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ABSTRACT

In the context of spectralestimation this paperexaminesthe use
of an ‘orthonormalbasis’ whereinprior knowvledge (in the form
of fixed poles)maybeincorporatedn the solutionandFIR struc-
turesarethenseenasa specialcaseof implicitly involving prior
knowledgeof all polesattheorigin. Themaintechnicalresultsare
onesthatquantify the accurag of the resultingspectralestimates
in away that clearly exposeshow it is affectedby the fixed pole
choice.

1. INTRODUCTION

Spectralestimationon the basisof obsered outputdatais a prob-
lem of greatimportance[11, 14]; for example,in the contet of
channekestimationunderwhite-noiseexcitationit is proving to be
centralto theimplementatiorof moderntelecommunicationalgo-
rithms[10].

In the interestsof low computationalcompleity, solutions
which are linear in parametersaind dataare preferred. The lat-
ter considerationhave led to the widespreadpopularity of so-
lutions that involve FIR type modelsand ‘least—squarestriteri-
ons[10, 14].

As will beillustratedby examplein the next section,a poten-
tial difficulty with this solution(especiallyfor shortdatasets;ie.
fastadaptation)s thatunacceptabljigh noiseinducedvariance’
errorsmayoccurfor FIR taplengthssufiiciently longto accurately
modelthefull impulseresponsénvolved.

The solutioninvestigatechereis onein which the ‘tap length’
is decreasetb reducethevarianceerrorbut, by virtue of allowing
theinclusionof fixedpolelocations prior knowledgeof systenre-
sponsanay beincorporatedn the hopeof still achieving accurate
impulseresponsenodellingfor low modelorders. The detailsof
this stratgy involve the useof an ‘orthonormalbasis’ model [6]
which containsthe FIR structureasa specialcaseof all polesat
theorigin.

The ideasof usingfixed pole structuresn signal processing
applicationshave beenexaminedbefore[17, 16], ashasthe idea
of usingortho-normalisedrersionsof them[9, 2]. However, this
previous work hasnot examinedthe particulargeneralbasis(see
(5)) usedhereandhasalsonot progressedo usingthe basisasan
analyticaltool which allows the quantificationof estimationaccu-
ragy.

This lattercommentrefersto the maintechnicalresultsof this
paper(theorems6.1 and 6.2) which provide quantificationof the
varianceerrorin theensuingspectrakestimatesThederivationsof
theseexpressionsely onratherlongamgumentdasedntherecent
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resultsin [8] andarethereforenot presentedhere,but insteadare
availablein [7].

2. MOTIVATIONAL EXAMPLE

Considerthe problemof estimating,on the basisof an obsered
outputdataset{yi, y2,- - -, yn }, theresponsef a channelH (z)
underthe assumptiorthatthe input thatdrove the channetto pro-
duce{y: } waswhite. This canbeviewedasaspectrunmestimation
problem,anda very well known solutioninvolvesfitting an FIR
modelto the datausinga Least-Squaresriterion[11, 14].

As anexampleof this solution,supposehat

A 22 —1.92352% 4 1.5910z — 0.5203
H(z) =
23 —1.946422 4 1.5155z — 0.5368
(sothattheunderlyingspectratensityof {y } is @, (w) = |H(ej‘°)|2)
andthat N = 500 datasamplesare available. The resultof fit-
ting a 4th order FIR modelis shavn asa dashedine in figure 1.
Comparedo the true spectrumshavn asthe solid line, thereare
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Figure 1. Comparisonof true and estimatedSpectal Densities.
Solid Line is true Spectal Density dashedline is the 4th order
FIR estimateanddash—dotine is the 20thorder FIR estimate

significantestimatiorerrorscausedy theorderof themodelbeing
too low to be ableto adequatelycapturethe full impulseresponse
of H(z).

