
IMPROVED AND QUANTIFIED ACCURACY FOR LINEAR SPECTRAL ESTIMATES

BrettNinness
�

ElectricalandComputerEngineering
Universityof Newcastle,

Callaghan2308,Australia
brett@ee.newcastle.edu.au
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ABSTRACT

In the context of spectralestimation,this paperexaminestheuse
of an ‘orthonormalbasis’whereinprior knowledge(in the form
of fixedpoles)maybeincorporatedin thesolutionandFIR struc-
turesarethenseenasa specialcaseof implicitly involving prior
knowledgeof all polesat theorigin. Themaintechnicalresultsare
onesthatquantify theaccuracy of the resultingspectralestimates
in a way that clearly exposeshow it is affectedby the fixed pole
choice.

1. INTRODUCTION

Spectralestimationon thebasisof observedoutputdatais a prob-
lem of greatimportance[11, 14]; for example,in the context of
channelestimationunderwhite-noiseexcitationit is proving to be
centralto theimplementationof moderntelecommunicationsalgo-
rithms[10].

In the interestsof low computationalcomplexity, solutions
which are linear in parametersand dataare preferred. The lat-
ter considerationshave led to the widespreadpopularity of so-
lutions that involve FIR type modelsand ‘least–squares’criteri-
ons[10, 14].

As will beillustratedby examplein thenext section,a poten-
tial difficulty with this solution(especiallyfor shortdatasets;ie.
fastadaptation)is thatunacceptablyhigh noiseinduced‘variance’
errorsmayoccurfor FIR taplengthssufficiently longto accurately
modelthefull impulseresponseinvolved.

Thesolutioninvestigatedhereis onein which the‘tap length’
is decreasedto reducethevarianceerrorbut, by virtueof allowing
theinclusionof fixedpolelocations,prior knowledgeof systemre-
sponsemaybeincorporatedin thehopeof still achieving accurate
impulseresponsemodellingfor low modelorders.Thedetailsof
this strategy involve the useof an ‘orthonormalbasis’model [6]
which containsthe FIR structureasa specialcaseof all polesat
theorigin.

The ideasof usingfixed pole structuresin signalprocessing
applicationshave beenexaminedbefore[17, 16], ashasthe idea
of usingortho-normalisedversionsof them[9, 2]. However, this
previous work hasnot examinedthe particulargeneralbasis(see
(5)) usedhereandhasalsonot progressedto usingthebasisasan
analyticaltool which allows thequantificationof estimationaccu-
racy.

This lattercommentrefersto themaintechnicalresultsof this
paper(theorems6.1 and6.2) which provide quantificationof the
varianceerrorin theensuingspectralestimates.Thederivationsof
theseexpressionsrely onratherlongargumentsbasedontherecent�
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resultsin [8] andarethereforenot presentedhere,but insteadare
availablein [7].

2. MOTIVATIONAL EXAMPLE

Considerthe problemof estimating,on the basisof an observed
outputdataset

���������
	��
�
���
�������
, theresponseof a channel�������

undertheassumptionthat the input thatdrove thechannelto pro-
duce

�����
�
waswhite. Thiscanbeviewedasaspectrumestimation

problem,anda very well known solution involvesfitting an FIR
modelto thedatausinga Least-Squarescriterion[11, 14].

As anexampleof this solution,supposethat��������� �����! �" #�$&%
'�� 	)(  �" '&#* �+&�,�-+." '�$�+�%� � �! �" #�/
0&/�� 	 (  �" '* �'�'��,�-+." '&%&0�1
(sothattheunderlyingspectraldensityof

�2� � �
is 3)4��65)��7988 ����:<;>=?�&88 	 )andthat @A7B'&+&+ datasamplesareavailable. The resultof fit-

ting a 4th orderFIR modelis shown asa dashedline in figure1.
Comparedto the true spectrumshown asthe solid line, thereare
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Figure 1: Comparisonof true and estimatedSpectral Densities.
Solid Line is true Spectral Density, dashedline is the 4th order
FIR estimate, anddash–dotline is the20thorder FIR estimate.

significantestimationerrorscausedby theorderof themodelbeing
too low to beableto adequatelycapturethefull impulseresponse
of �����
� .

To dealwith this, a 20’th ordermodelcanalsobe fitted, and
theresultsof this areshown asthedash–dotline. Again, thereare
significantestimationerrors,thistimedueto themodelorderbeing
sohigh thatthereis veryhigh variability in theestimates.

