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Abstract: The work here is directed at examining a model predictive control (MPC) implementation that takes advantage of recent advances in the availability of high performance
computing platforms at modest cost. The focus here is on the potential for developing custom
architecture solutions on field programmable gate array (FPGA) platforms. This is illustrated
by demonstrating the solution of a disturbance rejection problem on a real 14’th order lightly
damped resonant system at 200µs sampling rate, using only 30µs to compute the control action.
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1. INTRODUCTION
The benefits of model predictive control (MPC), particularly its capacity to address multivariable systems subject to constraints, have led to widespread interest in the
approach Mayne et al. (2000); Qin and Badgwell (2003);
Morari and Lee (1999); Maciejowski (2002). Unfortunately,
balancing the advantages of the MPC approach, is the difficulty of the associated computational requirements. These
arise from the need to solve a constrained optimisation
problem within the chosen sampling period.
Historically, this has resulted in the benefits of MPC being
realised only on systems with relatively slow dynamics,
for which the sampling period is commensurately long
and provides sufficient time for the associated compute
platform to solve the necessary optimisation Maciejowski
(2002).
More recently, there has been significant expansion in the
availability of high performance computing platforms at
low cost. In particular, field programmable gate array
(FPGA) platforms offering very significant custom computing architecture resources, have expanded rapidly in
capability at very modest cost Underwood (2004).

memory, capable of storing the potentially large number of
affine controllers and state regions Wang and Boyd (2010);
Johansen et al. (2007).
Another line of research has examined how advances in
processor speed and/or the potential for implementation
of custom designed FPGA based compute platforms may
be exploited Wang and Boyd (2010); Ling et al. (2006);
Constantinides (2009); Lau et al. (2009); Vouzis et al.
(2009).
This paper is a contribution to this latter line of research.
Here, we present the development of an FPGA-based
custom architecture platform for MPC control based on
an interior-point approach to the underlying optimisation
problem. This complements previous work by the authors
where the use of an alternative active-set method for
solving the optimisation problem was examined Wills et al.
(2010). Examining the relative benefits and tradeoffs involved with these two approaches to MPC implementation
is a topic of current interest Lau et al. (2009), and it is
intended that the work here in combination with Wills
et al. (2010) contributes to this area.

The control community has noticed this, and has begun
a vigorous program of examining how these computer architecture advances can be employed to deliver the advantages of MPC on a wider range of control problems ACC
(2006); CDC (2006); ECC (2009).

Relative to a standard architecture microprocessor solution an FPGA-based custom architecture solution (such
as presented here and in Wills et al. (2010)) has two
advantages. It can simply and directly be “dropped in”
as a computing core in a larger embedded systems design.
Alternatively, it can be an advanced initialisation of a custom application specific integrated circuit (ASIC) design.

One line of research, known as “explicit MPC” has examined how the control solution can be decomposed offline
into piecewise affine control laws valid over precomputed
affine state region Tøndel et al. (2003); Johansen et al.
(2007). This approach takes advantage of recent advantages in the availability of cheap high density computer

The capabilities of this design are illustrated by profiling
its performance in solving a disturbance rejection problem
for a 14th order resonant structure involving a lightly
damped flexible beam. The computing platform involves
a widely available and modest cost Altera Stratix III
EPSL150F115C2 FPGA, clocked at 70 MHz.
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The dynamics of the relevant process are relatively fast
and necessitate a 200µs sample period. Relative to this,
the solution presented here is illustrated to require less
than 30µs of this sample period to compute the control
action.
These results are presented as encouraging evidence that
there is clear potential for the benefits of MPC to be more
widely applied by taking advantage the current and future
advances in the the availability of flexible, cheap and high
performance computing hardware.
2. PROBLEM FORMULATION
This paper considers the control of linear, time invariant,
discrete time systems, which are modelled in state-space
form, according to
xt+1 = Axt + But + wt ,

(1)

yt = Cxt + Dut + vt ,
(2)
Here ut ∈ R is the system input (control variable),
yt ∈ Rp is the system output, xt ∈ Rn is the state variable,
and wt ∈ Rn and vt ∈ Rp are unknown disturbances on
the state and output, respectively.
m

