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Abstract: This paper considersthe problem of estimatingthe parametersof a bilinear
systemfrom input-outputmeasurements.A novel approachto this problemis proposed,one
basedupontheso-calledExpectationMaximisationalgorithm,whereinmaximumlikelihood
estimatesaregeneratediteratively without the needfor a gradient-basedsearchalgorithm.
This simple methodis shown to perform well in simulationand it allows a multivariable
bilinear systemto be estimateddirectly in state-spaceform without the needfor explicit
parameterisation.
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1. INTRODUCTION

Dueto their mathematicaltractability thegreaterpart
of researchin the field of systemidentification for
control hasdealtwith the problemof identifying lin-
earsystemsfrom input-outputdata.Theuseof linear
modelsfor the controlof nonlinearsystemshasbeen
successfulin somecasesin which the systemof in-
terestappearslinearwithin somelimited operatingre-
gion.However, in many morescenariosit is necessary
to identify a nonlinearsystemdescription.

Bilinear systemsare a classof nonlinearsystemsin
which the inputs and the statesare multiplicatively
coupled.They have beenfound to be goodapproxi-
matorsof may typesof nonlinearsystemsoccurring
especiallyin fieldssuchprocesscontrol.

This paperconsiderstheproblemof identifying time-
invariant,MIMO bilinear systemsmodelledin state-
spaceform asfollows����� �
	�� �������� ������������������������� (1) � 	�! � � �"#� � �$ �&% (2)

Here, ���(' R )+* � is the systemstatevector, ���('
R ,-* � is the observed input and  .�/' R 0�* � the
observedoutput,while thematrices� ' R )�*�) , �1'2
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R )+*�,3) , �4' R )+*�, , ! ' R 05*�) , and "6' R 0�*&0
parameterisethe systemdynamics.The Kronecker
tensorproductrepresentedby thesymbol � is defined
in the following way. If � is an 798;: -dimensional
matrix suchthat � � �<� � 0 	>= � 0 and � is an ?@8BA -
dimensionalmatrix then � �C� is the :�?B8D7EA -
dimensionalmatrixgivenby

� ���GF HIIJ =��K� � =��ML � %N%5% =�� ) �= LO� � = LKL � %N%5% = L ) �...
...

...= , � � = , L � %N%5% = ,3) �
PRQQS %

The noisecorruptionsignals ���T' R )+* � and $U�D'
R 0�* � are zero mean,i.i.d. randomvariableswith a
normaldistribution,satisfying

E VBW � �$U�YX W � 0$ 0 X�Z\[ 	 W^]`__ ZDa X�b�cedEf ?Ng % (3)

This paper addressesthe identification problem of
determiningthe matrices � , � , ! , " , � , ] and afrom a finite setof input andoutputdata.

In orderto simplify theensuingderivationsomewhat,
it will beassumedthroughout(withoutlossof general-
ity) that _ 	Th . Therelaxationof thiscondition,while
symbolicallycomplicated,is algorithmicallystraight-
forward.
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interestin theidentificationof bilinearsys-
temshasensuredthat therehavebeenmany contribu-
tionsto thisfield. Theapproachesto theproblem,too,
havevariedwidely.

Onestreamhassoughttoapproximatethebilinearsys-
tem with a setof basisfunctions,for exampleWalsh
functions (Karanamet al., 1978) or Volterra series
(Bahetaet al., 1979). In the latter casethe approxi-
mationis typically limited to the first two kernelsof
the series.The placeof the bilinear model structure
in thesecontributionsis, in a sense,incidentalto the
approachsincethebasisfunctionscanbeusedto ap-
proximatea very largesetof systemclasses.

Otherschemeshave eschewedapproximationandat-
temptedto dealdirectlywith thebilinearmodelstruc-
ture itself. Favoreel et. al. (Favoreel et al., 1999)
extendeda well-known subspace-basedidentification
methodto handlethebilinearclass.Initially, thisalgo-
rithm waslimited to thecaseof white inputs,however,
the theory is such that this restriction is now able
to be relaxed (Favoreel, 1999). Other workers have
alsoadopteda subspace-basedapproach(Verdultand
Verhaegen,1999).

Oneof the greatstrengthsof subspacealgorithmsis
their ability to identify systemsdirectly in state-space
without the needto explicitly parameterisethe state-
spacematrices.Theresultis thatthebilinearsubspace
algorithmmentionedabove is ableto performmulti-
variableidentificationjust assimply asfor thesingle-
inputsingle-outputcase.

