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Abstract
This paper provides onvergen e analysis for maximum
likelihood estimation of the parameters des ribing a parti ular multi-s ale pro ess known as fra tional Brownian
motion. We on entrate on s hemes that `pre-whiten'
the available noise orrupted data via the Fast Wavelet
Transform and show that su h s hemes are strongly onsistent and asymptoti ally eÆ ient. We also analyse the
rate of onvergen e of the maximum likelihood estimates
and show that this rate depends on the memory of the
fra tional pro ess.

1

Introduction

Re ently there has been signi ant interest in so- alled
`multi-s ale' sto hasti pro esses [3, 2, 17, 16℄. In this
paper we on entrate on the modelling of parti ular examples of multi-s ale pro esses whi h are more olloquially known as `1/f pro esses'. For a long time these proesses have been important to physi ists and the signal
pro essing ommunity [14℄.
A diÆ ulty with these 1/f pro esses is that, as their
name implies, they have hyperboli non-integrable spe tra. This means that they annot be modelled as a
stationary sto hasti pro ess. However, due to their
unusual distribution of energy with frequen y, realisations of their sample paths are fra tal in nature. One
ould therefore model them via a deterministi but nonlinear system with fra tal attra tor. Benoit Mandelbrot
and John Van Ness [21℄ have put forward an alternative
sto hasti embedding des ription whi h is a fra tional
integral of the in rements of a lassi al Wiener pro ess.
This latter des ription is alled fra tional Brownian
motion. In [31, 30℄ Wornell and Oppenheim have proposed estimating the parameterisation of a fra tional
Brownian motion by maximising the likelihood of the
wavelet transform of the available data. However, apart
from a Monte-Carlo simulation study, Wornell and Oppenheim did not study the onvergen e properties of the
estimators they proposed.
∗ This author gratefully a knowledges support from the Australian Resear h Coun il. The author an be onta ted at FAX
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The purpose of this paper is to prove that subje t to
regularity onditions, a normalisation of the estimator
proposed by Wornell and Oppenheim is strongly onsistent, asymptoti Normal and asymptoti ally eÆ ient.
Using these results and an evaluation of the Cramer-Rao
lower bound we gauge the onvergen e rate of the maximum likelihood estimator and show that it slows as the
hyperboli ity of the spe tra in reases. This is in a ordan e with the simulation results presented by Wornell
and Oppenheim [31, 30℄ and others [18℄.

2

Fractional Brownian Motions

Noise referred to as `1/f' noise is a sto hasti pro ess
{xk} whose sample spe tral density, or periodogram1,
|b
xN(ω)|2 is of the form |b
xN(ω)|2 ≈ σ2x|ω|−γ for some
nite non-zero σx and γ. Su h noise has been found to
o ur in a wide variety of physi al pro esses su h as [14℄
Voltages and urrents in semi ondu tors, Resistan es in
ele troni omponents, Frequen ies of quartz rystal osillators, and Geophysi al re ords.
This 1/f noise is therefore of great interest in ommuni ations systems; see for example [1℄ for a dis ussion of the signal dete tion problem in 1/f noise. These
noises also o ur in situations where a urate modelling
of them is important for ontrolling a pro ess. Su h examples in lude [14℄ Rate of insulin uptake by diabeti s,
E onomi data, Rate of TraÆ ow, and more re ently
is has also proved important in the ontrol of riti ally
ill patients via 1/f modelling of heart rate [10℄.
There are some key features of the 1/f noise representation whi h make it very interesting, but also diÆ ult
to model. For example, for γ ∈ (0, 1), no stationary proess an be asso iated with a f−γ spe tral density. Intuitively, apart from the non-integrability of the spe trum,
this is so sin e the spe tral density diverges to ∞ at low
frequen ies whi h implies that a ovarian e fun tion, if
it existed, would have to be very smooth. But f−γ for
γ ∈ (0, 1) de ays quite slowly with in reasing f. This implies a fast de ay of the asso iated ovarian e fun tion,
whi h is in ompatible with a smoothness requirement.
This leads to a onsideration of non-stationary proesses, for whi h a spe tral density is not readily de ned.
1

The absolute value of the N point DFT b
xN (ω) of {xk }.