The model predictive control (MPC) approach considered
here delivers the control variable ut+1|t by solving at time
t a constrained optimisation problem of the form
u?t = arg min V (ut , xt+1 ) s.t. b` ≤ ut ≤ bu (3)
ut

where, for some user chosen prediction horizon N ,
ut , [ut+1|t , ut+2|t , · · · , ut+N |t ].
(4)
In the above, the subscript t + k|t is used to denote a
future control action at time t + k, which is based on
measurements at time t.
MPC operates by using the first element u?t+1|t of u∗t as the
control action to be applied at the next time interval. It
then moves on to the next time instant, t+1, and solves (3)
again to deliver u?t+2|t+1 as the first element of u∗t+1 , and
so on. Accordingly, there is delay of one sample between
measurement and control action that is intrinsic to the
MPC approach (3) - see (Maciejowski, 2002, Section 2.5)
for further discussion of this point.
In this paper, the control cost V (ut , xt+1 ) is assumed to
have the following quadratic form
V (ut , xt+1 ) , uTt Hut + uTt f (xt+1 )
(5)
where the matrix H ∈ RN m×N m is assumed to be positive
definite, and f (xt+1 ) : Rn → RN m is assumed to have the
affine form
f (xt+1 ) = Φxt+1
(6)
for some user chosen matrix Φ ∈ R

N m×n

.

The constraints in (3) represent simple bounds on allowed
control action, which for example accommodates physical
limits on the actuator movement. While this is a significant
restriction to other MPC solutions that handle more general constraints, it does cater for an commonly encountered
class of problems (see e.g. Wills et al. (2008)).
Importantly, this MPC approach requires knowledge of
the future system state xt+k , for k = 1, . . . , N . It must

therefore be predicted based on information available at
the present time t, and these predictions substituted for
xt+k .
We will denote this prediction as x
bt+k|t . When k = 1, the
predictor employed here will be of the linear observer form
x
bt+1|t = Ab
xt|t−1 + Bu?t|t−1 + Let ,
et = yt − C x
bt|t−1 −

(7)

Du?t|t−1 .

(8)

The observer gain matrix L is user-specified. In Section 5,
it will be selected as the steady state Kalman filter gain.
This is a common choice due to the predicted state then
being of minimum variance.
This minimum variance property can be preserved for
k > 1 by employing the predictor
x
bt+k|t = Ab
xt+k−1|t + But+k|t , for k > 1
(9)
which is “initialised” for k = 2 by using the predictor
(7),(8) in the right hand side of (9).
In what follows in section 5.4, a prediction ybt+k|t of future
system responses will also be required. This can be derived
from the predicted state in the obvious fashion
ybt+k|t = C x
bt+k|t + Dut+k|t .
(10)
3. PROPOSED INTERIOR-POINT SOLUTION
The MPC approach described above requires the solution
of the constrained optimisation problem (3). Via the cost
specification (5), this is in the form of a strictly convex
quadratic program that may be effectively solved using
standard algorithms Wills and Ninness (a).
The two dominant approaches in this context are so-called
“active-set” and “interior-point” methods. This paper
elects to employ an interior-point technique (see e.g. Wills
and Heath (2004)) to solve the quadratic program. In
particular, we use a primal barrier approach since it may
be implemented in a particularly elegant manner for this
problem. The authors have also considered the active-set
method in related work Wills et al. (2010); Knagge et al.
(2009); Wills et al. (2008).
A primal barrier method for solving problem (3) transforms the problem into a class of related problems that do
not have explicit constraints. Rather, the constraints are
represented via a smooth “barrier” function. This resulting
class of problems is typically parametrized by the positive
scalar µ as
V (ut , xt+1 , µ) , uTt Hut + uTt f (xt+1 ) + µB(ut ),
B(ut ) , −

Nm
X

(11)

ln(bu (i) − ut (i)) + ln(ut (i) − b` (i))

i=1

In the above, B(·) is known as the logarithmic barrier
function (Fiacco and McCormick, 1968) and the notation
ut (i), b` (i) and bu (i) is used to refer to their i’th respective
elements.
The utility of writing the problem in the form of (11)
is that it becomes a smooth problem that is directly
amenable to Newton’s method. Importantly, in the limit
as µ → 0 the solutions to (11) converge to the solution of
(5) (see e.g. Fiacco and McCormick (1968)).

