
Codes for Iterative Decoding from
Partial Geometries

SarahJ.Johnson
�
andStevenR. Weller

�
Departmentof ElectricalandComputerEngineering

Universityof Newcastle,Callaghan,NSW2308,Australia�
sarah,steve � @ee.newcastle.edu.au
Submittedto ISIT2002,October21,2001.

TechnicalReportEE01070

1 Introduction

The aim of this work is to develop codessuitablefor iterative decodingusing the sum-productalgo-
rithm. To this end,codeswith sparseparity-checkmatrices,largegirth andgoodminimumdistanceare
sought.A sparseparity-checkmatrix is essentialfor workabledecodingcomplexity, leadingto so-called
low-densityparity-check(LDPC)codes.Largegirth resultsin reduceddependencein themessagepass-
ing andso to moreefficient iterative decoding,while largeminimum distanceimprovestheerrorfloor
performanceof thecode.Further, regular codes,that is codeswith parity-checkmatrix with fixedrow
andcolumnweights,cansimplify the implementationof LDPC codes.We considerin this paperreg-
ular LDPC codes,derived from partial geometries,which have girth at least � andsparseparity-check
matrices.Partial geometriesarea large classof combinatorialstructureswhoseincidencematricesin-
cludeseveralof thepreviouslyproposedalgebraicconstructionsfor LDPCcodesasspecialcases.These
includeSteinertriple systems[12], Kirkman triple systems[7, 6], oval designs[19], generalizedquad-
rangles[18], andsomeof thefinite geometriesfrom [11, 9]. We derive minimum distanceboundsfor
codesfrom partial geometries,andpresentconstructionsandperformanceresultsfor classesof partial
geometries,namelytransversaldesignsand the properpartial geometries,which have not previously
beenproposedfor iterativedecoding.

2 Incidence, graphs and designs

An incidencestructure ���	��
���
�� consistsof a finite non-emptyset � of pointsanda finite non-empty
set 
 of blocks,togetherwith an incidencerelation 
�������
 . A point � andblock � areincident,
denoted����� , if andonly if ������������
 . A design is anincidencestructurewith a constantnumber
of pointsperblock andno repeatedblocks.A ! -designhasthepropertythateverysetof ! pointsoccurs
in a constantnumberof blockstogether. Theincidencematrix " of  is a # 
$#%�&# �'# matrix with rows
indexedby thepointsandcolumnsindexedby theblocksof  andis definedby")(+* ,.- /10

if �2,3�4��(5�6
otherwise.7
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Theincidencegraphof hasvertex set �:9;
 with two vertices< and = adjacentif andonly if <>�?�
and =@�A
 or <B�A
 and =@�@� . Theincidencegraphof  is bipartiteasnopoint is connectedto another
point andno block to anotherblock. A cyclein a graphis a sequenceof connectedverticeswhich start
andendat thesamevertex in thegraphandcontainno otherverticesmorethanonce.Thelengthof the
cycle is simply thenumberedgesit containsandthegirth of agraphis thesizeof its smallestcycle. The
girth of anLDPCcode C is definedby consideringtheparity-checkmatrixof C astheincidencematrix
of a design . Thegirth of C is thenthegirth of theincidencegraphof thedesign . As theincidence
graph(alsocalleda Tannergraphwhenconsideringparity-checkmatrices)is bipartite,the lengthof a
cyclemustbeevenandat leastD .

An incidencestructurecanalsobedescribedby a point graph E which hasvertex set FG-H� withI -J# FK# vertices.An edgeconnectstwo verticesif thecorrespondingpointsareincidentwith thesame
block �L��
 . Theadjacencymatrix of E is thena I � I matrix M , indexedby the verticesof E , and
definedby MN(O* ,.- / 0

if PQ�SR is anedgeof E6
otherwise.

A graph E is said to be regular if eachvertex is is joined to TVU othervertices,andnot joined to TXW
vertices.If further, any two joinedverticesof E arebothjoinedtogetherto exactly �XU othervertices,and
any two unjoinedverticesareboth joined to exactly �YW verticestogetherthe graphis strongly regular
[17]. In what follows we considerpartial geometries,a classof

0
-designswith stronglyregular point

graphs.
Partial geometries,first presentedin [3], have thefollowing properties:

1. Eachpoint � is incidentwith ![Z 0
blocksandeachblock � incidentwith \]Z 0

points.