suggested onsidering a de nition of spe tra onditional
upon the observation time. Solo [24℄ has suggested using the expe ted value of the sample periodogram. This,
and other interpretations have been formalised by alling on formulations arising from fra tional integrals with
respe t to the in rements of ordinary Brownian motion.
This latter formulation is alled fra tional Brownian motion (fBm).
To be more spe i , for the ase of γ = 0 the attendant
diÆ ulties of de ning a pro ess asso iated with a onstant spe trum are traditionally handled by de ning the
lassi al non-stationary Brownian motion pro ess B(t)
and then onsidering its in rements dB whi h lead to
the required spe tra. That is
B(t) =

σ2B

Zt
0

dB(σ)

(1)

where the in rements are a stationary pro ess with a
white spe trum. Therefore, speaking very loosely for the
purposes of motivation, we onsider the (formal) derivative of B(t) to have a spe tral representation
dB
dt

=

Z∞

−∞

ejωt dµ(ω)

(2)


E |dµ(ω)|2

=
where the measure dµ satis es
σ2Bdω2, σ2B < ∞ in whi h ase B(t) should, at least intuitively sin e it is the integral of B_ (t), have a spe trum
like σ2Bω−2. Following this heuristi line of reasoning, if
we integrate again
B2(t) =

σ2B

Zt Zξ
0 0

dB(σ) dξ

(3)

then B2(t), being a double integral of B_ , should have a
spe trum like σ2Bω−4 and so on so that using Liouville's
formula [13℄
Bn(t) =

σ2B

Z t Z tn Z t2
dB(σ) dt2 · · · dtn =
···
0

0 0

σ2B
(n)

Zt
0

(t − ξ)n dB(ξ)

(4)

should have a spe trum like σ2Bω−2n. However, we are
interested in fra tional n sin e we are interested in spe tra like σ2B|ω|−γ with γ ∈ (0, 1). This suggests, at least
heuristi ally, that we should onsider a fra tional Brownian motion BH(t) and asso iated fra tional Gaussian
noise B_ H(t) derived from the right hand side of (4) as
BH(t) =

σ2B
(H + 1/2)

Zt
0

(t − ξ)H−1/2dB(ξ)

(5)

where H ∈ (1/2, 1). The reason for the o setting of the
index by 1/2 is for ompatibility with a epted notation [21, 1℄. The de nition in (5) is in terms of what
has be ome known as a `fra tional integral' and around
whi h a omplete theory of al ulus has arisen [23℄.
Unfortunately, this heuristi derivation falls short in
that the in rements of BH are not stationary [21℄ making

re ti ed, as Mandelbrot and Van Ness dis uss [21℄ by
modifying (5) to
BH(t) =
Z0

−∞

σ2B
(H + 1/2)

Z t
0

(|t − ξ|

H−1/2

|t − ξ|H−1/2dB(ξ)+
)

) dB(ξ)

H−1/2

− |ξ|

(6)

and this latter equation is what is now known as `fra tional Brownian motion'. A property of these fra tional
Brownian motions is that they are self similar in the
sense that [8℄
D
BH(λt) = λHBH(t)
D
where =
denotes equality in distribution. This property of s ale invarian e makes them a parti ular example
of the multi-s ale sto hasti pro esses re ently studied
in [3, 2, 17, 16℄.
To ontinue with a frequen y domain interpretation
of these pro esses, the in rements of BH(t) as de ned by
(6) have the spe tral representation [21℄

BH(t2) − BH(t1) = σ2B

Z∞
0

ejωt2 − ejωt1
dB(ω)
ωH+1/2

(7)

and therefore, indeed, we an think of B_ H(t) having spe tral density like σ2B|ω|2H−1 in the same way that we
think of the white spe trum of the derivative of ordinary Brownian motion (H = 1/2).
This again is intuitively reasonable but not ompletely
lear sin e, like ordinary Brownian motion, the sample paths of BH(t) are almost surely non-di erentiable.
Flandrin [8, 7℄ has attempted to address the problem
by using tools targeted at spe tral analysis of nonstationary signals. He onsiders the Wigner-Ville and
the Wavelet transform of BH(t) in order to infer the spe trum of B_ H(t). We will on entrate in this paper on the
Wavelet interpretations.
In [22℄ Masry showed that if one takes the Wavelet
transform (WBH)(a, t) of a fBm,
1
a

