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Abstract

This papertakes a Bayesianapproachto the problemof dynamicsystemestimation,and
illustrateshow posteriordensitiesfor ratherarbitrary systemparametersor properties(sucha
frequency response,phasemargin etc) may be numericallycomputed. In achieving this, the
key ideaof constructinganergodicMarkov chainwith invariantdistribution equalto thedesired
posterioris oneborrowed from the mathematicalstatisticsliterature. An essentialpoint of the
work hereis that,via theassociatedposteriorcomputationfrom theMarkov chain,errorbounds
onestimatesareprovidedthatdonot rely onasymptoticin datalengtharguments,andhencethey
applywith arbitraryaccuracy for arbitrarilyshortdatarecords.
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1 Intr oduction

A dominantforce in both the practiseand underlyingunderstandingof modernmethodsfor sys-
tem identificationof dynamicsystemshasbeenwork within thecontext of a Maximum Likelihood
framework andassociatedapproximations,suchaspredictionerrorapproaches[11, 24, 2, 9, 18]. In
particular, thesoftwaredevelopedaspartof this lattereffort [12, 1] hasbecomeanindustrystandard.

A key aspectof this approachis thatany quantificationof theaccuracy of theassociatedsystem
estimatesrelieson employing asymptoticin datalengthexpressionsasif they appliedfor finite data
lengths.For example,theGaussiandistribution commonlyachievedby estimatesin theinfinite limit,
is usuallyassumedto hold for whatever finite datalengthis available.

While thesetechniquesenjoy widespreadacceptance,therehasrecentlyarisena body of work
thathassoughtto derivemethodsandsupportingtheorywhichapplyfor arbitrarilyshortdatarecords.
To give someexamples,theso-called‘boundederror’, or ‘set estimation’techniques[17, 16, 14, 26]
weredevelopedto handlecaseswheremeasurementcorruptionswereof constrainedmagnitude.More
recentwork hasexaminedhow finite dataapplicableboundsmay be computedfor predictionerror
methods[27, 28], andhasalsoturnedto conceptsfrom machinelearningtheory[4, 3, 25], whichhave�
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originatedlargely within the ComputerSciencecommunity, andarealsoclosely linked to ideasof
‘informationbasedcomplexity’ [15].

This paperis directedat the sameissueof dynamicsystemidentificationin a finite datarecord
setting,but takesa differentapproachto theproblem.In particular, theperspective hereis that,espe-
cially for very shortdatalengths,it is sensibleto take aBayesianapproachto quantifyingthemanner
in which prior knowledgeanddata-basedinformationarecombinedto yield posteriorinformation
aboutsystemproperties.

While therearestrongscientificandphilosophicalargumentsfor this strategy [19], it hashis-
torically founderedon the difficulty of actually computingthe posteriordistribution. Indeed,the
celebratedKalmanFilter is well known asoneof thefew instanceswheresimplecomputationof the
posterioris possible.

However, in relationto this, theintroductionof so-calledMarkov ChainMonte–Carlomethodsin
themathematicalstatisticsliteraturehasrecentlycausedsomethingof a minor revolution in thatfield
by offering a meansfor numericallycomputingposteriordistributions for very complex modelling
scenarios[22, 21, 7]. Theessentialideathereis to inventa methodfor constructinga Markov Chain
which convergesto aninvariantdensityequalto thedesiredposterior. Samplingfrom this chainthen
providesa meansfor computingposteriorswith respectto this densityvia sampleaveragesfrom the
simulatedchain,hencethe‘Monte–Carlo’epithet.

The contribution of this paperis to provide a tutorial introductionto the key ideasin this area,
andthenillustratehow they may be successfullyappliedto the problemof Bayesianestimationof
dynamicsystems,andin doing so provide estimationerror quantificationsthat apply for arbitrarily
shortdatarecords.

Theideasbehindthispaperhave begunto have a significantimpactin thefield of signalprocess-
ing,andhavealreadybeenconsideredin acontext of analysingdynamicsystems;seefor example[23]
andthe referencestherein. In particular[10] considersthestateestimationof Markov systems,and
themorerecentwork [5, 6] examinesextensionsto stateestimationof jump-Markov systems.How-
ever, thereseemsto benoextantliteratureexaminingtheparameterestimation,subsequentcontroller
designandestimation-errorquantificationfor finite datasetapplicationsthatareconsideredhere.

