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Abstract

In this paper we address the issue of infeasibility in Model Predictive Control. One popular
way of dealing with infeasibility is to categorise constraints as being either hard or soft and
include a penalty for soft constraint violations in the cost function. This penalty term can
be made exact in the sense that all constraints will be satisfied if indeed possible. The exact
penalty property is typically ensured by further including a linear term in the cost. If this
term is not large enough, then the exact penalty property may be lost. We illustrate, by way
of example, that choosing this term to be large may be detrimental to system dynamics. We
propose a two stage process where feasibility is detected and then a Model Predictive Control
problem is solved using this new information. Our development is based on the classical

exterior/interior-point framework which allows for an intuitive tuning procedure.

1 Introduction

Model Predictive Control (MPC) is a receding horizon control strategy where an estimate of the
current state is used as the initial state of a finite horizon optimal control problem, typically with
constraints on the state and control action. Solving this problem at each time step gives a sequence
of control moves. The current control action is chosen as the first control move from this sequence.
Feedback enters this control strategy via an updating of the current state estimate. A number of
surveys on MPC exist, including those by (Garcia et al. 1989, Muske and Rawlings 1993, Qin and
Badgwell 1997, Chen and Allgbwer 1998, Mayne et al. 2000, Maciejowski 2002). In particular,

Mayne et al. (2000) offer a comprehensive survey of MPC from a theoretical perspective.



It is often convenient to categorise the types of constraints encountered in MPC as either hard
or soft. Hard constraints must be strictly satisfied while soft constraints should be satisfied if
possible. If all constraints can be strictly satisfied, the optimisation problem is said to be feasible.
By contrast, an infeasible problem occurs when not all constraints can be strictly satisfied. We will
assume that the optimisation problem is always feasible if only hard constraints are included. Since
soft constraints do not determine feasibility, we are always able to solve the problem under this
assumption. Inclusion of constraints and their respective categorisation is a control engineering
decision — see e.g. Qin and Badgwell (1997). For example, actuator limits are often included as
hard constraints on the inputs. Meanwhile, state constraints are often deemed to be soft since

strict satisfaction may not always be possible.

Scokaert and Rawlings (1999) summarise two different strategies found in the literature for han-
dling the infeasible case (see also Maciejowski (2002)). The first strategy — originally proposed by
Rawlings and Muske (1993) — determines a minimum time in the prediction horizon after which
all constraints can be strictly satisfied. Prior to this time, only hard constraints are required to
be strictly satisfied. Scokaert and Rawlings (1999) call this the “minimum-time” strategy. The
second strategy includes a penalty term in the cost function which penalises soft constraint viola-
tions. This is called the “soft-constraint” strategy and is often formulated using an exact penalty.

In this paper we are concerned with the soft-constraint strategy.

The desirable property of an exact penalty method is that all constraints are strictly satisfied if
possible. If not, then violations of the soft constraints are penalised in the cost. Exact penalty
functions are summarised in e.g. Fletcher (1987). Mayne and Polak (1987) use an exact penalty
function algorithm to handle state and input constraints in a general optimal control setting.
Their algorithm adaptively chooses a finite valued scaling term which results in an exact penalty.

They do not address the issue of infeasibility.

Scokaert and Rawlings (1996) propose the use of exact penalty functions to handle the infeasible
case (see also Scokaert and Rawlings (1999)). Rao et al. (1998) also consider the exact penalty
approach in their discussion of interior-point methods for linear MPC. The exact penalty property,
however is usually guaranteed by including a suitably chosen linear term in the cost function. If
the linear term is not sufficiently large, then the exact penalty property may be lost. Unfortunately
it is difficult to determine a suitable linear term apriori. Kerrigan and Maciejowski (2000) provide

a lower bound for the linear term in the setting of multi-parametric quadratic programming and

MPC.

If the MPC optimisation problem is feasible then — provided the linear term is sufficiently large —

the exact penalty approach does not interact with the controller dynamics. If infeasible, however,



a tradeoff exists between satisfying constraints and returning to the origin of the system. By
choosing the linear term to be large, emphasis is inherently placed on satisfying constraints.

