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Abstract

This papertakes a Bayesianapproachto the problem of dynamic systemestimation,and
illustrateshow posteriordensitiesfor ratherarbitrary systemparameteror properties(sucha
frequeng responsephasemamin etc) may be numerically computed. In achieving this, the
key ideaof constructinganergodicMarkov chainwith invariantdistribution equalto the desired
posterioris one borroved from the mathematicakbtatisticsliterature. An essentiapoint of the
work hereis that, via the associateghosteriorcomputatiorfrom the Markov chain,errorbounds
on estimatesareprovidedthatdo not rely on asymptotidn datalengthargumentsandhencethey
applywith arbitraryaccurag for arbitrarily shortdatarecords.
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1 Intr oduction

A dominantforce in both the practiseand underlying understandingpf modernmethodsfor sys-
temidentificationof dynamicsystemshasbeenwork within the contet of a Maximum Likelihood
framavork andassociate@pproximationssuchaspredictionerrorapproachegll, 24, 2, 9, 18]. In

particular the softwaredevelopedaspartof this lattereffort [12, 1] hasbecomeanindustrystandard.

A key aspecif this approacthis thatary quantificationof the accurag of the associatedystem
estimateselieson emplgo/ing asymptoticin datalengthexpressionsasif they appliedfor finite data
lengths.For example,the Gaussiardistribution commonlyachieved by estimatesn theinfinite limit,
is usuallyassumedo hold for whatever finite datalengthis available.

While thesetechniquesenjoy widespreadacceptancetherehasrecentlyarisena body of work
thathassoughtto derive methodsandsupportingheorywhichapplyfor arbitrarily shortdatarecords.
To give someexamplesthe so-calledboundederror’, or ‘set estimation’techniqueg17, 16, 14, 26
weredevelopedio handlecasesvheremeasuremergorruptionsvereof constraineagnagnitude More
recentwork hasexaminedhow finite dataapplicableboundsmay be computedfor predictionerror
methodq27, 28], andhasalsoturnedto conceptgrom machindearningtheory[4, 3, 25|, which have
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originatedlargely within the ComputerSciencecommunity andare also closelylinked to ideasof
‘information basedcomplexity’ [15].

This paperis directedat the sameissueof dynamicsystemidentificationin a finite datarecord
setting,but takesa differentapproacho the problem.In particular the perspectie hereis that,espe-
cially for very shortdatalengths,it is sensibleo take a Bayesiamapproacttio quantifyingthemanner
in which prior knowledge and data-basedhformation are combinedto yield posteriorinformation
aboutsystemproperties.

While thereare strongscientific and philosophicalargumentsfor this stratgy [19], it hashis-
torically founderedon the difficulty of actually computingthe posteriordistribution. Indeed,the
celebratedKalmankFilter is well knowvn asoneof the few instancesvheresimplecomputatiorof the
posterioris possible.

However, in relationto this, theintroductionof so-calledVarkov ChainMonte—Carlomethodsn
the mathematicastatisticditeraturehasrecentlycausedgomethingof a minor revolutionin thatfield
by offering a meansfor numericallycomputingposteriordistributions for very complex modelling
scenariog§22, 21, 7]. Theessentialdeathereis to inventa methodfor constructinga Markov Chain
which corvergesto aninvariantdensityequalto the desiredposterior Samplingfrom this chainthen
providesa meandor computingposteriorswith respecto this densityvia sampleaveragesrom the
simulatedchain,hencethe‘Monte—Carlo’epithet.

The contrikution of this paperis to provide a tutorial introductionto the key ideasin this area,
andthenillustrate how they may be successfullyappliedto the problemof Bayesianestimationof
dynamicsystemsandin doing so provide estimationerror quantificationghat apply for arbitrarily
shortdatarecords.

Theideasbehindthis paperhave begunto have a significantimpactin thefield of signalprocess-
ing, andhave alreadybeenconsideredn acontet of analysingdynamicsystemsseefor example[23
andthereferencegherein. In particular[10] considerghe stateestimationof Markov systemsand
the morerecentwork [5, 6] examinesextensiongo stateestimationof jump-Markov systems How-
ever, thereseemso be no extantliteratureexaminingthe parameteestimation subsequentontroller
designandestimation-erroguantificatiorfor finite datasetapplicationghatareconsideredere.

