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Abstract

Recentworks on the analysisof linear multiuserreceiversfor DS-CDMA applications
have led to capacity-relevant expressionsthat are the solution of an integral equationin-
volving Stieltjestransformsof thedistribution of transmitpowers. Thekey toolsemployed
in theseworksarenew resultson theasymptoticeigenvaluedistributionsof randommatri-
ces. Unfortunately, it is only in theparticularcaseof the transmitpowersbeingequalthat
the integral equationhasa closedform solution. This paperaddressesthe sameproblems
pioneeredin the afore-mentionedworks, but demonstrateshow an alternative solution is
availablethat,while appealingto simplermathematicalideas(principally, the law of large
numbers),alsooffersflexibility in thattheresultsobtainedapplyfor arbitrary(asopposedto
strictly constant)received powers. An additionaladvantageis that theconvergencerateof
theapproximationusedherecanalsobequantified.
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1 Introduction

Theproblemconsideredhereis thatof lineardemodulationof aDirect-Sequence,Code-Division
Multiple-Access(DS-CDMA) signal, with a focus on providing a simple approximationthat
quantifiestheinterferingeffect (onagivenuser)of otherusersandbackgroundnoise.

The natureof studypursuedhereis inspiredby the recentworks [9, 7] whereattentionis
targetedonquantifyingtheso-called‘signal-to-interferenceratio’ (SIR)in suchamannerthatthe
contributionsof thevariouseffectsof processinggain,spreadingsequencelength,usertransmit
powers,andbackgroundnoiseareclearlyexposed.

Therearetwo key toolsemployedin [7, 9]. Thefirst is to modelthespreadingsequencesof
individualusersasrealisationsof zeromean,unit variancei.i.d. stochasticprocesses(thisstrategy�
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hasbeenemployedin otherworks[10] aswell). Thesecond,is to recognisethattheSIR,being
thenaquadraticform in a randommatrix,dependsveryexplicitly on theeigenvaluedistribution
of that randommatrix. Thereforerecentresults[5] from the mathematicalstatisticsliterature
providingacharacterisationof thisdistributionmaybeemployedto provideengineering-relevant
expressions.

This approachthenleadsto a key result(Theorem3.1of [7]) thatprovides(for finite coding
gainsandusernumbers)anapproximationfor theSIR.Unfortunately, in generalthisexpression
is only available in an implicit form that is characterisedas the solution to a certainintegral
equation.A consequenceof this is thata closedform SIR approximationis thenonly available
for thespecialcaseof equalreceivedpowers(perfectpowercontrol).

As well, the methodsusedto derive the resultsof [7] involve relatively sophisticatedideas
suchasStieltjestransforms(andhencedistributionswhich mustbe understoodin a measure-
theoreticsense),andthesemayprove to bea limiting factorin thepenetrationof theresultsand
theunderstandingof theirgenesis.

By wayof contrast,thispaperillustrateshow SIRapproximationsmaybederivedusingonly
very simpleideas(theMatrix InversionLemmaandtheLaw of LargeNumbers)andin sucha
way thataclosedform expressionis providedfor arbitrarydistributionsof receivedpowers.

2 Problem Description

Of interestis the following chip-sampleddiscretetime model for a symbol-synchronousDS-
CDMA system ��� �� 	 
���
 	���	���� � (1)

Here 
 	���� is thesymboltransmittedby the � ’ th userwho possessesspreadingsequence

��	�����
. The lengthof the signaturesequence

��	
is thus � , which is alsotermedthe ‘processing

gain’. Therefore,via (1) thereceivedsignalvector
� �����

consistsof thelinearsuperposition
of the signalssentby all � userstogetherwith the additive noisevector

� � ���
. Here,as

in [7], this noisewill bemodelledaswhiteandGaussiansothat

� !#"%$'& (*),+.-0/ .
Additionally, the symbols 1 
 	32 will alsobe modelledasrandomvariables,all independent

from oneanother, andsuchthattheirmeanandvariancesatisfy

E 1 
 	42 � & ( E 5 
 +	76 �98 	
sothat

8 	
is thereceivedpowerof usernumber� .

