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A Stochastic Approach to Linear Estimation in H *
!
BRETT NINNESS-

Estimation problems that have been addressed in a deterministic framework in
the ‘estimation in H ’ literature are analysed here under mild stochastic assump!
tions. Particular attention is paid to the effect of model order
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Gu and Khargonekar (1992a, b) Partington
(1991a, b and Mäkilä and Partington (1991) and
others. Two main themes are important in this
latter literature:

Abstract—This paper examines the problem of system identification from frequency response data. Recent approaches to
this problem, known collectively as ‘Estimation in H ’, involve
!
deterministic descriptions of noise corruptions to the data. In
order to provide ‘worst-case’ convergence with respect to these
deterministic noise descriptions, non-linear data algorithms are
required. In contrast, this paper examines ‘worst-case’ estimation in H when the disturbances are subject to mild stochastic
!
assumptions and linearity in the data algorithms is employed.
Issues of convergence, error bounds, and model order selection
are considered. ! 1998 Elsevier Science Ltd. All rights reserved.

(1) Stochastic disturbance descriptions are considered too restrictive or require too much prior
information to be specified and hence should be
replaced by descriptions that involve assumptions only on the amplitude of any disturbances.
(2) Under these ‘bounded error’ descriptions
simple linear algorithms are ‘worst case’ divergent. This inspires the design of various nonlinear algorithms that avoid the divergence.

1. INTRODUCTION

The bulk of system identification theory addresses
the problem of estimating system models on the
basis of observed time domain data (Ljung, 1987;
Söderström and Stoica, 1989). However, in many
cases the available data involves measurements of
a systems frequency response (Pintelon et al., 1994;
Ljung, 1993). Indeed, using frequency domain
measurements together with filters to remove harmonics is an effective way to deal with static nonlinearities which would otherwise obscure the estimation of an underlying linear system.
Estimation from frequency domain data has also
been intensively studied as a means for providing
a combination of an estimated model together with
error bounds which are suitable for subsequent
H! robust control design. This latter line of work
has become known as ‘Estimation in H!’. It was
pioneered by Parker and Bitmead (1987) and later
taken up by Helmicki et al. (1989, 1990a—c, 1991),

Motivated by these themes, the purpose of this
paper is to examine the consequences and complexity of stochastic noise assumptions in an ‘Estimation in H ’ setting. Contrary to point (1) above, it is
!
found that under very mild stochastic assumptions
(which do not involve knowing any probability
density functions) linear algorithms do not suffer
the divergence problems of point 2, except for (what
might be considered rare) events of probability zero
(the algorithms converge with probability one). As
well (as will be detailed in Section 3) the stochastic
assumptions employed do not involve significantly
more prior information than deterministic assumptions involve. If one accepts that‡ a stochastic
description can to some extent also characterise
disturbance sequences satisfying deterministic
‘bounded-magnitude’ assumptions (see for example
Norton and Veres (1991); Veres and Norton (1991)),
then this analysis sheds light on the nature of the
‘worst-case’ disturbance required to provoke divergence in a linear algorithm. Namely, it exists but
belongs to a set of measure zero.
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‡Since any bounded magnitude sequence can be a realisation
of a sequence of random variables with distribution functions of
compact support.
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To be more explicit, this paper shows that under
mild stochastic assumptions and under certain conditions on how quickly the model order grows
relative to the data length, then linear algorithms
are robustly consistent- with probability one. The
paper also derives probabilistic error bounds relating the true and estimated frequency responses.
Because these error bounds account for undermodelling, they depend upon the model order. This
leads to a new criterion for optimal model order
selection that is derived by a strategy of maximising
the probability that the worst-case error bound
applies. As well, because of the probabilistic nature
of the error bound, it is possible to gauge the
conservativeness in the bound. If the purpose of the
estimated model is for subsequent robust controller
design, this allows for a tradeoff between safety and
performance to be evaluated. Together, these results provide a stochastic approach to providing
models suitable for robust control system design
from observed frequency response data corrupted
by random disturbances.
It should be emphasised at the outset that this
paper is not adversarial to deterministic ‘estimation
in H ’ ideas. Rather it is meant as a contribution to
!
the better understanding of the performance of
certain least-squares frequency domain estimation
algorithms in a worst-case sense. In particular, the
point of the paper is to show that (via a stochastic
analysis) linear algorithms (as opposed to nonlinear two-step ones) enjoy a worst-case performance that is better than might be expected from
a purely deterministic analysis. This suggests that
given their simplicity, linear algorithms may be
a worthy candidate if one requires models for robust control design. This idea appears to have originally been put forward in Gu and Khargonekar
(1992b) on the basis of empirical evidence; this
paper can be considered as a theoretical contribution to the substantiation of the viewpoint.
2. IDENTIFICATION FROM FREQUENCY RESPONSE
DATA