2 ProblemFormulation

A very wide classof commonlyusedlinearandtime invariantstructuresthatareemployedto model
the relationshipbetweenan observed input datarecord �����
	 and output datarecord �����
	 may be
describedas[11, 24, 2, 9]

���������
�����������������
� ���!�
"#���
$ �
� ���!�% �
������� �&���

' �
� ���!�( �
� ���!� ")� (1)

wherethenumeratoranddenominatorpolynomialsareof theform
% �
� ���!�*� �,+-��. +0/�1 �,+2/�13��4�4�4!�5. 1 �6��.879� (2)$ �
� ���!�*� : +0/�1 � +0/�1 ��: +2/2; � +0/2; �54�4�4���: 1 �6��: 7 � (3)( �
� ���!�*� � + ��< +0/�1 � +0/2; ��4�4�4��5< 1 �6��<=7!� (4)' �
� ���!�*� � + ��> +2/�1 � +2/2; ��4�4�4?��> 1 �@�5> 7 (5)

andtheparametervector � is definedas

�A�CB . 7 ��: 7 ��< 7 ��> 7 ��. 1 ��: 1 ��< 1 ��> 1 ��4�4�4D��. +2/�1 ��: +2/�1 ��< +2/�1 ��> +0/�1
EGF
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If all of theparameterelementsin (2)-(5) arefreeandto beestimated,then(1) is known asa Box–
Jenkinsstructure,but otherwisemorerestrictedcasessuchasFIR, ARX, ARMAX andOutput–Error
typesmayalsobedescribedby (1).

In (1), thesignal �9"#�
	 is anindependentstochasticprocessthatmodelspossiblecorruptionsof the
measurements�����
	 . By virtue of the fact that accordingto the parameterisation(4), (5) the model���
������� for correlationin thiscorruptionis monic,thenby simplealgebratherelationship(1) maybe
rewritten as ���H� � �JI � /�1 �
�!�K�L")� (6)

where � �JI � /�1 �
�!���M��/�1��
� ���!�
�N�
� ���!���&�K� OQP���/�1��
� ���!� ��� F (7)

In fact, by the independenceassumptionon �9" � 	 , the quantity � �JI � /�1 �
�!� is the meansquareoptimal
one-stepaheadpredictorof ��� accordingto themodel(1), andthis suggestsa strategy of finding an
estimate��R of theparametervector � by minimisingtheerrorbetweenthispredictor, andtheobserved��� over S observeddatapoints.Thatis,

� RUTWV�X
Y[Z]\ ^_ ` R �
��� F (8)

where

` R �
�!��� Oa S
R
�Jb 1

c ��� � P � �JI � /�1 �
�!�
� (9)

and
c

is somepositivevaluedfunction,with
c ��dH���ed ; beingthemostcommonchoice.Thisstrategy

is known asthe ‘predictionerrormethod’,andenjoys wide popularitynot only becauseof sophisti-
catedsoftwareimplementations[12], but alsodueto a rathercompletebodyof supportingtheory. In
particular, underrathermild assumptions[13, 2, 11] on thedistribution of thestochasticcomponent�9"#�
	 andon thefunction

c
f S�� �)RgP�� h)�jiPlknmU�
o9��p�� as Sqksr F

(10)

where t \uZRwvNx �)Ry����h TjV�X#YwZ]\ ^_
t \uZRzvNx E � ` R��
���
	 w.p.1 (11)

and,providedthedatawasin factgeneratedby asystemobeying (1) for �A��� h , then

p /�1 � O{ ;
t \uZRzvNx

| ;| � | �D} E � ` R��
���
	 _ b _�~ (12)

where { ; � E " ; � .
Even thoughthesearestrictly asymptoticin datalength S results,in practiseit is commonto

assumethattheequalitiesin (10)–(12)hold approximatelyfor thefinite dataavailable,sothatmulti-
dimensionalGaussianconfidenceregionsmayderivedasquantificationsof theerrorbetween��R and
any underlyingtrue ��h .