For thepurposesof demodulatingthesignalsentby user � �;: , it is thenusefulto think of
thereceivedsignalas ��� 
 � � � ��< (2)

wherenow

<=��� �
representsa compositedisturbanceto thereceptionof thesignalfrom user:

, andconsistsof thereceivedsignalsof all otheruserstogetherwith thebackgroundnoise:<?> �� 	 
 + 
 	'��	���� �
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Therefore,the varianceof

<
conditionalupon the receiver knowing the signaturesequences1A@ + (CBDBDBE( @ � 2 is FHG >

E 5 <I<KJ�LA� 6 � �NM���JO� ) + -
where ��>QPR� + ( �TS (UBDBDBU( � �WV ( M � XYYYZ 8 +

& BDBDB && 8 S
...

. . .
& BDBDB=BDBDB 8 �

[]\\\^ �
In orderto form thedemodulatedestimate_
 � of the transmittedsymbol 
 � , then(motivatedby
issuesof computationalefficiency) theclassof linearreceiversof theform_
 � �a` J � ( ` �b� �
is of interest.As establishedin [3], thechoice`c� $ 8 � � � � J� � FHG /ed � 8 � � � � 8 � F d �f � �: � 8 � � J� F d �f � � (3)

providesthe minimum meansquareerror solutionthat minimisesE 1 $ 
 �hg ` J � / + L,�i2 while
simultaneouslymaximising j � > 8 � $ ` J � � /k+` J F f ` (4)

overtheclassof all linearreceivers.Thislatterquantity

j �
is theso-called‘signal-to-interference

ratio’ (SIR) for thereceptionof a particularuser(in this caseusernumber1), and(for a variety
of reasons[3, 7]) it is ausefulfigureof meritwhenconsideringtheperformanceof aDS-CDMA
system.

Clearly, substituting(3) into (4) impliesthattheoptimalSIR for theclassof linearreceivers
is

j � �98 � � J� F d �f � � �l8 � � J� $m�NM�� J � ) + -�/ d � � � � (5)

It is thenof interestto studythis expressionin orderto gaininsightinto how this optimalSIR is
affectedby suchthing asthe distribution of transmitpowers(accordingto the diagonalentries
of

M
), andthe ratio n � �poU� of numberof users� to processinggain (spreadingsequence

length) � .

3 Previous Work

Previous work hastackledthis questionof gaininginsight into (5), andin particularthe recent
studies[7, 9] have recognisedthat(5) is expressibleasj � > 8 � �� q 
�� $'r q / +s q � ) +
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wherethenumbers1 s q 2 aretheeigenvaluesof

�NM�� J
andthenumbers

r q
aretheprojectionsof

theelementsof

� � onto theunit lengtheigenvectorsof

�NM�� J
(associatedwith theeigenvalues1 s q 2 in turn). If t $ s q / is thenthenumberof eigenvaluesin a region u q centredon

s q
, then[7]

arguesthatin somesense

r +qwv t $ s q / oxu q andhencein thelimit asthesignaturesequencelength�zy { andtheregions u q shrink|~} ����K� j � � j ��8 ��� �� t $ s /s � ) +W� s � (6)

The issueof understandingtheSIR

j �
thenpivotson quantifyingtheeigenvaluedensity t $ s / ,

andacorecontributionof [7, 9] is to recognisethatcertaineigen-structureanalysessuchas[5, 1]
maybeusedfor this purpose.

To bespecific,firstly supposedthatthespreadingsequences1 � q 2 aremodelledas� q � :� � P�� q $ : /�(UBDBDBE( � q $ � / V J (7)

wheretheelements1 � q $�� / 2 areidenticallydistributedrandomvariablesthatareall independent
for different � or

�
, andsuchthat E 1 � q $�� /�+ 2 ��: for all � and

�
. The justificationfor sucha

descriptiononphysicalgroundsis discussedin [9, 8, 7].
In this case,if insteadof consideringt $ s / directly, we addressits so-called‘StieltjesTrans-

form’ � $3� / definedfor

�����
as � $3� / > � �� t $ s /s g � � s (8)

thenvia theresultsof [5] � $3� / satisfiesthefollowing integralequationfor all

�O��� ( Im $3� /i� & :� $'� / ��� n � �� ��� $ � /: � � � $3� / � � g
�7� d � � (9)

Here n � �poU� and � $ � / is the limiting density(ie. limiting shapeof the histogram)of the
transmitpowersmakingup thediagonalentriesof

M
, and

In orderto clarify issues,a simplificationhasbeenmadehereby assumingthatthedensitiest and � exist (otherwiseStieltjesintegralsinvolving distributionsarerequired),but a key point
is that theabove eigenvaluecharacterisationt $ s / is implicit sincethesameterm � $3� / appears
on boththeleft andright handsidesof (9).