The line of research known as ‘Estimation in H ’
!
aims at using frequency response data to find both
a model in H and a hard bound on the error in
!
this model. With some exceptions (Partington,
1994; Makila and Partington, 1992; Dudley and
Partington, 1996; Gu et al., 1993; Chen et al., 1993;
Chen et al., 1992), the model structures used in this
work are mainly of the finite impulse response
(FIR) type. As mentioned in the introduction, this

-What is meant by ‘robustly strongly consistent’ will be defined later. It is a term borrowed from the ‘estimation in H ’
!
literature.

line of research was begun by Parker and Bitmead
(1987). The multitude of papers (Helmicki et al.,
1989, 1990a, 1991a, b; Jacobson and Nett, 1991;
Partington, 1991a, b; Makila and Pazrtington,
1991; Gu and Khargonekar, 1992a, b) following
have concentrated mainly on improving the asymptotic in model order properties of Parker and Bitmead’s ideas through the use of windowing functions and two-step algorithms, although there are
other approaches (Gu et al., 1993; Chen et al., 1993).
The problem attacked by Parker and Bitmead has
been stated in canonical form by Helmicki et al.
(1989):
!

Assume the true system transfer function evaluated at z"#, G (z), is analytic on the radius ! disc
$
(C denotes the field of complex numbers)
D " "z 3 C: #z#(!$, !'1 and is bounded in
!
magnitude on D by some number M(R.
!
Notationally, this assumption is stated as

G 3 H (D , M).
$
! !
! Assume the availability of n measurements of the
frequency response of G at the n roots of unity.
$
These measurements " f , 2 , f $ are corrupted
%
!"#
as follows:
2'
f "G (e"!"" ")#% ; & " ,
(1)
"
$
"
"
n
where
#% #4(.
(2)
"
That is, the corruption is by the components of
some element %3 l .
!
The problem then is to derive an estimate GK (z) such
that GK 3 H (T) (this is the space of functions ana!
lytic on D and with essential supremum bounded
#
on T where T " "z 3 C : #z#"1$ is the complex unit
circle) and
lim
sup
)G !GK ) "0,
(3)
$
!
##% $$ &%! 'D!( &)
) ) 4
!#!
$! #
in which case the algorithm providing GK is termed
‘robustly consistent’ (Helmicki et al., 1991b; Gu
and Khargonekar, 1992a). Note that compared to
stochastic estimation theory (Ljung, 1987; Söderström and Stoica, 1989), this definition of convergence is somewhat unusual since it involves an
assumption of the magnitude of the noise disturbance going to zero. The purpose of Section 3 will
be to illustrate that in a stochastic setting, convergence can still be achieved without this assumption
of the noise magnitude ( tending to zero.
The original estimation approach of Parker and
Bitmead is as follows. Select the model to be of the
form
''!)"#
GK (z)" ! gL z"
(4)
"
"*%