Another set of notablecontributions, this time mo-
tivatedby the well-known philosophyof Maximum
Likelihood,formulatestheproblemasfinding theset
of parameterswhich maximisetherelevantlikelihood
function for the observed data (Balakrishnan,1972;
Bruni et al., 1972; Fnaiechand Ljung, 1987; Gabr,
1985).Onedrawbackwith theseendeavoursis thatthe
likelihood function for this problemis a non-convex
function of the parametersand thereforea gradient-
basedsearchalgorithm is typically required.Unlike
the caseof the subspace-basedalgorithmthe modifi-
cationsrequiredfor multivariableidentificationareby
no meanstrivial.

The algorithm proposedin this paper is basedon
theExpectationMaximisationalgorithm(Dempsteret
al., 1977;Shumway, 1982),andidentifiesdirectly in
state-spaceform without requiringanexplicit param-
eterisation.

This latteradvantageis akey reasonfor theinterestin
subspace-basedalgorithms, but, unlikethatapproach,
where it is not clear exactly what cost function is
beingoptimised,thealgorithmproposedhereseeksa
MaximumLikelihoodestimate.

2. MAXIMUM LIKELIHOOD ESTIMATION

Considerthe problem of estimatingthe parameters
of a particularmodel structure,collectedin a vectorj ' R k , from a setof measureddata lnm �&o�p��q � . The
MaximumLikelihoodapproachto this problemseeks

the value of
j

that maximisesthe probability of the
observeddata.That is, an estimate,rj p , basedon the� dataobservationsis givenasrj p 	Dsutwvyx#s{z| A c m � � m L � %5%5% � m pC} j g % (4)

In this context the joint probability densityfunctionA c m � � m L � %N%5% � m p } j g is known as the ’Lik elihood
Function’ and once the values of the observationsl�m � o are specifiedthis is a function purely of the
modelparameters

j
.

This methodof estimation,first introducedby Fisher
(Fisher, 1912),hasbecomepopularandwidely used,
in largepartdueto thewell-known anddesirablefea-
turesof consistency, asymptoticnormalityandstatis-
tical efficiency (Caines,1988; Hannanand Deistler,
1988;Lehmann,1983;Ljung, 1999).

While thesetheoreticalunderpinningsarevery attrac-
tive, it is in the implementationof the schemethat
difficultiesarise.

Specifically, thelikelihoodfunctionA c m � � m L � %N%5% � m p }j g is frequentlya non-convex function of the model
parameters,requiringsolutionby someform of itera-
tive optimisationalgorithm.In theeventthat the like-
lihood functionis smooth,agradient-basednumerical
searchcanbe employed (Ljung, 1999;Ljung, 2000).
However, computationof thesegradientscan be in-
volved,particularlyin themultivariablecase.Further-
more,they dependonaparameterisationchoicewhich
canimply poornumericalconditioning.

The contribution of this paper is to presentan al-
gorithm for likelihoodmaximisationthat is suitedto
estimatingthe parametersof the bilinear model (1),
(2) directly in state-spaceform, which doesnot re-
quire the computationof likelihoodgradients,and is
numericallyrobust.

3. THE EM ALGORITHM

TheExpectationMaximisation(EM) algorithm
(Dempsteret al., 1977) is a method for obtaining
Maximum Likelihood estimatesthat has attracteda
largeamountof attentionin thesignalprocessingand
mathematicalstatisticsliterature (Bock and Aitken,
1981;Fessleret al., 1993)but onewhich is relatively
unknown in theautomaticcontrolcommunity.

An essentialfeatureof the EM algorithmis the pos-
tulate of an unobserved ‘complete’ dataset, ~ , that
containswhat is actuallyobserved m , plus otherob-
servations � , which onemight wish wereavailable,
but in factarenot, andaretermedthe ‘missing’ data.
Thatis, ~ 	 c � � mEg , sothatby Bayes’ruleA c ~ } m�g 	 A c ~ � mEgA c m�g 	 A c ~�gA c m�g %
Therefore, A c m�g 	 A c ~�gA c ~ } m�g % (5)

In what follows conditional dependencewill some-
timesbedenotedbysubscripting.ForexampleA | c m�gy�



