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Abstract

Recentworks on the analysisof linear multiuserreceversfor DS-CDMA applications
have led to capacity-releant expressionghat are the solution of an integral equationin-
volving Stieltjestransformsof the distribution of transmitpowers. The key toolsemplo/ed
in theseworks arenew resultson the asymptoticeigewvalue distributions of randommatri-
ces. Unfortunately it is only in the particularcaseof the transmitpowersbeingequalthat
the integral equationhasa closedform solution. This paperaddressethe sameproblems
pioneeredn the afore-mentionedvorks, but demonstratefiov an alternatve solutionis
available that, while appealingto simplermathematicaldeas(principally the law of large
numbers)alsooffersflexibility in thattheresultsobtainedapplyfor arbitrary(asopposedo
strictly constantyeceved powers. An additionaladvantageis that the corvergencerate of
theapproximatiorusedherecanalsobe quantified.
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1 Introduction

Theproblemconsideredhereis thatof lineardemodulatiorof a Direct-Sequence;ode-Dvision
Multiple-Access(DS-CDMA) signal, with a focus on providing a simple approximationthat
guantifiesheinterferingeffect (on a givenuser)of otherusersandbackgroundoise.

The natureof study pursuedhereis inspiredby the recentworks [9, 7] whereattentionis
targetedon quantifyingtheso-calledsignal-to-interferenceatio’ (SIR) in suchamannethatthe
contributionsof the variouseffectsof processingyain, spreadingsequencéength,usertransmit
powers,andbackgrounchoiseareclearly exposed.

Therearetwo key toolsemployedin [7, 9]. Thefirst is to modelthe spreadingsequencesf
individualusersasrealisation®f zeromeanunitvariance.i.d. stochastiprocesseghis stratgy
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hasbeenemployedin otherworks[10] aswell). The secondjs to recognisehatthe SIR, being
thenaquadratidform in arandommatrix, dependsery explicitly onthe eigervaluedistribution
of thatrandommatrix. Thereforerecentresults[5] from the mathematicaktatisticsliterature
providing acharacterisationf thisdistributionmaybeemployedto provide engineering-releant
expressions.

This approachthenleadsto akey result(Theorem3.1 of [7]) thatprovides(for finite coding
gainsandusernumbersyanapproximatiorfor the SIR. Unfortunatelyin generakhis expression
is only availablein animplicit form thatis characteriseds the solutionto a certainintegral
equation.A consequencef thisis thata closedform SIR approximations thenonly available
for the specialcaseof equalreceved powers(perfectpower control).

As well, the methodsusedto derive the resultsof [7] involve relatively sophisticateddeas
suchas Stieltjestransforms(and hencedistributionswhich mustbe understoodn a measure-
theoreticsense)andthesemay prove to be alimiting factorin the penetratiorof theresultsand
theunderstandingf theirgenesis.

By way of contrastthis paperillustrateshow SIR approximationgnaybederivedusingonly
very simpleideas(the Matrix InversionLemmaandthe Law of Large Numbers)andin sucha
way thata closedform expressionis providedfor arbitrarydistributionsof recevedpowers.

2 Problem Description

Of interestis the following chip-samplediscretetime modelfor a symbol-synchronou®S-
CDMA system

K
Y =) &S+ W (1)
i=1
Herex; € R is the symboltransmittedoy the ;’th userwho possessespreadingsequences; €
RY. Thelengthof the signaturesequence; is thus N, which is alsotermedthe ‘processing
gain’. Thereforeyia (1) therecevedsignalvectorY € R” consistf the linearsuperposition
of the signalssentby all K userstogetherwith the additive noisevectorW € RY. Here,as
in [7], this noisewill be modelledaswhite andGaussiarsothatW ~ N (0, o21).
Additionally, the symbols{z;} will alsobe modelledasrandomvariables,all independent
from oneanotherandsuchthattheir meanandvariancesatisfy

E{z;} =0, E{2?}=p
sothatp; is therecevedpower of usernumbers.
For the purpose®f demodulatinghe signalsentby user; = 1, it is thenusefulto think of

therecevedsignalas
Y = 32‘151 + VA (2)

wherenow Z € R" represents compositedisturbanceo the receptionof the signalfrom user
1, andconsistof therecevedsignalsof all otheruserstogethemwith the backgroundoise:

