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Polarization Ellipse Analysis of
Nonstationary Random Signals

Peter J. Schreier, Member, IEEE

Abstract—We present a novel way of extending rotary-compo-
nent and polarization analysis to nonstationary random signals. If
a complex signal is resolved into counterclockwise and clockwise
rotating phasors at one particular frequency only, it traces out an
ellipse in the complex plane. Rotary-component analysis charac-
terizes this ellipse in terms of its shape and orientation. Polariza-
tion analysis looks at the coherence between counterclockwise and
clockwise rotating phasors and whether there is a preferred rota-
tion direction of the ellipse (counterclockwise or clockwise). In the
nonstationary case, we replace this ellipse with a time-dependent
local ellipse that, at a given time instant, gives the best local ap-
proximation of the signal from a given frequency component. This
local ellipse is then analyzed in terms of its shape, orientation, and
degree of polarization. A time-frequency coherence measures how
well the local ellipse approximates the signal. The ellipse parame-
ters and the time-frequency coherence can be expressed in terms of
the Rihaczek time-frequency distribution. Under coordinate rota-
tion, the ellipse shape, the degree of polarization, and the time-fre-
quency coherence are invariant, and the ellipse orientation is co-
variant. The methods presented in this paper provide an alterna-
tive to ellipse decompositions based on wavelet ridge analysis.

Index Terms—Improper complex random signal, nonstationary
signal, polarization analysis, Rihaczek spectrum, rotary-spectrum
analysis, wavelet ridge analysis, widely linear transformation.

1. INTRODUCTION

OTARY-SPECTRUM and polarization analysis are

widely used in a number of research areas, including
optics [1]-[3], geophysics [4], [5], meteorology, oceanog-
raphy [6]-[8], and radar [9]. These techniques were originally
developed for stationary signals. Their starting point is the
Cramér-Loeve spectral representation [10] for a complex
harmonizable random process

s(t) :/dS(f)ej%rft_i_ds(_f)efj%rft 1)
0

which synthesizes the random process s(t) from counterclock-
wise turning phasors dS(f)e’2"ft and clockwise turning pha-
sors dS(—f)e™727Ft The contributions from counterclockwise
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and clockwise rotating components at fixed frequency f de-
scribe a random ellipse

ug(t) = dS(f)e?*™ " + dS(—f)e 7Tt ()
in the complex plane. This ellipse can be characterized in terms
of its shape and orientation. In oceanography, this type of
analysis is referred to as the rotary-component method [6], [7],
and has proven powerful in the interpretation of ocean current
spectra [8]. It is also of interest to characterize the coherence
between counterclockwise and clockwise rotating phasors. If
there is complete coherence, uy(t) is said to be completely
polarized. In optics, polarization analysis is employed in the
study of partially coherent light [1]—[3], and the ellipse w(¢) is
referred to as the polarization ellipse. Polarization analysis is
also successfully used in geophysics [4], [5] and radar [9].

However, just as classical Fourier analysis is not adequate to
deal with nonstationary signals, the classical rotary-component
and polarization analysis techniques are not designed to handle
nonstationarity. It is obviously impossible for a stationary el-
lipse u(t) to capture the time-varying nature of a nonstationary
signal s(t). Previous extensions of rotary-component and po-
larization analysis to nonstationary signals have been centered
mainly around the wavelet transform (see, e.g., [11]-[15]) and,
to a lesser extent, the Short Time Fourier Transform (STFT)
[15]. In the recent development [12], a nonstationary signal is
approximated locally at time ¢ by an ellipse whose parameters
depend on t. The ellipse parameters are determined by wavelet
ridge analysis [16], which is a technique for estimating the in-
stantaneous frequency of a nonstationary signal.

In this paper, we present an alternative approach based on the
Rihaczek time-frequency distribution (R-TFD) [17], which is a
bilinear TFD contained in Cohen’s class [18]. The advantage
of the R-TFD is that it presents an inner product between the
time-domain signal at given time ¢ and its frequency-domain
representation at given frequency f [19]. As such, it determines
the time-varying Wiener (linear minimum mean-squared error)
filter for estimating the signal at time ¢ from a phasor rotating
with frequency f [19]. Similar to [12], we replace the stationary
ellipse u (t) with a local ellipse whose parameters depend on ¢.
However, in contrast to [12], our ellipse represents the best local
approximation of s(¢) from counterclockwise and clockwise ro-
tating components at given frequency f, in the sense that it min-
imizes the mean-squared approximation error. This local ellipse
can then be analyzed in terms of its shape, orientation, and de-
gree of polarization, to gain insight into the statistical properties
of the nonstationary signal s(¢). In order to measure how well
the local ellipse approximates the signal at time ¢, we introduce a
time-frequency coherence. This time-frequency coherence and
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all ellipse parameters can be expressed in terms of the R-TFD of
s(t), further justifying the R-TFD as a fundamental descriptor
of a nonstationary time series.