Thesesortsof estimationdifficultiesarethemotivationfor this
paper. Thesolutionproposedhereis oneof smoothlyextendingthe



FIR structureto anorthonormalstructurewhich includestheFIR
oneasa specialcase,but allows the injectionof prior knowledge
so as to allow a decreasedmodel order (to fight varianceerror)
while still allowing long-tailedimpulseresponsesto beaccurately
modelled(to fight undermodellingerror).

Themain technicalresultassociatedwith this ideais onethat
allows the variability of the ensuingestimatesto be quantifiedin
thefrequency domain;seetheorems6.1and6.2.

3. PROBLEM FORMULATION

Supposethat
�2�
�
�

with CD7 ���
�
� �E � + �  �
�
��� is a wide sense
stationaryandzeromeanprocesswith correspondingcovariance
function F 4 �HGI�J7 E

�2�����
�
KML�� "
Provided

F 4��HGN� decreasessufficiently quickly with increasingG ,
thentheprocessalsopossessesa spectraldensity 3 4 �65)� givenby3)4.�65��J7 OPL2QSR O F 4.�HGN��: ;T= L
andthenif 3)4��65)� is continuousandboundedaway from zeroso
thatthePaley-WienerconditionU!VR V)WYX&Z 3 4 �65��*[*5!\]��^
is satisfied,then

�2�
�
�
possessesa Wold decompositiondevoid of

deterministiccomponentasfollows�
� 7_: � ( OP` Q �
a ` : ��R ` "
Here

� : ��� is a zeromeani.i.d. processof varianceE b�: 	��c 7ed 	
andthetransferfunction�������J7f ( OP` Q ��a ` � R ` 7hgji.k,l  /&m UnVR V � ( : R ;>=�o��: R ;>= WpX�Z 3)4.�65)�*[*5oq

(1)
andits inverse� R � ����� arebothanalyticin r �NrN\e . This permits
analternative expressionfor thepower spectraldensity 3 4 �65)� of�2� � �

in termsof theso-calledspectralfactor ������� as3)4��65)��7_d 	 r ����: ;T= �
r 	 "
It is often of interestto estimatethis spectraldensityfrom obser-
vationsof realisationsof

�������
; channelresponseestimationfor

telecommunicationsapplicationsis oneexample,but many others
exist [14].

A commonexisting strategy for achieving this estimationin-
volvesforminga truncatedapproximationto � R � ����� as� R � ���
�tsf ���uv��� �>w �uv��� �>w ���]x R �P` Q � w ` � R ` w�y �{z w�|��j�
�
�
�>w x R ��} (2)

andthenfind an estimate~w�� of
w

from the availabledataso that
thespectrumis estimatedas3)4��65 � ~w � ��7 ~d 	r  ��nuv��: ;T= � ~w �
r 	

where~d 	 is anestimateof d 	 .
ThereisahugeliteraturegoingbackatleastasfarasWiener[15]

thatanalysesthis scheme.Much of it proceedsby usingtheideas
of Szegö [12] wherein uv��� �>w � is consideredasan expansionof� R � ����� in the polynomial(or trigonometric)basis

� � RM� � which
is orthogonalon theunit circle � with respectto theinnerproduct���N����� 7  $2m U!VR V � ��: ;>= � � ��: ;T= �.[*5�7  $�m����*� � ���
� � ����� [��� "

(3)
The idea in this paperis to usetheseideasof expansionin or-
thonormalbases,but to extendthemby replacingthe

� � RM� � basis
functionsby moregeneralones

��� � ����� � suchthattheapproxima-
tion in (2) becomes� R � ���
�tsf ���uv��� �>w � � uv��� �>w ��7 x R �P` Q | w ` � ` �����<" (4)

As will beshown, theutility of thisideawill bethattheapproxima-
tion in (4) canbesignificantlyimprovedif evena smallamountof
prior knowledgeaboutthenatureof thespectrum3 4 �65)� is avail-
able.

4. ORTHONORMAL MODEL STRUCTURES

Theconstructionof ascalarorthonormalbasis
�2�t� ���
� � thatallows

the incorporationof prior knowledgeof thezeros
���2|��j�
���
��� x R � �of �����
� hasbeendevelopedelsewhere[6] wherethe following

basisfunctionsarepresented� ` ������7��,�  ���r � ` r 	�o� � ` � ` R ���
Q |��  �� � � ��o� ����� (5)

sothatthemodelstructure(4) canberepresentedin signalform as
shown in figure2.