An addedcomplicationin this approachariseswhenthe estimatedquantitiesof interestarenot
theparametersthemselves,but oneor morefunctionsof theparameters,suchasfrequency response,
phasemargin, etc. In thiscase,theubiquitousstrategy is to form afirst orderTaylorexpansionin this
functionof interestabouttheassumedtrueparameter, andthencouplethiswith (10) in orderto derive
errorbounds.Thesuccessof thisapproachdependson theTaylorexpansionbeingaccurateby virtue
of � �)RgP�� h � beingsmall,andagainthisdependson thedatalength S beinglarge.
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3 Non-Asymptotic Estimation Err or Quantification

As mentionedin theintroduction,especiallyover thelastdecade,therequirementof large S hasbeen
foundobjectionableby many researchers,whohavesoughtto avoid its needin theerrorquantification
processby avarietyof means.

This paperlies within that realmof investigation,andbut adoptsa new Bayesiancomputational
approach.For this purposenotethat for a very generalclassof models,of which the oneadopted
herein (1) for thesake of concretenessis asubsumedcase,thelikelihoodfunctionassociatedwith an
observeddatarecordcanbedecomposedas

� �
�?R�� �!��� � ��� 7 ���!�
R
�Jb 1

� �����Q� �2� /�1 ����� (13)

where �2R T ��� 1 ��4�4�4=����R-	 . Therefore,by (6) andassumingthat ")� is distributedas

")��� �?� �
4u� (14)

then

� �
�2R����!��� � ��� 7 ���!�
R
�Jb 1

�?� ������P � �JI � /�1 �
�!�
�
F

(15)

Consequently, by Bayes’rule theposteriordistribution � �
�����?R-� is givenas

� �
�����?R-��� � �
� R � ��� � �
�!�� �
�2R�� � � ���!7�� �!� � �
�!�� �
�?R��
R
�Jb 1

�?� ������P � �JI � /�1 �
���
� (16)

where� �
�!� is thea-priori distribution of � and� �
�?R-� is anormalisingconstantgivenas

� �
�2R���� ���J� � �
�2R������ � �
�!� | � F (17)

Now, for a givendensity�?� , andin thecaseof themodelstructure(1), sinceits associatedone-step
aheadpredictorhastheexplicit formulation(7), thenthe left handsideof (16) can,in principle,be
computedfor any desired� , andhencetheposteriordensity� �
�����?R-� maybedirectly computed.

If the densityof only a particular � ’ th parameterelement �=� is required,then this too can be
evaluatedvia numericalcomputationof theintegral

� �
� � �9�?R-��� � �J�D�?� � �
� 1 ��4�4�48��� � ��4�4�4=����� + �9�?R-� | � 1 4�4�4 | � � /�1 | � ��� 1 4�4�4 | ��� + F (18)

For a large dimensionalmodel,this could involve a ratherheavy computationalload. For example,
sincetypically aroundthirty pointson a histogramareneededto representit accurately, then (18)
impliesthenumericalevaluationof aroundthirty multidimensionalintegrals,andthis latterdimension
couldberelatively large: afifth ordermodelwould imply aninedimensionalintegral.

Furthermore,since(16) involvesaproducttermover S terms,thenthisproductcanbevery large
when�?� is greaterthanone,andverysmallwhenit is lessthanone.This largedynamicrangeimplies
greatnumericaldifficulties in its evaluation.Onestrategy to circumvent this is to insteadwork witht � Y � �
��� �2R�� , but thenthemarginaldensity(18)cannotbecomputedsincethelogarithmandintegral
operatordon’t commute.
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Nevertheless,if possible,theevaluationof (16)and(18)provideameansfor providing parameter
estimationerror quantificationapplicableto arbitrarily shortdatarecords.Indeed,from a Bayesian
perspective, the calculationof theposterior(16) is an optimal strategy in that it completelycharac-
terisestheinformationavailablefrom thedataandprior knowledgeabouttheparameter� .

However, supposeinterestis centrednot on theparametersthemselves,but on a functionof them
suchas(for example)systemphasemargin �0���
�N����� for a givenclosedloop controller ���
� � . Then
it is notatall clearhow onemight tractablycomputetheposteriordensity

� �
� � �
�������z���?R-� F (19)

Thecontribution of this paperis to illustratehow all theposteriors(16), (18) and(19) togetherwith
othersthatareratherarbitraryfunctionsof � maybecomputedin astraightforwardmanner. Asalready
mentioned,themethodsemployedhereareborrowedfrom themathematicalstatisticsliteraturewhere
they areknown collectively asMarkov ChainMonte–Carloapproaches,and in the particularcase
employedhere,rely on theemploymentof theMetropolis–Hastingsalgorithm.Thefollowing section
is devotedto a tutorial introductionto theseunderlyingideas.