(WBH)(a, t) = √

Z∞

−∞

BH(σ)ψ



σ−t
a



dσ

(8)

then for a xed {(WBH)(a, t)} is a stationary pro ess
b (aω)|2|ω|2H+1 and sin e from (8)
with spe trum a|ψ
the transform is in fa t BH ` ltered' by ψ(t/a) this imb (aω) we an interpret
plies that over the support of ψ
BH(t) as having a `lo al spe tral density' of 1/|ω|2H+1
and its in rements (fGn) as having a spe tral density of
1/|ω|2H−1. Now, a an be made arbitrarily small, so
that the `lo al' interpretation an apply over very large
b (0) = 0.
frequen y ranges, but never down to zero sin e ψ
Apart from providing this useful spe tral interpretation, the Wavelet transform is of independent interest
sin e (as Mallat [19℄ points out) it suggests a means for
estimating H (and γ) from observed realisations of fBm

sity, the varian e of (WBH)(a, t) obeys2
σ2a , E

o

n

[(WBH)(a, t)℄2 = a

so that for a′ 6= a
σ2a′

= a′

Z∞

−∞

Z∞

−∞

b (a ω)|
|ψ
dω =
|ω|2H+1
′

2



ψ(t)

b (aω)|2
|ψ
dω
|ω|2H+1
′

a
a

2H+1

σ2a

(9)

N−1
1 X
[(WBH)(a, t + k)℄2
N

=

(11)

k 0

for a range of a = {a1, a2, · · · , aM} su h that for some
we have ak+1 = βak and by the relationship (10) an
intuitive estimate of H then is
b+1
b=γ
H
(12)

β

−2

where γb is the slope of a graph of σbak versus ak with
respe t to log − logβ axes. Of ourse, one ould equivalently take the sample periodogram and take γb in (12) to
be its slope with respe t to log − log axes. This is illustrated in gure 1 for the ase of no measurement noise
orrupting the observations of the fBm, and in gure 2
for the ase of noise orruption present. This estimation
method, without the orrupting in uen e of measurement noise, is analyzed in [15, 24, 9℄. Figures 1 and 2
illustrate the sensitivity to measurement noise of this
simple linear regression approa h.
To ombat this, it is ne essary to note a key feature
of the Wavelet transform of a fBm. It approximately
`whitens' the non-stationary fra tional pro ess in the
same way the the dis rete Fourier transform whitens a
stationary pro ess. The whitening of fBm depends upon
the regularity of the analysing wavelet ψ(t) and has been
analysed partially by Flandrin [7℄ for the Haar Wavelet,
by Masry [22℄ in terms of spe tral representations, and
more ompletely by Dijkerman and Mazumder [6℄ and
Tew k and Kim [25℄. These latter authors onsider the
dyadi situation whi h has be ome ommon in Wavelet
analysis and orresponds to setting a = 2 in (8) in whi h
ase the following simpler and standard [5℄ notation an
be adopted
−n −n
cn
, 2 k)
(13)
k , (WBH)(2
so that from (9) with a0 = 1 we have
h
in Z ∞ |ψ
b (ω)|2
−(2H+1)
n
2
ej(k−ℓ)ωdω.
E {cn
c
}
=
k ℓ
2H+1
−∞ |ω|

(14)
Masry [22℄ has pointed out that this formula illustrates
that the {cnk} annot be perfe tly un orrelated as Wornell and Oppenheim [29, 31℄ assume3
Modulo a s aling depending on the L2 norm of ψ(t), and also
modulo σ2B whi h a e ts the varian e of the in rements of BH (t).
3 They, however, address f−γ noise in general iting empiri al
eviden e for the un orrelatedness; they do not seek motivation
from fra tional Brownian motion.
2

Z∞

(10)

then sin e {(WBH)(a, t)} is stationary, we an take an
estimate ( is a sampling interval)
b2a =
σ

is ompa tly supported on [0, ξ℄ then one may
a hieve arbitrary un orrelatedness by making ψ(t) regular enough. More spe i ally, the smoothness of a
wavelet ψ(t) is generally measured by the number P of
vanishing moments that exist
−∞

tpψ(t) dt = 0 p ∈ [0, P − 1℄

(15)