As a resultof this latter issue,while the work [7] is ableto provide many insightsinto the
natureof power control in DS-CDMA systems,it is only ableto provide anexplicit expression
for thelimiting SIRwhenall thereceivedpowersareequal.In thissituation,

8 q �98
for all � and

hencethedensity � $ s / becomesaDiracdelta � $ s / ��� $ s g 8 / sothat� �� ��� $ � /: � � � $3� / � � � 8: � 8 � $3� / � (10)
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Therefore,noting that(6) and(8) imply � $ g ),+�/ � j o 8 , andsubstitutingthis and(10) into the
limit of (9) as

� y g ),+ provides j8 � � n 8: � j � ) + � d � �
This is a quadraticequationin

j
with positivesolutionj � 8� ) + $ : g n / g :� � :� ) +¡  8 + $ : g n / + � � 8 ) + $ : � n / � )�¢D� (11)

Unfortunately, it appearsthat this constantpower case,by virtue of theDirac densityit implies
for � $ s / , is theonly situationin whichthecharacterisation(9) maybeappliedin orderto provide
a ‘closedform’ approximationto thelimiting SIR

j
.

The purposeof this paperis to illustrate how an alternative strategy for analysing(5), by
meansof avoiding directcharacterisationof thespectraldistribution of thematricesinvolved,is
ableto provide anexpressionfor

j
which appliesfor arbitraryreceivedpower distributions.As

anancillarybenefit,theargumentsusedherealsocall uponlesssophisticatedmathematicalideas
thanthepre-existingapproachjust outlined.

4 A New Analysis

Thereis oneessentialtool thatwill beemployedherein theanalysisof (5), and(aswell known)
it is a fundamentalresultof probability theory. Specifically, if 1D£ q 2 is a sequenceof indepen-
dent randomvariablesfor which certainregularity conditionsapply (seeTheoremA.1 in the
appendix),thenthe(strong)Law of LargeNumbersassertsthat|~} ����K� :� �� q 
�� $ £ q g E 1U£ q 2 / � & ( w.p.1 (12)

wherethe ‘with probability one’ (w.p.1) epithetindicatesthat the above limit may only fail to
holdonasubset¤h¥¡¦a¤ (of theunderlyingprobabilityspace1§¤ (.¨©( P 2 thatthe 1D£ q 2 aredefined
on) for whichP

$ ¤h¥ / � & . Theintuitiveunderstandingof this law is thatif E 1D£ q 2 � £ for all � ,
thenfor ‘large’ � , theapproximation:� �� q 
�� £ q v :�

�� q 
�� E 1D£ q 2 � £
is likely to beaccurate.

Thepurposeof thissectionis to show how thissingleprinciplecanbeusedto provideinsight
into (5), andperhapsthefirst temptationwould beto apply it to the

�NM�� J
termin (5) to try to

approximateit by somediagonalmatrix.
Thisapproachwouldbefraughtwith difficulty since,by construction

�WMª� J
is rankdeficient

(for themostcommoncaseof �¬«�� ) sothatnodiagonalexpressionis likely to beanaccurate
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approximation;indeed,oneview of thepre-existing work [7, 9] is that it dealswith exactly this
difficulty by meansof thepreviouslydiscussedeigenvaluedistributioncalculations.

In recognitionof thesepitfalls, this papertakesanalternative approachby usingtheMatrix
InversionLemma[11] which statesthat for arbitrarymatrices­ (e®¯( ` ( M of compatibledimen-
sionsandsuchthattheindicatedinversesexist:P ­ � ® ` M V d � � ­ d � g ­ d � ® P ` d � �#M ­ d � ® V d � M ­ d �
sothattheformulation(5) maybere-expressedasj � � 8 �) + � J��° - g �w$ ) + M d � �#� J � /*d � � J�± � � � (13)

Thisintroducesthematrix

� J �
whichis genericallyfull rank,thusobviatingtheneedto compute

eigenvaluedistributions.
Now, usingthenotation

P ­ V�²W³ ´ to denotethe � (*µ ’ th elementof anarbitrarymatrix ­ , then
undertherandomvariablemodel(7)° ��JT� ± ²W³ ´ � :� �� q 
�� � ²·¶ � $ � / � ´D¶ � $ � / (14)

