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Abstract

Constrained receding horizon controllers are often designed to regulate the system state about
some desired set-point subject to input constraints. This paper presents a class of receding horizon
controllers which force the inputs to lie inside the constraint set by including a so-called ‘recentred
barrier function’. The significance of such a controller is that hard constraints are replaced with
penalty type soft constraints. This results in a control law that ‘backs off’ near constraint bound-
aries. The degree to which this backing-off occurs, is directly related to the parameter value that
characterises the class of controllers. For each parameter value there is a corresponding unconstrained
minimisation problem. The associated control law is obtained in the standard manner by solving this
problem at each time interval and applying the first control move to the system. This method is ap-
plicable to general convex objective functions with convex inequality constraints. We illustrate this
idea by way of an example application to linear discrete-time plant models with linear and convex
quadratic static input constraints.

1 Introduction

The cost function associated with receding horizon control is a means for determining that one control path
is preferrable to another [XX]. The cost function is inherently linked to closed-loop dynamic behaviour
and in certain cases this connection can be made explicit [XX]. In the case where constraints are deemed
important to the closed-loop behaviour, then it is customary to represent them as a closed convex subset
of a finite dimensional real vector space (Mayne et al., 2000). The receding horizon control problem may
then be expressed as: at each time interval with given system state, optimise the cost function over future
control moves, subject to constraints, then apply the first control move to the system (Mayne et al., 2000).

In this paper we propose instead to include the constraints as part of the cost function. In particular, use
of a barrier function (which is quite standard for interior-point methods (Fiacco and McCormick, 1968))
ensures that the solution lies on the interior of the constraint set. This approach penalises control action
near the constraint boundary more than control action away from the constraint boundary. Therefore, the
resulting control law becomes ‘cautious’ when approaching a boundary point. Furthermore, the degree
of cautiousness is directly related to the parameter value which governs the intensity of the barrier term.
The class of controllers presented in this paper is characterised by the same parameter value, henceforth
referred to by the positive scalar u. Moreover, the more traditional receding horizon control problem is
captured in the limit as g — 0.

Given an arbitrary steady-state set-point on the interior of the constraint set, we develop a so-called
recentred barrier function. If the closed-loop system is stable for the chosen parameter value, say uy,
then this barrier function ensures convergence to the set-point in steady-state. This property is not
guaranteed with a more general barrier - even with integral action. This recentring essentially shapes the
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barrier function such that the minimum occurs at the desired steady-state set-point.

To illustrate these ideas, we investigate the application of the proposed controller for the case of a linear
plant model with linear and convex quadratic input constraints. We construct a terminal constraint set
which is broadly based on (Chen and Allgower, 1998), and demonstrate global stability for this case.

The paper is organised as follows: section 2 introduces two key ideas, namely the use of barrier functions
for constrained receding horizon control and the recentred barrier function. Section 3 provides a class
of controllers which are based on the recentred barrier function. Section 4 provides a detailed exam-
ple application of this approach to the case of linear discrete-time plant models with linear and convex
quadratic constraints. Section 5 presents a simple example simulation to illustrate the key ideas of this
method. Section 6 concludes the paper.

2 Barrier Function Preliminaries

2.1 Notation

This section introduces some preliminary notation and terminology relevant to barrier function methods.
Let G be a convex constraint set for a finite dimensional real vector space Z = R™ defined as,

G:={z€Z: fi(z)<0fori=1,...,M} (1)

where each f;(z) is a continuous convex function of z. Let G® denote the interior of G defined as
G:={2€Z: fi(z) <O0fori=1,...,M}. Tt is assumed throughout this paper that G # §) and G is
bounded.

Let F(z) denote a barrier function for G° (see (Nesterov and Nemirovskii, 1994)). Usually, F(z) is
chosen to be the logarithmic barrier:

M
—:Ejlln(—f,-(z)) if 2 € G°

o0 otherwise.