A stochastic approach to linear estimation in H
!
and try to make its frequency response the same as
the measurements:
''!)"#
! gL e"!"" (""f ; m"0, 2 , n!1. (5)
"
(
"*%
Parker and Bitmead only consider the case of the
model order chosen as d(n)"n. If the choice of
the model order is d(n)(n, then equation (5) is
over-determined and a natural choice for gL would
"
be one that minimised the total squared error in
equation (5). This solution is most easily seen by
vectorising

], (6)
*" $"[gL , 2 , gL
!
%
''!)"#
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In post Parker and Bitmead work on the subject,
great import has been placed on the fact that the
‘noise’ term in equation (12) grows with model
order n so that equation (3) is not satisfied. The aim
has been to provide ‘robustly convergent’ algorithms for which equation (3) holds for any
G 3 H (D , M). In Helmicki et al. (1989) it was
$
! !
conjectured that no such algorithm existed which
was linear in the data, and in Partington (1991) this
was proved to be so.

1

1

1

2

1

1

e"!""

e"!+""

2

e"!'''!)"#)""

+" 1
!
,

e"!+""

e"!,""

2

e"!+'''!)"#)""

,

(7)

,

1 e"!'!"#)"" e"!+'!"#)"" 2 e"!'!"#)'''!)"#)""
F$"[ f , 2 , f ],
%
!"#
so that equation (5) becomes

(8)

+ *" "F
(9)
! !
with solution minimising the squared error as
1
*" "(+!, + )"#+! F" +!F.
! !
!
!
n !

(10)

In the case analysed by Parker and Bitmead
(d(n)"n) they note that in the mathematics literature the solution is then known as Lagrange interpolation. In any case using equation (10) provides
1 !"#
gL " ! f e!(""", m"0, 2 , d(n)!1. (11)
( n
"
"*%
That is, the model co-efficients are found by taking
the inverse DFT of the frequency measurements.
By assuming the deterministic bounded noise
corruption of equation (1), Parker and Bitmead
then arrive at the following ‘worst-case’ bound on
the estimation error
e (() "
!

!

"

2
K
sup
)G !GK ) 4 #( 1# ln n ,
$
!
'
R!
D
$$ &%
! ' !( &)
) ) 4
$! #
(12)

where K3 !) and R 3 (1, !) are G (z) dependent
$
constants and equation (12) is only proved true by
Parker (1988) when n is some power of 2; that is
!m3 " such that n"2(. The first term in the
bound- (12) is due to the undermodelling in representing G (z) with an nth order model. The second
$
term in the bound (12) is due to the corruption in
the measurements by the noise sequence "% $.
"
-In subsequent work by other authors it has been established
that this term is given by M!/(!!!!1).

The first workers to derive a robustly convergent
algorithm where Helmicki et al. (1990a, 1991b).
They avoided divergent behaviour by using a loworder (namely, linear), interpolating polynomial
between the frequency response measurements in
order to impose a smoothness constraint on the
estimate. A problem with this solution is that the
spline interpolant usually will not have a frequency
response that corresponds to the evaluation on the
unit circle of some GK 3H (T). In this case, the FIR
!
model obtained is non-causal. This was overcome
in Helmicki et al. (1990a, 1991b) by obtaining the
final estimate GK (z) as the element in H closest in
!
¸ norm to the ¸ system
!
!
*
GI (z)" ! - gL z"
(13)
*
" "
"*"*
with gL given by equation (9), the model order d(n)
"
fixed at d(n)"n, and "- $ a user-chosen windowing
"
sequence. It is at this H approximation stage that
!
the algorithm becomes non-linear in the observation data. The resultant estimation scheme that
Helmicki et al. invented can be represented in the
following two-stage format:
DataP¸
&&!
H .
(14)
!
!
!#$
!"#"$
/%&-*&#,( "'#.
-#$%&"'()$'*%& %+
/#/,(* #0'#&"*%&
+)&$'*%& ," .%)(*#( "#(*#"
Until recently (Gu et al., 1993; Chen et al., 1993), the
majority of the ‘robustly convergent’ schemes that
have been developed can be represented in this two
stage way and differ only in the choice of the windowing sequence "- $ used in equation (13) which is
"
the first step of equation (14).
Given the added complexity required to arrive at
robustly convergent estimation schemes, a question
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which must naturally arise is that of the necessity of
the added computational burden and analytical
difficulties. For example, even though linear
schemes are worst-case divergent, how likely is this
worst case? Are there many disturbance sequences
"% $ that can lead to divergence, or are such se"
quences very rare?
One way to approach this problem is to break
the set of possible disturbances into subsets, one of
which is the subset that leads to the worst-case
error being achieved. The significance of the worstcase disturbance can then be judged by measuring
the size of this latter subset relative to the size of the
whole set of disturbances. In the next section it is
shown that for the simple linear scheme (4) and (11)
then for a very large set of possible disturbances,
which is normalised to have size one, the subset of
disturbances inducing worst-case divergence has
size zero.
This method of analysis is, of course, that of
employing the tools of probability theory to embed
the disturbance descriptions within a stochastic
framework. The point of the previous paragraph
was to emphasise that such a framework can be
given a very deterministic interpretation if the
subjective idea of randomness is considered
inappropriate.