K
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Therefore,the varianceof Z conditionaluponthe recever knowing the signaturesequences
{89,---,8K} IS
P,2E{ZZ" | S} =SDS" + %I
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In orderto form the demodulateastimater; of the transmittedsymbolz,, then(motivatedby
issuesof computationakfficiency) the classof linearreceversof theform

7=C"Y, CeR"
is of interest.As establishedhn [3], thechoice

p1P§151

C = (pSiST +P,) pS =
(Pl 107 ) D1o1 1+p151TP2151

(3)

providesthe minimum meansquareerror solutionthat minimisesg{(z; — C*Y)? | S} while
simultaneouslynaximising

A p1(CT51)2
= 4
by = =eTp,c @

overtheclassof all linearrecevers. Thislatterquantity 3y is theso-calledsignal-to-interference
ratio’ (SIR) for thereceptionof a particularuser(in this caseusernumberl), and(for a variety
of reasong$3, 7)) it is ausefulfigure of meritwhenconsideringheperformancef aDS-CDMA
system.

Clearly, substituting(3) into (4) impliesthatthe optimal SIR for the classof linearrecevers
is

By =p1ST P;'Sy = ;ST (SDS™ + 01)715,. (5)

It is thenof interestto studythis expressionn orderto gaininsightinto how this optimal SIR is
affectedby suchthing asthe distribution of transmitpowers (accordingto the diagonalentries
of D), andtheratio« = K/N of numberof usersK to processingyain (spreadingsequence
length) V.

3 Previous Work

Previous work hastackledthis questionof gaininginsightinto (5), andin particularthe recent
studieq7, 9] have recognisedhat(5) is expressibleas

N
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wherethenumbers{\; } aretheeigervaluesof SDST andthenumbersu, arethe projectionsof

the elementof S; ontothe unit lengtheigervectorsof SDST (associatedavith the eigervalues
{Ax} inturn). If g(\;) is thenthe numberof eigervaluesin aregion A, centredon ), then[7]

amguesthatin somesensa:; ~ g(A\;)/A; andhencein thelimit asthesignaturesequencéength
N — oo andtheregionsA,, shrink

dm gy =5 =pi [ 2 an ©)

Theissueof understandinghe SIR 5y thenpivots on quantifyingthe eigervaluedensityg (),
andacorecontributionof [7, 9] is to recognisehatcertaineigen-structuranalysesuchas|5, 1]
may be usedfor this purpose.

To bespecific firstly supposedhatthe spreadingsequence$S; } aremodelledas

Sk Vi(N)]" (7)

1
\/N[Vk(l), :
wheretheelementsV(j)} areidenticallydistributedrandomvariablesthatareall independent
for differentk or j, andsuchthatE{V;(5)?} = 1 for all ¥ andj. Thejustificationfor sucha
descriptionon physicalgroundsis discussedh [9, 8, 7].
In this casejf insteadof consideringg()) directly, we addressts so-called Stieltjes Trans-
form’ m(z) definedfor z € C as

A * g()‘)
m(z) —/0 0 (8)
thenvia theresultsof [5] m(z) satisfieghefollowing integralequatiorfor all z € C,Im(z) > 0:
IO () -
m(z) = (a/o T+ rm(2) dr z) i (9)

Herea = K/N and f(r) is the limiting density (ie. limiting shapeof the histogram)of the
transmitpowersmakingup the diagonalentriesof D, and

In orderto clarify issuesa simplificationhasbeenmadehereby assuminghatthe densities
g and f exist (otherwiseStieltjesintegralsinvolving distributionsarerequired),but a key point
is thatthe above eigervaluecharacterisatiog(\) is implicit sincethe sametermm(z) appears
on boththeleft andright handsidesof (9).