Notice that for the choice
��� 79+ for all C this basisreduces

to thatcorrespondingto theconventionalFIR expansionbasis(or
trigonometricbasis)modelstructureasgivenin (1). For thechoice
of
��� 7 �_�������

of all polesbeing the sameand real, the
Laguerrebasis[13] is alsoobtainedasa specialcase.However, it
would seemmoreappropriateto not usethis basisformulationin
(5) in sucha restrictedsetting,but ratherchoosethepoles

�
���
�
in

a distributedfashionthatmostaccuratelyreflectsprior knowledge
of thezerosof ������� . ��  ¡ �>¢¢  .¡ �£2¤ ¢¦¥
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Figure 2: Diagrammatic representationof Orthonormal Model
structure employedin thispaper.



5. LINEAR ESTIMATION METHOD

A key reasonfor thelargeliteratureon usingFIR expansionssuch
as(2) for modellingthe process

�������
is that it leadsto straight-

forwardandcomputationallycheapmethodsfor estimating3 4 �65)�
from realisationsof

�������
. This is so because(2) is linear in the

unknown parameters
��w | �
�
�j���>w x R �<� .Sincethebasisfunctionexpansion(4) hastheFIR expansion

(2) as a specialcase(when
��� 7A+ �.¯ C ) then (2) will lead to

equallysimpleestimationschemes,againbecauseof the linearity
in theunknown parameters.

More specifically, using ° to denotethe forward in time shift
operator, (4) impliesasignalmodelof� � 7]± y� w ( : �
where ± y � 7{z ��| �H°
� �
�*��� � �H°�� �����
�
�
�j��� x R � �H°
� �
� } "
Now, asmentionedin [13], it is commonto wish to solve estima-
tion problemsvia the ideasof MaximumLikelihood(ML). How-
ever, this canleadto difficult non-convex optimisationproblems,
sothata compromiseis oftenmadewith FIR modelsin theGaus-
siancaseby approximatingtheML costfunctionwith a quadratic
one.This sameapproachof usingthe‘least-squares’estimatewill
beemployedhere.More specifically, theestimate~w � is chosenas~w � 7³²2´ Z�µ·¶p¸¹�º�» ®�¼ � � w � � ¼ � � w �t�  @ � R �P�jQ | � ��� �½± y� w � 	
which is well known to have closedform solution~w�� 7 F x ��@¾� R �  @ � R �P�
Q | ± �2���*� (6)F x ��@¾�¿�  @ � R �P�jQ | ± � ± y � " (7)

This in turn provides an estimateof the inversespectralfactor� R � ����� as� R � ��� � ~w � �¿7  �� ~w�y��À x ����� �À x �����¿� z � | ����� �j���j�
��� x R � ����� } y��
anda correspondingspectraldensityestimate3 4 �65 � ~w�� ��7 ~d 	r � R � ��: ;T= � ~w � �
r 	 "

6. MAIN TECHNICAL RESULTS

Thestatisticalnatureof theseestimatesmaybe investigatedin an
asymptoticsenseby usingTheorem8.3of [4] to concludethatun-
derthegivenassumptionson

�2�����
then~wnÁjÂ Ã¦Â�NÄ w2Å

as @ÆÄÇ^
where w2Å �]²�´ Ztµ·¶p¸¹�º
» ® E ÈJ� ��� �-± y� w � 	�É
and then the accuracy of an estimateof ~w � may be assessedin
termsof its fluctuationsabout

w2Å
by quantifyingits distributional

properties.

In particular, by usingTheorem9.1of [4] it maybeconcludedÊ @-� ~w�� � w2Å ��Ë�NÄÆÌf��+ �>Í x � as @ÆÄÇ^
sothatsince uv��: ;T= � ~w � ��7 ~w�y�ÎÀ x ��: ;T= �it is possibleto furtherconcludethatas @ÏÄÇ^Ê @ÑÐ�Ò x �65 � � ++ Ò x �65 	 �ÔÓ R �¦ÕT	 Ð � R � ��:T;>=

� � ~w � �S��� R � ��:T;T= � �>w Å �� R � ��:T;>= ¬ � ~w � �S��� R � ��:T;T= ¬ �>w Å � ÓË�NÄÆÌf��+ ��Ö x �65 � � 5 	 ���whereÖ x �65 �j� 5 	 �¿7 À Åx ��: ;T=
� � Í x À x ��: ;>=