Hence, it is our point of view that polarization and ro-
tary-component analysis are about estimating a signal s(t) in
the time domain from its frequency-domain description. In the
stationary case, the widely linear minimum mean-squared error
(WLMMSE) estimate of s(t) is the stationary ellipse wu¢(t)
given in (2). In the nonstationary case, the WLMMSE estimate
leads to a local ellipse with time-dependent parameters. Such
a local ellipse may be constructed for every point (¢, f) in
the time-frequency plane. This raises the question of which
points (and thus, local ellipses) in the ¢-f plane the analysis
should focus on. One possible answer would be to consider the
instantaneous frequency curve, which may be estimated using
wavelet ridge analysis [12], [16]. Our answer is different: We
focus on points in the ¢-f plane where the corresponding local
ellipse at (¢, f) provides a good approximation of the nonsta-
tionary signal s(t). These are points with magnitude-squared
time-frequency coherence close to 1.

Our program for this paper is as follows. In Section II, we
review some background material that is required to deal with
nonstationary complex random signals, including the R-TFD.
In Section III, we review the rotary-component method [6], [7]
for monochromatic deterministic signals and stationary random
signals. In Section IV, we then extend this theory to the non-
stationary case, paying special attention to the important class
of analytic signals. In particular, we will see that all analytic
signals are completely polarized. A surprising finding is that,
while proper analytic signals are counterclockwise circularly
polarized, improper analytic signals can, at least temporarily,
turn in clockwise direction. Section V deals with polarization
analysis for nonstationary signals, connecting the development
to some results from the study of partially polarized light
[1]-[3]. Finally, Section VI wraps up the discussion. Some
preliminary results from this paper have also been presented at
a conference [20].

II. PRELIMINARIES

In this paper, we analyze either univariate or bivariate real
signals (e.g., horizontal velocity components in geophysical
measurements). Bivariate signals (x(¢),y(¢)) are combined in
a complex signal s(t) = z(t) + jy(t). If the signal to be ana-
lyzed is univariate real, we consider its complex analytic signal
s(t) = z(t) + jH{x(t)} instead, where H{z(¢)} denotes the
Hilbert transform of z(¢). In this section, we present some
mathematical tools that are required to deal with stationary and
nonstationary random signals.

A. Rihaczek Distribution

We first review the R-TFD [17] as a means to describe
the second-order statistics of a nonstationary signal. It will
become clear in later sections how the Rihaczek distribution
provides the basis for an evocative geometric interpretation of
nonstationarity.

Whenever s(t) is treated as random in this paper, it is assumed
to be zero-mean and harmonizable. Its Cramér—Logve spectral
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representation is then given by the mean-square convergent in-
tegral [10]

oo

s(t) = / dS(€)el ¥ et

— 00

3

For a general nonstationary random process, the increment
process dS(&) is nonorthogonal and improper [21] with (Her-
mitian) spectral correlation R+ (v, ), defined by

E{dS(€ +v)dS* (&)} = Row- (1, O)dvde  (4)
and complementary spectral correlation [22] Rss(v, €), defined
by

E{dS(§+v)dS(=)} = Ras(
This representation can require the use of Dirac delta functions
in Ry« (v, &) and Rss(v, £); in particular, in the stationary case.
Note that ¢ is a global frequency variable and v is a local fre-
quency offset. If the complementary spectral correlation van-
ishes, s(t) is called proper. If s(t) is stationary, the spectral cor-
relation and complementary spectral correlation both collapse
to a delta ridge along the stationary manifold v = 0,

v, &) = Py (§)0(v).

Here and in the following, (x) denotes optional conjugation.
Conjugation produces the Hermitian quantity, and omitting
conjugation produces the complementary quantity. In (6),
Py« (€) > 0 is the power spectral density (PSD), and the com-
plementary power spectral density (C-PSD) Py (&) = Pss(—¢)
is even but generally complex.

Since s(t) is harmonizable, so are its temporal correlation and
complementary temporal correlation

reao (6:7) = B {s(t)s(t = 1)}

7{
- / / Rt (0. )72+ .

v &dvde.  (5)

Rss(*) ( (6)

N

In (7), t is a global time variable and 7 is a local time lag. In
order to obtain a characterization in terms of global time ¢ and
global frequency &, we either Fourier-transform the temporal
correlation and complementary correlation on local 7, or inverse
Fourier-transform the spectral correlation and complementary
correlation on local v. This yields the Hermitian Rihaczek time-
frequency distribution (HR-TFD) [17] and the complementary
Rihaczek time-frequency distribution (CR-TFD) [22]

I/ss(*> <t7€) = Tss(x (t T)e ]27T£Td7—

R

o (v, €)™ d,

®)