A c m } j g . Taking the logarithmof (5) andmakingall
densitiesconditionaluponthevalueof

j
leadsto��� v A | c mEg 	 ��� v A | c ~�g f ��� v A | c ~ } mEg �

which is��� v A | c m�g 	 ��� v A | c � � m�g f ��� v A | c � } m�g %
Up to this point in thederivationit hasbeenassumed
that the completedatasethasbeenavailable.Unfor-
tunatelysince the missingdata is not available, the
calculationsabove cannot be made.However, if the
missingdatais estimatedasits expectedvaluecondi-
tionedon a guessat theparametersof thesystem,

jU�
,

andtheobserveddata,m , then

E |w� l ��� v A | c m�g } m o 	 E |w� l ��� v A | c � � mEg } m of E |w� l ��� v A | c � } m�g } m o.%
The fact that the left hand side of this equationis
independentof the missingdataandthat it holdsfor
all � allows thedensityfunctionto bepulledthrough
theexpectationintegral to yield� c j g F ��� v A | c mEg 	 E |K� l ��� v A | c � � m�g } m of E |K� l ��� v A | c � } mEg } m o	T� c j � j � g f���c j � j � g �
where the obvious definitions for � cM� � � g and ��c�� � � g
apply.

Now, by virtue of the concavity of the logarithm,
an application of Jensen’s Inequality ensuresthat�^c j � jU� gE� �^c jU� � j.� g with equalityif andonly if

j 	jU�
. Thus,if

j
is chosensothat� c j � j � g3� � c j � � j � g � (6)

then � c j g3� � c j � g % (7)

The previous discussionallows the EM algorithmto
bestatedasfollows:

(1) Initialisation: Procurean initial estimateof the
parameters

jn�
.

(2) E Step: Calculate� c j � rj ) g %
(3) M Step: rj ) � ��	 arg x#s{z | � c j � rj ) g %(4) Upon convergence,terminate,otherwisego to

step2.

Equation(7),subjectto (6),ensuresthatthisalgorithm
generatesasequenceof parameterestimateswith non-
decreasinglikelihoods.

The test for convergencerequiredby step 4 could
be implementedin many ways. One obvious one is
to monitor the log likelihood function,

� c�� g , at each
stepandterminatewhentherateof increasebetween
iterationsdropsbelow somepredeterminedvalue.

4. APPLICATION OFTHE EM ALGORITHM TO
BILINEAR SYSTEMS

Let usre-examinethebilinearsystemmodel,

����� �
	�� �������� ��������������-��������&� (8) � 	�! � � �"#� � �$ ��% (9)

In a conventional system identification experiment
the system’s inputs are known and its outputs are
measured.Thereforethemeasuredoutputswill make
up theobserveddata,m . Thesetof known inputswill
be denotedby the symbol � . However, in order to
apply theEM algorithmto this systemit is necessary
first to decidewhatconstitutesthemissingdata.

Note that the matrices � , � , � and ] could be
extractedby linear regressionfrom the equation(8)
if thestatesequencewasknown. Similarly, giventhe
statesequencethe matrices ! , " and a could be
calculatedby applyinglinearregressiontechniquesto
equation(9). Sinceknowledgeof the statesequence
would be of such enormoushelp in the estimation
processwe defineit to be the missingdata.i.e. � Fl � �&o�p��q � .
Given this choice,at eachiteration of the EM algo-
rithm the function � c j � j � g mustbe maximisedoverj
. This function,definedas� c j � j � g 	 E |w� l ��� v A | c � � m�g } m � � o � (10)

maybecalculatedusingLemma1.

Lemma1. Let the initial state � � be distributed as� ����� c�� �K� � g , then

f\� � c j � j � g 	 ��� v } � � } �� ��� v } ] } �� ��� v } a } Tr � �E� ������ f r� � � Z f � r� Z �  ��� Z¢¡¤£ 
Tr ¥ ] � ��¦n§ f ¨ª© � �1�¬« Z f© � �®�¬« ¨ Z © � �®� «°¯ © � �®� « Z²±´³  Tr � a � �¦nµ f�¶ © ! " « Z f © ! " « ¶ Z  © ! " « 8· © ! " « Z²±´³  c : c �¸T¹ g �� g ��� v ce�uº g (11)

where

r�+»�F E | � l �¼» } m � � o g � � F E | � l � � � Z � } m � � o �§ F p½ » q L E | � l �¼»�� Z» } m � � o � ¶ F p½ » q �  U» © r� Z» � Z» « �¨ F p½ » q L E | � � �¼»M¾ Z } m � � £ � µ F p½ » q �  U»¿ Z» �· F p½ » q � E |w��À W � »��»�X © � Z» � Z» « } m � �ÂÁ �¯ F p½ » q L E |w� � ¾
¾ Z } m � � £ � and¾ÂF HJ �¼» � �� » � � ��� » � ���» � � PS %
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Ã