(assumingmatrix indexing beginsat � (*µ �¸: ) andtherefore,using £ q � � ²·¶ � $ � / � ´D¶ � $ � / in
thestronglaw of largenumbersresult(12)andafternotingthatby theindependenceassumptions
E 1D£ q 2 � � $ � g µ¹/ (thisis theKroneckerdelta)thenthefollowingapproximation(valid for large� ) follows

� J � v -
sothatfor large � j � v 8 �) + ° � J� � ��g � J� ��º»� J � � ± (15)

where º�> XYYYZ
$ ) + o 8 + � : / d � & BDBDB && $ ),+ o 8 S�� : / d �

...
. . .

& BDBDB BDBDB $ ),+ o 8 � � : / d �
[]\\\^ � (16)

Now, againby using(7) and(12)� J� � � � :� �� q 
�� � +� $ � / v :�
�� q 
�� E 5 � +� $ � / 6 ��: � (17)

Finally, denoting ¼ q > :� �� ´ 
�� � � $ µ,/ � q $ µ,/ (18)
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then � J� �Wº»� J � � � �� q 
 +
¼ +q) + o 8 q � : (19)

andtherefore,againby (12)andnow for large �:� g : � J� ��º»� J � � v :� g : �� q 
 + E 1 ¼ +q 2) + o 8 q � : �
Furthermore,by the definition (18) and the independenceand unit varianceassumptionson1 � q $ µ¹/ 2

E 5 ¼ +q 6 � :� + �� ´ 
��
��² 
�� E 1 � � $ µ¹/ � q $ µ,/ � � $ � / � q $ � / 2 � :� + �� ´ 
�� E 5 � +� $ µ¹/ � +q $ µ,/ 6 � :�

sothatfor large � and � � J� �Wº»� J � � v :� �� q 
 + :) + o 8 q � : � (20)

Substituting(20)and(17) into (15) thenprovidesthelarge � and � approximationfor SIR ofj � v 8 �) +¾½ : g :� �� q 
 + :) + o 8 q � :�¿ � (21)

Clearly, this approximationholdsfor arbitrarydistribution of the received powers 1 8 q 2 , but it
is interestingto reconcileit with thepre-existing approximation(11) thatappliesonly for equal
powers. Specifically, note that if

8 q �À8
for all � , then if the SNR is high enoughsuchthat),+ o 8�Á : theapproximation(21)becomesj � v 8 �) + P : g n V (22)

where n � �poU� . At thesametime,underthesamehigh SNRassumption,thenthesquareroot
in (11) is dominatedby thefirst termsothat it alsoimplies (22) after it is recognisedthe g : o �
termis negligible.

Thesesomwehatheuristicargumentsleadingto (21)arenow presentedmoreformally in the
following Theoremwhich is themainresultof thepaper.

Theorem 4.1. With

j �
definedvia (5), and under the randomspreadingsequencemodel(7)

with E 1 LÂ� q $ µ¹/ L ¢ 2 �=Ã «�{ , thenfor somè «c{ and
� (eÄ arbitrarily close(but not equal)to

zero ÅÅÅÅÅ j � g 8 �) + ½ : g :� �� q 
 + :) + o 8 q � : ¿ ÅÅÅÅÅÇÆ ` ½ � � � ¶�È� S�É ¢ dËÊ � + � � � ¶�È� ¿
with probabilityone.
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Proof. SeeAppendixB.

Noticethatakey pointaboutthis result,whichdiscriminatesit from pre-existingconstantpower
ones[7, 9], is that it establishesa convergence-rateboundon theapproximationfor

j �
thatap-

plieswith probabilityone.Balancingthisadvantage,is thefactthattheboundindicateslow error
in theapproximation(21) only for thesmall n casein which � Á � ; althoughthesimulation
resultsto follow indicatethat(21) is, in fact,still quiteaccuratefor n near

:
.

This featureof the accuracy dependingon n � �poE� is fundamentalto the approximation
strategy usedhere,which hingedon employing theMatrix InversionLemmato replaceconsid-
erationof the rank deficient

�NM�� J �a� �iÌ7�
with that of the full rank

� J �=�?�©Í � d �3Î Ì Í � d �3Î .
However, since

�#�b���hÌ Í � d �3Î then

� J �
is, in fact,only genericallyfull rankif n � �poU� Á : ,

hencetheapproximationaccuracy dependenceon n .
5 Simulation Results

In orderto assesstheutility of thenew SIR approximation(21) thathasbeenderivedhere,this
sectionprofilesa simulationstudyin which (21) is comparedto a Monte–Carloestimateof SIR
andalso(whenapplicable)to thepre-existingapproximation(11).