To dealwith this, a 20°'th ordermodelcanalsobefitted, and
theresultsof this areshavn asthedash—dotine. Again, thereare
significantestimatiorerrors thistime dueto themodelorderbeing
sohighthatthereis very high variability in the estimates.

Thesesortsof estimatiordifficultiesarethemotivationfor this
paper Thesolutionproposedereis oneof smoothlyextendingthe



FIR structureto an orthonormalstructurewhich includesthe FIR
oneasa specialcase but allows the injection of prior knowledge
so asto allow a decreaseanodel order (to fight varianceerror)
while still allowing long-tailedimpulseresponseo be accurately
modelled(to fight undermodellingerror).

The maintechnicalresultassociatedvith this ideais onethat
allows the variability of the ensuingestimatego be quantifiedin
thefrequeny domain;seetheorems.1and6.2.

3. PROBLEM FORMULATION

Supposethat {y,} with k¥ = ---,—1,0,1,--- is a wide sense
stationaryand zero meanprocesswith correspondingovariance
function

Ry(7) = E{yrtr+-}.

Provided Ry (1) decreasesuficiently quickly with increasingr,
thenthe processalsopossessesspectradensity®, (w) givenby

andthenif &, (w) is continuousandboundedaway from zeroso
thatthe Paley-Wienercondition

/ log @, (w) dw > —o0

is satisfiedthen{y;} possesseaWold decompositiordevoid of
deterministiccomponenasfollows

oo
Y = er + Z hn€k—n.
n=1

Here{e} is azeromeani.i.d. procesof varianceE {e; } = o
andthetransferfunction

> . 1 [T z4e9¥

@)
andits inverseH ! (z) arebothanalyticin |z| > 1. This permits
analternatve expressiorfor the power spectraldensity®, (w) of
{yx } in termsof the so-calledspectrafactorH(z) as

@y (w) = o’ |H ()"
It is often of interestto estimatethis spectraldensityfrom obser

vationsof realisationsof {yx}; channelresponseestimationfor
telecommunicationapplicationds oneexample,but mary others

whereg? is anestimateof o2.

Thereis ahugeliteraturegoingbackatleastasfarasWiener[15]
thatanalyseghis scheme Much of it proceedsy usingtheideas
of Szeyd [12] whereinG(z, ) is consideredas an expansionof
H~!(z) in the polynomial (or trigonometric)basis{z *} which
is orthogonabn the unit circle T with respecto theinnerproduct

1 [™ L, oo 1 ——dz
= — Jw = — —
()= 3= [ 1@ dw = 5§ £ L
o . . )
The ideain this paperis to usetheseideasof expansionin or-
thonormalbasesput to extendthemby replacingthe {z=*} basis

functionsby moregenerabnes{By (z)} suchthattheapproxima-
tionin (2) becomes

H'(2) ®1-G(2,0), G(2,0) =) 6.Bu(2). (4
n=0

Aswill beshavn, theutility of thisideawill bethattheapproxima-
tion in (4) canbesignificantlyimprovedif evenasmallamountof

prior knowledgeaboutthe natureof the spectrum®, (w) is avail-

able.

4. ORTHONORMAL MODEL STRUCTURES

Theconstructiorof ascalarorthonormabasis{ By (z)} thatallows
theincorporationof prior knowledgeof the zeros{¢o, - -, €p—1}
of H(z) hasbeendevelopedelsavhere[6] wherethe following
basisfunctionsarepresented

Bn(z)=<\/71_|gn|2)ﬁ(1_g—kz> )

Z—é&n ico \ 2Tk

sothatthemodelstructure(4) canberepresentedh signalform as
shavn in figure 2.