4 Mark ov Chain Methods

In general,exceptfor thestrictly Gaussiancase,it is impossibleto analyticallyformulatetheposterior
densityspecifiedby (15). Thecontribution of this paperis to illustratehow it maystill becomputed
numerically. This is achieved by drawing on a large body of work[22, 21, 8] that hasgenerated
significantinterestin the mathematicstatisticscommunity, but hasnot yet beenwidely appreciated
outsidethisdomain,andin particularappearsnotto havepreviouslybeeninvestigatedfor thedynamic
systemestimationapplicationsconsideredin thispaper.

Thekey ideais to examinea realisation�9���
	 of aMarkov-Chainwith transitionprobability

� �
�)�-��������� /�1 � (20)

suchthat t \uZ�JvNx � �
��������� � 7 ��� � �
��� �2R�� ��� 7 (21)

andto thenusethis simulatedrealisation�9� � 	 asif it werea randomsamplefrom � �
���&� R � . Pro-
vided (aswill be shown presently)that the requireddistributional convergenceholds,this will lead
to consistentestimatesof variousquantities.For example,it allows thenumericalcomputationand
consistentestimationof theconditionalexpectationE �, ¡�
�!�Q� �2R�	 as

E �, ��
�!�[��� R 	N� � �J�  ¡�
�!� � �
��� � R � | �A¢ O£
� �0¤
�Jb � � 1

 ¡�
� � � (22)

where  is anarbitrarymeasurablefunction,or

� �� ��
�!��¥ % � �2R���¢ O£
� �0¤
�Jb � � 1

¦3§ �2�©¨«ªH¬ �
���
� (23)

where¦ is theindicatorfunctionand
%

is a   -measurableset.Thatis, theleft handsideof (23) is the
samplehistogramof a realisationfrom theMarkov chainusedasanestimateof theposteriordensity.
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4.1 Convergenceof Mark ov Chains

Theabove Markov Chainis time homogeneous,in that � �
� � �¡� � /�1 � doesnot dependon ­ . Suppose
thatit hasthedesiredergodicpropertythatfor somedensity®¯�
�!�

®¯�
�!�¯� t \uZ�JvNx � �
��������� � 7 � F (24)

Thenby straightforwardcomputation

®¯�
�!�*� t \uZ�JvNx � �
��������� � 7 �
� t \uZ�JvNx �¯° � �
�)���M�����)� /�1 ��4 � �
�)� /�1 � � 7 � | ��� /�1
� �¯° t \uZ�Jv�x � �
�)���M�����)� /�1 ��4

t \uZ�JvNx � �
��� /�1 � � 7 � | ��� /�1
� t \uZ�JvNx � ° � �
�)���M���#±²�K4�®¯��±²� | ± F

Therefore,if theMarkov chainconverges,thenit doessoto aninvariantdensity® , if it existsfor such
achain,thatsatisfiesthedefiningequationfor aninvariantdensityof

®¯�
�!��� � �
���)±²��®¯��±²� | ± F (25)

Notethathere,andin whatfollows, to beabsolutelygeneral(andcorrect),we shouldnot assumethe
existenceof absolutelycontinuousmeasuresandhenceintegrabledensities.Therefore(for example)
theabove shouldbeaLebesgueintegral with respectto ameasuregivenby aprobabilitydistribution.
Suchformalismwould unnecessarilydistractfrom thepresentationof theessentialideas,andhence
will be avoided,althoughit canbe injectedwhenever appropriateto rigorise,but perhapsobfuscate
thecoreintuition.

To continuethen,supposethat for somedensity® , theMarkov transitionprobabilitysatisfiesthe
reversibility condition(alsocalledthe‘detailedbalance’condition)

®¯��±³� � �
���#±²���e®¯�
�!� � ��±´� ��� F (26)

Thenclearly

� �
���#±²��®¯��±³� | ±�� � ��±����!��®¯�
��� | ±µ�L®¯�
�!� � ��±´���!� | ±¶�L®¯�
�!� (27)

andhencethereversibility condition(26)on ® is sufficient for it to beaninvariantdensitywith respect
to � �
4z��4u� , in which caseit is a candidatefor the ergodic limit (24). However, for the convergence
(24) to actuallyoccur, the Markov chaindefinedby � �
4���4u� needsto alsosatisfy the conditionsof
irreducibilityandaperiodicity, whicharedefinedasfollows [22].

