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1 Introduction

The aim of this work is to develop codessuitablefor iteratve decodingusingthe sum-productalgo-
rithm. To this end,codeswith sparseparity-checkmatricesJarge girth andgoodminimumdistanceare
sought.A sparseparity-checkmatrixis essentiafor workabledecodingcompleity, leadingto so-called
low-densityparity-check LDPC) codes.Largegirth resultsin reduceddependenca themessag@ass-
ing andsoto moreefficient iteratve decodingwhile large minimum distanceimprovesthe error floor

performanceof the code. Further regular codes thatis codeswith parity-checkmatrix with fixed row

andcolumnweights,cansimplify the implementatiorof LDPC codes.We considerin this paperreg-

ular LDPC codes derived from partial geometrieswhich have girth at least6 andsparseparity-check
matrices.Partial geometriesare a large classof combinatorialstructuresvhoseincidencematricesin-

cludeserveralof thepreviously proposedilgebraicconstructiongor LDPC codesasspecialcasesThese
include Steinertriple systemg12], Kirkman triple systemgd7, 6], oval designg19], generalizedjuad-
rangles[18], andsomeof the finite geometriedrom [11, 9]. We derive minimum distanceboundsfor

codesfrom partial geometriesand presentconstructionsand performanceesultsfor classeof partial

geometriespnamelytrans\ersaldesignsand the properpartial geometrieswhich have not previously

beenproposedor iterative decoding.

2 Incidence, graphs and designs

An incidencestructue (P, B,Z) consistsof a finite non-emptyset? of pointsanda finite non-empty
setB of blocks,togetherwith anincidencerelationZ C P x B. A point p andblock B areincident,
denotedh € B, if andonlyif (p, B) € Z. A designD is anincidencestructurewith a constannumber
of pointsperblock andno repeatedlocks. A t-designhasthe propertythatevery setof ¢ pointsoccurs
in a constaninumberof blockstogether The incidencematrix N of D is a |B| x |P| matrix with rows
indexedby the pointsandcolumnsindexedby the blocksof D andis definedby

N — 1 if p; € B;,
“ 1 0  otherwise.
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andy € Borz € Bandy € P. Theincidencegraphof D is bipartiteasno pointis connectedo another
pointandno block to anotherblock. A cyclein a graphis a sequenc®f connectedrerticeswhich start
andendatthe samevertex in the graphandcontainno otherverticesmorethanonce. Thelengthof the
cycleis simply thenumberedgest containsandthegirth of agraphis thesizeof its smallestcycle. The
girth of anLDPC code( is definedby consideringhe parity-checkmatrix of C' astheincidencematrix
of adesignD. Thegirth of C' is thenthegirth of theincidencegraphof thedesignD. As theincidence
graph(alsocalleda Tannergraphwhenconsideringparity-checkmatrices)is bipartite, the lengthof a
cycle mustbeevenandatleasts.
An incidencestructurecanalsobe describedoy a point graph G which hasvertex setV = P with

v = |V| vertices.An edgeconnectdwo verticesif the correspondingpointsareincidentwith the same
block B € B. Theadjacencymatrix of G is thena v x v matrix A, indexed by the verticesof G, and
definedby

A= 1 if 4,5 isanedgeof G
“ 1 0 otherwise.

A graphg is saidto be regular if eachvertex is is joined to n; othervertices,and not joined to n,
vertices.If further, any two joinedverticesof G arebothjoinedtogetheito exactly p, othervertices,and
ary two unjoinedverticesare both joined to exactly p, verticestogetherthe graphis strongly regular
[17]. In whatfollows we considerpartial geometriesa classof 1-designswith strongly regular point
graphs.

Partial geometriesfirst presentedn [3], have thefollowing properties:

1. Eachpointp is incidentwith ¢ + 1 blocksandeachblock B incidentwith s + 1 points.
2. Any two blockshave at mostonepointin common.

3. Forary non-incidenfpoint-blockpair (p, B) thenumberof blocksincidentwith p andintersecting
B equalssomeconstantx.

The parametersf the point graphof a partialgeometrypg(s, ¢, «) canbe giventermsof s, t anda [5,
p. 33]:
n=st+1), pr=tla—1), po=at+1),

(s +1)(st + ) (t+1)(st + )

|P| = and |B|= : (1)

«

3 Codesfrom partial geometries

We cantake theincidencematrix V of apartialgeometryasthe parity-checkmatrix H of anLDPC code
whichwe denoteby C'. ThecodeC' hasm = |B| parity-checksandlengthn = |P|. The parity-check
matrix is thenregularwith columnweightt + 1, row weights + 1 andthe Tannergraphof C! hasgirth
> 6. Alternatively, if wetake H = N7 we obtainacodeC? with columnweights + 1, row weightt + 1,
alsowith girth > 6.