System dynamics may be consequentially awry.

In this paper, we propose a two step strategy which subsumes the exact penalty approach as a
special case. The first step determines feasibility of the MPC optimisation problem. The second
step solves a suitably chosen MPC problem depending on the result of the first step. Separating
the problem into two stages allows for a more intuitive tuning procedure. Our discussion is based

on the interior/exterior point approach presented in Fiacco and McCormick (1968).

Section 2 introduces the MPC formulation considered in this paper. Soft and hard constraints
are separated and a related MPC problem is stated using logarithmic barrier functions for hard
constraints and quadratic loss penalty functions for soft constraints. Section 3 presents a simple
MPC algorithm which incorporates an intermediate step to detect feasibility. Section 4 illustrates
the potential benefits of using this algorithm via a simulation example. Section 5 concludes this

paper.

2 Barriers and Penalties and MPC

The MPC optimisation problem we consider in the paper is expressed as follows. Let z(t) € R"=

denote the current state. The system dynamics are expressed as,

Tey1 =  f(Tr,ur), (1)

where uy € R™ is the system input vector. It is assumed that f : R?* x R™ — R”= is an affine
function of the state and input, i.e. either the system is linear or is a linear approximation to a
non-linear system (the linear approximation may include a constant offset term due to non-zero

initial conditions).

Constraints on the states and inputs are represented mathematically as inclusion in the sets X
and U respectively. A terminal constraint set is often included, this will be denoted by Xg. The

sets X, Xy and U are expressed as follows,

X = {zelR™ :¢f(x)<0,i=1,...,M,}, (2)
Xp = {zeR%=:cf(2)<0,i=1,...,Mp}, (3)
U = {uelR™:cf(u)<0,i=1,...,M,}. (4)

()

Each of the functions ¢ : R — R, ¢/ : R™ — R and ¢ : R™ — R is assumed at least to



be continuous and convex. It is assumed that Xz C X. Note that X, Xz and U are convex sets.
It is assumed that X, Xz and U are closed with the further restriction that U be compact. The

interiors of X, Xz and U are assumed to be non-empty.

It is convenient to define a family of sequence spaces denoted by S? where p and ¢ are non-negative

integers,

p
sro= [[r (6)
i=0

Let the positive integer N denote the prediction horizon. Define a sequence £ (called a state

sequence) with N + 1 elements where each element is a vector of dimension n, i.e.
Z esy, X = {=zg,...,zN}.

Similarly let % denote a sequence (called an input sequence) with N elements where each element

is a vector of dimension 7.,

%esN™', U = {uo...,un—1}-

Define the MPC cost function as,

N-1

J(Z,%) = Flan)+ Y Uwi,w), (7)

i=0
where the terminal cost F : R®* — R and stage cost £ : R? x R™ — R are assumed to be
continuous and convex. It is further assumed that F' is a positive semi-definite function and £(-,u)
is a positive semi-definite function with #(x,-) a positive definite function. Assuming that the

origin lies in the interior of Xz and U the MPC optimisation problem is expressed as,

(MPC) : (X*w*) = arg min J(Z,U)

3

st. o = xz(t)
Te+1 = f(zg,ug), k=0,...,N —1,
u, €U, k=0,...,N -1,
zr€X, k=1,...,N—1,
zy € Xp.

It is straightforward to show that (MPC) is a convex optimisation problem. Indeed J is convex,

X, Xr and U are convex and the equality constraints are affine.

Problem (MPC) may not be feasible in general. In what follows we separate hard and soft
constraints and develop a related problem to (MPC) which is always well defined. The proviso



is that (MPC) is assumed to be always feasible when only hard constraints are included. This is
always achievable if only input constraints are considered to be hard (and the input constraint set

is non-empty).