2 Problem Formulation

A very wide classof commonlyusedlinearandtime invariantstructureghatareemplo/ed to model
the relationshipbetweenan obsered input datarecord {«;} andoutputdatarecord{y;} may be
describedas[11, 24, 2, 9]

B(q,0) C(q,9)

ye = G(q,0)ur + H(q, 0)er = Alg, e)ut + D(q.0) et 1)
wherethe numeratoanddenominatopolynomialsareof theform

Alg,0) = q"+ an-1¢""" 4 -+ a1q + ao, (2)

B(Qv 9) = bn—lqn_l + bn—2qn_2 + -+ blq + bo, (3)

D(q,0) = ¢"+dp-1q">+ - +dig+do, (4)

Clq,0) = ¢"+co1d" >+ +aq+a (5)

andthe parametewectord is definedas

0= [CLO’bOa d07007 az, blvdla C1, " ,0n-1, bnflvdnfh Cnfl]-
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If all of the parameteelementdn (2)-(5) arefree andto be estimatedthen(1) is known asa Box—
Jenkinsstructure put otherwisemorerestrictedcasesuchasFIR, ARX, ARMAX andOutput-Error
typesmayalsobedescribedy (1).

In (1), thesignal{e; } is anindependenstochastiprocesshatmodelspossiblecorruptionsof the
measurement§y; }. By virtue of the factthat accordingto the parameterisatio), (5) the model
H (g, 0) for correlationin this corruptionis monic,thenby simplealgebratherelationship(1) maybe
rewritten as

Ye = Ypje—1(0) +ex (6)

where
Yre—1(0) = H (q,0)G(q, 0w + [1 — H (q,0)] . (7)
In fact, by the independencassumptioron {e; }, the quantityz;,_, (¢) is the meansquareoptimal
one-steppheadpredictorof y; accordingto the model(1), andthis suggests stratgy of finding an

estimate) y of theparametevectord by minimisingtheerrorbetweerthis predictor andtheobsered
y; over N obsereddatapoints. Thatis,

Oy 2 argemin Vn(0). (8)

where
Vi ( 2NZf ~ Yy—1(0)) 9)

andf is somepositive valuedfunction,with f(z) = x? beingthemostcommonchoice.This stratgy
is known asthe ‘prediction error method’,and enjoys wide popularity not only becausef sophisti-
catedsoftwareimplementation$12], but alsodueto a rathercompletebody of supportingtheory In
particular underrathermild assumption$13, 2, 11] on the distribution of the stochasticcomponent
{e;} andonthefunction f

VN@Oy —0,) 2> N(0,P)  asN — oc. (10)
where
A}Hn Oy =0, 2 arg mln]\}lm E{VnN(0)} w.p.1 (11)

and,providedthe datawasin factgeneratedy a systemobeying (1) for 6 = 6., then

1 d?
_1 _
P o2 J\;Lnoo d@dQTE{ Va(O)} 0=0o 42

whereo? = E {ef}.

Even thoughtheseare strictly asymptoticin datalength N results,in practiseit is commonto
assumehatthe equalitiesin (10)—(12)hold approximatelyfor thefinite dataavailable,sothat multi-
dimensionalGaussiarconfidenceegionsmayderived asquantificationof the errorbetweerdy and
ary underlyingtrued,.

An addedcomplicationin this approachariseswhenthe estimatedquantitiesof interestare not
the parametershemseles, but oneor morefunctionsof the parameterssuchasfrequeng response,
phasemagin, etc. In this casethe ubiquitousstratgy is to form afirst orderTaylor expansionin this
functionof interestabouttheassumedrue parameterandthencouplethis with (10)in orderto derive
errorbounds.The succes®f this approachdepend®nthe Taylor expansionbeingaccurateby virtue
of |\§N — 0,|| beingsmall,andagainthis depend®n thedatalength NV beinglarge.
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3 Non-Asymptotic Estimation Err or Quantification

As mentionedn theintroduction,especiallyoverthelastdecadetherequiremenof large NV hasbeen
foundobjectionabldy mary researchersyhohave soughto avoid its needin theerrorquantification
processy avariety of means.