As aresultof this latter issue,while the work [7] is ableto provide mary insightsinto the
natureof power controlin DS-CDMA systemsit is only ableto provide an explicit expression
for thelimiting SIRwhenall therecevedpowersareequal.In this situation,p, = p for all £ and
hencethedensity f(\) becomes Diracdeltaf(\) = §(\A — p) sothat

© 7f(r) _ p
/0 1+ 7m(z) dr =17 pm(z)’ (10)



Therefore notingthat (6) and(8) imply m(—o0?) = 3/p, andsubstitutingthis and(10) into the
limit of (9) asz — —o? provides

=L (1-0)— 2+ /(L — )’ + 2p0°(1 + @) + 0%, (11)

Unfortunately it appearshatthis constanipower case by virtue of the Dirac densityit implies
for f()\), istheonly situationin whichthecharacterisatio(®) maybeappliedin orderto provide
a‘closedform’ approximatiorto thelimiting SIR .

The purposeof this paperis to illustrate how an alternatve strateyy for analysing(5), by
meansof avoiding directcharacterisationf the spectraldistribution of the matricesinvolved, is
ableto provide anexpressiorfor 5 which appliesfor arbitraryreceved power distributions. As
anancillarybenefittheagumentaisedherealsocall uponlesssophisticateenathematicaildeas
thanthe pre-«isting approachust outlined.

4 A New Analysis

Thereis oneessentiatool thatwill beemplogyedherein theanalysisof (5), and(aswell known)
it is afundamentatesultof probabilitytheory Specifically if {X}} is a sequencef indepen-
dentrandomvariablesfor which certainregularity conditionsapply (seeTheoremA.1 in the
appendix)thenthe (strong)Law of Large Numbersassertshat

N
lim %Z (Xe—E{X:}) =0, wp.l (12)

N—o0
k=1

wherethe ‘with probability one’ (w.p.1) epithetindicatesthat the above limit may only fail to
holdonasubsef)’ C (2 (of theunderlyingprobabilityspace{2, F, P} thatthe { X } aredefined
on) for which P(€2') = 0. Theintuitive understandingf thislaw is thatif E{ X} = X for all &,
thenfor ‘large’ IV, theapproximation

1 < 1 <
=Y Xem o> E{X}=X
Nk:l Nk:l

is likely to beaccurate.

Thepurposeof this sectionis to shav how this singleprinciplecanbeusedto provide insight
into (5), andperhapghe first temptationwould be to applyit to the SDS” termin (5) to try to
approximatat by somediagonalmatrix.

This approactwould befraughtwith difficulty since by constructionS DS is rankdeficient
(for themostcommoncaseof K < N) sothatno diagonalexpressioris likely to beanaccurate



approximationjndeed,oneview of the pre-isting work [7, 9] is thatit dealswith exactly this
difficulty by meansof the previously discusseeigervaluedistribution calculations.

In recognitionof thesepitfalls, this papertakesan alternatve approactby usingthe Matrix
InversionLemma[11] which stateghatfor arbitrarymatricesA, B, C, D of compatibledimen-
sionsandsuchthattheindicatedinversesxist:

[A+BCD] ' =A'—A'B[C™'+ DA™'B]"'DA™!
sothattheformulation(5) maybere-expresseds
By = %s{ [1 - S(c>D™" + 575)"'57] 5y. (13)

Thisintroduceghematrix S7'S whichis genericallyfull rank,thusobviatingtheneedto compute
eigervaluedistributions.

Now, usingthe notation[A],, , to denotethem, n’th elementof anarbitrarymatrix A, then
undertherandomvariablemodel(7)

N
1
[S78] i = 77 2 Viwsr (B) Vs (K) (14)
k:

(assumingmatrix indexing beginsat m,n = 1) andthereforeusing Xy, = Vi,11(k)Vp11(k) In
thestronglaw of largenumbergesult(12) andafternotingthatby theindependencassumptions
E{X\} = d(m—n) (thisistheKroneclerdelta)thenthefollowing approximatior(valid for large
N) follows

STS~1T
sothatfor large N
By ~ % [STS; — STSNSTS,] (15)
where
(0?/py + 1)1 0 0
»2 ! (/)™ . (16)
6 (02 /px + 1)1
Now, againby using(7) and(12)
1 o 1 o
SfSlzﬁkZ;Vf(k)zN;E{Vf(k)} =1. (17)