F(z) = (2)

See figure 2(a) for a simple illustration of this barrier function. We define the class of barrier generated
minimisation problems as follows,

(CPu) = argmin {fo(2) + pF(2)}, (3)
z2€Z

where fo(2) is also a continuous convex function. For ease of exposition we consider the case where fo(2)
is strictly convex. Let z(u) be the solution to (CP,); then the set of points {z(n) € Z: p € (0,00)} is
called the central path for the following optimisation problem,

(C): argmin fo(z) st. z€ G (4)
z2€EZ
In the sequel, we may refer to (C) as the ‘limiting case’ optimisation problem. Indeed, in the limit as

w — 0, the solution of (CP,) approaches the solution of (C) (see e.g. (Ye, 1997), (Wright, 1997), (Nesterov
and Nemirovskii, 1994), (Fiacco and McCormick, 1968)).

Since G is closed, convex and compact with non-empty interior, then a necessary and sufficient con-
dition for optimality of (3) is V fo(2(1)) = —uVF(z(u)). Let z(00) be defined as z(o0) := 1i_>m z(p), then
n—00

z(00) is the unique point that minimises F'(z) (often termed the analytic centre of the constraint set G).
2.2 Recentred Barrier Function

In this section we motivate two crucial concepts. The first is to use (CP,) with a fixed weighting pa-
rameter, say pp, to define an unconstrained receding horizon optimisation problem. The second is the



recentred barrier function which ensures that if the system converges, then it converges to the set-point.

Conventionally when using interior-point methods for MPC, an e-solution to (C) is found at each time
step (see e.g. (Wright, 1997) and (Rao et al., 1998)). This can be interpreted as solving (CP,) for a very
small value of u. Recall from section 2.1 that the central path is a uniquely defined set of points which
are parameterised by a positive scalar p € (0, 00). We propose to fix this parameter, to say p,, and solve
the corresponding unconstrained minimisation problem (CP,,). This approach differs from standard
interior-point solutions in that the choice of y, may be quite large by comparison to €. The receding hori-
zon control law is then defined in the usual manner by selecting the first control move from this solution.
In this sense, (CP,) defines a class of receding horizon optimisation problems for p € (0,00), see figure
1. In terms of receding horizon control, this has the effect of weighting control moves more heavily near
the constraint boundaries. Furthermore, we now have an unconstrained convex optimisation problem,
which for p, large enough, can be solved via simple Newton iterations. A more versatile algorithm for
solving (CP,,) is presented in (Wills and Heath, 2001). Moreover, the limiting case (C), is captured in a
continuous manner as p, — 0.

feasible region

central-path

z(Myp)

€« decreasing

Figure 1: Central Path: We propose to stop at the point corresponding to the parameter value p,

A consequence of receding horizon control strategies is that the objective function fo(2) may change at
each time step - yet the overall objective remains the same, i.e. that the state should converge to the
set-point (providing the set-point is feasible). Suppose that the desired steady-state set-point is z4 € G°
(a strictly feasible point), and that zg is the minimum of the cost function fo(z) in steady-state. Suppose
also that we have a fixed weighting parameter p, > 0. Ideally, if the system does converge, then it should
converge to 24, i.e. the minimum of (CP,,) should be z(u,) = 24. However, since fy(z) and F(z) are
strictly convex functions, then z(u,) will lie somewhere between z(oc0) and zq (recall that z(oco) is the
minimum of F(z)). Therefore, the points z(p,) and zq will not coincide unless z(00) = 24, i.e. unless the
minimum of F(z) occurs at z4. This means that if the system does converge, then using the standard
logarithmic barrier function with a fixed weighting parameter p,, does not guarantee convergence to the
set-point z4 - even with integral action. One way to overcome this issue is to construct a new barrier
function which satisfies this requirement. One possibility is as follows:

Definition 1 Let F,,(z) denote the gradient recentred barrier function for G°, at the point z4 € intG.
We define F,,(z) as,

Fy(2) = F(2) = (VF(24), 2)- (5)
For the logarithmic barrier this may be explicitly given by
F.,(z) = F(z) + bl 2 (6)
where b,, is given by
Mo
b,, = V. fi(zq)- 7
d z:Zlfz(zd) f( d) ( )



Note that the gradient recentred barrier F,,(z) is a continuous convex function on the interior of G.
The minimum of F,,(z) occurs at VF,,(z) = 0, i.e. when VF(z) +b,, = 0 which occurs at z = z4.
Moreover, it can easily be shown that F,,(z5) = 0. Figure 2(b) provides a simple illustration of the
gradient recentred barrier for recentring about the origin.