OOF. Noting that (8) is Markovian, repeatedap-
plicationsof Bayes’Rule allows the joint likelihood
function A | c � � m } �-g to bedecomposedasA | c � � m } �Yg 	 A | c � } �Yg�A | c m } � � �Yg (12)	 A | c � � �K� L � %N%5% � p } � � �K� L � %5%N% � p gÄ8A | c  � �K L � %N%5% �K pG} � � �K� L � %5%N% � p �K� � ��� L � %N%5% � p g	 A | c � � g pÅ» q L A | c �¼» } �¼» � � �K�+» � � g pÅ» q � A | c  u» } �¼»��K�+» g %
From equation(3) with _ 	Æh , it is known that the
measurementandstatecorruptionsarei.i.d. andmutu-
ally independentwith anormaldistribution.Via equa-
tions(8) and(9) we thusget A | c � » } � » � � �K� » � � g 	� c � � » � � ��Ç� » � � ��� » � � ���� » � � � ] g �
andA | c  » } � » ��� » g 	�� c ! � » �"#� » � a g .
Insertingthesedensitiesinto (12),takingthelogarithm
of bothsides,andthenapplyingtheconditionalexpec-
tationoperatorasrequiredby (10),yieldsf\� � c j � j � g 	 ��� v } � � }  Tr � �E� �� �� ��� v } ] } � ��� v } a }  E |w� � c � � f � g c � � f�� g Z } m � � £ p½ » q � Tr � a � � E |w� l c  » f ! � » f "È� » g c  » f ! � » f"#��» g Z } m � � ³
³  c : c ��T¹ g �� g ��� v ce�uº g p½ » q L Tr � ] � � E | � l c �¼» f � �¼» � � f �Ç�+» � � ���+» � � f�-��» � � g c �+» f � �+» � � f �Ç��» � � ���¼» � � f�-��» � � g Z } m � � ³
³ (13)

whereTr l � o is the traceoperator, and � and � � are
now consideredpartof

j
.

Equation(11) follows directly from (13) on substitut-
ing theexpressionsr� » , � ,

§
, ¶ , ¨ ,

µ
,
·

and ¯ .

5. COMPUTATION OF KALMAN SMOOTHED
QUANTITIES

Lemma1 hasshown thatin orderto compute� c j � jU� g
it is necessaryto obtainthe KalmanSmoothedquan-
tities E |K� l �¼»�� Z» } m � � o � E |w� l �+»¿� Z» � � } m � � o and
E |w� l � » } m � � o . Fortunately, by reformulating the
bilinear model structure(1), (2) as linear but time-
varying and noting that, by (3) the noise processes
arenormally distributed,mostof the requiredmatri-
cesmay be calculateddirectly by a standardKalman
Smoother.

Thatis,assumingthatthesystemparametersaregiven
by
jU� F l � � �w� � �w� � � ! � �K" � � ] � � a � � � � �w� �� o � equa-

tions(1) and(2) mayberewrittenas�¼» � � 	�� �» �¼»°�� � ��»���3»O� (14) » 	�! � � » �" � � » �$ » � (15)

where � �» F � � T� � c � » �TÉ ) g and É ) is the :¬8Ê:
identitymatrix.

Thus,by introducingthefollowing notation,r� »MË p F E | � l �¼» } m � � o �� »MË p F E |K� l c � » f r� » g c � » f r� » g Z } m � � o �
the Kalmansmoothermay be implementedwith the
backwardrecursion(Jazwinski,1970),Ì » � �¢	 � » � � Ë » � � c � �» � � g Z c � »MË » � � g � � (16)r� » � � Ë p 	 r� » � � Ë » � �  Ì » � � c r� »MË p f � �» � � r� » � � Ë » � � g(17)� » � � Ë p 	 � » � � Ë » � �  Ì » � � c � »MË p f � »MË » � � g Ì Z» � � (18)