Along this line, the application of Newton’s method to (11)
results in the following update for the control action
ut ← ut − αH−1 g
(12)
where g is the gradient vector, H is the Hessian matrix
and the damping factor α is a positive scalar that ensures
a reduction in the cost function. More specifically, for the
problem in (11), the i’th element of the gradient vector
can be represented as
µ
µ
g(i) = H(i, :)ut + f (i) +
−
bu (i) − ut (i) ut (i) − b` (i)
(13)
where H(i, :) refers to the i’th row of H and f (i) to its
i’th element. The Hessian matrix can be expressed as
H = H + µD
(14)
where D is a diagonal matrix whose i’th diagonal element
is given by
1
1
D(i) =
+
(15)
(bu (i) − ut (i))2
(ut (i) − b` (i))2
Crucially, the above gradient and Hessian expressions are
only true when the variables ut are strictly primal feasible
(hence the name primal barrier method), i.e. when they
satisfy b` < ut < bu . However, provided that bu (i) 6= b` (i)
for all i, it is always possible to find an initial ut that
satisfies this, for example
bu (i) − b` (i)
ut (i) =
.
(16)
2
Moreover, during the update of the control action in (12),
the scalar α can be chosen to maintain strict feasibility.
These ideas are made concrete in the following algorithm.
Algorithm 1 Interior-Point Solution
Given an initial value for µ, a final value µ , and a value
ζ ∈ (0, 1), perform the following steps:
1: Initialise the control action via (16).
2: while µ > µ do
3:
Compute the search direction ρ = H−1 g via (13),
(18) and (15).
4:
Find a scalar α such that V (ut − αρ, xt+1 , µ) <
V (ut , xt+1 , µ) and so that b` < ut − αρ < bu .
5:
Update the control action via ut ← ut − αρ.
6:
Reduce the barrier weighting according to µ ← ζµ.
7: end while
The most computationally demanding step in Algorithm 1 involves the solution of ρ, which typically requires
O(N 3 m3 ) floating point operations on a serial processor.
There are many ways to achieve this, but the approach
considered here is to employ a conjugate gradient method
(see e.g. Section 10 in Golub and Loan (1996)). Other
researchers have also considered this approach within the
MPC context (Roldao-Lopes et al., 2009).
Our rationale for using this approach is that it is an
iterative method whose numerical operations are relatively
simple. Importantly, it is often acceptable to stop the
method after just a few iterations, which reduces the overall complexity while often delivering good approximate
solutions (Roldao-Lopes et al., 2009).
To be clear, we are interested in using a conjugate gradient
method for solving
Hρ = g,
(17)

which only changes line 3 in Algorithm 1. These ideas
are made more concrete in the following full algorithm
description.
Algorithm 2 Final Interior-Point Algorithm
Given a value ν ∈ (0, 1), positive integers K and L, and
an initial value for µ > 0 and perform the following
steps:
1: Initialise the control action via ut (i) = (bu (i)−b` (i))/2
for i = 1, . . . , N m.
2: for j = 1 : K do
3:
Compute an initial estimate of ρ by setting ρ(i) =
g(i)/(H(i, i) + µD(i)) for i = 1, . . . , N m.
4:
Compute the residual r = g − Hρ − µDρ.
5:
Set σ = rT r.
6:
for k=1:L do
7:
if k=1 then
8:
p = r.
9:
else
10:
β = σ/η.
11:
p ← r + βp.
12:
end if
13:
w = Hp + µDp.
14:
γ = σ/pT w.
15:
ρ ← ρ + γp.
16:
r ← r − γp.
17:
η = σ.
18:
σ = rT r.
19:
end for
20:
for i = 1 : N m do
21:
if ρ(i) < ut (i) − bu (i) then
22:
ρ(i) = ν(ut (i) − bu (i)).
23:
else if ρ(i) > b` (i) − ut (i) then
24:
ρ(i) = ν(ut (i) − b` (i)).
25:
end if
26:
end for
27:
Update the control action via ut ← ut − αρ.
28:
Update the barrier weighting via µ ← ζµ.
29: end for
A hardware description of this algorithm is provided in
the next section together with specific choices for the
parameter values it requires.
4. FPGA IMPLEMENTATION
This section provides a summary of the custom architecture developed to implement the MPC approach discussed
above. Some key features of this architecture include:
• All calculations are performed using a custom floating
point number representation;
• It provides a complete controller implementation,
including state estimation;
• Pipelining and parallel computations are employed
wherever possible, and in particular when computing
inner products and performing matrix/vector multiplications.
A top-level design of the custom hardware solution is
shown in Figure 1. The control algorithm is implemented in VHDL and compiled for an Altera Stratix III
EPSL150F115C2 FPGA, which is interfaced to an A/D,
D/A board in order to measure system responses and
output control actions.
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Fig. 1. Top level MPC circuit design
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In terms of the logical flow, the circuit performs the
following operations:
• At the beginning of a sample interval t the FPGA
obtains new measurements of the system output yt
from the A/D and converts them into a custom
floating point number format;
• The state observer uses these measurements to predict the state x
bt+1|t and compute the linear term
f (b
xt+1|t ) = Φb
xt+1|t ;
• The QP is solved to produce a new control action
u?t+1|t ;
• This control action is converted into the correct
format for the D/A circuit, which is loaded with
the new value at the beginning of the next sample
interval.
Almost all the above steps require various numerical operations which fundamentally depend on a finite precision
number system. An essential part of this design is that it
employs a custom floating point number format, in which
a quantity z is represented according to
z = (−1)s × m × 2x

