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Abstract: This paper considersthe problem of estimatingthe parametersof a bilinear
systemfrom input-outputmeasurement#\ novel approackho this problemis proposedpne
basediponthe so-calledExpectatiorMaximisationalgorithm,whereinmaximumlik elihood
estimatesare generatedteratively without the needfor a gradient-basedearchalgorithm.
This simple methodis shovn to performwell in simulationandit allows a multivariable
bilinear systemto be estimateddirectly in state-spacéorm without the needfor explicit

parameterisation.
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1. INTRODUCTION

Dueto their mathematicatractability the greatempart
of researchin the field of systemidentification for
control hasdealtwith the problemof identifying lin-
earsystemdrom input-outputdata.The useof linear
modelsfor the control of nonlinearsystemshasbeen
successfuin somecasesin which the systemof in-
terestappeardinearwithin somelimited operatinge-
gion. However, in mary morescenariost is necessary
to identify a nonlinearsystemdescription.

Bilinear systemsare a classof nonlinearsystemsin
which the inputs and the statesare multiplicatively
coupled.They have beenfound to be good approxi-
matorsof may typesof nonlinearsystemsoccurring
especiallyin fieldssuchprocessontrol.

This paperconsiderghe problemof identifying time-
invariant, MIMO bilinear systemsmodelledin state-
spaceform asfollows

Thp1 = Azp + N [ug, ® 2] + Bug +wg, (1)
yr = Cxp + Dug + vg,. (2)

Here,z;, € R™! is the systemstatevector u; €
R™*! is the obsered input and y, € R**! the
obsenedoutput,while the matricesd € R"*", N ¢
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R™™" B ¢ R™™, C e R™" andD e R
parameterisehe systemdynamics. The Kronecler
tensormproductrepresentetly thesymbol® is defined
in the following way. If 4 is anm x n -dimensional
matrix suchthat [A]x, = axe andBisanf x p -
dimensionalmatrix then A ® B is the nf x mp -
dimensionamatrix givenby

a11B a12B . alnB

A B A a21B a22.B e aan
QDL = . . .

am1B amoB ... amnB

The noisecorruptionsignalswy € R™! andwv, €
R are zero mean,i.i.d. randomvariableswith a
normaldistribution, satisfying

AL [ f= [ R)weo o

This paper addresseghe identification problem of
determiningthe matricesA4, B, C, D, N, @Q and R
from afinite setof inputandoutputdata.

In orderto simplify the ensuingderivationsomavhat,
it will beassumedhroughou{withoutlossof general-
ity) thatS = 0. Therelaxationof this condition,while

symbolicallycomplicatedjs algorithmicallystraight-
forward.



Long-terminterestin theidentificationof bilinearsys-
temshasensuredhattherehave beenmary contribu-
tionsto thisfield. Theapproacheto the problemtoo,
have variedwidely.

Onestreamhassoughto approximatahebilinearsys-
temwith a setof basisfunctions,for exampleWalsh
functions (Karanamet al., 1978) or Volterra series
(Bahetaet al., 1979). In the latter casethe approxi-
mationis typically limited to the first two kernelsof

the series.The placeof the bilinear model structure
in thesecontributionsis, in a sensejncidentalto the
approactsincethe basisfunctionscanbe usedto ap-
proximatea very large setof systemclasses.

Otherschemeshave esch&ed approximationand at-
temptedto dealdirectly with the bilinearmodelstruc-
ture itself. Favoreel et. al. (Favoreel et al., 1999)
extendeda well-known subspace-basedentification
methodto handlethebilinearclassinitially, thisalgo-
rithm waslimited to thecaseof white inputs,however,
the theory is such that this restrictionis now able
to be relaxed (Favoreel, 1999). Other workers have
alsoadopteda subspace-basepproachVerdultand
Verhagen,1999).