This paperlies within thatrealmof investigation,andbut adoptsa new Bayesiancomputational
approach.For this purposenotethat for a very generalclassof models,of which the one adopted
herein (1) for thesale of concretenesss a subsumedaasethelikelihoodfunctionassociateavith an
obsereddatarecordcanbedecomposeds

N
p(Yx 10) =p(yo | 0) [ oy | Ve 1.0) (13)
t=1

whereYy 2 {y1,---,yn}. Thereforepy (6) andassuminghate; is distributedas
et ~ pe(-) (14)

then

N
p(Yn | 0) = p(yo | 0) [ [ pevr — Tye—1(6))- (15)

Consequenthby Bayes’rule the posteriordistribution p(6 | Yy ) is givenas

Yn [ 0)p(®) _ pyo | 0)p
0 Yy) =" oW — Tre_1(0)) (16)
p(0 | Yn ) tHlp — Ty

wherep(0) is thea-prioridistribution of § andp(Yy ) is anormalisingconstangivenas

p) = | oV [0)p(0) 0. an

Now, for a givendensityp., andin the caseof the modelstructure(l), sinceits associateedne-step
aheadpredictorhasthe explicit formulation(7), thenthe left handside of (16) can,in principle, be
computedor ary desiredd, andhencethe posteriordensityp(f | Yy ) maybedirectly computed.

If the densityof only a particulari’th parameterelementd’ is required,then this too can be
evaluatedvia numericalcomputatiorof theintegral

p(@i ‘ YN) _ / p(@l, L ,Qi, . ’9471 | YN)d91 c.delaettt ... aete. (18)
JRAn—1

For a large dimensionaimodel, this could involve a ratherheary computationaload. For example,
sincetypically aroundthirty pointson a histogramare neededo represenit accurately then (18)
impliesthenumericalevaluationof aroundthirty multidimensionalntegrals,andthislatterdimension
couldberelatvely large: afifth ordermodelwould imply a ninedimensionaintegral.

Furthermoresince(16) involvesa producttermover N terms,thenthis productcanbevery large
whenp, is greateithanone,andvery smallwhenit is lessthanone. This largedynamicrangeimplies
greatnumericaldifficultiesin its evaluation. Onestratgy to circumwentthisis to insteadwork with
log p(8 | Yn ), but thenthemamginal density(18) cannotbe computedsincethelogarithmandintegral
operatordont commute.
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Neverthelessif possibletheevaluationof (16) and(18) provide ameandor providing parameter
estimationerror quantificationapplicableto arbitrarily shortdatarecords. Indeed,from a Bayesian
perspectie, the calculationof the posterior(16) is an optimal stratgy in thatit completelycharac-
terisegheinformationavailablefrom the dataandprior knowledgeaboutthe parametep.

However, supposenterestis centrednot on the parametershemseles,but on a function of them
suchas(for example)systemphasemagin ¢,,(G, K) for agivenclosedloop controller K (¢q). Then
it is notatall clearhow onemighttractablycomputethe posteriordensity

p(om(G, K) | Yn). (19)

The contritution of this paperis to illustrate how all the posteriorg16), (18) and(19) togethermwith
othergthatareratherarbitraryfunctionsof # maybecomputedn astraightforvardmanner As already
mentionedthemethodsemplo/edhereareborrovedfrom themathematicastatisticditeraturewhere
they are known collectively as Markov Chain Monte—Carloapproachesandin the particularcase
employedhere rely onthe emplgymentof the Metropolis—Hastingsalgorithm. Thefollowing section
is devotedto atutorial introductionto theseunderlyingideas.

4 Mark ov Chain Methods

In general exceptfor thestrictly Gaussiartasejt is impossibleto analyticallyformulatethe posterior
densityspecifiedby (15). The contrikution of this paperis to illustratehow it may still be computed
numerically This is achieved by drawing on a large body of work[22, 21, 8] that hasgenerated
significantinterestin the mathematicstatisticscommunity but hasnot yet beenwidely appreciated
outsidethisdomain,andin particularappearsotto have previously beeninvestigatedor thedynamic
systemestimationapplicationsconsideredn this paper

Thekey ideais to examinearealisatior{ 6, } of a Markov-Chainwith transitionprobability

p(Op =0 [ O_1) (20)

suchthat
lim p(8; = 0] 60) =p(6 | Yv) Voo (21)

andto thenusethis simulatedrealisation{4,} asif it werearandomsamplefrom p(6 | Yx). Pro-
vided (aswill be shavn presently)that the requireddistributional corvergenceholds, this will lead
to consistenestimateof variousquantities. For example, it allows the numericalcomputationand
consistenestimationof the conditionalexpectatiorE {g(0) | Yn} as