SSs

/
/

Together, the HR-TFD and CR-TFD comprise the R-TFD.
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The R-TFD is a member of Cohen’s class [18], the class of
bilinear TFDs that are covariant to shifts in time and frequency.
It is generally complex, yet time- and frequency-marginals of
the HR-TFD are nonnegative [23]. The time-marginal is the in-
stantaneous power at time ¢

oo

/ Vier (£,€)dE = 1os- (£,0) > 0 ©)

— 00

and the frequency-marginal is the energy spectral density (ESD)
at frequency &

/ Vioe (1, €)dt = Russ (0,€) > 0. (10)

The complementary instantaneous power and complementary
ESD (C-ESD) are derived analogously by omitting conjuga-
tion. However, both are generally complex. Formally, the ESD
(C-ESD) is related to the PSD (C-PSD) as R ) (0,£)d{ =
P, - (&). It is appropriate to use the ESD in the description of
nonstationary finite-energy signals and the PSD for stationary
signals. Note that P, .)(§) = Vg (¢, &) for all ¢, if s(t) is
stationary.

This is the right place to dispel the widespread notion that
PSDs belong to stochastic signals and ESDs to deterministic sig-
nals. The difference between PSD and ESD should not be one
of stochastic versus deterministic, but obviously one of physical
unit: a PSD distributes power over frequency, and an ESD dis-
tributes energy over frequency. There is no compelling reason
why PSDs could not be computed for deterministic signals, or
ESDs for stochastic signals.

The nonnegativity of the HR-TFD marginals has lead many
to interpret the HR-TFD and other TFDs in Cohen’s class as en-
ergy or power distributions. As the HR-TFD itself takes on com-
plex values, such an interpretation seems unsatisfactory because
it does not work locally in the vicinity of some point (¢, £) in the
time-frequency plane. We shall not further pursue this point of
view, and instead base our development on the key insight that
the R-TFD is an inner product [19]. This can be seen by explic-
itly computing the R-TFD (8)

Vaar (1,6)d6 = B {5(0) (d5(€)e1) "}
Vaalt,€)dg = B {s(t) (5" (=)’ .

This shows that the HR-TFD is the Hilbert space inner product
between the random variable s(t), at fixed time instant ¢, and
the infinitesimal stochastic Fourier generator dS(¢)e/27¢t, at
fixed frequency £&. The CR-TFD is the Hilbert space inner
product between s(t) and dS*(—¢)e??™¢t. The consequences
of this finding will be explored in later sections.

Y
12)

B. Connections Between Real and Complex Descriptions

The second-order statistics of the complex signal
s(t) = z(t) + jy(¢) can also be described in terms of its
real and imaginary parts. We now establish how a description
based on s(t) is related to a description based on z(t¢) and
y(t). This presents a brief review of material from [21]. While
this section assumes, for simplicity, that s(¢) is stationary, the
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results generalize in a straightforward manner to the nonsta-
tionary case.
Employing the transform matrix T,

T:[i _JJ] TTH =TT =21 (13)
we can construct the augmented vector
[s(t) s*(®)]" =Tlat) y)" (14)

from the real and imaginary parts. The frequency-domain
analog is
[dS(€) dS*(=9]" = TX(§) dY(©". a5

The correlation of the frequency-domain augmented vector is

ds) 11ds*©)1" _ [Pu(€) Pl
E[ds*(—f)HdS’(—f)] ‘[P;;@) P (-8 %

We call P (&) the power spectral density (PSD) matrix. Since
P () is positive semidefinite, we must have Psg-(§) > 0,
Pes(§) = Pes(=€), and |Pes(€)]? < Page (§) Pose (=€) Be-
cause matrices Pz () and Py, (—£) are trivially related, it is
sufficient to consider P« (|¢]) from now on. We introduce the
symbol f to denote a nonnegative frequency, f > 0. The PSD
matrix Py« (f) can be written as

P..-(f) = TP..(f)TH? (17)
where
_ | Pea(f)  Puy(f)

is the PSD matrix of z(t) = [z(t), y(t)]T. It contains the PSDs
of x(t) and y(t), denoted by Py, (f) and P,,(f), and the
cross-PSD of z(t) and y(t), denoted by Py, (f). It follows that
we can express the PSD of s(t) as

Pys-(f) = Pea(f) + Pyy(f) + 2ImPyy (f) 19)
and the C-PSD of s(t) as
Pes(f) = Poa(f) — Pyy(f) + 2jRePuy(f).  (20)

A proper process s(t) has Pss(f) = 0 and hence P,.(f) =
P,,(f)and ReP,,(f) = 0. There is no condition on ImP,.,, ( f)
to ensure a proper s(t). However, the PSD P, (f) is even if
and only if Im P, (f) = 0.