Finally, denoting
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then
K

2
SToxsTs, =S 19
PESTS =3 ke (19)

andtherefore againby (12) andnow for large K
K

1 E {ni}
T ) T k )

Furthermore by the definition (18) and the independencend unit varianceassumptionon

{Vi(n)}
E{”}_szZE{Vl Vi(m)Vi(m szE{Vl }:%

n=1 m=1

sothatfor large K and N
K

1 1
SToySTS, s —y ——— . 20
1 RSP e (20)

Substituting(20) and(17) into (15) thenprovidesthelarge N and K approximatiorfor SIR of

(21)

p 1 1
1 Z
o? l N P o?[pp +1

Clearly this approximationholdsfor arbitrary distribution of the receved powers{p}, but it
is interestingto reconcileit with the pre-«isting approximation(11) thatappliesonly for equal
powers. Specifically notethatif p, = p for all &, thenif the SNR is high enoughsuchthat
o?/p < 1 theapproximation(21) becomes

Bn = = [1 - (22)

wherea = K/N. At the sametime, underthe samehigh SNRassumptionthenthe squareroot
in (11) is dominatedby the first termsothatit alsoimplies (22) afterit is recognisedhe —1/2
termis negligible.

Thesesomwehateuristicagumentdeadingto (21) arenow presenteanoreformally in the
following Theoremwhichis the mainresultof the paper

Theorem 4.1. With 5y definedvia (5), and underthe randomspreadingsequencenodel(7)
with E{|V%x(n)|*} = k < oo, thenfor someC < oo andé, e arbitrarily close(but notequal)to

Ze
K 2
o) 1 1 K1+6 K1+6
AN - l<cC
xS < (W) <

with probability one




Proof. SeeAppendixB. O

Noticethatakey pointaboutthis result,which discriminatest from pre-&isting constanpower
oneg[7, 9], is thatit establishes corvergence-ratddoundon the approximatiorfor 3y thatap-
plieswith probabilityone.Balancingthis advantageis thefactthattheboundindicatedow error
in the approximation(21) only for the small o casein which K < N; althoughthe simulation
resultsto follow indicatethat(21) is, in fact,still quiteaccuratdor o nearl.

This featureof the accurag dependingon o = K/N is fundamentato the approximation
stratgy usedhere,which hingedon employing the Matrix InversionLemmato replaceconsid-
erationof the rank deficientSDS” € RV*" with thatof thefull rank S7S € RE-Dx(K-1),
However, sinceS € RV*(K-1) thenST S is, in fact,only genericallyfull rankif o = K/N < 1,
hencethe approximatioraccurag dependencen a.

5 Simulation Results

In orderto assesshe utility of the new SIR approximation(21) thathasbeenderived here,this
sectionprofilesa simulationstudyin which (21) is comparedo a Monte—Carloestimateof SIR
andalso(whenapplicable)o the pre-«isting approximation(11).

To beginwith, wefirst addresshescenariaonsideredn [7] in which,for anSNRof p? /o2 =
20dB andperfectpower control sothatthe receved powersp, = p, for all k& (seefigure 1(b)),
thenthetrue SIR is estimatedn a Monte—Carlofashionby averagingover 1000realisationsof
length N = 128 signaturesequences’, - - -, Sk (generatedaccordingto (7)) andfor various
ratiose = K/N in therangea € [0.1,0.9].

The resultsof this Monte—Carloestimationare showvn asthe solid line in figure 1(a). Also
shown thereasthe dashedine is the pre-«isting approximation(11) which appliesin this spe-
cial caseof perfectpower control. Finally, the new approximation(21) of this paperis shaovn
asadash-dotine in figure 1. Clearly both approximationg11) and(21) provide an excellent
guantificationof the true SIR, but the pre-&isting one(11) is superiorto that of (21) for high
ratiosa. This degradationin the quality of (21) is to be expectedvia the resultsof Theoremd.1
which provide an error boundthat, becausef the K/ N-type terms,only guaranteegioodac-
curay for low ratiosof « = K/N. Neverthelessgven within the region of high «, the new
approximation21) s still highly informative.

However, the chief advantageof (21) arisesin scenariosof imperfectpower control, for
which it still applies,whereagpre-«isting methodg7, 9] cannotprovide an equivalentclosed
form expression.