(18)
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Fig. 2. Top level interior-point circuit design
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where s is sign bit, m is the nm -bit unsigned mantissa and
x is the nx -bit exponent.
With the limited space available, it is not feasible to
explain the entire circuit in full detail. Having said this,
here we will attempt to explain aspects of the interiorpoint solver as outlined in Algorithm 2 since it is by far
the most computationally demanding circuit.
Figure 2 provides a top level schematic for Algorithm 2
in which each of the blocks represents a key operation of
the algorithm. Internally, they each depend on the ability
to perform basic floating point operations in order to
produce their respective outputs. As such, the design here
includes custom circuits for addition, multiplication and
division that have been designed to cater for the custom
floating point number format used in this work. By way of
example, the initial control action calculation from line 1
of Algorithm 2 is illustrated in Figure 3 and utilises the
addition, and multiplication circuits.

ln 0.5

...

Demux

...
x1

xn

Fig. 3. Initialise the control action circuit from line 1 of
Algorithm 2.
A vital part of the interior-point algorithm involves inner
products of various vectors. To ensure that these operations complete in a timely manner, the inner product
circuit is implemented in parallel wherever feasible. In
particular, Figure 4 shows the inner product circuit used
in the design for bi = Ai x, where Ai is a row vector and x
is a column vector.
The circuit consists of an initial multiplier bank for obtaining Ai (j)x(j) products, followed by several layers of
addition in order to sum product pairs. This structure nat-

urally allows for Matrix/vector multiplications by adding a
pipeline around the inner product. Each clock cycle allows
a new row of the matrix A to be passed into the inner
product circuit and each cycle after the circuit delay, it
will provide bi . This feature was heavily exploited in the
design.
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Fig. 4. Inner product circuit.
5. EXPERIMENTAL RESULTS
The performance of the custom architecture MPC design
just summarised is illustrated in this section via the control
of a lightly damped resonant structure.
5.1 Apparatus Description and Control Objective
The experimental setup comprises a uniform aluminium
beam, clamped at one end, and free at the other, as
illustrated diagrammatically in Figure 5. It is a representation of many systems encountered in the field of active
vibration control Fuller et al. (1996).
The beam is 970mm in length, 5mm in thickness, and
25mm in width. Control and disturbance forces may be applied via Physik Instrumente PIC151 piezoelectric ceramic
transducers which are 70mm in length, 25mm in width,
and 0.25mm in thickness. The transducer centers are
mounted 105mm (control) and 195mm (disturbance) from
the clamped base. They are activated by 200V PDL200
high voltage amplifiers. These induce lateral control ut and
disturbance dt beam displacements that are proportional
to the applied voltage.
The resulting displacement yt that occurs 105mm from
the base is proportional to the mechanical strain at that
point, and this is measured by buffering and acquiring
the induced open-circuit voltage of a further piezoelectric
transducer mounted there, on the other side of the beam
to the actuation transducers.
The control objective is a disturbance rejection one.
Namely, the control action ut is to be used to minimize