¬ �Ò x �65 � � �
Ò x �65)�×� x R �P�
Q | r �t� ��: ;>= �
r 	 �Í x � F R �xeØ x F R �x � F x � E b ¼ÚÙ Ù� � w Å � c �Ø x � Wp¶pµ�ÜÛ O @ E È ¼ÚÙ� � w Å ��Ý ¼EÙ� � w Å ��Þ y É

and where
� Å

denotesconjugatetranspose.Simple algebrathen
provides F x 7 E È ± � ± y � É �
and using Parseval’s Theoremthis can be expressedin the fre-
quency domainasF x 7  $�m UßVR V À x ��: ;>= � À Åx ��: ;T= ��3 4 �65��*[*5Î"
Thematrix Ø x is somewhatmoredifficult to handle.It is possible
to show thatit maybeexpressedas[7]Ø x 7hd 	 F x (ßà x
where Wp¶pµx Û O�á à x á 	 7_+."Thisleadsto theidea(aspertheanalysisof [1, 5,13]) of examining
thestatisticalpropertiesof theestimationschemeby lookingat the
asymptoticpropertieswhenboth themodelorder â aswell asthe
numberof alloweddata@ areallowedto tendto infinity.

Specifically, thefirst maintheoreticalresultof thispaperis one
thatprovidesanengineeringrelevantsimplificationof asymptotic
(in @ ) covariance

Ö x �65 � � 5 	 � in uv��:T;T= � ~w � � :
Theorem 6.1. If 3)4��65)� is Lipschitzcontinuousof someorder ãn\+ andif all thepoles

�
���
�
are such that r ��� r*äæå,ç] , thenWp¶Yµx Û O Ö x �65 �
� 5 	 �t7hd 	 Ð 3 R �4 �65 � � ++ 3 R �4 �65 	 � Ó

Proof. See[7].

Using the Gaussianapproximationformula [3], this result then
provides a further one providing insight into the noise induced
variability of the estimateof the spectraldensity 3 4 �65 � ~w�� �è7d 	 r ����: ;T= � ~w&� �
r 	 itself:



Theorem 6.2. Undertheassumptionsof Theorem6.1Ê @ Ð Ò x �65 � � ++ Ò x �65 	 �ÔÓ R �¦Õ<	 Ð 3 4 ��: ;>=
� � ~w�� �S�-3 4 ��: ;T= � �>w2Å �3)4.��: ;>= ¬ � ~w � �S�-3)4���: ;T= ¬ �>w Å � ÓË�IÄÏÌf��+ �>é x �65 �
� 5 	 ��� as @ÏÄÑ^

where for 5 � � 5 	ëê7_+ � mWY¶pµx Û O é x �65 � � 5 	 ��7]$ Ð 3 	4 �65 � � ++ 3 	4 �65 	 � Ó "
while for 5 ��� 5 	 7_+ � mWY¶pµx Û O é x �65 �
� 5 	 ��7h/ Ð 3 	4 �65 � � ++ 3 	4 �65 	 � Ó "
Proof. See[7].

Theinterpretationof this last theoremis thatwe canapproximate
thevariancein our estimateof thespectraldensityas

Var È 3)4���: ;>= � ~w � � É s $@ 3 	4 �65)� x R �P�jQ |  Î��r ��� r 	r : ;>= � � � r 	 " (8)

Thisexplicitly showshow thechoiceof fixedzerolocation
���2�
�

in
theestimationof ������� affectsthesensitivity of resultingspectral
densityestimates- the last termin (8) providesa ‘shaping’of the
varianceerrorsasthey aredistributedover frequency. Importantly,
notethatalthoughtheseerrorscanbeshaped,they arealsoin some
sense‘conserved’ since(by orthonormalityof the

���t� ����� � ) the
areaunderthelasttermin (8) is equalto â regardlessof thechoice
of the

�������
.

7. SIMULATION EXAMPLE

We continuetheexamplepresentedin ì 2. Recallthat, for theun-
derlyingdynamics������� involved,theuseof anFIR modelled to
poor estimatesdueto eitherundermodellingerror for low model
orders,or varianceerrorfor high modelorders.

Thesolutionproposedin this paperhasbeenoneof reducing
thevarianceerrorby reducingthemodelorder, while at thesame
time injectingprior knowledgeof zerolocationssoasto notsuffer
a penaltyof high undermodellingerror.

In relationto this, notethat ������� presentedin ì 2 haszerosat�¾7í+*" î� �0�' and �Ô7í+." 1
'&$&:�ï ; | Â ð�ñ�ò , andit would seemfeasible
thatcoarseprior knowledgeof thesezerosbeingat

�
� | �
�
�j�
��� � � 7� +*" ' � +." ' � +*" ' ( �
+*" ' � +." '��·�
+." ' � couldreasonablybeassumedin
many applications.

In this case,if this prior knowledgeis incorporatedin thees-
timation problemvia the formulation (5), then the resultsareas
shown in figure 3. Clearly, the incorporationof the prior knowl-
edgeof zeroshasled to a verygreatlyimprovedestimate.
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