. k+M
1
E{9(0) [ Vi) = [ gOp(0 V)0~ 5; 3 9(6) (22)
R4n
t=k+1
whereg is anarbitrarymeasurabléunction,or

1 k+M
Pe@) € AIYN) = 35 > Xg1a) (%) (23)

t=k+1

wherey is theindicatorfunctionand A is a g-measurablset. Thatis, theleft handsideof (23) is the
samplehistogramof arealisationfrom the Markov chainusedasanestimateof the posteriordensity
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4.1 Convergenceof Mark ov Chains

The abore Markov Chainis time homogeneousn thatp(6; | 6;—1) doesnot dependon t. Suppose
thatit hasthedesiredergodic propertythatfor somedensityr(6)

w(0) = tlim p(6: =0 6p). (24)
Thenby straightforvard computation
m(0) = Jim p(0; =0 |6o)

= lim p(0y =0 | 0;-1) - p(04—1 | 00)dO;—1

t—o0 Rn

= [ Jim p(6r = 0] 61-1) - Jim p(611 | 60)d01s

n t—00

t—oo

= lim [ p(6,=0]8)-m(e)de.
Rn

Thereforejf theMarkov chaincorverges,thenit doessoto aninvariantdensityr, if it existsfor such
achain,thatsatisfieghe definingequationfor aninvariantdensityof

7(0) = / p(0 )m(€) de. (25)

Notethathere,andin whatfollows, to be absolutelygeneraandcorrect),we shouldnot assumehe
existenceof absolutelycontinuousmeasuresndhenceintegrabledensities. Therefore(for example)
theabore shouldbe a Lebesgueéntegral with respecto a measureivenby a probability distribution.
Suchformalismwould unnecessarilglistractfrom the presentatiorof the essentialdeas,andhence
will be avoided, althoughit canbe injectedwheneer appropriateto rigorise, but perhapbfuscate
thecoreintuition.

To continuethen,supposehatfor somedensityr, the Markov transitionprobability satisfieshe
reversibility condition(alsocalledthe ‘detailedbalance’condition)

m(&)p(0 | ) = m(0)p(< | 0). (26)

Thenclearly

/ p(0] )n(€) dé = / p(€ | 0)7(0) A€ = (0) / p(€ | 0)dé = n(0) (27)

andhencethereversibility condition(26) on « is sufficient for it to beaninvariantdensitywith respect
to p(- | -), in which caseit is a candidatefor the emgodic limit (24). However, for the cornvergence
(24) to actually occur the Markov chaindefinedby p(- | -) needsto also satisfy the conditionsof
irreducibilityandaperiodicity which aredefinedasfollows [22].

Thekernelp(- | -) with invariantdensity is irreducibleif, for ary initial stated, it haspositive
probability of enteringary setto which 7 assigngositive probability Intuitively then,irreducibility
is analogougo a concepbf reachabilityandit is a sufiicient conditionfor realisationof the Markov
chainto satisfy

tim >~ 9(0) = [ 9(0)n(0) a0 (29)
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with probabilityone,for = almostall 6, andfor ary measurabléunction g suchthat
/|g(0)|7r(0) df < oc. (29)

Thekernelis p(- | -) is periodicif thereareregionsof thestatespacehatit canvisit only atcertainreg-
ularly spacedimes;otherwiseit is aperiodic.In this caseof aperiodicity distributional corvergence
occursin that

Jim Sup [p(6y = 6 [ 6p) — w(0)] =0 (30)

for = almostall 6.

4.2 The Metropolis—HastingsAlgorithm

Giventhe afore-goingdiscussionthe challengenow is to constructa Markov chainwith irreducible
transitionkernelp(- | -) for whichm = p(0 | Yy) is aninvariantdistribution sothat (22) is a valid
estimatorandfor which (23)is alsoappropriateéf p(- | -) is alsoirreducibleandaperiodic.

Fortunately constructingsuchMarkov chainscanachievedfar morestraightforvardly thanmight
primafaciebethoughtpossible.Thekey is to usethe Metropolis—Hastingsalgorithm.

To explain this method,the notation®’ will denotethe’th elementof # ¢ R™, while 6~ will
denoteall of § exceptfor #°. With this in mind, the Metropolis—Hastingsalgorithm involves the
following steps.