for Í 	 �Ç�w� f ¹U� %N%5% �N¹ with theobviousdefinitions
for r� » � � Ë » � � and � » � � Ë » � � .
In turn, the expectationsr� » � � Ë » � � and � » � � Ë » � � may
be calculatedusingthe well-known Kalmanfilter re-
cursion(Jazwinski,1970)r� »MË » � � 	�� �» � � r� » � � Ë » � � ��-��» � � (19)� »MË » � � 	�� �» � � � » � � Ë » � � c � �» � � g Z  ] � (20)Î » 	 � »MË » � � c ! � g Z c ! � � »MË » � � c ! � g Z  a � g � �(21)r� »MË » 	 r� »MË » � �  Î » c  » f ! � r� »MË » � � f " � � » g (22)� »MË » 	 � »MË » � � f Î » ! � � »MË » � � (23)

for Í 	 ¹ %N%5% � .

Theoneobjectstill requiredto evaluateequation(11)
is thecross-covariancetermÏ »MË p F E | � l c �+» f r�¼» g c �+» � � f r�¼» � � g Z } m � � o �
andthismaybecalculatedusingtherecursionÏ » � �O� p 	 � » � � Ë » � � Ì Z» � L (24) Ì » � � c Ï »MË p f � �» � � � » � � Ë » � � g Ì Z» � L
for Í 	 �B�K� f ¹.� %5%N% � � and where

Ï p Ë p is ini-
tialisedasÏ p � p 	 c É f Î p ! � g � �p � � � p � � Ë p � � % (25)

Now thequantitiesof interest,E | � l �+»¿� Z» } m � � o and
E |K� l � » � Z» � � } m � � o , maybecalculatedas

E |w� l � » � Z» } m � � o 	 r� » r� Z» �� »MË p �
E |w� l � » � Z» � � } m � � o 	 r� » r� Z» � �  Ï »MË p %

6. THE MAXIMISA TION STEP

The next step of the EM algorithm is to maximise
the function � c j � jU� g over

j
. The following lemma

providesthemeansto do that.

Lemma2. The function � c j � jU� g given by (11) is
maximisedby choosing



� 	 r� � � (26)� �Ð	 � f r� � r� Z � � (27)© � �®� « 	 ¨ ¯ � � � (28)] 	 � � � c § f�¨ ¯ � � ¨ Z g � (29)© ! " « 	 ¶ · � � (30)

and a 	 � � � c µ f�¶ · � � ¶ Z g % (31)

PROOF. Ratherthanmaximise � c j � jU� g directly its
negativeshallbeminimised.

Definethefunctions�Ñ� c�� �w� � g F Tr � � � ��Ò�¿� f r� � � Z f�� r� Z �  ��� ZÓ¡.£ ��� v } � � } ���L c � � �K�Ç�w�Y�¤� ] g FÔ� ��� v } ] }  Tr � ] � � c § f¨ © � �®� « Z © � �®� « ¨ Z © � �®� « ¯ © � �1� « ZÓ±
³ �
and ��Õ c � ! �w"Ö�¤� a g FÔ� ��� v } a }  Tr � a � � c µ f¶×© ! "T« Z f© ! "D« ¶ Z  © ! "D« · © ! "T« Z ±y³ %
sothat,by equation(11),f\� � c j � j � g 	�Ñ� c�� �w� � g  �\L c � � �w�Ç�K�-�.� ] g � Õ c � ! �w"Ö�.� a g  c : c �¸T¹ g �� ?Ng ��� v c¿�{º g %
Since the last term on the right hand side of this
equationis constantit maybeignoredin any maximi-
sationoperation.Maximising � c j � j.� g is mademuch
easierby the fact that �^� cM� g dependsonly upon the
distribution of the initial state� � , � L c�� g is a function
purely of � , � , � and ] , and � Õ c�� g dependssolely
upon the remainingparameters.Thus � c j � j.� g may
bemaximisedby minimisingeachof thesubfunctions��Ø cM� g separately.

Lemma3 maybeemployedto differentiate�Ñ� c�� g with
respectto � . Setting the result to zero and trivially
simplifying yields � 	 r� � . Substitutingthis backinto� � cM� g thenprovides� � c�� �w� � g F ��� v } � � }  Tr � � � ���� � f r� � r� Z � ¡¤£ %
Differentiatingthis expression,this time with respect
to � � andagainequatingto zerogives� � �� f � � L�6� � f r� � r� Z � ¡ 	Th �
which hasthesolution � ��	 � f r� � r� Z � .