In whi h ase, by Theorem 1 in [25℄ for some C < ∞
C22(m+n)(P−H)
m
E {cn
(16)
k cℓ } ≤
(2nk − 2mℓ)2(P−H)
provided that |2−nk − 2−mℓ| > max(2−nξ, 2−mξ).
Therefore, for P ≫ 1 the orrelation de ay along s ales
is rapid as the gures in [25℄ illustrate. These latter
gures also show rapid de ay a ross s ales, with the rapidity again proportional to the number P of vanishing
moments. Moreover, we an nd ompa tly supported
ψ(t) with P as large as we wish by using (for example)
the Wavelet onstru tion te hniques of Daube hies [5℄.
Re ently Dijkerman and Mazumdar [6℄ have supported
these `whiteness' results by showing that the orrelation
of the Wavelet o-eÆ ients of fBm de ays exponentially
fast a ross s ales and hyperbolli aly fast along time.
This leads us ba k to the issue raised in (11)-(12) of
estimating H. As well as the Wavelet approa h proposed
by Mallat [19℄, a dire t maximum likelihood approa h
was suggested by Lundahl et. al. [18℄. They found that
slight measurement noise on top of a fGn pro ess (as
illustrated in gure 2) profoundly a e ted their ability
to estimate H, espe ially for H near 1 ( orresponding via
γ = 2H − 1 to γ near 1). They suggested, therefore, that
the measurement noise be in luded in the model and
its varian e be estimated. This has been investigated for
the wavelet ase by Oppenheim and Wornell who assume
measurements are available of the form
m
rm
(17)
n = cn + νn
 2
where {νk} is i.i.d. zero mean and has varian e E νk =
σ2ν. In view of the Gaussian nature of fBm the {cm
n } are
zero mean Gaussian distributed and so by (14)
m
2
2
rm
(18)
n ∼ N (0, αλ + σν) = N (0, σm(θ))
where θT = [α, λ, σ2ν℄ and λ , 2−(2H+1) for fra tional
Brownian motion and λ , 2−(2H−1) for fra tional Gaussian noise. Also
α,

Z∞
∞

b (ω)|2|ω|2H±1 dω
|ψ

and if we are modelling f−γ pro esses with γ ∈ (0, 1)
then this implies λ ∈ (1/2, 1). Finally we note that γ
and λ are related by γ = | log2 λ|.

3

Convergence Analysis for Embedding Parameter Estimates

We now wish to make this rigorous. Spe i ally, we
examine the Maximum likelihood estimate that Wornell

that {cm
n } to be un orrelated and to be al ulated via
the fast wavelet transform. In this ase, we need assume
a data re ord of length N02M for some M in whi h ase
the negative log-likelihood fun tion ℓ(RM | θ) for the
data given the parameter ve tor θ is (modulo an additive
onstant):
ℓ(RM | θ)



= − ln 
=

M
Y

=

m 1

e (

=

n 1

2m−1
M N0
X
X

=

m 1




p
2πσ2m(θ)

ln σ2m(θ) +

=

( ))2

N0
2m−1 − 1 rm/σm θ
Y
2 n

n 1



rm
n
σm(θ)

2

Equivalently, we an use a formulation suggested by
Wornell and Oppenheim of
ℓ(ZM | θ) ,

M
X

=

N02m−1 ln σ2m(θ) +

m 1

z2m
2
σm θ

( )

(19)

where
ZM ,
z2m

=

{z1, · · · , zM}

N0
2m−1
X

=

2
(rm
n)

(20)
(21)

n 1

Now, de ne the maximum likelihood estimate θbM as
bM = arg min {QM(ZM | θ)}
θ

(22)

1
ℓ(ZM | θ).
2M

(23)

θ∈

where



QM(ZM | θ) ,

Wornell and Oppenheim [31℄ do not use the normalising
fa tor of 2−M in (23) and laim that `It is well known

that ML estimators are generally asymptoti ally eÆient and onsistent. This, spe i ally, turns out to
be the ase here'. Presumably this omment is based

on empiri al eviden e sin e in [31℄ Wornell and Oppenheim o er Monte-Carlo simulations, but no theoreti al
analysis.
If we review available work on onvergen e of maximum likelihood estimators in a general setting then we
must begin with the seminal analysis of Wald [26℄ in 1947
whi h applies only to the stationary white noise ase.
Some years after Wald's work extensions to the stationary oloured noise ase were made by Whittle [27℄ in
1953 and Hannan [11℄ in 1973. About the same time
Hoadley [12℄ treated the non-stationary but independently distributed ase. Very re ently Caines [4℄ has onsidered the ase where exogenous inputs satisfy Wiener's
onditions [28℄ for generalised harmoni analysis.
In all these ases the onsisten y and eÆ ien y properties mentioned by Wornell and Oppenheim are shown to
hold. Unfortunately, none of these results apply to our
problem sin e it is non-stationary, and also `segmented'
in an unusual way due to the multi-s ale wavelet de omposition employed.