In orderto assesshis situation,a lower SNR for userl of p?/0? = 5dB wasconsidered
in conjunctionwith the receved powersof the otherusersbeingthe non-constantlistribution
illustratedin figure 2(b). Shavn asthe solid line in figure 2(a) is the 1000realisationMonte—
Carloestimateof SIR thatcorrespondso this receved power distribution andvariousvaluesof
«. Thedash-dotine is the approximation(21) for this imperfectpower control situation,and
consideringits closeagreementvith the solid line, it appeargdo remaina highly informative
approximationn this scenario As before, it is mostaccuratdor low valuesof a.



Monte-Carlo Estimate of SIR together with approximations

——  Monte Carlo Average
- New approximation (21)
Pre-existing approximation (11)
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Figurel: Theleft figure showsthe Monte—Carloestimateof SIRversusa = K /N asthesolid
line, andit showsthe pre-existing approximation(11) asthe dashedine, with the new approx-
imation (21) asthe dash-dotline. Theright handfigure showsthe receivedpowerdistribution
usedfor the Monte—Carlosimulation.

49

Monte-Carlo Estimate of SIR together with approximation

——  Monte Carlo Average
- New approximation (21)

0.2 03 04 05 06 0.7 08 09
a=K/N

(a) SIR (Monte-CarloandApprox)

Received Power Distribution fora = 0.9

-16F

Received Power (dB)
N
N
T

20 40 60 80 100 120
User Number

(b) RecevedPower Distribution

Figure2: Theleft figure showsthe Monte—Carloestimateof SIRversusa = K /N asthe solid
line, andit showsthe new approximation(21) asthe dash-dotiine. Theright handfigure shows
thereceivedoowerdistribution usedfor the Monte—Carlosimulation.
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6 Conclusions

Previous authors[7, 9, 3] have establishedhe utility of consideringSIR, and asymptotically
derivedapproximationgo it, asa performance-measumd DS-CDMA systems.Thework here
hasbuilt upontheseideasin threeways:

1. An alternatve derivationmethodthatreliesonrelatively simpleprincipleshasbeenestab-
lished;

2. Becauseof the directnesf the methodsemployed here,an extensionbeyond previous
worksto the caseof arbitraryreceved power distributionsis possible;

3. Thecorvergencerateof theapproximatiorto thetrue SIR canbe quantified.

Thechiefdeficieny of thenew resultspresentedhereis that,asapricepaidfor theirsimplicity of

derwvation,they arenot asaccurateasthe perfectpower controlexpression®f previous authors
whena = K/N is closeto one.Their utility in comparisoro previousresultsis thusapplication
dependent.

A Technical Results and Proofs

Theorem A.1. [A StrongLaw of Large Numbes] Supposd X, } is a sequencef randomvari-
ables,not necessarilyzeio mean,and with arbitrary correlation structure (not necessarilysta-
tionary) thatis characterisedby the existenceofa C' < 0o, 1 < < oo sud that

N N
> ) E{Xi X/} <CNP.
k=1 (=1

Thenfor anya > (/2

N
1 Z as.
K=1

Proof. See [4] for a proof of the Theoremas stated,or seeTheorem3.7.2[6] for a slightly
wealer resultthatis still adequatdor the purpose®f this paper O

B Proof of Theorem 4.1

Proof. In whatfollows, C' will denoteanunspecifiecbut guaranteedinite quantitythatmay be
differentin differentpartsof the proof. Returningto theformulation(13)

o = ST [1 - S(e°D~" +575)7'57] s, (B.23)



theninitially focusingon (14), which stateghat

[575] 1 Nva+1 Vi (),

thenuseof theassumptionsn {V,,(k)} provides

E{Vit1(k)Vas1(k)} = 6(m — n)

(thisis Kronecler delta)and

E{Vm+1(k)vn+1(k)vm+1(j)Vn+1(j)} = { 1 sk#j

{ } <o

Therefore py TheoremA.1 andfor somej > 0

sothat

N
Z m+1 n+1 ) Né(m - n)
k=

N
]\}I_I;%o N1/2+ Z m+1 n—|—1 ) N(s(m - n) = O) W'p'l
k=1
sothatby (B.24)
C

11

(B.24)