A linear filtering operation applied to the real and imaginary
parts generally becomes widely linear [21], [24], or linear—con-
jugate linear [25] when applied to the complex signal. A
stationary widely linear filtering operation depends linearly on
dS(f) and the conjugate d.S*(—f)

dZ(f) = Hi(f)dS(f) + Ha(f)dS* (= f)-

It is convenient to write this expression in an augmented
notation

[d%&)} - [Hé‘(—f)

1)

Hs(f) dS(f

Hi‘(—f)] [dS*(—.)fJ -3
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It will be of interest to determine the eigenvalue decomposi-
tion of P« (f) for a fixed frequency f. Utilizing the represen-
tation (22) for widely linear transformations, such a decompo-
sition is given by

Po(f) 1_ [ Gi(f) .
Pss*(—f)} [G’é(—f) a1
[ ol (35 SR @

which we write in shorthand as

Pss* (f) = G(f)Ass* (f)GH(f)

In this decomposition, A1 (f) and A2(f), A1(f) > Ax(f), are
the two eigenvalues of P« (f), and the matrix of eigenvectors
G(f) is unitary, i.e.,

(24)

G(NGH(f) =T (25)
Note that (24) describes a widely linear transformation, which
depends on dS(f) and dS*(—f).

We observe that A; (f) = Ax(f) requires that s(¢) be proper,
Pys(f) = 0, and the PSD be even, Pss«(f) = Pss« (—f).

III. CHARACTERIZATION OF THE POLARIZATION ELLIPSE

We shall be interested in the path that the complex signal s(t)
describes in the complex plane. We will look at three cases,
which are successively more general. In Section III-A, we
begin with monochromatic deterministic signals. Section III-B
looks at stationary, but not monochromatic, random signals,
and Section IV finally considers the extension to nonstationary
random signals. Section III-A and parts of Section III-B are
required to establish ideas and notation. A presentation similar
to that in Section III-A can also be found in [12].

A. Monochromatic Deterministic Signals

We start by considering the simplest case where s(t) is
monochromatic and deterministic. Its real and imaginary parts
are then given by

x(t) = Ay cos(27 fot + ¢o) }

y(t) = A, cos(27 fot + ¢y) (26)

with nonnegative amplitudes A, and A,. It is easy to show [2]
that s(t) moves periodically around an ellipse as depicted in
Fig. 1. Equation (26) is said to be a decomposition of this el-
lipse into linearly polarized components. In special cases, the
ellipse degenerates to a circle or straight line. The ellipse pa-
rameters can be determined from the powers of and cross-power
between the positive frequency components of the vector z(t) =
[#(t),y(t)]T, as described by the so-called coherency matrix [2]

1 A2 A Ay ei®

Jzz = - —q
1A Ape-i® A

27

with ¢ = ¢y — ¢,
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| A

24

24,

Fig. 1. Ellipse traced out by the monochromatic and deterministic signal s(¢)
in the complex plane.

A complex representation equivalent to (26) is

5(t) = x(t) + jy(t) = ApedV+el?mlot L A e=iv-g=i2nhot

s4(t)

srzt)

(28)
This is the sum of a counterclockwise and clockwise rotating
phasor, which are called the rotary components or circularly
polarized components. The coherency matrix of the complex
signal s(t) contains the powers of and cross-power between the
rotary components [s (¢), s* (£)]7,

[ s @0F  s(®)s-(0)
- Li(t)s;‘_(t) ls_ (1)) .j’
- [A+A{Z—jw A } (29)

with 2¢) = ¢, — ¢_. The discussion in [1], [2] is presented
in terms of real and imaginary parts but we will see that the
coherency matrix J ¢+ of the complex signal s(¢) is a more nat-
ural and elegant way than J .. to describe the ellipse parame-
ters. The two representations (26) and (28) are related through
J.o+ = TJ..TH, from which we determine the following
useful expressions:

A2 + A2
AL+ A2 = TJ (30)
AL — A% = A, A sing 31
24, A AL A eV
fan 20 = —= ycosp  Re{A A e?V} (32)

A2 — A2 Im{A A_ei?P}’

The ellipse in Fig. 1 is inscribed in a rectangle whose sides are
parallel to the - and y-axes and have lengths 24, and 24,,. It
can be shown [2] that the orientation of the ellipse, i.e., the angle
between the major axis and the z-axis, is ¥ = (¢4 —1_)/2 as
given by (32). We denote the lengths of the major and minor
axes of the ellipse by 2a and 2b, respectively. The area of the
ellipse is

abr = mA, Aylsing| =7 |A2+ — A3| , (33)
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and the numerical eccentricity is the ratio of geometric mean to
arithmetic mean of A4 and A_,

VaZ =102 2\/A A
a - A+ + A_ ’

(34)

We will further introduce another angle x (—7/4 < x < 7/4)
as in [2]

24,A,sing A2 — A% 2ab
in2y = —=2Y = =+ 35
M= T T mrA ey O
and hence,
b
tany = +— (36)
a

specifies the scale-invariant shape of the ellipse.