3. STOCHASTIC ANALYSIS

The key issue in the deterministic ‘worst-case’
convergence analysis of H schemes in the litera!
ture (Helmicki et al., 1991b; Gu and Khargonekar
1992a; Partington, 1991b) is the bounded noise
assumption (2). This deterministic description is
meant to be such as to pre-suppose as little as
possible about the disturbance process.
The rationale for this is commonly argued (Gu
and Khargonekar, 1992a; Helmicki et al., 1989,
1990a, c) along lines that stochastic descriptions are
unwelcome because they require too much prior
structure to be added to the problem assumptions;
for example, knowledge of a probability density
function. The purpose of this section is to examine
this issue. What really is the amount of extra structure required for a stochastic description to be
a realistic and tractable model for the disturbance,
and what price is paid by not imposing it when it is
valid? In fact, the argument here is that the extra
structural impositions are minor, and if they are
satisfied, then the worst case divergence occurs only
for what might be considered very rare disturbance
sequences.
In support of this argument, convergence analysis is performed under a stochastic model that supposes three features of the disturbance process "% $.
"
Namely, that it is stationary, zero-mean, wide-sense

stationarity (this assumption is dropped later), and
has bounded spectral density (or bounded second
moment).
These stochastic assumptions are meant to be
very unrestrictive. No knowledge of a probability
density function is required. It is arguable that
a very wide class of reasonable disturbance sequences "% $ could be well modelled as a realisation
"
from such a process. For example, assuming
a bounded spectral density is, via the Paley—Wiener
Theorem, really assuming that "% $ is not a rank
"
deficient process. That is, it is an assumption that
there is no purely deterministic law that could
describe a component of the measurement errors. If
such structure did exist in the disturbance, it would
make more sense to estimate it than include it as an
unknown. The assumption of zero meanness is also
mild since again, if this were not the case, it would
make more sense to add an extra scalar variable to
the problem so as to estimate the mean. Finally, the
bounded noise assumption (2) already implies
bounded second moment, since if P denotes the
measure on the probability space . that % is de"
fined on, and if E".$ denotes expectation over
. with respect to P then

#

/+ " E"#% #+$"
$
"

%

#% #+ dP4(+
"

#

dP"(+.