Thekernel � �
43��4u� with invariantdensity® is irreducibleif, for any initial state� 7 , it haspositive
probabilityof enteringany setto which ® assignspositive probability. Intuitively then,irreducibility
is analogousto aconceptof reachability, andit is asufficient conditionfor realisationsof theMarkov
chainto satisfy t \uZRwvNx O

S
R
�Jb 1

 ��
�)�0���  ��
�!��®¯�
�!� | � (28)
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with probabilityone,for ® almostall � 7 , andfor any measurablefunction   suchthat

�  ¡�
�!�D� ®¯�
�!� | ��·¸r F
(29)

Thekernelis � �
4�� 4u� is periodicif thereareregionsof thestatespacethatit canvisit only atcertainreg-
ularly spacedtimes;otherwiseit is aperiodic.In this caseof aperiodicity, distributional convergence
occursin that t \uZ�JvNx�¹
º¼»_ � � �
� � �M�����#79�KP½®¯�
�!�D����o (30)

for ® almostall � 7 .
4.2 The Metropolis–HastingsAlgorithm

Giventheafore-goingdiscussion,thechallengenow is to constructa Markov chainwith irreducible
transitionkernel � �
4Q��4u� for which ®M� � �
�¾�¼�2R�� is an invariantdistribution so that (22) is a valid
estimator, andfor which (23) is alsoappropriateif � �
4l� 4u� is alsoirreducibleandaperiodic.

Fortunately, constructingsuchMarkov chainscanachievedfarmorestraightforwardly thanmight
primafaciebethoughtpossible.Thekey is to usetheMetropolis–Hastingsalgorithm.

To explain this method,the notation �=� will denotethe � ’ th elementof �´¥U¿ + , while � / � will
denoteall of � except for � � . With this in mind, the Metropolis–Hastingsalgorithm involves the
following steps.

1. Initialise � 7 atsomevalue;

2. At iteration À , considera candidatevalue ± �� for the � ’ th element� �� of ��� which is drawn from
anarbitraryproposaldensity � � ��±9�� ����� /�1 � . Thatis, find apossiblerealisationfor �D�� as

± �� ��� � �
4������ /�1 �
Á (31)

3. Set±¼/ �� ����/ �� /�1 andcomputetheacceptanceprobability

Â ��± �� �9�)� /�1 ��� Z]\ ^ O9� � ��±9�� ����/ �� /�1 ��� R �� �
� �� /�1 �9� / �� /�1 ���?R-� 4
� � �
�=�� /�1 �#±D�2�
� � ��± �� ����� /�1 �

Á (32)

4. Accepttheproposed±!�� andset �=�� �e±!�� with probability Â ��±!�� � ��� /�1 � ;
5. Move to anotherelement� of ��� andreturnto step2. If steps2-4 have alreadybeenperformed

for all elements�=� of � for thecurrentvalueof À , thenincrementÀ andreturnto step2.

Notethatthis is anintuitively obviousmethodfor trying to generatesamplesfrom aparticulardensity� �
�=�N�¼�?R-� - make a randomchoice,checkto seeif it is morelikely to have comefrom thatdensity
thanthe previous randomchoice,if so keepit, if not discardit with a certainlevel of randomness
dependenton how unlikely it is to have comefrom thetargetdensity.

More formally though,we now show that theMetropolis-Hastingsalgorithmasdescribedabove
achieves the detailedbalancecondition(26) for ®Ã� � �
�5�3�2R�� . In particular, note that underthe
Metropolis–Hastingsscheme,�=�� caneither transit to ±!�� or remainunchangedat �=�� /�1 . Clearly the
probabilitiesfor theseeventsarerespectively (assumingin thefirst instancethat ± ��ÅÄ��� �� /�1 )� �
� �� �e± �� ���)� /�1 �*� Â ��± �� ���)� /�1 �
� ��± �� ����� /�1 � (33)