displacement yt resulting from the disturbance dt . The
supply rail limits of the voltage amplifiers imply hard
constraints on the control authority ut , which should be
respected in the control design.
5.2 Apparatus Model
The MPC strategy considered in this paper is dependent
on a model for the system to be controlled. For the
flexible beam apparatus just described, this model may
be obtained by first principles physical laws Fuller et al.
(1996). The success of this approach depends on very
careful and accurate physical measurement. Hence here
we elect to obtain the model via system identification
techniques.
For this purpose, the frequency response between the
actuations ut , dt and displacement yt was measured at
3201 non-equidistant points in the range 1–500Hz. These
were used together with the subspace-based identification
method developed in McKelvey et al. (1996) to provide an
initial n = 14’th order state-space system estimate of the
form
ξt+1 = Ap ξt + Bp ut + Bd dt ,

(19)

yt = Cp ξt + Dp ut + Dd dt + et
(20)

 
   2
σ 0
dt
0
, d 2
(21)
∼N
0
et
0 σe
where the subscript “p” denotes “plant” and Ap ∈ R14×14 .
This model is then used as an initialisation that is further
refined to deliver a final maximum-likelihood estimate
using the techniques developed in Wills et al. (2009b).
This dual stage approach was implemented using the freely
available system identification toolbox Wills and Ninness
(b); Wills et al. (2009a).
The frequency response of the resulting model from ut to
yt is shown as the solid line in Figure 6, which can be
compared to the measured frequency response shown as
a dash dot line. The close agreement suggests accurate
modeling. Similar comments apply to the modeling from
disturbance dt to yt illustrated in Figure 7.
This model is now augmented due to some practical considerations. The first is that the buffer amplifier connected
to the piezoelectric sensor can induce a constant offset of
the displacement measurement yt . Ignoring this issue will
result in a MPC solution with artificially high DC gain.
Buffer

y

HV
Amp

HV
Amp

d

u

Fig. 5. Plan view schematic of the experimental apparatus.

by the description (22),(23). Any high frequency control
action that excites such modes will have a devastating
effect on control performance.

Estimated system: input 1 to output 1
30

20

This can be addressed by penalizing control action at any
frequency above that of the highest modeled modes shown
in Figure 6 and 7. This is achieved via a standard technique
involving augmenting the model (22),(23) to deliver a new
signal uhf
t , which is a high-pass filtered version of ut . The
purpose of this is that uhf
t may then be included as part
of the penalty term V for the MPC action (3).
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Fig. 6. Magnitude (dB) ut to yt frequency response of
identified beam model (solid line) versus measured
frequency response (dash dot line)

ηt+1 = Af ηt + Bf ut

(25)

uhf
t = Cf ηt + Df ut

(26)

was computed to correspond to an eighth order Butterworth high-pass filter with 3dB cut-off point at 500Hz.
Adding this to the model (19), (20) delivers a final augmented model
xt+1 = Axt + But + wt ,
zt = Cxt + Dut + vt

(27)
(28)

where
Estimated system: input 2 to output 1

" #
ξt
xt = ζt ,
ηt
#
"
Bd 0  
dt
wt = 0 1
,
µt
0 0
#
"
Ap 0 0
A= 0 1 0 ,
0 0 Af


Cp 1 0
,
C=
0 0 Cf
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t

 

Dd 1 dt
,
0 0 et
" #
Bp
B= 0 ,
Bf
 
Dp
.
D=
Df
vt =

(29)

(30)

(31)
(32)

The above model has 23-states comprised of 14 for the
beam dynamics, 8 for the high-pass filter and 1 for the DC
component.
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Fig. 7. Magnitude (dB) dt to yt frequency response of
identified beam model (solid line) versus measured
frequency response (dash dot line)
We address this by augmenting the estimated dynamics
model (19),(20) so as to induce integral action in the MPC
strategy. This is achieved by adding a new state ζt as
follows

  

 
ξt+1
Ap 0
ξt
Bp
=
+
ut
ζt+1
0 1
ζt
0
 

Bd 0
dt
+
,
(22)
0 1
µt
 
ξ
yt = [ Cp 1 ] t + Dp ut + Dd dt + et
(23)
ζt
where µt is the noise associated with the unknown DC
component from the buffer, which is modeled as
µt ∼ N (0, σµ2 ).
(24)
The second important modeling consideration for this
application is that of high frequency modes not captured