Let Z} denote a set of indices representing the hard input constraints and let Z¢ denote a set
of indices representing soft input constraints. It is assumed that Zpy N Z¢ = § and T UTY =
{1,...,M,}. Let Uy and Ug be the corresponding hard and soft input constraint sets. Let Z§,
7%, Xg and Xg be defined in a similar manner for state constraints. Let I};, Ig, Xrpg and Xpg
be defined in a similar manner for terminal state constraints. It is assumed that the following

problem is always feasible,
(MPCh) : (X, %) = arg %1521{ J( X, %)
st. xo = xz(t)
Tr+1 = f(@p,uk), k=0,...,N—1,
ug € Ug, k=0,...,N —1,

z, €Xyg, k=1,...,N -1,

N € XFg.
Define a new MPC cost function as follows,
N-1
Tus(Z,%,m,v) = Fus(an,v)+ Y Lus(wi,ui, p,v) (8)
i=0
where
Fus(w,p,v) = F(@)+p Y Bl (@) +v Y P (@) 9)
€Ll ie€Zf

In the above B is a barrier function and P is a penalty function with the scalar terms p and v
being positive. We restrict our attention to the logarithmic barrier and quadratic-loss penalty

functions. Hence B and P are given by,

B:R_ — R:B(z)

—In(-2), (10)
P:R=>R, N0:P(z) = (2+]2))% (11)

In the above R_ refers to the negative half axis and Ry to the positive half axis. The function
Lys is defined similarly as,
us(@u,mv) = Lz,u)+p Y Bl (@) +u Y Blct(u)
i€Ly =

+v Y PE@) +v Y Plet(w).

i€ZE i€TY



Recall that the interiors of Xy, Xpg and Uy are assumed to be non-empty. Hence there exists
a point for which the logarithmic barrier terms are well defined. A family of MPC optimisation

problems can be defined as,
(MPCHJ/) : (%(Na’/),%(ﬂal/)) = arg‘%ﬂ% JHS(‘%/'a%JIUwV)

s.t. mo = x(t)

Try1 = f(@g,up), k=0,...,N -1

Note that Jgs is a convex function and (MPC,,) is a convex optimisation problem for all

p € (0,00) and all v € [0, 0).

If (MPC) is feasible, then Fiacco and McCormick (1968) give conditions for a sequence of u’s and
v’s such that the solution to (MPC,,,) converges to the solution of (MPC) (see Section 4.3 in
Fiacco and McCormick (1968)). In essence, 4 — 0 and v — oo. This gives the same result as

using an exact penalty function in this case.

If (MPC) is not feasible then the exact penalty approach can potentially associate severe penalties
on constraint violation — which may be undesirable (see Section 4). The same effect is seen for

large values of v in this case.

In the next section we propose an intermediate step where feasibility of (MPC) is determined
and the value of v along with hard and soft constraints are then chosen according to some design
criterion — which reflects knowledge of the system. The resulting algorithm considers the case
where p — 0 but v is chosen to be finite at each time step. We have considered the case where all

constraints are hard and p is fixed in Heath and Wills (2002) and Wills and Heath (2002).

3 Detecting Infeasibility

Detecting infeasibility of (MPC) can be achieved by embedding the problem into a slightly bigger
optimisation problem. Indeed, this type of embedding is often used in two-stage algorithms; the
first stage finds an initial feasible point and the second stage solves the optimisation problem
starting from this initial point. Fiacco and McCormick (1968) propose the use of such two-stage

algorithms to solve problems like (MPC,, ).



One popular embedding is described as follows. Define the sets Xg, Xrg and Ug as,

Xg = {(z,2) eR™ xR:cf(z) <z i €I}, (13)
Xps = {(z,2) ER™ xR:cf (z) <2, i € &}, (14)
Us = {(u,2) e R™ xR:cl(u) <z, i€T¢}. (15)
(16)

Define a feasibility optimisation problem as,

(F): (Z*,%*,z") = arg min =z

U =

s.t. mo = x(t)
Tpr1 = f(xg,ug), k=0,...,N —1,
up € Ug, k=0,...,N —1,
zp € Xy, k=1,...,N —1,
zn € XFm,
(u,2) €Us, k=0,...,N -1,
(z1,2) €Xg, k=1,...,N -1,
(zN,2) € Xps,
z 2.