In [15], Tannerpresentedhe following boundsfor the minimum distanced,,,;, of a codewith a
regular parity checkmatrix H providedthe multiplicity of the largesteigervalue, of HHT is 1. Let
weo bethecolumnweightof H, w.., therow weightof H andu, thesecondargestdistincteigervalue
of HHT. Thenfrom [15, Theorem3.1] we have the bit-orientedbound

N(2wcol - /112)

dmin >
(p1 — p2)

(2)
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2N(2wcol + Wrow — 2— NZ)
Wrow (pi1 — H2) '

dmin Z (3)
We canusethe bit- and parity-orientedoounds togetherwith somepropertiesof partial geometriesto
give boundson d,,;, in termsof «, s andt for the codesC*' andC?. We needfirst thatthe adjaceng
matrix of a stronglyregulargraphhasthreedistinctreal eigervalueg[5, p. 21]

ng, 0.5 [pl —pat/(p1 — p2)? + 4(ns — pQ)]

with multiplicities

1, 05 [n1—1i (”1_1)(p2_pl)_2"2].

V (p1 — p2)? + 4(ng — po)

For a partialgeometryD with incidencematrix N the adjaceng matrix of the point graphof D is [4,
p.386]A4 = NNT —(t+1)I. It followsthatif y is aneigervalueof A with multiplicity f thenu+ (t+1)
is aneigervalueof NNT with multiplicity f andso NNT haseigervalues

(s+1)(t+1), s+t+1—a, O
with correspondingnultiplicities

st(s+1)(t+1) s(s+1—a)(st+a)
a(s+t+1—a) a(s+t+1-a)

(4)

Lemma 1l Theminimumdistanceof a codeC! is dpi, > max{(s +1)(t +1 — s+ )/, 2(t + o) /a}

Proof: With H the parity-checkmatrix of an LDPC codefrom a partial geometrywe use(4) to
shawv that H HT hasalargesteigervalue(s + 1) (¢ + 1) with multiplicity 1 andsecondargesteigervalue
s+t + 1 — «. Substitutingnto equationg?2) and(3) theresultfollows. [ |

Partial geometriexanbedividedinto four (non-disjoint)classesThe minimumdistanceboundsfor
LDPC codesfrom eachof theseclassesregivenin Tablel.

e A partialgeometrywith o = s+ 1 isabalancedncompleteblock design(BIBD) or 2-(v, s+ 1, 1)
design.

e A partialgeometrywith o = ¢ is calledanetor, dually with o = s, atransvesal design(TD).
e A partialgeometrywith o = 1 is calleda generlizedquadrangle(GQ).
e If 1 < a < min{s, t} thepartialgeometryis proper.

Designsfrom two classeof partial geometriesBIBDs and GQs, have beenstudiedpreviously for
useasLDPC codes. A numberof differentBIBDs have beenproposed12, 11, 9, 19|, and Vontobel
andTannemrecentlypresentedomelLDPC codeshasedn generalizedjuadranglegl8]. The minimum
distanceboundsin Table1 for thegeneralizedjuadranglesverepresentedn [18]. In [9] the minimum
distanceéor codesrom two-dimensionaprojectve geometriess givenasd,,;, = 2° + 2, in thenotation
of partialgeometrieghisis d,;, = t + 2 andwe seethatthe boundgivenin Tablel is tight for these
BIBDs. Thebit-orientedooundfor BIBDs canbederivedmoresimply by notingthatfor codeswith girth
atleast6 andconstantolumnweight~, atleasty + 1 columnsof H areneededor alinearcombination
to sumto zero,andhenced,;, > v + 1.



BIBD s+1 doin > max {t +2 2(t+s+1 }

Net t mln > max{ (s+1) (H_l) 2(S+t }

Trans\ersaldesign s ds > max { (s+1) (2t s+1) }

Generalizedjuadrangle 1 Amin > max{(s+1)(t+2—s),2(t+ 1)}
[ i (s+1)(t+1-s+a) 2(t+a)

Propemartialgeometry | 1 < o < min{s, t} | dpin > max{ (L ste) Atta }

Tablel: Minimum distanceboundsfor LDPC codesfrom partialgeometries

Two further constructiongor LDPC codesare closelyrelatedto BIBDs. The codesin [7, 6] are
derivedfrom theresolutionclasse®f atype of BIBD known asa Kirkman triple system(KTS) andso
theboundsin Table1 hold for thesecodes.The two-dimensionaEuclidean(affine) geometrycodesin
[9] arederivedfrom Euclideangeometry(EG) BIBDs with a pointandall the blocksthroughthat point
removed. Theremoval of apointfrom the EG designmeanghattheboundsn Tablel donotnecessarily
hold. However, d,,i, > v + 1 still holdsandthis is metwith equalityin [9].