� �
� �� �M� �� /�1 ���)� /�1 �*� OQP � Â ��± �� ����� /�1 ��4�����± �� ����� /�1 �
| ± �� F (34)
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Therefore,for thecaseof �=�� Ä���=�� /�1 ,� �
��� /�1 �9�?R-� � ��± �� ����� /�1 �Æ� � �
��/ �� /�1 ���2R�� � �
� �� /�1 ����/ �� /�1 ���2R��
� � ��± �� � �)� /�1 �ÈÇ
Z]\ ^ O9� � ��± �� ����/ �� /�1 ���2R��� �
� �� /�1 ��� / �� /�1 ���?R-� 4

� � �
�=�� /�1 �#±D�2�
� � ��± �� ����� /�1 �� Z]\ ^ � �
� / �� /�1 � �2R�� � �
� �� /�1 � � / �� /�1 ���2R-�
� � ��± �� ���)� /�1 �
�� �
��/ �� /�1 ���2R�� � ��± �� � �?/ �� /�1 ���2R��
� � �
� �� /�1 �)±D��� (35)

andsimilarly

� ��±D�Å��� R � � �
� �� /�1 �)±D���É� � ��± / �� ��� R � � ��± �� �)± / �� ��� R �
� � �
� �� /�1 �#±D�2�¯Ç
Z]\ ^ O9� � �
�=�� /�1 �)±¼/ �� ���?R-�� ��± �� �)± / �� ���2R�� 4 � � ��± �� ����� /�1 �� � �
� �� /�1 �#±D�2�

� Z]\ ^ � ��±¼/ �� � �2R�� � ��± �� �)±¼/ �� ���?R-�
� � �
� �� /�1 �)±D���
�� ��± / �� ���2R�� � �
� �� /�1 �)± / �� ���2R��
� � ��± �� ����� /�1 �
F

(36)

Therefore,comparing(35) and(36), noting that the Z]\ ^ �94u��4u	 operationis symmetric,andrecalling
that±¼/ �� �M��/ �� /�1 , thenimpliesthattheMetropolis–HastingsalgorithmyieldsaMarkov chainfor which
thereversibility condition

� �
��� /�1 �9�?R-� � ��± �� �9�)� /�1 ��� � ��±D�Å� �?R-� � �
� �� /�1 �)±D�?� (37)

holds.
Consequently, if the chain is alsoergodic, thenby the developmentsin Ê 4.1 it convergesto the

invariantdistribution � �
�����2R�� .
Whetheror not theconvergenceitself occursdependsfurtheron thechainbeingirreducibleand

aperiodic,andthiscannotbecheckedin abstractionfor theMetropolis–Hastingsconstruction.Rather
it mustbe verified on a caseby casebasis. However, this taskcanbe greatlysimplified to oneof
checkingtheaperiodicityandirreducibility of theproposaldensity � � ��± �� �³����� which, asestablished
in [20], is a sufficient conditionfor theaperiodicityandirreducibility of theMarkov chainachieved
by theMetropolis–Hastingsalgorithm.

5 Application to Dynamic SystemEstimation

With this backgroundin placefor methodsto constructMarkov processeswith giveninvariantdensi-
ties,we now turn to theapplicationof theseideasfor thesystemidentificationpurposesdiscussedinÊ 2.

Therearetwo itemsof importancein thiscontext, thespecificationof theproposaldensity� � �
4�� 4u� ,
andtheevaluationof theacceptanceprobability Â ��±9�� ����� /�1 � . In relationto theformer, notethatif

� � ��± �� � ��� /�1 ��� � ��± �� P�� �� /�1 � (38)

holds,then � � �
� �� /�1 �)±D���¯� � �
PN��± �� P�� �� �
� F (39)
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so that if the proposaldensityis symmetricin that � ��dH��� � �
PËd3� , thenthe acceptanceprobability
(32)simplifiesto

Â ��± �� � ��� /�1 ��� Z]\ ^ O9� � ��± �� ��� / �� /�1 ���2R��� �
� �� /�1 � � / �� /�1 ���2R��
F

(40)

In this specialcase,theMetropolis–Hastingsalgorithmis simply known asthe‘Metropolis’ method.
This papersuggeststhe intuitively reasonableproposaldensitychoiceimplied by the randomwalk
strategy ± �� ��� �� /�1 ��Ì�� (41)

where Ì�� is a randomvariablewith symmetricdensity �?Í ��dH�Å� �2Í �
P6dH� ; for examplea Gaussian
density. This impliesthesimplifiedacceptanceprobabilitycomputation(40).