In (35) and (36), the sign on the right-hand side determines
the turning direction of the ellipse. For sin ¢ > 0 and hence
0 < x < 7/4, s(t) traces out the ellipse in counterclock-
wise direction, and for sin¢ < 0 and thus —7/4 < x <
0, in clockwise direction. In these cases, s(t) is called coun-
terclockwise or clockwise polarized. In optics, counterclock-
wise (clockwise) polarization is also called left-handed (right-
handed) polarization.

In special cases, the shape of the ellipse degenerates into a line
or circle [2]. In linear polarization, the signal s(t) describes a
line. That means that sin ¢ = 0 and because of (31) and (35),
A4 = A_ and thus x = 0. In clockwise (right-handed) circular
polarization, A, = A, and sin¢ = 1, and because of (30)
and (31), Ay = 0 and thus x = —n/4. In counterclockwise
(left-handed) circular polarization, A, = A, and sin¢ = —1,
and thus, A_ = 0 and x = 7 /4.

B. Stationary Signals

We will now generalize the discussion to the case where s(t)
is a stationary random signal. We rewrite the spectral represen-
tation (3) as

s(t) = / dS(f)e*™ " +dS(—f)e 72 (37)
0

conforming to our convention that f denotes nonnegative fre-
quencies.! This represents s(t) as the superposition of ellipses,
and one ellipse

up(t) = dS(f)e” " +dS(—fle > (38)

L )

ury (t)

can be constructed for a given frequency f > 0. This point of
view is common in oceanography [6], [7] but an alternative in-
terpretation, which will prove to be more powerful, is the fol-
lowing. It can easily be shown that the random ellipse w f(¢) is

IThis creates the minor technical issue that dS(0) is counted twice in the

integral (37). This is easily addressed by appropriate scaling of d.5(0) by a factor
of 1/2.
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the best linear approximation of s(t) from frequency compo-
nents at +f and — f. That is, the estimate §7(t)

sp(t) = H(f)dS(f)e’™ " + H(=f)dS (= f)e ™" (39)

which linearly estimates s(¢) from the counterclockwise rotary
component uy, (t) and the clockwise rotary component uy_ (t)
with minimum mean-squared error E|s(t) — §¢(¢)|?, is indeed
obtained for H(f) = 1and H(—f) = 1. Hence, §¢(t) = uy(¢)
as given by (38). Of course, dS(f) and dS(—f) are random
variables, and so the ellipse u(t) is random as well.

It is well known [25], [26] that analytic stationary signals
are proper, Pss(f) = 0. Thus, for analytic stationary signals,
the linear estimate (39) cannot be improved upon by using a
widely linear estimate. However, in the general nonanalytic
case, Pss(f) is nonzero, and one may wonder if there exists a
better widely linear estimate

$YE() =[H(f)dS(f)+Ha(f)dS* (—f)] e/
+ Hy(=£)dS(= )+ Ha(—£)dS™ ()] 77> (40)

such that Els(t) — 3WL(1)]" < Els(t) — 3;(1)2. Yet it is
again straightforward to show that such is not the case: The best
widely linear estimator is indeed the linear estimator, 8} (t) =
$7(t). This means that even if Pss(f) # 0, ie., dS(f) and
dS*(—f) are correlated, it is not possible to exploit this corre-
lation to achieve a smaller widely linear mean-squared approxi-
mation error. As we shall see in the next section, this result holds
only in the stationary case and does not apply to nonstationary
signals.

The statistical properties of the stationary random ellipse
uy(t) are determined by the PSD matrix

_ Pss*(f) Pss(f)
PoD=1p(p) puccp] @Y
The expected area of the ellipse is
7T|Pss*(f> _Pss*(_f)|df (42)

and the expected rotation direction of the ellipse is given by the
sign of Py« (f)— Pss+ (— f), where “+” indicates counterclock-

wise and “—"" clockwise direction.
However, the phase of the C-PSD [7]
— ImP,.(f)
tan 2 = —= 43
m2) = Fop ) @)

only gives an approximation of the expected ellipse orientation.
Similarly

Pss*(f) _PSS*(_f)
P (f) + Py (_f)

approximates the expected ellipse shape. The approximations
(43) and (44) are obtained from (32) and (35), respectively, by
applying the expectation operator to numerator and denomi-
nator separately, which ignores the fact that these are generally
correlated, and exchanging the order of the expectation operator
and the sin or tan function.

sin 2x(f) =

(44)
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IV. POLARIZATION ELLIPSE OF NONSTATIONARY SIGNALS

The stationary ellipse u ¢ (t) given by (38) is a global descrip-
tion and therefore inadequate to describe the time-varying char-
acteristics of a nonstationary signal s(t). In order to obtain a
local description at time ¢ and frequency f, we determine the
widely linear minimum mean-squared error (WLMMSE) ap-
proximation of s(¢) from frequency components at + f and — f,