Notice thatfor the choice&;, = 0 for all k this basisreduces
to that correspondingdo the cornventional FIR expansionbasis(or
trigonometrichasis)modelstructureasgivenin (1). For thechoice
of &, = ¢ € R N D of all polesbeingthe sameandreal, the
Laguerrebasis[13] is alsoobtainedasa specialcase.However, it
would seemmore appropriateo not usethis basisformulationin
(5) in sucharestrictedsetting,but ratherchoosethe poles{¢ } in
adistributedfashionthatmostaccuratelyeflectsprior knovledge
of thezerosof H(z).

exist [14]. wr = _ —
A commonexisting stratey for achieving this estimationin- =1 l — T —l
volvesforming atruncatedapproximatiorto H='(z) as
Vi-1€11? Vi-le21? 1—ep|2
H*l(z) ~1— G(Z,e) a—¢&1 a—€2 -

p—1
G(z0) 2 627" 67 260, 0p1] (2
n=1

andthenfind an estimate@\N of 8 from the available dataso that
thespectrunis estimatedas
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Figure 2: Diagrammatic representationof Orthonormal Model
structue employedn this paper




5. LINEAR ESTIMATION METHOD

A key reasorfor thelargeliteratureon usingFIR expansionsuch
as(2) for modellingthe process{yy } is thatit leadsto straight-
forwardandcomputationallicheapmethoddgor estimating®, (w)
from realisationsof {y}. This is sobecaus€g?2) is linearin the
unknawvn parameterg6o, - - -, 6p—1}.

Sincethe basisfunction expansion(4) hasthe FIR expansion
(2) as a specialcase(when¢, = 0, Vk) then (2) will leadto
equallysimpleestimationschemesagainbecausef thelinearity
in theunknavn parameters.

More specifically usingq to denotethe forward in time shift
operatoy (4) impliesasignalmodelof

Ye = 1 0 + ek

where

ok = [Bo(@)yk, B1(@)yr, +, Bo-1(@)y] -

Now, asmentionedn [13], it is commonto wish to solve estima-
tion problemsvia the ideasof Maximum Lik elihood(ML). How-
ever, this canleadto difficult non-cowex optimisationproblems,
sothata compromiseas often madewith FIR modelsin the Gaus-
siancaseby approximatinghe ML costfunctionwith a quadratic
one. This sameapproachof usingthe ‘least-squareséstimatewill

be emplo/ed here.More specifically the estimatedy is choseras

N-1

Vi(6) £+ 3"y — 676)°
k=0

Oy = arg min Vi (6),
9ERP

whichis well known to have closedform solution

N-1
I = BT Y b ©
1 N-1
Ry(N) £ ) dudic- @
k=0

This in turn provides an estimateof the inverse spectralfactor
H™'(2) as

H™'(5,6n) = 1-68Ty(2),
Tp(z) £ [Bo(2), - Bp-1(2)]",
anda correspondingpectraldensityestimate
~2
g

P w,§ == __-
o) = e e P

6. MAIN TECHNICAL RESULTS

The statisticalnatureof theseestimatesnay be investigatedn an
asymptoticsenseby usingTheoremB.3 of [4] to concludethatun-
derthegivenassumptionsn {y} then

0250, asN — oo

where
6, £ argminE 3 (yx — (;5;:56)2}
0ERP

andthenthe accurag of an estimateof O may be assesseth
termsof its fluctuationsaboutd, by quantifyingits distributional
properties.

In particular by usingTheorenm®.1 of [4] it maybeconcluded

VN@y —6,) = N(0,P,) asN — oo
sothatsince o 4
G(e™,6x) = BuT,(e™)

it is possibleto furtherconcludethatas N — oo

VN Yo(w1) 0

:|—1/2 [ H—l(ejwl,é\N) (ej“’l,Q*)
0 Yo (w2)

_Hg!
H_l(ej“’2,9N) - H_l(ej“”,@*)

25 N(0, Ap(wi,w2))

where
F*(ejon)P T (ejw)
A _ P plp
p(wi,w2) Yo (w1) )
p—1 .
W) & D IBe(e)P,
k=0
P, 2 RQR,, R, 2E{VX(.)},
A T
Q 2 Jim NE{VA@) (V(6.)"}

andwhere-* denotesconjugatetranspose. Simple algebrathen
provides

R, =E {416 },

and using Parseval’'s Theoremthis can be expressedn the fre-
gueny domainas

1

Rp:%

/_ﬂ Ty (67) T (67 ), (w) dw.