To beginwith, wefirst addressthescenarioconsideredin [7] in which,for anSNRof
8 + � o ) + �� &

dB andperfectpower control so that the receivedpowers
8 q �Ï8 � for all � (seefigure1(b)),

thenthe trueSIR is estimatedin a Monte–Carlofashionby averagingover 1000realisationsof
length � �Ð: �xÑ signaturesequences

� � (CBDBDBE( � � (generatedaccordingto (7)) andfor various
ratios n � �poU� in therangen �lPR& � : ( & �ÓÒ V .

The resultsof this Monte–Carloestimationareshown asthe solid line in figure1(a). Also
shown thereasthedashedline is thepre-existing approximation(11) which appliesin this spe-
cial caseof perfectpower control. Finally, the new approximation(21) of this paperis shown
asa dash-dotline in figure 1. Clearly both approximations(11) and(21) provide an excellent
quantificationof the true SIR, but the pre-existing one(11) is superiorto that of (21) for high
ratios n . This degradationin thequality of (21) is to beexpectedvia theresultsof Theorem4.1
which provide an error boundthat, becauseof the �poU� -type terms,only guaranteesgoodac-
curacy for low ratiosof n � �poU� . Nevertheless,even within the region of high n , the new
approximation(21) is still highly informative.

However, the chief advantageof (21) arisesin scenariosof imperfectpower control, for
which it still applies,whereaspre-existing methods[7, 9] cannotprovide an equivalentclosed
form expression.

In order to assessthis situation,a lower SNR for user1 of
8 + � o ),+ ��Ô dB wasconsidered

in conjunctionwith the received powersof the otherusersbeingthe non-constantdistribution
illustratedin figure 2(b). Shown asthe solid line in figure2(a) is the 1000realisationMonte–
Carloestimateof SIR thatcorrespondsto this receivedpower distribution andvariousvaluesofn . The dash-dotline is the approximation(21) for this imperfectpower control situation,and
consideringits closeagreementwith the solid line, it appearsto remaina highly informative
approximationin this scenario.As before,it is mostaccuratefor low valuesof n .
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Figure1: Theleft figure showstheMonte–Carloestimateof SIRversus n � �poE� as thesolid
line, and it showsthepre-existingapproximation(11) as thedashedline, with thenew approx-
imation (21) as thedash-dotline. Theright handfigure showsthe receivedpowerdistribution
usedfor theMonte–Carlosimulation.
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Figure2: Theleft figure showstheMonte–Carloestimateof SIRversus n � �poE� as thesolid
line, andit showsthenew approximation(21) asthedash-dotline. Theright handfigure shows
thereceivedpowerdistributionusedfor theMonte–Carlosimulation.
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6 Conclusions

Previous authors[7, 9, 3] have establishedthe utility of consideringSIR, andasymptotically
derivedapproximationsto it, asa performance-measureof DS-CDMA systems.Thework here
hasbuilt upontheseideasin threeways:

1. An alternativederivationmethodthatrelieson relatively simpleprincipleshasbeenestab-
lished;

2. Becauseof the directnessof the methodsemployed here,an extensionbeyond previous
worksto thecaseof arbitraryreceivedpowerdistributionsis possible;

3. Theconvergencerateof theapproximationto thetrueSIR canbequantified.

Thechiefdeficiency of thenew resultspresentedhereis that,asapricepaidfor theirsimplicity of
derivation,they arenot asaccurateastheperfectpower controlexpressionsof previousauthors
when n � �poU� is closeto one.Theirutility in comparisonto previousresultsis thusapplication
dependent.

A Technical Results and Proofs

Theorem A.1. [A StrongLaw of Large Numbers] Suppose1D£ q 2 is a sequenceof randomvari-
ables,not necessarilyzero mean,andwith arbitrary correlationstructure (not necessarilysta-
tionary) that is characterisedby theexistenceof a

` «?{ ,
: « j «Õ{ such that�� q 
��

�� Ö 
�� E 1C£ q £ Ö 2 Æ ` �Ø× �
Thenfor any n � j o � :�ØÙ ��� 
�� £ qlÚÜÛ ÝÞÛg y & as �zy { �
Proof. See [4] for a proof of the Theoremasstated,or seeTheorem3.7.2 [6] for a slightly
weaker resultthatis still adequatefor thepurposesof thispaper.