2. Any two blockshaveatmostonepoint in common.

3. For any non-incidentpoint-blockpair ��������� thenumberof blocksincidentwith � andintersecting� equalssomeconstant̂ .

Theparametersof thepoint graphof a partialgeometrypg�_\`�Q!a��^b� canbegiventermsof \ , ! and ^ [5,
p. 33]: TcUd-�\e��!�Z 0 � , �XUf-&!g�_^ih 0 � , �YWj-k^j��!�Z 0 � ,#mlA#n- ��\]Z 0 �g��\o![Zp^b�^ and # �q#n- ��!cZ 0 �o��\o![Zp^r�^ . (1)

3 Codes from partial geometries

Wecantaketheincidencematrix " of apartialgeometryastheparity-checkmatrix s of anLDPCcode
which we denoteby C U . Thecode C U has tu-v# 
)# parity-checksandlength Ti-v# �q# . Theparity-check
matrix is thenregularwith columnweight !�Z 0

, row weight \jZ 0
andtheTannergraphof C U hasgirthw � . Alternatively, if wetake sx-y"?z weobtainacodeC W with columnweight \XZ 0 , row weight !{Z 0 ,

alsowith girth
w � .

In [15], Tannerpresentedthe following boundsfor the minimum distance|`}�~m� of a codewith a
regularparity checkmatrix s provided themultiplicity of the largesteigenvalue ��U of sBs'z is

0
. Let�j���S� bethecolumnweightof s , �j�+�_� therow weightof s and �[W thesecondlargestdistincteigenvalue

of sis'z . Thenfrom [15, Theorem3.1] wehave thebit-orientedbound:|`}�~m� w "���� �j���S� h��[Wa�����U�h��[Wa� � (2)
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andfrom [15, Theorem4.1] theparity-orientedbound:|`}�~m� w ��"���� �j���S� Z �j�+�_� h��3h��XW���j�O��� ����U�h��[W�� � (3)

We canusethebit- andparity-orientedbounds,togetherwith somepropertiesof partialgeometries,to
give boundson |2}�~m� in termsof ^ , \ and ! for the codesC U and C W . We needfirst that the adjacency
matrixof astronglyregulargraphhasthreedistinctrealeigenvalues[5, p. 21]T�W , 6 ���@� �XU�hi�YW���� ���XUbhi��Wa� W Z�DY��TXWfhi�YWa�S�
with multiplicities 0

,
6 ���B� TcUbh 0 � ��TVUrh 0 �g���YWfhB�XUQ�rh���TXW� ���XU�hi�YWa� W Z�D���T�W]hB��W���� �

For a partial geometry with incidencematrix " theadjacency matrix of the point graphof  is [4,
p.386] My-k"B" z h?��!�Z 0 �¡  . It followsthatif � is aneigenvalueof M with multiplicity ¢ then �]ZB��!£Z 0 �
is aneigenvalueof "B"?z with multiplicity ¢ andso "B"?z haseigenvalues��\]Z 0 �g��![Z 0 �a��\]Z�!cZ 0 h�^]� 6
with correspondingmultiplicities0 � \o!g��\]Z 0 �g��![Z 0 �^���\�Z�!cZ 0 h�^b� � \e�_\�Z 0 h�^b�o�_\o!�Z�^b�^j�_\]Z�!cZ 0 h�^r� � (4)

Lemma 1 Theminimumdistanceof a code C U is |`}�~m� w&¤�¥�¦ � ��\]Z 0 �g��![Z 0 h�\�Z�^b�¨§�^]�a�%��!XZp^r�Q§�^d�
Proof: With s theparity-checkmatrix of anLDPC codefrom a partial geometry, we use(4) to

show that sBs'z hasa largesteigenvalue �_\rZ 0 �o��!YZ 0 � with multiplicity
0

andsecondlargesteigenvalue\]Z�![Z 0 h�^ . Substitutinginto equations(2) and(3) theresultfollows.