Identical argumentsmay be appliedto minimise the
functions ��L cM� g and � Õ cM� g .

7. THE OVERALL ALGORITHM

This sectionsummarisesthedevelopmentsof thepre-
vious discussionandprovides the overall estimation
algorithmfor theidentificationof bilinearsystems.

(1) Initialise theparameterestimate
j �

;

(2) Formulatethesystemasshown in (14)and(15);
(3) (E-Step) Usetherecursionequations(16)through

(25) to compute(11);
(4) (M-Step) Maximise � c j � j � g over

j
by choosingj ��� � accordingto equations(26) through(31);

(5) If converged,terminate,otherwisereturnto step
2.

8. SIMULATION EXAMPLE

Thissectionprovidesasimulationexamplein orderto
demonstratetheutility of theEM algorithmapproach
to Maximum Likelihoodestimationproposedin this
paper.

Considerthe following bilinear systemin state-space
form�+» � � 	 W h %ÚÙ hhÛh % Ü X �¼»� W ¹ hÇh % � hh � h/h % Ù X ��»����¼» W h ¹f ¹ h X � » � (32) U» 	 W ¹ hh � X �¼»� W ¹ hh ¹²X �+»��${»O� (33)

where ${» are i.i.d. randomvariablessatisfying ${» �� � h �N¹ h �+Ý É ¡ .
Theobserveddatawasgeneratedby applyinganinput
signal l � » o consistingof i.i.d. randomvariablesdis-
tributedas ��» �¬� c h �wÉ g to this systemandsampling� 	DÞ.h.h datapoints.

An estimatefor the systemparametersof a second-
orderbilinear systemwasdeterminedfrom this data
usingthesubspaceidentificationsoftwarefrom ftp.
esat.kuleuven.ac.be, implementingtheresults
of (Favoreel et al., 1999). Two block rows and 380
columnswere specifiedfor the data Hankel matrix
usedin thatidentification.

A seriesof Maximum-Likelihoodestimateswasgen-
eratedvia the EM algorithmdescribedin this paper,
startingfrom the parameterestimateprovidedby the
subspacealgorithmin additionto ] 	 ¹ % � 8 ¹ h � L É ) ,a 	Dh % ß 8 ¹ h � L É 0 .
Table1 shows how well the algorithmscapturedthe
dynamic modesof the true systemby profiling the
eigenvaluesof the estimated� and � matrices,as
calculatedby thesubspaceandEM algorithms,against
theirtruevalues.Thevaluesproducedby theEM algo-
rithm areverycloseto thoseof thetruesystem- much
closerthanthoseof the initial systemproducedby a
subspace-basedalgorithm.The EM algorithm’s good
performanceis despitethe numberof observations
beingfairly small.

Table1. Eigenvaluesof parametermatrices

TrueSystem Initial Estimate EM Estimateà
0.3,0.5 0.2457,0.4694 0.3001,0.4999áYâeãÚäMå
ã�æ�ç
0.4,0.6 0.2704,0.3978 0.4000,0.6000áYâeãÚäeèÄã�é5ç
0.2,0.5 0.0808,0.3462 0.2010,0.5004



The
ê

plots in Figure 1 demonstratethe speedwith
which convergencewas achieved by the EM algo-
rithm.While thespeedof convergenceappearsto have
beenquite high - requiringonly about30 iterations-
the algorithmhasconvergedto the MaximumLikeli-
hoodestimatesincethefinal valueof the(peroutput)
predictionerror, definedasp½ » q � c  u» f r! � r� »MË » � � f r" � ��» g L �
is equalto E l $ L» o 	 ¹�ë �+Ý .
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Fig. 1. Convergenceof theEM algorithm.

9. CONCLUSIONS

The contribution of this paperwasto presenta novel
ExpectationMaximisation-basedapproachto Maxi-
mum Likelihood estimationof bilinear systems.A
simulationstudydemonstratedthat thealgorithmper-
formswell.

Furtherwork is requiredto investigatefully the fea-
turesof this algorithm.At presentits propertiesare
known only from simulationstudies.In particular, an
analysisof it convergencepropertiesis essential.

AppendixA. TECHNICAL LEMMATA

Lemma3. Suppose
Ï �w�ì'îí )+*�) and

Ï
is invert-

ible. Thenïï Ï ��ð } Ï } 	 Ï � Z �
ïï Ï Ï � � 	 f Ï � L �ïï Ï Tr l Ï � o 	 � Z %
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