1. Initialise 6, atsomevalue;

2. At iterationk, considera candidatevalue&;. for thei’'th elementf? of 6, whichis dravn from
anarbitraryproposaldensityql-(5,"€ | 0x_1). Thatis, find a possiblerealisationfor 02 as

&~ il | Op—r); (31)
3. Set¢; " = 0; ', andcomputetheacceptancerobability

a(&iwk_1>=mm{1 P& | 021, Y) -qiwz_lmk)}

y - ; ; (32)
p(92_1 | Gk_l,YN) Qz(gk | Ok—1)

4. Accepttheproposed:; andsetd; = &i with probabilitya (¢} | 0y_1);

5. Moveto anotherelement of 6, andreturnto step2. If steps2-4 have alreadybeenperformed
for all elements’ of 4 for the currentvalueof k, thenincrement andreturnto step2.

Notethatthisis anintuitively obviousmethodfor trying to generatessampledrom aparticulardensity
p(6" | Yy) - make arandomchoice,checkto seeif it is morelikely to hase comefrom thatdensity
thanthe previous randomchoice, if so keepit, if not discardit with a certainlevel of randomness
dependendn how unlikely it is to have comefrom thetargetdensity

More formally though,we now shav thatthe Metropolis-Hastingslgorithmasdescribedabove
achievesthe detailedbalancecondition (26) for 7 = p(6 | Yx). In particular notethatunderthe
Metropolis—Hastingschemey: caneithertransitto &, or remainunchangedat 9i. . Clearly the
probabilitiesfor theseeventsarerespectiely (assumingn thefirstinstancethat¢, # 6 )

(0, = € | 1) = al€l | f)a(éh | Opr) (33)
PO, =0, | 00)) = 1- /R o(€h | Oxor) - qlEl | Opr) déL. (34)
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Therefore for thecaseof 0i +# 6 _ |,

pOr_1 | YNIP(EL | O1) = pO5%, | YN)D(Oi_y | 0501, YN)ai(EL | Or_1) x
min < 1, , — . -
POy | 6521 YN) qi(&}, | Op—1)
= min {p(@,:,jl | YN)p(gliﬂ—l | 9;17YN)Q/L‘(52 | Or—1),
POy | YNP(& | 0571 YN)ai(Oh— | €6)} (35)

andsimilarly

P& | YN)P(Oioy [ &) = p(&" | YN)P(& | &7 YN @By | &) x
min d 1, p(%‘q ‘ f;gzaYN) _ %(5;} | Ox—1)
p(gllc ‘ §k YY) qi(9k71 | &)
= min {p(&" | Yn)p(& | & YN)ai(0h—1 | &),
P& [ YN)P(O—y | &, YN)ai(& | Ok-1) } - (36)
Therefore,comparing(35) and(36), noting thatthe min{-, -} operationis symmetric,andrecalling

thatgkfi = 0, ', thenimpliesthattheMetropolis—HastingalgorithmyieldsaMarkov chainfor which
thereversibility condition

p(Ok—1 | YN)P(&L | k1) = p(&k | YN)P(O)_1 | &) (37)

holds.

Consequentlyif the chainis alsoermodic, thenby the developmentdn §4.1 it convergesto the
invariantdistribution p(6 | Yy).

Whetheror not the corvergenceitself occursdependdurther on the chainbeingirreducibleand
aperiodicandthis cannotbechecledin abstractiorfor the Metropolis—Hastingsonstruction Rather
it mustbe verified on a caseby casebasis. However, this task can be greatly simplified to one of
checkingthe aperiodicityandirreducibility of the proposaldensityqi(5}'g | 0x) which, asestablished
in [20], is a sufiicient conditionfor the aperiodicityandirreducibility of the Markov chainachiezed
by the Metropolis—Hastingalgorithm.

5 Application to Dynamic SystemEstimation

With this backgroundn placefor methodgo constructMarkov processewith giveninvariantdensi-
ties,we now turn to the applicationof theseideasfor the systemidentificationpurposesliscussedn
§2.