4 Constructions

Constructiondor mary BIBDs, including KTS designsand projectve and Euclideangeometriesare
givenin [1]. Alternatively, constructionsaregivenin the relevant LDPC paperson the applicationof
eachdesign[6, 9]. Constructiongor oval designsaregivenin [2, 8,19]. We presenheretheconstruction
methodsisedo generatéhetrans\ersaldesignsaandproperpartialgeometrieemployedin thefollowing
section.

The infinite family of partialgeometriesve constructis dueto Thas[16]; seealso[4, p. 443] and
[17, p. 314]. For ¢ apower of 2 andd a divisorof ¢, let f(x,y) = az? + Bzy + yy* beary irreducible
quadraticover GF(q), andlet H beary subgrouppf orderd, of theadditive groupof GF(¢). In theaffine
planeAG(2, q), let

A:={(z,y): f(z,y) € H}.

Whenthe affine planeis embeddedn a projective geometryPG(2, ¢), A is a maximalarc of degreed.
Using A, anincidencestructureS(.A) canbedefined.The pointsof S(.A) arethe pointsof PG(2, ¢) that
arenotcontainedn A. Theblocksof S(A) aretheblocksof PG(2, ¢q) thatareincidentwith d pointsof
A. Theincidences theoneof PG(2, ¢). ThenS(A) is apartialgeometrywith parameters = ¢ — ¢/d,
s=qg—d,anda=q—q/d—d+1.

To constructrans\ersaldesignswe follow the methodfrom [1, p. 121]. We startwith anorthogonal
arrayOA(s + 1,¢ + 1) on (¢ + 1) symbolswhichis an(s + 1) x (¢ + 1)? arraysuchthatary two rows
give, in their vertical pairs,eachorderedpair of symbolsexactly once. An OA(s + 1,t + 1) existsfor
ary (t + 1) aprimepowerands < ¢t + 1 andcanbe constructedisings — 1 mutually orthogonalatin
square®f order(t + 1). Givenanorthogonahrrayonelementd, - - - , (t+1) add(s — 1)(t + 1) to each
entryonthes-th row to obtaina TD(s, t).

Trans\ersaldesignshave the importantpropertyof resohability which requiresthatthe blocksof a
designcanbe partitionedinto subset®f disjoint blockscontainingeachpointin thedesignexactly once
in eachsubset. The resohability of EG and KTS designswas appliedin [10] and[7] respecitiely, to



5 Simulation resultsusing iterative decoding

We employed sum-productlecoding alsoknown asbelief propagatiordecoding,aspresentedn [11].

For all simulationswe usedthe terminationrule: stopif the syndromeof the decodedcodevord is the
zerovectoror if 50iterationsis reachedIn the simulationresultsthatfollow, we compareLDPC codes
from partialgeometriesvith randomlyconstructedcodes.For therandomlyconstructedodeswe have

usedthe constructionmethodfrom [13] (sourcecodefrom [14]) and have chosenonly parity-check
matriceswhich arefree of 4-cycles.
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(a) BERVs. Ey, /N, for ratex 0.79 LDPC codesin an (b) BER vs. E /Ny for LDPC codesin an AWGN
AWGN channelmaximumof 50 iterations. channelmaximumof 50 iterations.

Figurel: Bit-errorrateplotsfor iteratively decodedow-densityparity-checkcodes

Fig. 1(a) showvsthe performanceof someLDPC codesderivedfrom BIBDs. The BER performance
over an AWGN channelof the oval-(1023, 812) codeis comparedwith the PG{1057, 813) projective
geometrycode[9] andarandomlygenerated DPC code.Theoval codeis (16, 33)-regular, thePGcode
is (33, 33)-regular, andthe randomlygenerated DPC codehasa columnweightof 3 androw weights
betweenl1 and19.

Fig. 1(b) shavs the performancef a (3, 6)-regular LDPC codederivedfrom a TD(2, 82) compared
with arandomlyconstructedodeof thesamerate lengthanddensity Also shavn is theperformancef
a(15,9)-regularLDPC codederivedfrom a properpg(8, 14, 7) comparedvith a randomlyconstructed
codeof thesamerateandlength.
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