Thematrix Q, is somevhatmoredifficult to handle.lt is possible
to shaw thatit maybeexpresseds|[7]

Qp = UZRP + 4,

where
lim [|Ap]l2 =0.
pP— 00

Thisleadsto theidea(aspertheanalysisof[1, 5,13]) of examining
thestatisticalpropertiesof the estimationrschemeby looking atthe
asymptoticpropertiesvhenboththe modelorderp aswell asthe
numberof alloweddataN areallowedto tendto infinity.
Specifically thefirst maintheoreticatesultof this papetis one
thatprovidesan engineeringelevant simplificationof asymptotic

(in N) covarianceA, (w1, w2) in G(e’*, Ox):

Theorem 6.1. If ®,(w) is Lipschitzcontinuousof someordera >
0 andif all thepoles{¢;} aresudthat|¢x| < & < 1, then

. _ o @5 (w) 0
lim Ap(wi,w2) =0 0 &5 (ws)
Proof. See[7]. a

Using the Gaussiamapproximationformula [3], this result then
provides a further one providing insight into the noise induced

variability of the estimateof the spectraldensity ®, (w, §N) =
o?|H(e?,8n)|? itself:



Theorem 6.2. Undertheassumptionsf Theoem6.1

]1/2 [ B, (1, ) -
By (72, ) —

vN ’Yp(o“-’l) 0

<I>y(ej“’1,t9*) ]
To(w2) )

Yy (eij ’ 0*)

Ly N(0, 2, (w1,w2)) asN — oo
wheefor wi,ws # 0,7

whilefor wy,ws =0, 7

:4[¢§g‘*’1) 0 ]

lim ¥, (wi,w
17( 1 2) ¢§(w2)

p—ro0

Proof. Se€[7]. a

Theinterpretatiorof this lasttheoremis thatwe canapproximate
thevariancen our estimateof the spectraldensityas

Var{<1> (e’ 9N)} ~ —<I> )Z |1 11 (8)

ejw — £k|2

Thisexplicitly shavs how thechoiceof fixedzerolocation{&x } in

the estimationof H(z) affectsthe sensitvity of resultingspectral
densityestimates thelasttermin (8) providesa ‘shaping’ of the
varianceerrorsasthey aredistributedover frequeng. Importantly

notethatalthoughtheseerrorscanbeshapedthey arealsoin some
sense'consened’ since (by orthonormalityof the {Bj(z)}) the
areaunderthelasttermin (8) is equalto p regardlesf thechoice
of the {&x}.

7. SIMULATION EXAMPLE

We continuethe examplepresentedn §2. Recallthat, for the un-
derlyingdynamicsH (z) involved, the useof anFIR modelled to
poor estimatesiueto eitherundermodellingerror for low model
ordersor varianceerrorfor high modelorders.

The solutionproposedn this paperhasbeenoneof reducing
the varianceerror by reducingthe modelorder while at the same
timeinjectingprior knowledgeof zerolocationssoasto not suffer
apenaltyof high undermodellingerror.

In relationto this, notethat H(z) presentedn §2 haszerosat
2z = 0.7165 andz = 0.852e+79-784 andit would seemfeasible
thatcoarseprior knowledgeof thesezerosbeingat{&o, - - -, €3} =
{0.5,0.5,0.5 + j0.5,0.5 — j0.5} couldreasonablyeassumedh
mary applications.

In this case|if this prior knowledgeis incorporatedn the es-
timation problemvia the formulation (5), thenthe resultsare as
shavn in figure 3. Clearly, the incorporationof the prior knowl-
edgeof zeroshasled to avery greatlyimproved estimate.
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