B Proof of Theorem 4.1

Proof. In whatfollows,
`

will denoteanunspecifiedbut guaranteedfinite quantitythatmaybe
differentin differentpartsof theproof. Returningto theformulation(13)j � � 8 �) + � J� ° - g �K$ ) + M d � ��� J � / d � � J�± � � ( (B.23)
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theninitially focusingon (14),whichstatesthat° � J � ± ²�³ ´ � :� �� q 
�� � ²�¶ � $ � / � ´C¶ � $ � /�( (B.24)

thenuseof theassumptionson 1 � ´ $ � / 2 provides

E 1 � ²�¶ � $ � / � ´D¶ � $ � / 2 ��� $ � g µ¹/
(this is Kronecker delta)and

E 1 � ²·¶ � $ � / � ´D¶ � $ � / � ²�¶ � $~� / � ´D¶ � $~� / 2 � ßààààá ààààâ
� $ � g � / ã �åä� µ
ßá â
: ã �¾ä� �Ã ã � � � ã � � µ

sothat

E ßá â
ÅÅÅÅÅ �� q 
�� � ²�¶ � $ � / � ´D¶ � $ � / g � � $ � g µ¹/ ÅÅÅÅÅ +0æÂçè Æ ` � �

Therefore,by TheoremA.1 andfor some
� � &|~} ����K� :� � É + ¶�È ÅÅÅÅÅ �� q 
�� � ²�¶ � $ � / � ´C¶ � $ � / g � � $ � g µ,/ ÅÅÅÅÅ � & ( w.p.1

sothatby (B.24) ÅÅÅ ° � J � ± ²�³ ´ g � $ � g µ,/ ÅÅÅ Æ `� � É + d È ( w.p.1.

For anarbitrarysquarematrix ­ �¾� ´ Ì ´ , definethenorm éÜ­êé to bethe‘spectralnorm’ éÜ­�é �ë.ì0í�îCïCðòñ 
 J ­ 
 o 
 J 
 . Thenvia theaboveresultcombinedwith (2.3.8)of [2] andwith probability
one � J � � - � u � ( é�u � é Æ ` �� � É + d È � (B.25)

Usinganidenticalargumenttogetherwith theformulation(17)andTheoremA.1� J� � � �ó: � u + ( L u + L Æ `� � É + d È ( w.p.1. (B.26)

Substituting(B.25)and(B.26) into (13) thenprovidesj � � 8 �) +õô : g � J� �K$3º d � � u � / d � � J � �÷ö � u + 8 �) +� 8 �) +õô : g � J� �Wº»� J � � ��� J� �K$mº d � � u � / d � u � º»� J � �kö � u + 8 �) + (B.27)
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where

º
is givenby (16) andtheMatrix InversionLemmahasbeenusedin progressingto the

lastline. Now, with thedefinition(18)of¼ q > :� �� ´ 
�� � � $ µ,/ � q $ µ,/
thenvia (19) � J� �Wº»� J � � � �� q 
 +

¼ +q) + o 8 q � :
andundertheindependence,unit variance,andfinite 4’th momentassumptionson 1 � q $ µ¹/ 2
E 5 ¼ +q 6 � :� + �� ´ 
��

��² 
�� E 1 � � $ µ¹/ � � $ � / � q $ µ¹/ � q $ � / 2 � :� + �� ´ 
�� E 5 � � $ µ,/ + 6 E 5 � q $ µ,/ + 6 � :� �
(B.28)

Furthermore,

E 5 ¼ +q ¼ +ø 6 � :� ¢ �� ´ 
��
��² 
��
�� Ö 
��
�� ù 
�� E 1 � � $ µ,/ � � $ � / � � $ûú / � � $'ü / 2 E 1 � q $ � / � q $ µ¹/ � ø $ûú / � ø $'ü / 2

sothatwhen �¾ä� �
E 5 ¼ +q ¼ +ø 6 � :� ¢ �� ´ 
��

��² 
��
�� Ö 
��
�� ù 
�� E 1 � � $ µ¹/ � � $ � / � � $ûú / � � $�ü / 2 E 1 � q $ � / � q $ µ,/ 2 E 1 � ø $ýú / � ø $�ü / 2� :� ¢ �� ´ 
��

��² 
��
�� Ö 
��
�� ù 
�� E 1 � � $ µ¹/ � � $ � / � � $ûú / � � $�ü / 2 � $ µ g � / � $ýú g ü /� :� ¢ �� ´ 
��

�� Ö 
�� E 5 � +� $ µ¹/ � +� $ûú / 6� :� ¢ $ � Ã � � $ � g : /./
while when � � �

E 5 ¼ +q ¼ +ø 6 � :� ¢ �� ´ 
��
��² 
��
�� Ö 
��
�� ù 
�� E 1 � � $ µ,/ � � $ � / � � $ýú / � � $'ü / 2 E 1 � q $ � / � q $ µ¹/ � q $ûú / � q $�ü / 2� :� ¢ ° � Ã + � � $'þ � g : / ±

wherethelastline followssincetheexpectationswill bezerounlesstherearetwo matchedpairs
of indices,and taking the first index µ , as it rangesthrough � values,it can match3 other
indices,eachof whichcanrangethrough� possiblevalues.Therefore,thereare

þ � + timesthat
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theabove quadruplesummationinvolvespairsof matchedindices,andof these,� occurrences
involveall four indicesbeingmatched.Therefore

E 5 ¼ +q ¼ +ø 6 � ßàààá àààâ
:� S ° Ã + � $'þ � g : / ± ã � � �:� S P Ã � $ � g : / V ã ��ä� � (B.29)

andhence�� q 
 + �� ø 
 + E 5 $ � ¼ +q g : / $ � ¼ +ø g : / 6$ ) + o 8 q � : / $ ) + o 8 ø � : / � �� q 
 + �� ø 
 + � + E 5 ¼ +q ¼ +ø 6 g :$ ) + o 8 q � : / $ ) + o 8 ø � : /� :� $ Ã + �#þ � g : / �� q 
 + :$ ) + o 8 q � : / + �:� P Ã � � g : V XZ�ÿ �� q 
 + :) + o 8 q � :�� + g �� q 
 + :$ ) + o 8 q � : / + [^ gÿ �� q 
 + :) + o 8 q � :�� +Æ ` � + �
Therefore,by TheoremA.1, andfor some

� � &| } �� �K� :� � ¶�È �� q 
 + �
¼ +q g :) + o 8 q � : � & ( w.p.1

sothatsince � ÿ � J� �Wº»� J � �·g :� �� q 
 + :) + o 8 q � :�� � �� q 
 + �
¼ +q g :) + o 8 q � :

thenfor somè «?{ andwith probabilityone� J� �Wº»� J � � � :� �� q 
 + :) + o 8 q � : � u S ( L u SxL Æ `Ø� � ¶�È� � (B.30)

Therefore,using(B.27)ÅÅÅÅÅ j � g 8 �) + ÿ : g :� �� q 
 + :) + o 8 q � :�� ÅÅÅÅÅ � ÅÅÅ 8 �) +õô u S�� u + ��� J� �K$mº d � � u � / d � u � º»� J � �kö ÅÅÅ �
(B.31)
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Finally, by the definition of the Matrix Norm (induced2-norm)andthe Cauchy—Schwarz in-
equality ÅÅ � J� �K$3º d � � u � / d � u � º»� J � � ÅÅ Æ é�u � é B é $mº d � � u � / d � é B é º é ÅÅ � J� �W� J � � ÅÅ �
However, since

º
is diagonal é º é � �����q ÅÅÅÅ 8 q) + � 8 q ÅÅÅÅ

which is clearly bounded.Also, sincematrix inversionis convex with respectto the induced
2-norm,then é $3º d � � u � / d � é Æ é º é � é�u d �� é � é º é � é�u � é d �
Therefore,by setting ) + � & in theright handsideof (B.30)ÅÅ � J� �K$mº d � � u � / d � u � º»� J � � ÅÅ Æ ` é�u � é LÂ� J� �W� J � � L � ` é�u � é ÅÅÅÅÅ �� q 
 + ¼ +q ÅÅÅÅÅ Æ ` é�u � é�u S ( w.p.1�
Using this boundin (B.31) togetherwith theexpressions(B.30) and(B.26) thencompletesthe
proof.
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