Partialgeometriescanbedividedinto four (non-disjoint)classes.Theminimumdistanceboundsfor
LDPCcodesfrom eachof theseclassesaregivenin Table1.© A partialgeometrywith ^ª-«\cZ 0 is abalancedincompleteblock design(BIBD) or � - � I �a\cZ 0 � 0 �

design.© A partialgeometrywith ^>-&! is calleda netor, duallywith ^ª-�\ , a transversaldesign(TD).© A partialgeometrywith ^>- 0
is calledageneralizedquadrangle(GQ).© If

0­¬ ^ ¬ ¤¯®O° � \`�Q!�� thepartialgeometryis proper.

Designsfrom two classesof partial geometries,BIBDs andGQs,have beenstudiedpreviously for
useasLDPC codes.A numberof differentBIBDs have beenproposed[12, 11, 9, 19], andVontobel
andTannerrecentlypresentedsomeLDPCcodesbasedongeneralizedquadrangles[18]. Theminimum
distanceboundsin Table1 for thegeneralizedquadrangleswerepresentedin [18]. In [9] theminimum
distancefor codesfrom two-dimensionalprojectivegeometriesis givenas |`}�~m�N-y��±YZ�� , in thenotation
of partial geometriesthis is |`}�~m�²-1!rZk� andwe seethat theboundgiven in Table1 is tight for these
BIBDs. Thebit-orientedboundfor BIBDs canbederivedmoresimplyby notingthatfor codeswith girth
at least� andconstantcolumnweight ³ , at least³´Z 0 columnsof s areneededfor a linearcombination
to sumto zero,andhence|2}�~m� w ³²Z 0

.
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Classof partialgeometry Minimum Distanceof

BIBD
µ \�Z 0 |`}�~m� wG¤�¥�¦K¶ !�Z·�¸� WQ¹�º¼» ± »�U_½± »�U ¾
Net ! |`}�~m� wG¤�¥�¦K¶.¹ ± »�U_½¿¹�º¼»�U_½± � WQ¹ ± »%º¼½± ¾
Transversaldesign \ |`}�~m� wG¤�¥�¦K¶.¹ ± »�U_½¿¹ÀW5º¿Á ± »�U_½º ��D ¾
Generalizedquadrangle

0 |`}�~m� wG¤�¥�¦ � ��\]Z 0 �g��![Z·�3h�\Â���a����!XZ 0 ���
Properpartialgeometry

0­¬ ^ ¬ ¤¯®O° � \`�Q!�� |`}�~m� wG¤�¥�¦K¶.¹ ± »�U_½¿¹�º¼»�USÁ ± »�ÃÂ½Ã � WQ¹Äº¼»�ÃÂ½Ã ¾
Table1: Minimum distanceboundsfor LDPCcodesfrom partialgeometries

Two further constructionsfor LDPC codesareclosely relatedto BIBDs. The codesin [7, 6] are
derivedfrom theresolutionclassesof a typeof BIBD known asa Kirkman triple system(KTS) andso
theboundsin Table1 hold for thesecodes.Thetwo-dimensionalEuclidean(affine) geometrycodesin
[9] arederivedfrom Euclideangeometry(EG) BIBDs with a point andall theblocksthroughthatpoint
removed.Theremoval of apoint from theEGdesignmeansthattheboundsin Table1 donotnecessarily
hold. However, |`}�~m� w ³¯Z 0

still holdsandthis is metwith equalityin [9].

4 Constructions

Constructionsfor many BIBDs, including KTS designsand projective and Euclideangeometriesare
given in [1]. Alternatively, constructionsaregiven in the relevant LDPC paperson the applicationof
eachdesign[6, 9]. Constructionsfor ovaldesignsaregivenin [2, 8,19]. Wepresentheretheconstruction
methodsusedto generatethetransversaldesignsandproperpartialgeometriesemployedin thefollowing
section.