Standard Logarithmic Barrier New Barrier

2
X X
(a) Standard Logarithmic Barrier Function: This is (b) Gradient Recentred Barrier Function: This is the
the standard logarithmic barrier function for —10 < new barrier function for —10 < x < 1. Note that the
z < 1. Note that the minimum does not occur at the minimum occurs at the origin.

origin.

Figure 2: Comparison of logarithmic and gradient recentred barrier functions.

3 A Class of Receding Horizon Controllers

In this section we present a novel class of receding horizon controllers which are based on the gradient
recentred barrier function (see Definition 1). As is the nature of receding horizon control, at each time
interval we solve an optimisation problem to determine a sequence of controls, then apply the first control
move to the system.

Let the system dynamics be described by the following equation,
z(k +1) = g(z(k), u(k)), (8)

where z(k) € R™ and u(k) € R™ are the system state and inputs at time k respectively. For prediction
horizon N, we define the input sequence space as U = RV>*™ and an input sequence U, € U at time k
as,

Uy == {uk),u(k+1),...,u(k+ N —-1)}. (9)
Let uss € R™ denote the desired steady-state input and let U, € U denote the sequence of steady-state
inputs formed by using uss for each element.

We consider the case where at time k, with given state z(k), we may express the receding horizon
control objective fo(Uy) as a convex function of future inputs.

In this paper we only consider static input constraints. Let U denote a feasible domain for the indi-
vidual control vectors u(k). We define U as,

Ui={ueR": fi(u) <0, fori=1,...,M}, (10)



where each f;(.) is a convex function of u. Furthermore, let Us denote the set of admissible input sequences
defined as,
Us:={U:u(j) €T, for j=0,...,N -1}, (11)

where u(j) denotes the j’th element of U. Let U° and U? denote the interior of U and Us respectively.
Then for u,, € U°, let F,,, (u) denote the recentred logarithmic barrier for U° (see (6)). Furthermore,
let F§ (U) denote the recentred logarithmic barrier for U9 defined as,

Fo @)= Y Fu.(u(j)). (12)

7=

where u(j) denotes the j’th element of U/. In the sequel, we adopt a slight abuse of notation, and may
refer to U as a sequence, or, as a vector given by U = [uT (k),uT(k+1),...,.uT(k+ N - 1)]T.

Let the class of receding horizon optimisation problems be defined for the parameter p € (0, 00),

(RC,) = argmin fo(Ud) + pF,  (U). (13)
Ueu

The associated receding horizon control law is constructed in the standard manner by selecting the

first control move from the solution to (RC,). An instance of this class of controllers will be termed

a pp-controller, where p, refers to the fixed weighting parameter for the corresponding unconstrained

minimisation problem (RC,,).

Remark 3.1 Our controller requires uzs € U°. This is a common assumption for many MPC controllers
in the literature (Mayne et al., 2000). Nevertheless, a common requirement in practice is that the desired
steady-state should lie on or near the boundary of the constraint set (Qin and Badgwell, 1997). Indeed the
desired steady-state is often derived as the solution of a separate linear, quadratic or semi-definite program
(Qin and Badgwell, 1997) (Kassmann et al., 2000) (Muske and Rawlings, 1993). In the context of this
paper, a natural resolution is to find uss as a point on the corresponding central path (with associated
parameter s being small but not infinitesimally so). This ensures uss lies on the interior; furthermore the
consequent degradation in performance is bounded by the duality gap (Nesterov and Nemirovskii, 1994),
and can be pre-specified to be arbitrarily small. This is the approach we adopt for simulations in section 5.

Remark 3.2 One benefit of the proposed method is that steady-state and dynamic performance have
separate ‘tuning knobs’, namely pss and p, respectively. This idea will be demonstrated in section 5 by
way of simulation.

4 Recentered Barrier MPC Example

In this section we give a detailed illustration of a p,-controller for a linear plant model and static input
constraints - we consider both linear and convex quadratic constraints. In section 4.3 we provide a global
stability proof for this case.