This leavesonly thequestionof computingtheposteriorratio

� ��± �� � � / �� /�1 ���?R��� �
� �� /�1 ��� / �� /�1 ���2R��
F

(42)

However, via thedevelopmentsin Ê 2 leadingto (16)

� �
� � � � / � ���2R��¯� � ��� 7 � ��� � �
�!�� �
� / � ��� R � � �
� R �
R
�Jb 1

�2� ������P � �JI � /�1 �
�!�
�
F

(43)

Therefore,denotingby �2� theparametervectorformedfrom theunionof ��/ �� and±9��
� ��± �� � � / �� /�1 ���2R-�� �
� �� /�1 ��� / �� /�1 ���2R�� � � ��� 7 � �0�?� � �
�2�2�� ��� 7 �����?� � �
�)�?� 4

R�Jb 1 � � ��� � P � �JI � /�1 �
�0�2�
�R�Jb 1 �2� ������P � �JI � /�1 �
�)�2�
�
F (44)

Computingthis is thenstraightforward oncethedensity�2� is specified,andoncea meansfor evalu-
ating theone-stepaheadpredictor� �JI � /�1 �
�!� is available; in the linearsystemcaseprofiled in Ê 2, the
latteris simplygivenby (7).

Note in particularthe simplifying aspectof the acceptanceprobability Â ��± �� ����� /�1 � depending
only on the ratio of probabilities,in that normalisingconstants� �
� R � andcertaindensities� �
� / �¶��2R�� neednot be computed.Also, numericalproblemsassociatedwith large dynamicrangesof the
ratiocomponentsareavoidedoncethey arecomputedin a ratio-combinedfashion.

Furthermore,notethattheproposaldensity(41)whereÌ�� hasGaussiandistributionclearlyassigns
non-zeroprobabilityto any valueof ±!�� for any given ��� /�1 andhenceis irreduciblewith respectto any
otherdensity, includingtheposterior� �
�=�Ë��� R � . Additionally, it imposesnoperiodicconstraints,and
henceis aperiodic.

Therefore,accordingto the resultsof [20], the Markov chain realisedby the Metropolisalgo-
rithm usingthe above acceptanceprobability computationandproposaldensityis also � �
� � �H�2R��
irreducibleandaperiodic,andhenceis ergodicwith invariantdistribution � �
�=�6� �2R�� .

That is, after a suitable‘burn in’ period in which the Markov chain is allowed to converge to
its invariant distribution, a realisation �9���2��4�4�4=��� ¤ 	 will be a samplepath of a stochasticprocess
distributed as � �
�U��� R � , andhencecanbe usedfor estimatingvariousposteriordistributions and
quantities.For example,theconditionalexpectationof � given �?R canbecomputedas

E �!��� � R 	A¢ O£ P5À
¤ /�1
�Jb � � � (45)
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while theposteriordensityof thesystemphasemargin � � �
�N����� for a givencontroller ���
� � canbe
simplycomputedasthesamplehistogramof thevalues� � �
�N�
���
�
����� for ­Ë¥ÎB À³� £ E

.
With regardto the latter, it shouldbe madeclearthat the phasemargin is only beingusedasa

ratherarbitraryexampleto emphasisethat computationswith respectto almostany function of the
parametersareeasilyperformed.That is, oncethemain computationalload of finding a realisation�9���?	 hasbeenperformed,furtheroperationssuchas(45)or histogramcomputationarerathertrivial.

6 Simulation Example

To illustratetheapplicationof theseideas,we begin by addressingthevery simpleillustrationalex-
ampleof

����� :
�6P�. ������")� (46)

where :µ�Ïo F a , .´�Ïo FuÐ and �9"#�
	 is a zeromeani.i.d. processwith { ; � E �9" ;� 	Ñ�Ïo F o9O . Suppose
further that theavailabledataconsistsof SÒ� a o samplesof ��� � 	 and ��� � 	 when � � is a piecewise
constantsignal, transiting OÔÓk o at ­Ñ�ÕO9o . This is illustratedin figure 1, wherethe solid line is
thenoisefreeresponse,andthesamplesaroundthis line arethenoisecorrupteddataassumedto be
available.