One of the greatstrengthsof subspacealgorithmsis
their ability to identify systemglirectly in state-space
without the needto explicitly parameteris¢he state-
spaceamatricesTheresultis thatthebilinearsubspace
algorithmmentionedabove is ableto perform multi-
variableidentificationjust assimply asfor the single-
inputsingle-outputase.

Another set of notable contributions, this time mo-
tivated by the well-known philosophyof Maximum
Likelihood,formulatesthe problemasfinding the set
of parametersvhich maximisetherelevantlikelihood
function for the obsered data (Balakrishnan,1972;
Bruni et al., 1972; Fnaiechand Ljung, 1987; Gabr,
1985).0Onedrawbackwith theseende&oursis thatthe
likelihoodfunction for this problemis a non-cormvex
function of the parametersind thereforea gradient-
basedsearchalgorithm is typically required.Unlike
the caseof the subspace-baseaagorithmthe modifi-
cationsrequiredfor multivariableidentificationareby
no meandrivial.

The algorithm proposedin this paperis basedon
the ExpectatiorMaximisationalgorithm(Dempstelet
al., 1977; Shumway, 1982),andidentifiesdirectly in
state-spacéorm without requiringan explicit param-
eterisation.

This latteradvantagds a key reasorfor theinterestin

subspace-basedigorithms, but, unlike thatapproach,
where it is not clear exactly what cost function is

beingoptimised,the algorithmproposechereseeksa

MaximumLik elihoodestimate.

2. MAXIMUM LIKELIHOOD ESTIMATION

Considerthe problem of estimatingthe parameters
of a particularmodel structure collectedin a vector
6 € RP?, from a setof measurediata{Y;}&_,. The
Maximum Lik elihoodapproacho this problemseeks

the value of 6 that maximisesthe probability of the

obseneddata.Thatis, an estimateﬁN, basedon the
N dataobsenationsis givenas

-~

On = arg;rlaxp(}/i;}éa"' aYN | 0) (4)

In this contet the joint probability density function
p(Y1,Y2,..., YN | 6) is known asthe 'Lik elihood
Function’ and once the values of the obsenations
{Y,} are specifiedthis is a function purely of the
modelparameter§.

This methodof estimation first introducedby Fisher
(Fisher 1912),hasbecomepopularandwidely used,
in large partdueto the well-known anddesirablefea-
turesof consisteng, asymptoticnormality and statis-
tical efficiengy (Caines,1988; Hannanand Deistler,
1988;Lehmann,1983;Ljung, 1999).

While thesetheoreticalunderpinningsrevery attrac-
tive, it is in the implementationof the schemethat
difficultiesarise.

Specificallythelik elihoodfunctionp(Y1, Ya, ... , YN |
) is frequentlya non-corvex function of the model
parametersiequiringsolutionby someform of itera-
tive optimisationalgorithm.In the eventthatthelike-
lihood functionis smooth,a gradient-basedumerical
searchcanbe employed (Ljung, 1999;Ljung, 2000).
However, computationof thesegradientscan be in-
volved, particularlyin the multivariablecase Further
more,they dependnaparameterisatioohoicewhich
canimply poornumericalconditioning.

The contribution of this paperis to presentan al-
gorithm for likelihood maximisationthat is suitedto
estimatingthe parameterf the bilinear model (1),
(2) directly in state-spacdorm, which doesnot re-
quire the computationof likelihood gradientsandis
numericallyrobust.

3. THEEM ALGORITHM

The ExpectatiorMaximisation(EM) algorithm
(Dempsteret al., 1977) is a method for obtaining
Maximum Likelihood estimatesthat has attracteda
largeamountof attentionin the signalprocessingnd
mathematicalstatisticsliterature (Bock and Aitken,
1981;Fesslertal., 1993)but onewhichis relatively
unknawn in theautomaticcontrolcommunity

An essentiafeatureof the EM algorithmis the pos-
tulate of an unobsered ‘complete’ dataset, Z, that
containswhat is actuallyobsened Y, plus otherob-
senations X, which one might wish were available,
but in factarenot, andaretermedthe ‘missing’ data.
Thatis, Z = (X,Y"), sothatby Bayes'rule

_pizY) _pZ2)
PZIY) =20y = poy
Therefore,
_ p(2)
p(Y) = W27 )

In what follows conditional dependencevill some-
timesbedenotedy subscriptingFor examplepy (V) =



p(Y | 6). Takingthe logarithmof (5) andmakingall
densitiesconditionaluponthe valueof 4 leadsto
logpe(Y) =logps(Z) —logpe(Z | Y),
whichis
logpg(Y) =logps(X,Y) —logps(X | V).