SR =[Walt, [)dS(f)+Wal(t, f)dS™ (= f)] e/
U(Lf)
+ (Wit =f)dS(= )+ Wa(t, = f)dS™(f)] e 7> (45)
U(t— )
For fixed (¢, f) but varying 7,2
ur g (1) = U(t. e + Ut —fle™ ™7 (46)

~~

Z
e py (7) e s (7)

describes an ellipse in the complex time-domain plane. Hence,
T traces out a “frozen” local ellipse . §(7) whose parameters
are fixed for a given (¢, f). This local ellipse provides the best
approximation of s(¢) at 7 = ¢. It is the sum of the rotary compo-
nents uy, . (7) and us ¢ (7). One ellipse can be constructed for
every time-frequency pair (¢, f). Since (¢, f) is fixed, U(¢, f)
and U(t, —f) are random variables. These will now play roles
comparable to dS(f) and dS(— f) in the stationary ellipse (38).

A. Time-Varying Wiener Filter

We will now determine the optimum filter W4 (¢, +f) and
Wo(t, £ f) in (45). With the short-hand notation

AS( )"
ds*(_f)ej27rft
ds(_f)e—jQﬂ-ft
ds*(f)e—j27rft

dZ(t, f) = @7)

the local ellipse is found as the output of a time-varying Wiener
(WLMMSE) filter

ur f(T)df = Vage(t, K . (. f)dZ(r, f)  (48)

with

Veer ((f J{)) g
Vis(t
Ve(t—p) | ¥
Vas(t, = f)
=E [dZ(t, )dZ" (t, f)] .

(49)

Kzz-(t, f)(df)? (50)
In (48), ()T denotes the Moore—Penrose pseudoinverse (or gen-
eralized inverse), which is necessary because K7z« (¢, f) can
be singular. For a square full-rank matrix, the pseudoinverse is
the standard matrix inverse.

2The time variable 7 introduced here has no connection to 7 in Section II.
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This Wiener filter produces an ellipse u; ¢(7) that, at 7 = ¢,
is the WLMMSE approximation of s(¢) from frequency compo-
nents at + f and — f. We again emphasize that ¢ and f are fixed,
and 7 varies as it traces out the local ellipse. It is important to re-
alize that the ellipse u; ¢(7) is itself nonstationary because the
random variable U (¢, f) generally has nonzero correlation with
the random variable U (¢, — f), unlike the stationary case where
dS(f) is not correlated with dS(—f).

The approximation error at time ¢ is

E|s(t) = 805 (0)]" = ree (1,0) = Vg (t, KD 5. (¢, )
VE. (. f) (51)
:rss*(t70) (1 —|plt, f)|2) (52)

where we have introduced the magnitude-squared time-fre-
quency coherence

2 _ Vez (6. )K (6 VI (0. )

|p(t7f)| Tss* (t/o)

(53)

The magnitude-squared time-frequency coherence satisfies 0 <
Ip(t, F)I> < 1.If |p(t, £)|? = 1, the ellipse uy, () is a perfect
approximation of s(t) at time 7 = t. If |p(t, f)|> = 0, the
best-fit ellipse u; ¢(7) has vanishing amplitude.

A closed-form solution for the Wiener filter is tedious because
it involves the pseudo-inverse of the 4 x 4 matrix Kz« (¢, f).
As shown in Fig. 2, this matrix contains ESDs and complemen-
tary ESDs in the northwest and southeast 2 X 2 blocks, and ro-
tated Hermitian and complementary spectral correlations in the
northeast and southwest 2 x 2 blocks. However, as illustrated
in the figure, in special cases, K 7 z- (¢, f) has many zero entries
and the expression for the Wiener filter simplifies accordingly.

For instance, in the stationary case, dS(f) and dS*(—f)
are each uncorrelated with either dS(—f) or dS*(f). Hence,
Kzz«(t,f) has zero northeast and southwest blocks, and
computing the inverse of Kzz-(¢, f) amounts to computing
the inverses of the northwest and southeast blocks. Using
Py (f) = Vot f) = R (0, f)df, it is then easy
to show that Wiy (¢, £f) = 1 and Wa(t,£f) = 0, and (46)
reduces to (38). This means that u; ;(t) = uy(¢) for all ¢, if
s(t) is stationary.