%

Of course, in passing, if one does know the probability density associated with % , then this bound
"
can be refined. For example, if P induces a uniform
density on ! then obviously /+"(+/3.
$
Given these justifications for the stochastic
assumptions, the following convergence result is
available.
¹heorem 3.1. Suppose "% $ is a realisation of
"
a zero-mean stationary stochastic process with
bounded spectral density. Then the linear algorithm given by (4) and (9) is robustly strongly
consistent
,0"0 0 as nPR,
sup
)G !GK ) &!
$
!
D
$$ & %! ' !(&)
provided that
d+(n)
"0.
lim
!#! n

(15)

(16)

Proof. See Appendix A.
This theorem may be compared with Theorem 6.1
of Partington (1991a) where the special case of
Gaussian disturbances, independence for "% $ and
"
independence of the real and imaginary parts of
"% $ are assumed. A similar result is obtained for
"
the first ¸ approximation stage of 2 step robustly
!
convergent algorithms.

A stochastic approach to linear estimation in H
!
Aside from this discussion, the key point of
Theorem 3.1 is that it establishes that even when
the disturbance sequence "% $ does not go to zero,
"
the worst case estimation error still goes to zero for
a very large class of disturbance sequences. In fact,
this class can be enlarged.
Corollary 3.1. Theorem 3.1 remains true with the
stationarity condition dropped provided "% $ is
"
such that the n&n covariance matrix R given by
!
[R ] "E"% %0 $; m, k"0, 1, 2 , n!1 can have
! (("
( "
its maximum eigenvalue upper-bounded by a finite
number that is independent of n.
Proof. This is not so much a corollary, as a result
with almost identical proof. Examination of the
proof of Theorem 3.1 in Appendix A shows that the
only use of the stationarity condition is to bound
the maximum eigenvalue of the covariance matrix
R by the maximum of the spectral density in order
!
to arrive at equation (B.2). If "% $ is not stationary,
"
then it is still possible that R has its maximum
!
eigenvalue bounded by some finite n-independent
number 1, in which case since R is symmetric
!
and positive definite, Rayleigh’s principle leaves
equation (B.2) invariant from the stationary
noise case, and the rest of the proof goes through
unchanged.
This corollary significantly expands the set of
possible disturbance sequences for which robust
strong consistency holds. Nevertheless, the stationary case has been formulated in Theorem 3.1 as
the main result because prescribing conditions on
a spectral density is more intuitive than prescribing
conditions on the eigenvalues of a covariance
matrix. However, this can be simplified as well. For
example, if "% $ is non-stationary but satisfies
"
2
#E"% %0 $#4
; 3'0,
! (
1##n!m##)'

2(R,

then Lemma A.4 gives that some finite bound on
the eigenvalues exists and hence, robust strong consistency occurs. As a side comment, it may arise
that restrictions on the growth of model order are
deemed undesirable. If this is the case, then (provided the assumption of deterministic noise bound
(P0 is considered appropriate) perhaps the use of
a non-linear scheme (Gu and Khargonekar,
1992a, b; Helmicki et al., 1991b) is more suitable.
Given the convergence results of Theorem 3.1
and Corollary 3.1, further questions pose themselves. What is the rate of convergence with increasing
data? Is it possible to bound the error in the estimate to a prescribed degree of confidence, and in
a way that accounts for undermodelling? How does
this error depend on the chosen model order? An
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answer to these questions (which is valid for finite
data) is provided by the following theorem.
¹heorem 3.2. Suppose "% $ is a realisation of a zero
"
mean stationary stochastic process with associated
spectral density f (4) bounded as f (4)(1(R.
Then for the linear algorithm given by equations (4)
and (11)
P"#GK (e"!")!G (e"!")#52$
$
1
M!
!''!)!1
4
1#
2+ !''!)(!!1)
!!!1

$%

!