4.1 Model Predictive Control Preliminaries

This section describes some preliminary notation and definitions used to describe the limiting case reced-
ing horizon cost function that is considered throughout the remainder of this paper. We are concerned
with linear time-invariant discrete-time state-space systems of the form,

#(k + 1) = AF(k) + Ba(k) (14)

where Z € R" and 4 € R™. As mentioned in section 2, it is often desirable to regulate the system about
some point zz5 € R™. Corresponding to zss is a (not necessarily unique) steady-state input denoted by
uss € R™. We will often make reference to system (14) in its original co-ordinates and in the shifted
co-ordinate form defined by letting z(.) = #(.) — zss and u(.) = 4(.) — usgs-



For prediction horizon N, let &/ denote an input sequence, in shifted co-ordinate form, defined in the
same manner as (9). Let Uss denote the steady-state input sequence for given ugss. Therefore, U + Uss
refers to the corresponding input sequence in original co-ordinate form. Let U denote the feasible domain
for individual input vectors u + uss (see (10)), where in this case each f;(u + us,) is a linear or convex
quadratic function for ¢ = 1,..., M. Let U denote the corresponding set of admissible control sequences
defined in the same manner as (11). Let F,,  (u + us;) denote a recentred logarithmic barrier for U°
(see (6)) and let F¥ (U + Us,) denote a recentred logarithmic barrier for U9, defined in the same man-
ner as (12). It is assumed that U is bounded and U° # () with 0 € U°. Moreover, we assume that u,,; € U°.

In the sequel we take advantage of the shift invariant nature of the problem and let the current state
x(k) be expressed as x(0). The limiting case receding horizon control cost with initial state x(0) = x(k)
and prediction horizon N is then,

In(@(0),U) = [la(N) I3 + i (lz @1 + [lu(@)]I%) (15)

=0

where (), R, and P are positive definite and symmetric matrices.

4.2 Terminal Constraint Set X;

A pivotal concept in modern MPC stability, is the terminal constraint set Xy, which is invariant under a
local controller x(-) (see Mayne et. al. (Mayne et al., 2000)). In what follows, we define X in a similar
way to Chen and Allgéwer (Chen and Allgower, 1998), but for the linear discrete case. This choice of
terminal constraint set fits quite naturally into the current MPC example. However, we are not restricted
to this particular choice.

Let @ and R be positive definite symmetric matrices. Furthermore, let Q* = nI + @} for some scalar
n > 0. We consider the following discrete algebraic Ricatti equation,

P=(A-BK)TP(A-BK)+Q*+ KTRK (16)

where K is given by,
K =(B"PB+ R) 'BTPA. (17)

If system (14) is stabilisable, then there exists a unique positive definite symmetric matrix P, which
solves (16), and a linear stabilising controller k¢(z) := —Kz. Then, in the spirit of Chen and Allgéwer
(Chen and Allgower, 1998), we have the following Lemma,

Lemma 4.2.1 Let ugss € U° and let p, > 0.

(a) For the stabilising controller ky(x) = —Kx determined above, we can define a series of regions X,
sets Xy, and X, and a scalar otpmer > 0 as,

X, = {z€R": 2"Pr<a} (18)
Xy, = {2€eR*: —Kz+uy € U} (19)
X, = {zeR": qllz)* > ppFu,,(—Kz + us) } (20)
Qmae = max{a € (0,00): Xy C{X,NX,}} (21)

(b) We can define an invariant terminal constraint set Xy as,

X=X (22)

Amaz
Proof. Since n > 0 may be chosen arbitrarily large, and p, > 0 may be chosen arbitrary small, then we
can always obtain sets in the form of (18), (19) and (20) (since uss € U°). Hence, Qmqr > 0 and therefore
(a) is true. Since (a) is true, then the Lyapunov stability theorem says that the set X is invariant

Amaz



and (b) is therefore true. o

Since the terminal state z(IN) can be expressed as a linear function of the current state z(0), and future in-
put sequence U, we may express the terminal constraint as k(i) < 0, where h(U) := 27 (N)Pz(N) — apmas-
Note that h(l{) is a convex quadratic function of U for given z(0). Therefore, the implicit terminal con-
straint defined above can be trivially included by extending U, in the following way. Let Uy denote the
extended admissible constraint set defined as,

Uy :={U € Us : h(UU) <0, for given z(0)}. (23)
Let FJSS (U + Uss) denote a recentred barrier function for U‘} defined as,

Ff (u +uss) = Fjss (u + uss) - ln(_h(u)) (24)

Uss

Since h(.) is defined about uss, then it is not necessary to recentre this term.