Up to this pointin the derivationit hasbeenassumed
thatthe completedatasethasbeenavailable. Unfor-
tunately since the missing datais not available, the
calculationsabove can not be made.However, if the
missingdatais estimatedasits expectedvaluecondi-
tionedon a guessat the parametersf the systemg’,
andtheobseneddata,Y’, then

Eg {logpe(Y) | Y} =Eg {logpe(X,Y) | Y}
—Ep{logpe(X |Y) | Y}
The fact that the left hand side of this equationis
independentf the missingdataandthatit holdsfor

all X allowsthedensityfunctionto be pulledthrough
the expectationintegral to yield

L(0) £ logps(Y) =Eg {logps(X,Y) | Y}
—Eg{logpy (X | Y) | Y}
= Q(07 01) - V(07 91)7

where the obvious definitionsfor Q(-,-) and V(-,-)
apply.
Now, by virtue of the concaity of the logarithm,
an application of Jensers Inequality ensuresthat
V(6,0") < V(¢',0") with equalityif andonly if § =
0'. Thus,if 8 is chosersothat

Q(8,0") > Q(¢',9"), (6)
then

L) > L(#). ™

The previous discussiorallows the EM algorithmto
be statedasfollows:

(1) Initialisation: Procurean initial estimateof the
parametergy.

(2) E Step: CalculateQ(G,gn).

(3) M Step: 67n+1 = argmaxy Q(G,@n).

(4) Upon corvergence,terminate,otherwisego to
step2.

Equation(7), subjecto (6), ensureshatthisalgorithm
generatea sequencef parameteestimatesvith non-
decreasingdik elihoods.

The test for corvergencerequiredby step 4 could
be implementedin mary ways. One obvious one s
to monitor the log likelihood function, L(-), at each
stepandterminatewhenthe rate of increasebetween
iterationsdropsbelow somepredeterminedalue.

4. APPLICATION OF THE EM ALGORITHM TO
BILINEAR SYSTEMS

Let usre-examinethebilinear systemmodel,

Tpy1 = Azp + N [ugp @ 2] + Bup +wi, (8)
yr = Cxp + Duy, + vg. 9

In a corventional systemidentification experiment
the systems$ inputs are known and its outputs are
measuredThereforethe measureautputswill make
uptheobsereddata,Y. Thesetof known inputswill
be denotedby the symbol U. However, in orderto
applythe EM algorithmto this systemit is necessary
first to decidewhatconstituteghe missingdata.

Note that the matrices A, B, N and ) could be
extractedby linear regressionfrom the equation(8)
if the statesequencavasknown. Similarly, giventhe
state sequencehe matricesC, D and R could be
calculatedoy applyinglinearregressiortechniqueso
equation(9). Sinceknowledgeof the statesequence
would be of such enormoushelp in the estimation
processwe defineit to be the missingdata.i.e. X £

{zk }i:vzl'

Given this choice,at eachiteration of the EM algo-
rithm the function Q(8, ') mustbe maximisedover
8. Thisfunction,definedas

Q(8,0") = Eg {logpy(X,Y) | Y, U}, (10)
may be calculatedusingLemmal.
Lemmal. Let the initial statez; be distributed as
T ~ N(M,Pl), then