In order to characterize the expected properties of the random
ellipse u; ¢(7), we introduce the time- and frequency-dependent
coherency matrix

uu (t f) |: J* (t7 f) Ju,’ll (t7 f) :| (54)

T (t, = f)
— U(t>f) * .
B [U*(t/— )][U (t.f) U, —=f)] (55

which contains the powers of and cross-power between the ro-
tary components [uz, 7, (7), uf ;_ (7)]" in (46). The coherency
matrix J .« (¢, f) mirrors the structure and plays a similar role
as the PSD matrix P (f) in the stationary case, and the co-
herency matrix Js+ in the monochromatic deterministic case.
Note that we do not study J .., (¢, f) as the ellipse parameters we
are interested in are determined by J,,+ (¢, f). This, however,
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Rys+(0, f) Rss(0, f) Rys« (2f, = /)27 /t  Ryo(2f, —f)e??m Tt

K t = R:b (07 f) Rss+ (0’ _f) R:s(_Qf» f)EZjZWft Rggx (Qfa _f)€2j27rft
ZZ*( ’f) B R:S*(2f$ _f)e—2j27rft Rss(_2f7 f)e—2j27rft Rss* (Oa _f) Rss(07f)
Ri (2f, —fe 227/t R: L (2f, — f)e~ 2027 It R5,(0, f) Rs5+(0, f)

X X X X X X 0O
X X X X X X 0O
X X X X O 0 X X
X X X X O 0 X X
|nonanalytic | | analytic | |nonanalytic | | analytic |
N »
X X X X X 0 0 X X X 0O
X X X X O 00O X X 0O
X X X X 0O 00O O 0 X X
X X X X X 0 0 X 0O 0 X X
N\ N\ N\
|impr0per | | proper | |improper | | proper | |impr0per | | proper |
L '\ e '\ e N
X X X X X 0O X O X 0 0 X X 00O X X 0O X 00O X 00O
X X X X 0O X 0 X 0O 00O 0O 00O X X 0O O X 0O 0O 00O
X X X X X 0 X O O 00O 0O 00O O 0 X X O0XO 0O 00O
X X X X 0O X 0 X X 0 0 X O 0 0 X 0O 0 X X O 00X O 00X
ccw circularly ccw circularly polarized
polarized | completely polarized

completely polarized

Fig. 2. This tree shows which entries of the 4 x 4 matrix K , « (¢, f) are generally nonzero (marked by x) and which entries must be zero (marked by o), for
different properties of the signal s(t).

leaves open the question whether or not J .., (¢, f) contains any and (R.s(0, f))? = |Rss(2f, —f)|?. In the latter situation,
interesting information. dS*(f) = adS(f), |a| = 1, so that a widely linear estimator
The time- and frequency-dependent expected orientation of offers no advantage over a strictly linear estimator, that is,
the ellipse is then approximated by Wo(t,—f) = 0. From (48), the time-varying Wiener filter is
found as
A I JU/M t7
tan 25 (t, f) = énj—gfg. (56)
€ uuw\"y
Wi (t, f)df
The expected area of the ellipse is Veer Ryse =V Ry e 2710 pay 4 p 12
— . (Ris*_lR“Iz) ’ ss # | kS| (60)
7r|Juu* (tf) - Juu* (t_f)| (57) ﬁ? R?s“ = |RSS|2
Wa(t, —f)d,
and its shape is approximately characterized by 2t —f)df 22 ft
VssRs(s*—Vss*Rsse)] R2. +# |R< |2
. — Juu* t,f - Juu* t7_f = Ris*_lRSSP ’ ° (61)
sin 2x(¢, f) = (£, /) (6 —) (58) 0, R2,. = |R.,|>.

Jult* (t7 f) + Jult* (t./ _f) .
For notational convenience, we have dropped the function
B. Analytic Signals arguments in these two equations. It is understood that V-
stands for Vs« (t, f), Vss for Vis(t, — f), Rss+ for Res (0, f),
and R, for Res(2f, —f). The time- and frequency-dependent
coherency matrix J ., (¢, f) can now be evaluated as

_ o[ WA nase) [ wi nast 1"
T (1)) =B [W;?t, —f)dS(fJ [W;(t, —f)dS*(f)}
:Rss* (07 f)(df)2
(59) [ Wt £)I° Wi (t, f)Wa(t, —f)]
When determining the time-varying Wiener filter, we have to Wi, HYIWs(t,—f) |[Wo(t, —f )|2 '
distinguish the two cases (Rys- (0, f))? # |Rss(2f,—f)|? (62)

For analytic signals (as well as anti-analytic signals), the
expressions for (¢, f), X(t, f), and |p(t, f)|? simplify signif-
icantly. If s(¢) is analytic, dS(—f) = 0 and the ellipse (46)
reduces to

e, (7) = Wi(t, [)dS(f) 72 7 4 Wo(t, — [)dS* (f) e~ 2707
—_——— NG
U(t,f) Ut )
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It is particularly interesting to examine the ellipse shape and
polarization, which, for R?_. # |R,.|?, can be done through the
angle

EIE

sin2x(t, f) =
N = (Vs | Vasl?) (R2,- — |Rasl?)
D= (Vs %) (R, + | Rssl?)