Remark 4.1 The above terminal constraint set is highly conservative on at least two accounts. Firstly,
it is possible to use a more encompassing invariant set - such as the Output Admissible Set (Gilbert and
Tan, 1991). Moreover, in the definition of X, we have neglected other terms that depend on the initial
state and previous control move. Inclusion of these terms may, in many cases, result in the best choice
of m being zero.

Remark 4.2 In the case where p, > 0, then our proposed design transforms the limiting case MPC law
(with inequality constraints) to an unconstrained non-linear MPC law. This non-linear MPC law seems
to fall under the general class considered by Jadbabaie et. al. (Jadbabaie et al., 2001) (albeit that our
controller is defined in the discrete domain whereas their discussion concerns continuous MPC control
laws). Their results may be interpreted as saying that: for prediction horizon long enough, feasibility is
guaranteed. Furthermore, for a prediction horizon long enough the final state is guaranteed to lie in the
invariant terminal constraint set Xy, and therefore including o terminal constraint is unnecessary.

4.3 Stability of Recentered Barrier MPC

This section provides a proof of global stability for the class of p,-controllers defined in section 3 as
applied to the current example. The proof is broadly based on Mayne et. al. (Mayne et al., 2000).

For given u, > 0, and initial state z(0), we define the optimal control sequence Uy, as,

ug = al;{gemUin IN(@0),U) + ppFf (U + Uss) (25)

Corresponding to U, is an optimal state evolution denoted by X := {m,a:zp(l), e xp (N )} Let

J5. (z(0)) denote the optimal cost given by,
I, (@(0)) := In(2(0),Uy) + ppFL, U, + Uss). (26)

Let Xn denote the set of states z such that Vo € Xy, there exists a feasible solution to (25). Assum-

ing that the current state lies inside X, we wish to show that J (zf (1)) — J3 (z(0)) < 0. Since
g (zg (1) < Jy(af,, (1),U) for any control sequence I, it suffices to show that for some sequence I/, the
following holds,

Ty (@, (1),U) = T, (2(0)) 0. (27)

Result 4.1 Let k¢(z) be the linear stabilising controller determined in Lemma 4.2.1 with associated
tp >0 and n > 0. For given initial state x(0) € Xn, we can define an admissible control sequence U as,

U= {us, (1),...,u, (N = 1), k(a5 (N)} (28)

7

Furthermore, the following holds,
Ty (i, (1),U) = J; (2(0)) <O0. (29)



Proof. Since z(0) € Xy, there exists an admissible control sequence ¢; which steers z(0) to z, (N) €

X¢. Given the initial state mgp(l), then the truncated input sequence {ug, (1),...,u; (N — 1)}, steers
a:gp (1) to the same point zj, (V) € Xy. By construction, the set X is invariant under the local controller

t¢(z, (N)) and therefore, (A — BK)a:ZP (N) € Xy. Furthermore, since 7(z;, (N)) + uss € U, then U is
an admissible control sequence. It remains to show that (29) is true.

Using (15), (16), (17), (26) and Lemma 4.2.1, it is sufficient for (29) that,
= llzg, IP = |21 — llup,, O + plFL,, @) = FL U] <0
Since [|z[|% > [|z]|_g. for any 2 € X (see (16)), then
~In(amas = |27, (V) [p_q+) +In(amas — [l27, (N)|I5) <0
Moreover, since F,,, (u;, (0)), [|z[|3, and |lug , (0)]|% are all non-negative, then it suffices to show that,

nllzg, (VI* > ppFu,, (5 (@7, (N)) + tas) (30)

which from the definition of X is satisfied. o

Remark 4.3 In the limiting case as u, — 0, then the above converges to the usual case which is well
studied and known to be stable for n =0, see e.g. (Mayne et al., 2000).