"&

+

#1

'

d(n)
.
n

Proof. See Appendix B.
Note that this theorem also allows the conclusion that the convergence in equation (15)
occurs in probability provided that
d(n)
lim
"0.
!#! n

(17)

This condition is weaker than equation (16), but
concomitantly it implies a weaker mode of convergence. Note as well, that as per the relationship
between Theorem 3.1 and Corollary 3.1, the
stationarity condition can also be dropped in
Theorem 3.2 if 1 is replaced by an n independent
upper bound on the maximum eigenvalue of the
covariance matrix of the "% $ process.
"
Aside from the added convergence in probability
result, the main use of Theorem 3.2 is in providing
error bounds on estimated models. An acceptable
error bound 2 can be specified, and then depending
on the number n of measurements available, the
model order d(n), the noise size 1 and the true
system class H (M, !), a probability of the esti!
mated model having error less than this bound
can be calculated. If this probability does not
provide sufficient confidence in the model, then
Theorem 3.2 can be used to calculate the number of
extra frequency measurements that will have to be
made to remedy this.
The expression in Theorem 3.2 therefore makes it
possible to gauge the conservativeness of any hard
bound on estimation error that is applied. If the
purpose of the estimated model is for subsequent
robust controller design, this allows for a tradeoff
between safety and performance to be evaluated.
For example, note that the bound in Theorem 3.2
may be greater than 1. This indicates great conservativeness in the error bound 2, and suggests that
a smaller error bound may be sensibly taken without unduly courting disaster in any robust control
designs based on the identified model.
It could be argued that the quantification in
Theorem 3.2 is nebulous since it involves knowledge of 1, a bound on a spectral density, which
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would be difficult to define in practice. However, in
line with the worst case thinking of ‘Estimation in
H ’ literature, this can be circumvented by assum!
ing that "% $ is in fact white noise, so that 1 becomes
"
the variance /+, and it is reasonable to expect that
$
knowledge of this quantity could be provided since
it is easily related to the average magnitude of the
error.
The reason why this approach is in line with
‘worst-case’ thinking is that disturbance realisations "% $ of non-smooth (uncorrelated) character
"
are the ones producing the worst-case error. More
explicitly, the reason that noise term in equation
(12) grows with n in the worst case is that with no
smoothness assumption on "% $; the measured re"
sponses can differ in magnitude by (, no matter how
closely together the measuring frequencies are
spaced. Divergence then occurs since any smooth
function interpolating these arbitrarily non-smooth
measurements must have ‘overshoot’ between the
interpolating points, and this can grow to be arbitrarily large.
3.1. Model order selection
The final application of Theorem 3.2 is to the
model order selection problem. Although a fundamental issue in stochastic estimation theory (Ljung,
1987), it does not seem to have been addressed by
current thinking in the ‘estimation in H ’ literature.
!
The problem to be addressed is this. For given
noise corruption and data length n, what is the best
model order d(n) to choose? Stochastic estimation
theory addresses this issue by recognising that there

is a bias versus variance tradeoff in the choice of
model order; as the model order grows the bias
error due to undermodelling drops but the variability in the estimates due to noise increases. The
analogue in H estimation would be to choose
!
the model order giving the smallest worst-case
bound. In the stochastic setting of this paper, it is
possible to choose a model order that minimises
the probability of the worst-case bound given in
Theorem 3.2 being violated.
As an example, for the particular case of n"100
frequency measurements being taken, a noise corruption of magnitude ("0.1 being present, the true
system G being in the class parameterised by
$
M"1, !"1.4, and error bounds of size 2"0.1
being required, the probability given by Theorem 3.2
of satisfying this 2"0.1 bound is plotted against
model order d(n) in the left-hand side diagram of
Fig. 1. As can be seen, for this case the optimal
model order to choose to minimise the probability
of exceeding the 2"0.1 error bound is d"18, in
which case the bounds are 94% confidence bounds.
The resulting estimates for the cases of d(n)"100
and d(n)"18 are shown in the right-hand side plot
of Fig. 1. The utility of using Theorem 3.2 is apparent here in the marked difference in the quality of
the estimates
The optimal model order d(n) can also be calculated directly without resort to plotting via the
following simple lemma.
¸emma 3.1. The probabilistic bound in Theorem 3.2
is minimised by d(n) chosen as the integer