Therearetwo itemsof importancen this context, thespecificatiorof theproposabensityg; (- | -),
andthe evaluationof theacceptancerobability (&, | 0x—1). In relationto theformer, notethatif

Qi(flic | Op—1) = p(f/i - 2—1) (38)

holds,then ' ' ‘
4 (01 | &) = p(—(& — 01))- (39)
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sothatif the proposaldensityis symmetricin thatp(z) = p(—=z), thenthe acceptanc@robability
(32) simplifiesto

oz({,ic | 0x_1) = min {1, (gk | ek L ) } . (40)
PO}y | 0,21 YN)
In this specialcase the Metropolis—Hastingslgorithmis simply known asthe ‘Metropolis’ method.
This papersuggestgshe intuitively reasonablg@roposaldensitychoiceimplied by the randomwalk
stratgy
&, = Ohy + i (41)

wherer;, is a randomvariablewith symmetricdensityp, (z) = p,(—x); for examplea Gaussian
density Thisimpliesthe simplifiedacceptancerobability computation(40).
This leavesonly the questionof computingthe posteriormratio

(gk | 0].; 1 )

: (42)
p( k—1 ‘ Ok_pYN)
However, via thedevelopmentsn §2 leadingto (16)
N
| p—i p(yo | 0)p(0)
007", YN) = 43
p( ‘ N) ( —’L | YN p( N 1;[ yt yt|t 1 )) ( )
Thereforedenotingby ¢, the parametewvectorformedfrom the unionof 0,;73 and¢!
({k ‘ 91.; 1) Vi) N P(yo | ¢k)p(¢k) Ht 1pe( yt|t 1(¢x)) (44)

PO 16,7, Yn)  Po [ 00O  TIX, pe(yi — Gup—1(6)).

Computingthis is thenstraightforvard oncethe densityp, is specifiedandoncea meandor evalu-
ating the one-stepaheadpredictory,_; (0) is available;in the linear systemcaseprofiledin §2, the
latteris simply givenby (7).

Note in particularthe simplifying aspeciof the acceptanc@robability a(&; | 6x—1) depending
only on the ratio of probabilities,in that normalisingconstant$ (Y ) andcertaindensitiesp(6~" |
Yn) neednot be computed.Also, numericalproblemsassociateavith large dynamicrangesof the
ratio componentareavoidedoncethey arecomputedn aratio-combinedashion.

Furthermorenotethatthe proposatbensity(41) wherev;, hasGaussiamlistribution clearlyassigns
non-zergprobabilityto ary valueof ¢! for ary givend;,_; andhenceis irreduciblewith respecto ary
otherdensity includingtheposteriorp(6’ | Y ). Additionally, it imposeso periodicconstraintsand
henceis aperiodic.

Therefore,accordingto the resultsof [20], the Markov chainrealisedby the Metropolis algo-
rithm usingthe above acceptanc@robability computationand proposaldensityis alsop(6° | Y )
irreducibleandaperiodic,andhenceis ergodicwith invariantdistribution p(6? | Ya ).

Thatis, after a suitable’burn in’ periodin which the Markov chainis allowed to converge to
its invariant distribution, a realisation{6y, - - -, 0,,} will be a samplepath of a stochasticprocess
distributedasp(6 | Yn), andhencecanbe usedfor estimatingvariousposteriordistributions and
quantities.For example,the conditionalexpectationof § givenY,y canbecomputedas

M—-1

1
E(O| YN} m g D 0 (45)
t=k
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while the posteriordensityof the systemphasemamgin ¢,,,(G, K) for agivencontroller K (¢) canbe
simply computedasthe samplehistogramof thevaluese,, (G(6;), K) for t € [k, M].

With regardto the latter, it shouldbe madeclearthat the phasemargin is only beingusedasa
ratherarbitrary exampleto emphasisg¢hat computationsvith respectto almostary function of the
parametersre easily performed. Thatis, oncethe main computationaload of finding a realisation
{0y} hasbeenperformed furtheroperationsuchas(45) or histogramcomputatiorarerathertrivial.

6 Simulation Example

To illustratethe applicationof theseideas,we begin by addressinghe very simpleillustrationalex-

ampleof

b
v — (—) wit e (46)
q a

whereb = 0.2, a = 0.8 and{e;} is a zeromeani.i.d. processwith 02 = E{e?} = 0.01. Suppose
furtherthatthe availabledataconsistsof N' = 20 sampleof {y;} and{u;} whenu; is a piecevise

constantsignal, transitingl — 0 at¢ = 10. Thisis illustratedin figure 1, wherethe solid line is

the noisefree responseandthe samplesaroundthis line arethe noisecorrupteddataassumedo be

available.