~20(6,6') = log|Pi| + Nlog|Q| + Nlog|R)
+Tr{P" (A = Zp” — paT + ™)} +
T{Q (e-1m[4N B]" ~[AN B]TI"
+[ANBIA[A N B]")}+Te{R
(a-w[c D] - [C D]¥"+[C D]x
r[C D))} + (N +1)+ N)logem)  (11)

where

Ty £ Eg{z, | Y,U}),

N N
@ét_zzEgl{:ct:ctT |Y,U}, Qé;yt [fEtT utT],

A2 Ep{mal |Y,U},

N N
23 Ep {227 |V,U}, @23 yuf,
< t=1

=2
T x

FéZEg: { [u:] [z]u] ] |Y,U},
=1
N

A2 Ep {227 |Y,U},  and
=2

= A T-1

o= | Up—1 ® X1

Ut—1



PROOF. Noting that (8) is Markovian, repeatedap-
plicationsof Bayes’ Rule allows the joint likelihood
functionpy(X,Y | U) to bedecomposeds

po(X,Y |U) =po(X | U)pe(Y | X,U)  (12)
=po(z1,22,... TN | U1, U2, ... uN) X
Po(Y1,Y25 - yYUN | T1, T2, ... TN, UL, U, . .. UN)
N N
=po(@1) [ po(ee | we-1,ue—1) [ polye | e, u0).
t=2 t=1

From equation(3) with S = 0, it is known that the
measuremergndstatecorruptionsarei.i.d. andmutu-
ally independentvith anormaldistribution. Via equa-
tions(8) and(9) we thusgetpg(x; | Tr—1,us—1) =

N(A:L'tfl + Nug 1 QT 1+ But,l,Q),
andpg(yt | xt,ut) = /\/(Ca:t + Dut,R).

Insertingthesedensitiesnto (12), takingthelogarithm
of bothsides andthenapplyingtheconditionalexpec-
tationoperatorasrequiredby (10), yields

—20(0,0") =log |Pi| + Tr{P[" + Nlog |Q|+
Nlog|R| +Eg {(z1 — p)(z1 — )" | Y, U} +

N
> Tr{R'Ep {(y: — Cx¢ — Duy) (ys — Cxy—
t=1

Du)” | Y, U}} + (n(N + 1) + N)log(27) +

N

ZTI’ {QilEgl {(:ct — A.’Etfl —Nug 1 Qx4 1—
t=2

Buy_q) (2t — Axg—1 — Nug—1 Q 241 —

Bug_1)T | Y,U}}

whereTr{-} is the traceoperator and x and P, are
now consideregartof 6.

(13)

Equation(11) follows directly from (13) on substitut-
ing theexpressiong;, A, ®, ¥, 11, Q, I’ andA.

5. COMPUTATION OF KALMAN SMOOTHED
QUANTITIES

Lemmal hasshavn thatin orderto computeQ(8, ')

it is necessaryo obtainthe KalmanSmoothedjuan-
tities Eg {z1x] | Y,U}, Ep{zezl_, | Y,U} and
E¢ {z: | Y,U}. Fortunately by reformulating the
bilinear model structure(1), (2) as linear but time-
varying and noting that, by (3) the noise processes
are normally distributed, mostof the requiredmatri-
cesmay be calculateddirectly by a standardKalman
Smoother

Thatis, assuminghatthesystenparameteraregiven
by 4 £ {Ala NI: BI7 Cl) DI: Qla RI: /'/7 Pll} , €qua-
tions(1) and(2) mayberewrittenas

(14)
(15)

Tt+1 = Aémt + B'ut + wy,
ye =C'wy + D'ug + vy,

where A, £ A’ 4+ N'(u; ® I,,) and I, isthen x n
identity matrix.

Thus,by introducingthefollowing notation,

Tyn £Eo{z | Y,U},
Pt\N £ Eo {(zs — &¢) (2 — ﬁt)T |Y,U},

the Kalman smoothermay be implementedwith the
backwardrecursion(Jazwinski,1970),

Ji1=Pr_yj—1(A) 1) (Pyer) ™ (16)
Ty1yn =Tp_1)t—1 + Je—1 @y vy — Ap_ 1 Tp_1)0-G7)
P, yNn=Pi 141+ Jim1(Pyn — Pyy—1)J1(18)

fort = N,N —1,...,1 with the obviousdefinitions
for z;,_yj—1 andPy_qjs_1.