Finally, it is important to address the fact that due to the
finite 200V amplifier supply rails, this linear model is only
valid for input amplitudes satisfying |ut | ≤ 0.5Volts. This
is modeled via the constraint for Γut+1 ≤ b(xt+1 ) used in
the MPC formulation (3) with the choices


IN
, b(·) = 0.5 [12N ] , b0 = 0, Ψ = 0. (33)
Γ=
−IN
In the above, IN denotes the N × N identity matrix and
12N is used to denote a 2N × 1 column vector with all
entries equal to 1.
5.3 Observer Design
An essential use for the model just derived is the computation of an estimate x
bt+1|t of the system state xt+1 via
an observer of the form (7). This involves choosing the
observer gain L in (7), and in this paper we use the steady
state Kalman gain. This approach depends on the state
and measurement noise in the model (27),(28) obeying the
Gaussian distribution
 



Qo So
wt
∼N 0,
.
(34)
vt
SoT Ro

In the above, the subscript “o” denotes observer. Considering the disturbance models (21),(24) the covariance
matrices in (34) are given by
"
#
 "Bd 0#T
Bd 0 
σd 0
0 1 ,
Qo = 0 1
(35)
0 σµ
0 0
0 0
"
#

T
Bd 0 
σd 0 Dd 1
,
(36)
So = 0 1
0 0
0 0
0 0
T



Dd 1 σd 0 Dd 1
.
(37)
Ro =
0 0
0 0 0 σe
The steady state Kalman gain matrix L is then given as

−1
L = AΣC T + So CΣC T + Ro
,
(38)
where Σ is computed as the solution to the discrete
algebraic Riccati equation (DARE)

Σ = Qo + AΣAT − L CΣC T + Ro LT .
(39)
5.4 Quadratic Program Formulation
Central to the MPC strategy is the formulation of the cost
function V employed in (4). In this application, it is chosen
as
N 

X
T
V (ut , xt+1 ) =
zt+k
Qzt+k + uTt+k|t Rut+k|t
k=1

+ xTt+N +1 P xt+N +1 .
(40)
In this expression, the symmetric and positive definite
matrices P, Q and R can be considered as controller tuning
parameters that will be further commented on shortly.
The penalty term involving zt+k is included in (40) for
two reasons. To explain them, recall that zt+k is defined
in (29) to be a two element vector composed of the beam
displacement yt+k and a high pass filtered version uhf
t+k|t
of the control action.
Therefore, the penalty on zt+k involves a penalty on the
yt+k component, which is chosen to reflect that we are
seeking to solve a disturbance rejection problem - namely
that beam displacement yt be as little affected as possible
by an external disturbance dt . Similarly, the penalty on
the uhf
t+k|t in zt+k is imposed to limit the bandwidth of the
control action in the interests of not exciting unmodeled
high frequency modes.

and xt+k . These may be computed using the observer
mentioned in the previous section, and defined via (7)-(9).
In turn, due to the linear structure of this observer, it may
be expressed via the following linear algebra formulation
zt+1 = Λb
xt+1|t + Πut ,
(41)
where


C

zbt+1|t
 CA
 zbt+2|t 



.

.

 ..

.
zt+1 , 
Λ
,
(42)
.




 zb
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.
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In this case, the cost function V defined in (40) with predicted values substituted as appropriate can be expressed
in the required form (5),(6) as
V (ut , x
bt+1|t ) = uTt Hut + uTt f (b
xt+1|t ) + c
(44)
where c is a constant term, H and f are given by
H , ΠT Q̄Π + R̄, f (b
xt+1|t ) , 2Φb
xt+1|t , Φ , ΠT Q̄Λ
(45)
and Q̄, R̄ are block diagonal matrices given by




Q
R

 ..

 R
.
.
 , R̄ , 
Q̄ , 
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. 
Q
P
R
5.5 Controller Performance
We now profile the performance of the custom architecture
MPC controller described in Sections 3 and 4 on the
apparatus described in section 5.1 using the model and
control design just presented in sections 5.2 to 5.4.
The emphasis here is to establish the efficacy of the
custom architecture implementation. It is not to argue
the superiority or otherwise of MPC itself as a suitable
strategy for vibration control purposes. This latter topic
has been addressed in Wills et al. (2008).