For anarbitrarysquarematrix A € R™*", definethenorm|| A|| to bethe‘spectralnorm’ || A|| =
sup,cr» ¥* Az /2" z. Thenviatheabove resultcombinedwith (2.3.8)of [2] andwith probability

one %
STS =1+ A, I|A; ”<CN1/25
Usinganidenticalagumenttogethemwith theformulation(17) andTheoremA.1
C

S{Sl = 1+A2, ‘A2| < Wpl

N1/2-6°
Substituting(B.25) and(B.26) into (13) thenprovides

By = Zl (1= STS(E " +80) 1878 + 2,55

— DL (1 STSRSTS, + STS(S7 + A1) TIAESTS,) + AL
o o

(B.25)

(B.26)

(B.27)
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whereY: is givenby (16) andthe Matrix InversionLemmahasbeenusedin progressingo the
lastline. Now, with the definition (18) of

N
1
T = ;Vl(”)‘/k(")
thenvia (19)
S
STsysts, = —_
' ' kZ:; o?/pp +1

andundertheindependenceynit variance andfinite 4’th momentassumptionsn {Vy(n) }

E{n} = Ni > D E{VimVi(m)Vi(n)Vi(m)} = %Z E{Vi(n)2)} E {Vi(n)?} = %
e "~ (B.28)
Furthermore,

E{mn;} = % Y000 > EVimVim)Vi()Vi(r)} E{Va(m)Vi(n)V;(OVi(r)}

sothatwhenk # j
E{nint} = w2020 0 D E{ViVim)Vi(OVi(r)} E {Vi(m)Vi(n)} E{V;()V;(r)}

= Ni Z Z Z Z E{Vi(n)Vi(m)V1(£)Vi(r)} d(n —m)d(£ —r)

while whenk = j

£} = 2 D02 D0 Y E(ViemVi(OVi ()} E {V(m) Vi (m)Vi(OVi(r))
1
Ni

wherethelastline follows sincethe expectationswill bezerounlessherearetwo matchedairs
of indices, and taking the first index n, asit rangesthrough N values,it can match 3 other
indices,eachof which canrangethroughN possiblevalues.Thereforethereare3N? timesthat
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the above quadruplesummationinvolvespairsof matchedndices,andof these,N occurrences
involve all four indicesbeingmatched.Therefore

e [+ (BN -1)] k=3
E {nknj} = ) (B.29)
Gl (N =] kA

andhence

ZZE{NW DN -1} ii N2E {npr3} - 1

%—2 = (0%/p + 1)(0?/p; + 1) (02/pk+1)(02/pj—|-1)

< CKZ2

Thereforepy TheoremA.1, andfor somej > 0

1 —
Koo K1+5 Z 02/p,c 10

sothatsince p p
1 1 N2 —1
N | STsxsTs, — — — | = —k
thenfor someC < oc andwith probabilityone
K

1 1 Ko
STSx8Ts, = ~ Y o ——+ Ay, Ay < O——. (B.30)
k=2

Thereforeusing(B.27)

p 1 1
3 1 Z
1 J—
’ ( k=2 0% [P 1)‘

% (As+ Ay + STS(S 4+ A)7'A 2878, |

(B.31)
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Finally, by the definition of the Matrix Norm (induced2-norm) andthe Cauchy—Schwrz in-
equality

SIS(E + A) T ABSTS | < [|A- (5 + A) - [[51][STSSTS .

However, sinceX. is diagonal

Pk
02+ pg
which is clearly bounded. Also, sincematrix inversionis corvex with respectto the induced
2-norm,then

[1%]] = max
k

IET +A) T < IZI+ 1A = 1]+ 1A
Therefore py settinga? = 0 in theright handsideof (B.30)

K
>

k=2

‘S?S(E_l + Al)_lAlstsl‘ < C“AlmeSSTSl‘ = C”Al” < C“Al“Ag, Wpl

Usingthis boundin (B.31) togetherwith the expressiongB.30) and(B.26) thencompleteghe
proof. O
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