In turn, the expectationsz; _1;—; and P,_;_y may
be calculatedusingthe well-known Kalmanfilter re-
cursion(Jazwinski,1970)

Tyjp—y = Ay 1Zy_qjg—1 + Bug 1 (19)

Py = A;—1Pt71|t71(A;£—1)T +@Q' (20)

Ky =Py (C")'(C'Pyy—a (CT + R)7121)

Ty = Tyjp—1 + Ki(ye — C'Zyp—1 — D'uz) (22)

Pt|t = Pt\tfl - KtCIPt\tfl (23)
fort=1...N.

Theoneobijectstill requiredto evaluateequation(11)
is thecross-coarianceterm

Myn 2 Egp{(z: — 5) (w11 — 1) | Y, U},

andthis maybe calculatedusingtherecursion

My1N=Pi_141Ji, (24)
+Jp—1(Myn — A;sflpt—llt—l)JtT*2

fort = N,N —1,...,2 andwhere My is ini-
tialisedas

MynN=(I - KnC')Ay_1Py_1n-1.  (25)

Now the quantitiesof interest,Eqy {z;z! | Y,U} and
Eo {zizl | | Y,U}, maybecalculatedas

Eo{zea] | Y,U} =2,3] + Pyn,
Eo{ziz{ 1 | Y,U}=Z:3] 1 + Myn.

6. THE MAXIMISATION STEP

The next step of the EM algorithmis to maximise
the function Q(6,6") over 6. The following lemma
providesthe meango do that.

Lemma2. The function Q(6,6") given by (11) is
maximisedby choosing



M= 5/51, (26)

P =A -3, (27)

[AN B]=0A"", (28)
Q=N 1Y@ -1mAtn?), (29

[C D]=9r! (30)

and R=N"'Q-vr'e7). (31

PROOF. Ratherthan maximise Q(6, ") directly its
negative shallbe minimised.

Definethefunctions

Qi(p, ) ETe{P " (A = Zip" — pz] +pu”)}
+log| P,

Q>([4,N, B],Q) £ Nlog Q| + Tr{Q " (&—
m[ANB]"[ANB]TI" +

(4N BIA[AN B]T)},

anng([C, D] 7R) 2 N10g|R| +Tr {R_l (Q_

w[cp]"-[cD]e+[c DIr[Cc D]")}.

sothat,by equation(11),

—QQ(G,Q') = Ql(u: Pl) + QZ([Av N7 B] 7Q) +
9s([C, D], R) + (n(N + 1) + N¥) log(2r).

Since the last term on the right hand side of this

equationis constanit maybeignoredin any maximi-

sationoperation.Maximising Q(6,6') is mademuch

easierby the fact that 9, (-) dependsonly uponthe

distribution of theinitial statez;, 9»(-) is afunction

purelyof A, N, B andQ, and Q3(-) dependssolely

upon the remainingparametersThus Q(4,6') may

be maximisedoy minimising eachof the subfunctions
Q. (-) separately

Lemma3 maybeemployedto differentiateQ; (-) with
respectto u. Settingthe resultto zero and trivially
simplifying yields p = 1. Substitutingthis backinto
Q1 (+) thenprovides

Qi (u, 1) £log |Py| + Tr{P" (A —7:%])}.

Differentiatingthis expressionthis time with respect
to P; andagainequatingto zerogives

P - P72 (A -32]) =0,
which hasthesolutionP; = A — 7,77 .

Identical agumentsmay be appliedto minimise the
functionsQ»(-) and Qs ().

7. THE OVERALL ALGORITHM

This sectionsummariseshe developmentof the pre-
vious discussionand provides the overall estimation
algorithmfor theidentificationof bilinearsystems.