—4Re {VQS* ‘/SSRSS*RsserZWft} .

I
—

S8

(63)

If s(t) is proper at time ¢ and frequency f, Vs = Oand Rs = 0,
then X (¢, f) = m/4. This says that a proper analytic signal
is counterclockwise circularly polarized. On the other hand, if
R2,. = |Rss|% then dS*(f) = adS(f), |a] = 1, and it fol-
lows that |Vie-|?> = |Vis|?. In this case, the signal s(t) can be
regarded as maximally improper at frequency f. A maximally
improper analytic signal has (¢, f) = /4 and is therefore also
counterclockwise circularly polarized.
While | R,4|? < RZ,., the magnitude of the HR-TFD does not
provide an upper bound on the magnitude of the CR-TFD, i.e.,
[Vis|? £ |Vis|?. Moreover, |Vie|? = |Vis|? does not imply
R2,. = |R.|?. Therefore, it is possible that s(t) is clockwise
polarized at (t, f), i.e., X(t, f) < 0, provided that the signal
is “sufficiently improper” at (¢, f). This result may seem sur-
prising, considering that an analytic signal is synthesized from
counterclockwise phasors only.

The quality of the approximation can be judged by computing
the magnitude-squared time-frequency coherence |p(t, f)|?, for
which we obtain

Int, £)I*
_Rss*( V. |2+|Vvss|2)_2Re{‘/;s*‘/;2Rsse2j2wft} 64)
- oo (1,0) (2~ [Ros ) ‘

if R2,. # |Rss|?. Inboth the proper case, which is characterized

by Vss = 0and R,; = 0, and the most improper case, character-

ized by R?,. = |Rs,|?, the magnitude-squared time-frequency
coherence becomes [19]
2 |‘/ss+ (tf)|2
t = 65
|p< 7f)| Tss* (t70)Rss* (07f) ( )

because in these cases s(t) can be estimated from counterclock-
wise rotating phasors only. In other words, the optimum widely
linear estimator is strictly linear, which means Wa(t,—f) = 0
in (59).

The expression (64), a special case of (53), was derived by
[27] as the time-frequency coherence of a generally nonanalytic
signal because [27] did not combine contributions from positive
and negative frequency components. This amounts to estimating
s(t) from dS(f)es?™ft and dS*(f)e727F*, but separately for
positive and negative frequencies. Hence, [27] defined (64) sep-
arately for positive and negative frequencies, with generally dif-
ferent values at + f and — f. Moreover, if positive and negative
frequency contributions are not combined, (65) is the time-fre-
quency coherence for analytic improper signals for f > 0, as
shown by [19].
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V. POLARIZATION ANALYSIS

We call a nonstationary random signal s(t) completely po-
larized at (t, f) if the corresponding local ellipse u;, ¢(7) given
by (46) has complete coherence between counterclockwise and
clockwise rotating phasors, i.e.,

for some complex constant c, or equivalently,
|Juu(t7 f)|2 = Juu (t f) uu* ( f) (67)

The condition (67) is equivalent to det J,« (¢, f) = 0, which
means that J,,,+ (¢, f) has one nonzero and one zero eigenvalue.

We should point out that a signal that is completely polarized
in the sense of (66) does not have to be polarized in the sense that
the shape of the ellipse degenerates into a line or circle, which
is called linear or circular polarization. On the other hand, a lin-
early or circularly polarized signal does not have to be com-
pletely polarized in the sense of (66) either. “Shape polariza-
tion,” as discussed in Section III-A, is not the subject of this
section.

In this section, we extend polarization analysis to nonsta-
tionary random signals, following ideas from [1], [2]. The de-
velopment is based on the time- and frequency-dependent co-
herency matrix J,,.,,« (¢, f). However, it can easily be applied to
stationary signals as well, using the time-independent PSD ma-
trix Pgs« (f) in place of Ju.+ (¢, f).

A. Degree of Polarization

In analogy to the definition for partially polarized light [1],
[2], we now define the degree of polarization ®(¢, f) as the ratio
of the time-averaged? polarized power to the time-averaged total
power of the ellipse u; ¢(7) at given (¢, f),

bol (£ f)
o(t, f) = —ij(t 7

This requires that we decompose the coherency matrix
Juus (¢, f) into two parts

N P (t f) PP" (t7 f) + Jﬁ* (t7 f)

where J - (¢, f) represents the coherency matrix of the com-
pletely polarized component and J5- (¢, f) the coherency ma-
trix of the unpolarized component. Starting with the eigenvalue
decomposition of J .+ (¢, f), which is obtained analogously to
(24) at fixed (¢, f),

(63)

(69)

Juus(t, f) = G(t, A (t, )G (8, ) (70)
we decompose A, (¢, f) as [2]
A (t, f) = App- ( f)+A