The infinite family of partial geometrieswe constructis dueto Thas[16]; seealso[4, p. 443] and
[17, p. 314]. For Å a power of � and | a divisorof Å , let ¢b��<c��=%�f-�^c< W ZpÆ�<�=­Z�³Ç= W beany irreducible
quadraticoverGF��Å`� , andlet s beany subgroup,of order | , of theadditivegroupof GF��Å`� . In theaffine
planeAG �_�¸��Å�� , let ÈvÉ - � ��<c��=�� É ¢r��<c��=%�]�4s>� �
Whentheaffine planeis embeddedin a projective geometry, PG�_�¸��Å�� , È is a maximalarcof degree | .
Using

È
, anincidencestructureÊË� È � canbedefined.Thepointsof Ê3� È � arethepointsof PG�_�¸��Å�� that

arenot containedin
È

. Theblocksof ÊË� È � aretheblocksof PG���¸��Å�� thatareincidentwith | pointsofÈ
. Theincidenceis theoneof PG���¸�QÅ`� . Then Ê3� È � is apartialgeometrywith parameters!f-kÅËh�Å`§n| ,\�-yÅ3h�| , and ^ª-yÅ´h�Å`§n|$h�|´Z 0

.
To constructtransversaldesignswe follow themethodfrom [1, p. 121]. Westartwith anorthogonal

arrayOA ��\]Z 0 �Q!cZ 0 � on ��!�Z 0 � symbolswhich is an ��\jZ 0 �Ì����!cZ 0 � W arraysuchthatany two rows
give, in their verticalpairs,eachorderedpair of symbolsexactly once.An OA ��\ÌZ 0 �Q!�Z 0 � exists for
any ��!VZ 0 � a primepower and \¯Í«!VZ 0

andcanbeconstructedusing \´h 0
mutuallyorthogonallatin

squaresof order ��!%Z 0 � . Givenanorthogonalarrayonelements
0 ��Î£Î£Î[�Â��!%Z 0 � add ��P�h 0 �o��!%Z 0 � to each

entryon the P -th row to obtainaTD �_\2�¨!¨� .
Transversaldesignshave the importantpropertyof resolvability which requiresthat theblocksof a

designcanbepartitionedinto subsetsof disjointblockscontainingeachpoint in thedesignexactlyonce
in eachsubset.The resolvability of EG andKTS designswasappliedin [10] and[7] respectively, to
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deriveregularcodeswith alargerangeof rates,dimensionsandlengths.Wedothesamewith transversal
designsandthecodesin thefollowing sectionareconstructedfrom resolutionclassesof theTDs.

5 Simulation results using iterative decoding

We employedsum-productdecoding,alsoknown asbelief propagationdecoding,aspresentedin [11].
For all simulationswe usedthe terminationrule: stopif thesyndromeof thedecodedcodeword is the
zerovectoror if 50 iterationsis reached.In thesimulationresultsthatfollow, we compareLDPC codes
from partialgeometrieswith randomlyconstructedcodes.For therandomlyconstructedcodeswe have
usedthe constructionmethodfrom [13] (sourcecodefrom [14]) and have chosenonly parity-check
matriceswhich arefreeof D -cycles.
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Figure1: Bit-error rateplotsfor iteratively decodedlow-densityparity-checkcodes

Fig. 1(a)shows theperformanceof someLDPC codesderivedfrom BIBDs. TheBER performance
over an AWGN channelof the oval- � 0 6 ��Ý%��Þ 0 �`� codeis comparedwith the PG-� 0 6 �`ß ��Þ 0 Ý2� projective
geometrycode[9] andarandomlygeneratedLDPCcode.Theoval codeis � 0 �%��Ý`Ý`� -regular, thePGcode
is ��Ý`Ý%��Ý`Ý`� -regular, andtherandomlygeneratedLDPC codehasa columnweightof Ý androw weights
between

0`0
and

0£à
.

Fig. 1(b) shows theperformanceof a �_Ý%���2� -regularLDPC codederivedfrom a TD �_�¸��Þ2��� compared
with arandomlyconstructedcodeof thesamerate,lengthanddensity. Also shown is theperformanceof
a � 0 � � à � -regularLDPC codederivedfrom a properpg�_Þ¸� 0 D�� ß � comparedwith a randomlyconstructed
codeof thesamerateandlength.
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