(1) Initialise theparameteestimatedy;

(2) Formulatethesystemasshavnin (14)and(15);

(3) (E-Step) Usetherecursiorequationg16)through
(25)to compute(11);

(4) (M-Step) MaximiseQ(8, 8,) overf by choosing
0r+1 accordingo equationg26) through(31);

(5) If corverged,terminate otherwisereturnto step
2.

8. SIMULATION EXAMPLE

This sectionprovidesa simulationexamplein orderto
demonstratehe utility of the EM algorithmapproach
to Maximum Lik elihood estimationproposedn this
paper

Considerthe following bilinear systemin state-space
form

0.5 0 (1002 0
Tt+1 = [ 0 0.3]‘“4r 02 0 0.5]7“”@””
[0 1
+ -1 0:|Ut, (32)
10 (10
yt=|:0 2:|:L't+ 01:|ut+vt7 (33)

wherew,; arei.i.d. randomvariablessatisfyingv, ~
N (0,10741).

Theobseneddatawasgeneratedy applyinganinput
signal {u;} consistingof i.i.d. randomvariablesdis-
tributedasu; ~ N (0, I) to this systemandsampling
N = 400 datapoints.

An estimatefor the systemparameterof a second-
order bilinear systemwas determinedrom this data
usingthe subspacéentificationsoftwarefrom f t p.
esat . kul euven. ac. be,implementingheresults
of (Favoreelet al., 1999). Two block rows and 380
columnswere specifiedfor the data Hankel matrix
usedin thatidentification.

A seriesof Maximum-Likelihoodestimatesvasgen-
eratedvia the EM algorithm describedn this paper
startingfrom the parameteestimateprovided by the
subspacalgorithmin additionto Q = 1.2 x 10721,
R =0.8 x10721,.

Table 1 shavs how well the algorithmscapturedthe
dynamic modesof the true systemby profiling the
eigervaluesof the estimatedA and N matrices,as
calculatedby thesubspacandEM algorithmsagainst
theirtruevalues.Thevaluesproducedy theEM algo-
rithm arevery closeto thoseof thetrue system much
closerthanthoseof the initial systemproducedby a
subspace-baseagorithm.The EM algorithm’s good
performanceis despitethe numberof obsenations
beingfairly small.

Tablel. Eigervaluesof parametematrices

TrueSystem | Initial Estimate | EM Estimate

0.3,0.5 0.2457,0.4694 | 0.3001,0.4999

N(:,1:2) 0.4,0.6 0.2704,0.3978 | 0.4000,0.6000
N(:,3:4) 0.2,0.5 0.0808,0.3462 | 0.2010,0.5004




The plots in Figure 1 demonstratethe speedwith
which corvergencewas achiesed by the EM algo-
rithm. While thespeedf convergenceappearso have
beenquite high - requiringonly about30 iterations-
the algorithmhasconvergedto the Maximum Lik eli-
hoodestimatesincethefinal valueof the (peroutput)
predictionerror, definedas

N
Z(yt — Crlyp—1 — Diuy)?,

t=1

is equalto E{v?} = le™*.

wwwwwwwww

(a) Log Likelihood (b) Prediction error (per

output)

Fig. 1. Corvergenceof the EM algorithm.

9. CONCLUSIONS

The contribution of this paperwasto presenta novel
ExpectationMaximisation-basedpproachto Maxi-
mum Likelihood estimationof bilinear systems.A
simulationstudydemonstratethatthe algorithmper
formswell.

Furtherwork is requiredto investigatefully the fea-
turesof this algorithm. At presentits propertiesare
known only from simulationstudies.In particular an
analysisof it corvergencepropertiedss essential.

AppendixA. TECHNICAL LEMMATA

Lemma3. SupposeM, N € R™*" and M is invert-
ible. Then

d — -T —1 —2
Gl M=M"T, =M M2,
d _\T

T HMNY =N
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