In the above - is some negative constant. If the solution to (F) has z* < 0 then (MPC) is feasible.

If 2* > 0 then (MPC) is not feasible. It may be desirable to include a separate slack variable for

each soft constraint to provide more information.

The value of z* may be used to determine an appropriate value of v. If for example z* > 0, then
the size of z* shows the maximum constraint violation. If it is important that constraints are not

violated then v may be chosen large.

A simple algorithm for MPC with hard and soft constraints based on (MPC,, ;) is given as follows,

Algorithm 3.1 At each time step t, given the current state z(t), perform the following steps,

1. Solve (F).
2. Determine a value of v according to knowledge of the system.
3. Solve (MPC,,) for v from the previous step and p — 0.

4. Let the system input be the first element of %*(u,v).



One possibility would be to choose v — 0o when 2* < 0 and v constant when z* > 0. We use an

heuristic rule for v in the simulation below.

4 Simulation

The simulation presented in this section illustrates the benefits of using an intermediate step to
determine feasibility. For comparison we have used an exact penalty method with linear term

large. Similar results would be obtained by fixing v to be large.

The system is modelled as,

Tpt1 = ug (17)

e = =]
_ o o o
S O O =
S = OO O

0
1
0
1

o O ==

We are using the standard linear MPC formulation where the cost J is given by,

N-1

J& %) = lenllgy + D (laillg + lluillz) - (18)
=0

The prediction horizon is chosen at N = 5. The matrices () and R are given by,

Q = ' , R = . (19)

The terminal cost matrix @ is given as the solution to the Discrete Algebraic Riccati Equation
for state and input weighting matrices () and R respectively. Constraints on the system are as
follows. The input must satisfy ||u||cc < 0.5. Let {z}; denote the i’th element of the vector z.

The state should satisfy {z}> > 0 and {z}* > 0. There are no terminal constraints.

State disturbance was included in the simulation in the form of additive zero mean white noise is

zero with diagonal covariance matrix, where all diagonal elements are equal to 0.2.

Figure 1 shows a plot of the state elements. The linear term for slack variables was set to 1000e,
where e is a vector of all ones (of appropriate dimension). A further disturbance is introduced
at t = 20 in {z}4. This large disturbance violates the state constraint. Because the linear term
was chosen large to ensure the exact penalty property, the cost associates large penalties for this
constraint violation. Hence the emphasis of the controller is to regain feasibility. Consequently,

the system overshoots the origin.



Figure 2 shows a plot of the state elements using Algorithm 3.1. Step 2 is given by the following
heuristic. When the constraint violation is small, we choose to make v large, but as the violation
increases we allow v to become correspondingly smaller. As such, we employ the following rule

for v at time t (denoted as v(t)),
v(t) = min(exp(—z*),10%), (20)

where 2*(t) comes from the solution to (F) at time ¢.

5 Conclusion

In this paper we discuss a concern with treating the feasible and infeasible cases in one optimisation
problem. This is typical of exact penalty methods. Adopting a two stage process, where feasibility
is firstly determined, allows for more general tuning rules that may be useful in practice. The
exterior /interior-point framework of Fiacco and McCormick (1968) combined with the two stage
process subsumes the exact penalty approach as a special case. The benefits of using a two stage
process are illustrated via a simulation example. In this example we use an heuristic choice for v

(the soft constraint penalty scaling factor) which gives improved performance.
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Figure 1: This figure shows the second and last elements of the state at each time interval. An
exact penalty formulation is used. After the disturbance at ¢ = 20, the constraint remains in

violation for 5 time steps. Note the large overshoot.
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Figure 2: This figure shows the second and last elements of the state at each time interval.
Algorithm 3.1 is used with the heuristic (20) for the value of v at each time step. After the

disturbance at ¢ = 20, the constraint remains in violation for 7 time steps. The overshoot has

been considerably reduced.