Fig. 1. Left figure shows example of how probabilistic error bound is minimised for model order d(n)(n. Right figures show estimates
(dashed lines) and true systems (solid lines) represented as Nyquist plots for the cases of model orders d(n)"100 (top) and d(n)"18
(bottom)—the latter is the optimal model order as shown by the left plot.
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!
nearest
d(n)"ln

%

&

Kn#(K+n+!41Kn(2!!!) 1
,
21
ln !
(18)

where
K"

2M+!+(!!!2)ln !
.
(!!1)+(!!!1)+

(19)

Proof. See Appendix C.
Although this section has concentrated on minimising errors via the choice of model order for an
FIR model structure, one could also be led to try to
minimise errors by changing the model structure.
At the same time, perusal of the proofs in this paper
and in the ‘Estimation in H ’ literature, in general,
!
shows that the orthogonality properties of the
"e!"!$ ‘basis functions’ used in an FIR structure are
of great utility in analysis. Therefore, if the basis
functions are changed to obtain a new model structure, it is desirable for this orthogonality to be
maintained. In Ninness and Gustafsson (1997) this
is done in such a way that prior information about
likely pole locations for the true system can be
encoded in the ‘basis functions’ chosen; the FIR
structure becomes a special case when the poles are
chosen at the origin. In Van den Hof and de Vries
(1995) and Ninness (1996) the use of these new basis
functions is examined in the same context as the
work in this paper. A significant improvement in
estimation accuracy is shown to be possible. In
Akiay and Ninness, the new orthonormal bases are
used in a purely deterministic framework for the
purposes of robust estimation in H and l .
!
#
As a concluding comment, note that in the context of stochastic analysis of frequency domain estimation a natural mode of analysis that has not
been pursued in this paper is to examine the asymptotic distributional properties of the estimates. This
has been pursued in Vries (1994) and Van den Hof
and de Vries (1995) by employing the work of
Brillinger (1968).
4. CONCLUSIONS

This paper has examined the performance of the
scheme of least-squares estimation of FIR model
structures from frequency domain data. This technique happens to be the first step of a large class of
two stage and non-inear in the data algorithms that
are known under the title of ‘Estimation in H ’. In
!
this latter work much concern is placed on the
‘worst-case’ divergence of this first least-squares
step. The purpose of this paper was to investigate
the nature of the disturbances that might lead to
divergence. These were shown to have measure
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zero within a large class of possible disturbances,
namely those that can be modelled as a stationary
stochastic process of bounded spectrum. In fact, it
was also shown to be possible to relax the stationarity assumption while still maintaining convergence.
The paper also established a new expression
that allows the calculation of the probability that
a given hard bound on the estimation error applies.
Again, the validity of the bound depends only on
very mild assumptions on the disturbance process.
The utility of this probability expression is that it
provides a criterion for model order selection by
choosing the model order that maximises the probability of error being smaller than a given limit.
Finally, in the context of using the estimated model
for control design, the probability expression
makes it possible to evaluate the tradeoff between
conservativeness and performance in a robust
design.
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Proof. Direct consequence of Corollary 2.3.2 in Golub and Van
Loan (1989).

Proof. See Theorem 12.2 of Billingsley (1968) or (under more
general conditions) Theorem 3.1 of Móricz et al. (1982).
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Substituting this and equations (B.7) and (B.8) into equation
(B.1) then provides the result.
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APPENDIX C—Proof of Lemma 3.1
Proof. The bound to be minimised is
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The only sign-indefinite term in equation (C.2) is the numerator
component
(!!!2)(2!!#!'!4)"(!!!2)+#(!!!2)(!!#!'!2).
However, since d is chosen to make dB (d) /dd"0, then by
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equation (C.1)
1 (!!1)+!+'"+(!!!1)+
(!!!2)(!!#!'!2)"
'0.
n
2M+ln !
Therefore, choosing d(n) to make the first derivative zero ensures
that B (d) is minimised since at this point the second derivative is
!
always positive.