In thecasewherethedensityp,.(-) governinge; is uniform,andwith prior distributiononé = [b, a
beingonethat assignszeroweightto b < 0 and|a| > 1, thenthe posteriordistributions for these
parametergiventhe datarealisationshavn in figure 1 areillustratedin figure 2.

There,the solid line shavs the mamginal posteriordensityfor b anda computedvia numerical
computatiorof the integral (18) via the use(16) to obtainthe posteriorjoint density The bargraph,
is the samplehistogramof 10° realisationsrom the Markov chain,constructedia the materialpre-
sentedn §4.2 and$§5 to have invariantdensityp(@ | Yn). Notethe closeagreemenbetweenthese
two numericallycomputedestimateof the posterior

If an Output—Errormodel structureis fitted to this datavia the methodsoutlined (1)—(9) with
f(x) = 22, andthenthe asymptoticresults(10)—(12)are,asis commonlydone,usedin afinite data
settingin orderto provide error quantification,thenthe resultsof this stratgy areasshavn by the
dash-dotGaussian-cuevlines in figure 2. While thesequantificationsare not strictly comparable
to the posteriordistributions, sincethey evaluatedifferentquantities,it would still seeminteresting
to comparethe two in termsof their utility for informing a userof what systeminformationcanbe
extractedfrom the availabledata.

Finally, supposehata closedloop Pl controller K'(g) is to be designedor this plant, so asto
achieve atleasto,, (G, K) = 105° of phasemamgin, andsupposehat

0.1
K(q) =1+ -1 (47)
is a candidatdor this task. Thento assesshe suitability of this proposalonecould seekto know the
posteriordensity
p(¢m (Ga K) ‘ YN) (48)

in orderto assessvhatinformationthe datacontainsin relationto the questionof whether(47) will
attainthe designobjective. While this would seema dauntingtaskfrom ananalyticalpoint of view,
the sameMarkov chainrealisation{d;} usedto form the histogramestimatesf posteriordensities
in figure 2 canbe simply emplo/ed to estimate(48) via its samplehistogramwhich is shavn in the
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top diagramof figure 3. Clearly, thereseemdo be goodevidencefrom the datathat the controller
(47)will achiere therequiredl05° phasanagin. Finally, for the sale of completenesshecomputed
posteriordensityfor thegainmamgin g,,, (G, K) for this samescenarids shavn in thebottomdiagram
of figure 3, andindicatesthatthe datastronglysupportsa conclusionthatthe controller(47) achieves
againmaugin of greaterthan7.5.

7 Conclusion

This papermresents preliminaryinvestigationof theemplo/ment,in asystemsandcontrolsettingof
new ideasandtechniqueglevelopedin the mathematicabtatisticsliterature. While the early results
presentechereappearto have promise,thereare mary questionsandissuesto be investigated of
which afew thatspringto mind are:

e How mightMarkov Chaincorvemgencebeacceleratecandhow canoneassesthatcorvemgence
hasoccurred?

e How shouldthe proposaldensitybe chosenandhow doesit affectthe precedingssues?

e Whatif the parametersffecting p.(-), suchasvariances? areunknavn? Clearly they can
beincludedin the posteriorparameterso be estimatedput how doesthis affect the remaining
parameters?

e How cantheseideasbe sensiblymarriedwith control designmethodsn orderto seeka data-
to-controllersynthesissolution?

e How might this be extendedto modelling scenariosmore sophisticatedhan the linear time
invariantone considerecherefor the purposesof illustration? Achieving this is likely to be
quite straightforvard, sincethe key stepof evaluatingthe posteriorvia Bayes’rule is invariant
to thecompleity of theunderlyingmodel,althoughthe computatiorof theassociatednestep
aheadpredictormight not be.

The resolutionof someof thesequestions especiallythe initial ones,canbe aidedby draving on
existing literature. Addressingall of the abore issueswill be the subjectof furtherwork by the au-
thors. It shouldbeadmittedthata dravbackof themethodgproposeds their computationatlemands.
However we would point outthatthey areeminentlyparallelisableandthatcurrentwidely available
computingpowers far exceedthoseof a decadeagowhenthe issuesunderlyingthis papergained
impetus.Furthermoreto datethesecomputingresourcegontinueto grow atMoore’s law rate.
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