization, equality is not
required for r = p. If C € C™*™ has diagonal elements
diag(C) = (Ci1,...,Cpp)T, p = min(m,n), and singular
values sv(C) = (ky,...,k,)", then the absolute values of the
diagonal elements are weakly majorized by the singular values,
|diag(C)| <. sv(C). This result has been proved in [28]
for square complex matrices. It extends trivially to nonsquare
matrices, as these can be augmented with zeros to make them
square.

In order to apply the concept of Schur-convexity to weakly
majorized vectors, we need to introduce increasing functions.
A function f defined on a set D C RP is called increasing if
Ai < pifori = 1,...,p implies that f(X) < f(p). If f is
Schur-convex and increasing on D, then [9, 3.A.8] A <., i on
D implies that f(A) < f(u).

B. Factorization of an Augmented Correlation Matrix

In factorizations of an augmented correlation matrix, all fac-
tors need to satisfy the pattern of (40). This can be achieved as
follows [20]. Let

1 /1 g4I }
T=— . 61
V2 [1 T ©b
X = [\/ERQXT \/EImXT]T, and RTT — E)V()VCT’ so that x =

T%, R,, = TR,,T#, and R,, = TFR,,T.

First consider the factorization R;ml = R;xl / 2R_T/ 2 We
obtain the corresponding factorization of the augmented corre-
lation matrix R, as

R, = (TR*WTH ) (TR;} /2pH )

——1/2——H/2

=R,,” R (62)

The SVD of an augmented cross-correlation matrix C
is obtained via the usual SVD of the real-valued matrix
C = THCT = FKGT. We assume that the singular values
on the diagonal of

(1)

K 0

{ 0 K(Q)} (63)
K( ) = = diag(ky AN ,15;1)), K(2) = diag(ﬁgz), .. 71(, ), a
arranged such that k§1) > 15§2) > Eél) > E(2) > - z() ) Z

>k
F? > 0. Then the SVD of T is C = FRG" with F =
TFTY, G = TGT, and

€] K(Q) Y _
O _g® K(l)

. . 1K K(Q)
K=TKTH{ = |2 64
5 | & | (64)
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Hence, K is diagonal if and only if the singular values of C have

even multiplicity.
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