In thecasewherethedensity�?� �
4u� governing "#� isuniform,andwith priordistributionon �A�CB :,��. E
beingonethat assignszeroweight to :�·Öo and � .��3×nO , thenthe posteriordistributions for these
parametersgiventhedatarealisationshown in figure1 areillustratedin figure2.

There,the solid line shows the marginal posteriordensityfor : and . computedvia numerical
computationof the integral (18) via theuse(16) to obtaintheposteriorjoint density. Thebargraph,
is thesamplehistogramof O9o,Ø realisationsfrom theMarkov chain,constructedvia thematerialpre-
sentedin Ê 4.2 and Ê 5 to have invariantdensity� �
�¾�&�?R-� . Note thecloseagreementbetweenthese
two numericallycomputedestimatesof theposterior.

If an Output–Errormodel structureis fitted to this datavia the methodsoutlined (1)–(9) withc ��d3�6�gd ; , andthentheasymptoticresults(10)–(12)are,asis commonlydone,usedin a finite data
settingin orderto provide error quantification,thenthe resultsof this strategy areasshown by the
dash-dotGaussian-curve lines in figure 2. While thesequantificationsarenot strictly comparable
to the posteriordistributions,sincethey evaluatedifferentquantities,it would still seeminteresting
to comparethe two in termsof their utility for informing a userof what systeminformationcanbe
extractedfrom theavailabledata.

Finally, supposethat a closedloop PI controller ���
� � is to be designedfor this plant, so asto
achieve at least � � �
�N�����¯�MO9o9Ù h of phasemargin, andsupposethat

���
���¯��OË� o F O
�6P�O (47)

is acandidatefor this task.Thento assessthesuitability of thisproposal,onecouldseekto know the
posteriordensity � �
� � �
�N�����[� �2R�� (48)

in orderto assesswhat informationthedatacontainsin relationto thequestionof whether(47) will
attainthedesignobjective. While this would seema dauntingtaskfrom ananalyticalpoint of view,
thesameMarkov chainrealisation�9���?	 usedto form thehistogramestimatesof posteriordensities
in figure2 canbesimply employed to estimate(48) via its samplehistogram,which is shown in the
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top diagramof figure 3. Clearly, thereseemsto be goodevidencefrom the datathat the controller
(47)will achieve therequiredO9o9Ù h phasemargin. Finally, for thesakeof completeness,thecomputed
posteriordensityfor thegainmargin   � �
�N����� for thissamescenariois shown in thebottomdiagram
of figure3, andindicatesthatthedatastronglysupportsaconclusionthatthecontroller(47) achieves
againmargin of greaterthan7.5.

7 Conclusion

Thispaperpresentsapreliminaryinvestigationof theemployment,in asystemsandcontrolsettingof
new ideasandtechniquesdevelopedin themathematicalstatisticsliterature.While theearly results
presentedhereappearto have promise,therearemany questionsand issuesto be investigated,of
whicha few thatspringto mind are:

Ú How mightMarkov Chainconvergencebeaccelerated,andhow canoneassessthatconvergence
hasoccurred?

Ú How shouldtheproposaldensitybechosen,andhow doesit affect theprecedingissues?

Ú What if the parametersaffecting �?� �
4u� , suchasvariance{ ; areunknown? Clearly, they can
beincludedin theposteriorparametersto beestimated,but how doesthis affect theremaining
parameters?

Ú How cantheseideasbesensiblymarriedwith controldesignmethodsin orderto seeka data-
to-controllersynthesissolution?

Ú How might this be extendedto modelling scenariosmore sophisticatedthan the linear time
invariantoneconsideredherefor the purposesof illustration? Achieving this is likely to be
quitestraightforward,sincethekey stepof evaluatingtheposteriorvia Bayes’rule is invariant
to thecomplexity of theunderlyingmodel,althoughthecomputationof theassociatedonestep
aheadpredictormight notbe.

The resolutionof someof thesequestions,especiallythe initial ones,canbe aidedby drawing on
existing literature. Addressingall of theabove issueswill be thesubjectof furtherwork by theau-
thors.It shouldbeadmittedthatadrawbackof themethodsproposedis theircomputationaldemands.
However we would point out thatthey areeminentlyparallelisable,andthatcurrentwidely available
computingpowers far exceedthoseof a decadeagowhen the issuesunderlyingthis papergained
impetus.Furthermore,to datethesecomputingresourcescontinueto grow atMoore’s law rate.
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