4.4 Discussion

It is worth noting that even when the state is inside the terminal constraint set Xy, the control action is
not determined by the associated linear control law k¢(z). If we expand the recentred barrier function
as a Taylor series around the steady-state point u,, we find

FJSS (Z// + uss) = szss (uss) +L{TWU + O(|U|3) (31)

where W = V2FJ” (Uss). Thus the local behaviour approximates that given by the standard closed-form

solution to
N-1

In(@(0),U) = leM)IIH + D (le@lIjew + llu@)]) (32)
i=0
In the case of the recentred logarithmic barrier we may say (loosely) that as uss approaches a constraint,
then @ + W will grow in the direction perpendicular to the constraint. If such a feature is undesirable
then we should choose a barrier such that V2FJ (Us) = 0. This may be achieved by further modifying
the recentred barrier, although care must be taken to preserve convexity. An obvious choice would be to
construct a new barrier F; (i) as

Fp (U) = BU) x F] (U +Uss) (33)

where B(U) := UT DU for some positive definite symmetric D. The Taylor series expansion of this barrier
begins with terms of order |U/|*.

5 Simulation Example

An important feature of the proposed class of controllers is that the control action ‘backs-off’ in a
continuous manner as the manipulated variables approach their constraint boundaries. The degree to
which this occurs is determined by the tuning parameter u,. This can be seen from the following trivial
simulation example. The plant model is given by,

-0.3 -0.8 1
o= 05 0% met [ wes =105 01z (59)



where the input signal is constrained to lie within simple bounds given by —1 < u < 0.4. For a prediction
horizon of N = 10, we applied a step-disturbance to the system and the results are illustrated in figures
3(a) and 3(b). Figures 3(c) and 3(d) show another case where the step disturbance magnitude is large
and the system is unable to return to the origin. This example illustrates the concept of separate ‘tuning

knobs’ for the steady-state and dynamic cases.

Comparison of different values of weighting parameter pp

Comparison of different values of weighting parameter pp

3 T T T 0.4 T T T
25F E 02t E
2 1 1 0= i 1
\ 1
‘ 1
! 1
15t 1 E -02f ! E
£ A
> - S I
g ' 2 f
= \ c !
fe) B = 1
1r ' b -0.41 i E
1 N ~
i . N
' g .
Y ’ \\
05F H 4 -06} ’ ~ —————
Y < - =
\ Y
1 ‘
Dewe e PR ,
0 [t - N = = —08F R4 i
\ Re ]
S F
= K4
-0.5 L L L L L 1 1 1 1 -1 2 L L
o 20 40 60 80 100 120 140 160 180

200
Time (samples)

(a) Output signal: This figure shows that increasing
the weighting parameter results in a controller that is

more cautious. Note
pp = 0.001 and pp =

the marginal difference between
0.1.
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(b) Inputs signals: This figure illustrates the cautious-
ness of the control law as up is increased. Note that
away from the constraint boundary, the signals behave
quite similarly.
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(c) Output signals: We see that both controllers con-
verge to the same point, even though the parameter
values differ by six orders of magnitude. This illus-
trates the benefit of recentring

(d) Inputs signals: This figure shows that the input
trajectories for the two controllers coincide in steady-

state operation, even with a large difference between
parameter values.

Figure 3: Response of different controllers to different output step disturbances.

6 Conclusion

In this paper we have presented a new class of receding horizon controllers based on the recentred
barrier function. As illustrated in simulations, the significance of this class of controllers is that the



control action becomes cautious near constraint boundaries. We conjecture that such behaviour is highly
desirable in many physical systems where uncertainty exists near constraint boundaries. The degree of
cautiousness is directly related to the positive weighting parameter which characterises the controller
class. Moreover, it is possible to specify separate parameter values for the dynamic and steady-state
cases. An interesting outcome from this paper is that a constrained receding horizon control problem
is replaced with an unconstrained receding horizon control problem. Therefore, in the case of general
non-linear objective functions with convex inequality constraints, using the barrier approach creates a
problem that is essentially no worse than minimising the objective function by itself.
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