mators enjoy pleasant properties. As a simple example,
if we onsider the problem where we have observations
{yk} of a s alar θ that is orrupted by additive uniformly
distributed white noise {νk}
yk = θ + νk,

ν ∼ U(−δ, δ)

then the probability density fun tion for data YN ,
{y0, · · · , yN−1} onditional upon θ is of the form
p(YN | θ) =



k
0

; θ : |yk − θ| ≤ δ ∀k ∈ [0, 1℄
; θ : ∃k : |yk − θ| > δ

where k is some onstant so that the maximum likelihood estimate of θ annot even be uniquely de ned,
mu h less be onsistent or distributed in some fashion.
Be ause of examples su h as these, the statisti s literature is studded with arti les examining the properties
of ML estimators for spe i probability distributions of
the noise pro ess.
Following these omments, the onvergen e of the
maximum likelihood estimate (22) needs to be rigorously
examined. We have done so, and have found the normalising fa tor of 2M in the de nition (23) and a regularity ondition on  to be vital in order to obtain the
asymptoti 4 onsisten y and eÆ ien y that was empiri ally observed by Wornell and Oppenheim. To begin
with, we have the following strong onsisten y result.
Theorem 1. De ne θ0 to be a ve tor ontaining the
true values of [α, λ, σ2ν℄, then provided θ0 ∈ int {},
0∈
/  and γ ∈ (0, 1)
a.s
bM −→
θ
θ0

as M → ∞.

(24)

In [31℄ Wornell and Oppenheim al ulate the CramerRao lower bound for the problem. Unfortunately, this
only applies to unbiased estimates and Wornell and Oppenheim omment that (again presumably based on empiri al eviden e) this maximum likelihood s heme is biased. Nevertheless, the Cramer-Rao bound is still of interest sin e many maximum likelihood s hemes have the
property that their (possibly biased) estimates onverge
in distribution to a Gaussian with ovarian e equal to
the Cramer-Rao bound. To be rigorous then, one needs
to prove this onvergen e for the Cramer-Rao bound to
be of relevan e. This is done in the following theorem.

Under the onditions of Theorem 1
and provided  is onvex

Theorem 2.



√
D
1/2 b
2MPM θ
−
θ
M
0 −→ N (0, I)

where

PM = E



as M → ∞

d2QM(Z | θ0)
dθdθT



.

(25)
(26)

Therefore, Theorem 2 allows us to on lude that the
maximum likelihood estimator (22) is indeed asymptoti ally eÆ ient as Wornell and Oppenheim hoped. Furthermore, we an al ulate IM(θ0) as
The normalising learly has no e e t on any nite data
estimate.
4

1

IM(θ0) =


M
2m
N0 X
×
m
4
(αλ + σ2ν)2

0.5

=

m 1

0



(α/λ)mλ2m
λm
2 2 2m
(α/λ) m λ
(α/λ)mλm 
m
(α/λ)mλ
1

λ2m
 (α/λ)mλ2m
λm

−0.5
−1
0

This leads to the following orollary to Theorem 2
Corollary 1.

De ne

bT ,
β
M

then

"
√
M
b , MλM
λMα
2

D
b M − β0 −→
N (0, I −1(β0))
β

bλ
α

!

#

, σ2ν

as M → ∞

(27)

lim IM(β0).

M→∞

This tells us the rate of onvergen e of the maximum
likelihood estimator. Sin e use of the fast wavelet
transform to obtain the data {rm
n } implies that M =
log2(N/N0) and remembering that γ = | log2 λ| we have
that for f−γ noise
λ

−M

=



N
N0

γ

α} = O
var {b
n o
var bλ


var σb2ν

=
=



1



as n → ∞
N1−γ


1
O
as n → ∞
N1−γ log2 N
 
1
O
as n → ∞
N

(32)
(33)

Therefore, we should expe t estimates of α and λ to be
more a urate for smaller γ whi h orresponds to λ near
1. This is in agreement with the simulation results presented by Lundahl et.al. [18℄ and Wornell and Oppenheim [31℄ and is also in a ordan e with intuition. For
γ small near 1/2 the spe trum of the pro ess is nearly
at so its size and slope at high frequen ies is highly
indi ative of it's overall behavior. For γ large near 1,
the spe trum of the pro ess is mu h more hyperboli
and hen e we need to observe it at low frequen ies in
order to hara terise it; observing the spe trum at low
frequen ies requires observing more data than does observing the spe trum at high frequen ies.
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