The penalty term involving ut+k|t in (40) is included
to allow tuning of the control input energy. Finally, the
penalty term involving xt+N +1 is included here to ensure
nominal stability by choosing the matrix P as the positive
definite solution to the following DARE Mayne et al.
(2000)

P = C T QC + AT P A − K B T P B + R + DT QD K T ,

−1
K = − AT P B + C T QD B T P B + R + DT QD
.
While this type (40) of cost formulation is of a common
sort in MPC applications, it involves future responses yt+k
and future states xt+k , which are unknown at time t when
the control ut+1|t is to be computed.

The state and measurement noise covariances employed in
the observer design are given by (34)-(37) with the choices
σd = 10−6 ,
σµ = 1,
σe = 10−12 .
(46)
The Q and R matrices in the MPC cost (40) were chosen
as


1 0
Q=
,
R = 10−2 .
(47)
0 100

Here we employ a standard approach to this problem by
using predicted values ybt+k|t and x
bt+k|t in place of yt+k

In terms of Algorithm 2, the following choices were made
for its parameters. The initial µ value was set at µ = 128,

In the results to follow, the control sample interval was
chosen as 200µs, which corresponds to a 5kHz sample rate,
and this is approximately ten times the highest frequency
mode we are seeking to control. The prediction horizon
was selected as N = 12.

Since the algorithm reduces µ by ζ = 1/8 at each iteration,
the final µ value will be approximately 7.63×10−6 , which is
small enough for our purposes here. On the other hand L =
2 iterations of the conjugate gradient method is not likely
to produce good approximate solutions. Nevertheless, it
appears to perform well in practice.

1.5

Measured output
(Volts)

1
0.5
0
ï0.5
ï1
ï1.5
0

0.5

1

0

0.5

1

1.5

2

2.5

1.5

2

2.5

1

0.5
Control action
(Volts)

and the scaling for µ was selected as ζ = 1/8. The
multiplier ν for retracting from the constraint boundaries
was chosen as ν = 0.95. Finally the integers K and
L that determine the number of outer iterations of the
interior-point method, and the number of iterations for the
conjugate gradient method, respectively, where selected at
K = 8 and L = 2. These deserve some further comment.

0

ï0.5

As a final point, the custom floating point number format
used in the FPGA circuit was chosen with nm = 16
mantissa bits and nx = 6 exponent bits.
Based on this configuration, an experiment was designed to
confirm that the custom architecture FPGA implementation does in fact achieve the desired disturbance rejection
objective. In this experiment the disturbance dt was chosen
as a periodic linear swept sine-wave signal (chirp) with a
period of 20 seconds starting at 200Hz and finishing at
400Hz. The amplitude of dt was set at 1.6 Volts, which
was chosen to ensure that the input ut would encounter
the constraint limits ±0.5 Volts.
Figures 8 and 9 show different sections of the open
(grey outer envelope) and closed-loop (blue inner envelope)
responses. Figure 8 shows 12 seconds of data while Figure 9
shows only 2.5 seconds in order to more clearly show the
input signal.
It can be seen from the top plots in each Figure that
the beam vibrations due to the chirp disturbance have
been significantly reduced. The bottom plots in each
Figure illustrate that the controller is “hitting” constraint
limits in order to achieve the reduced vibrations. This
demonstrates the efficacy of the custom architecture based
MPC solution proposed in this paper.
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Fig. 8. Comparison of open-loop versus closed-loop control.
Top: measured output response where the grey line
indicates open loop response. Bottom: control action
for closed-loop response with input limits shown as red
dashed lines.

ï1
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Fig. 9. Zoomed in comparison of open-loop versus closedloop control. Top: measured output response where the
grey line indicates open loop response. Bottom: control
action for closed-loop response with input limits shown
as red dashed lines.
6. CONCLUSION
This paper demonstrates the use of custom computing
architectures for the purpose of implementing a model predictive control (MPC) algorithm. The approach proposed
here is a full solution in that it incorporates A/D and
D/A connectivity, a state observer, and an interior-point
method for solve the MPC optimisation problem. Importantly, the design is capable of computing the required
control action in less than 200µ seconds.
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