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Abstract

In this report we discuss linear Model Predictive Control (MPC) from a computational
and algorithmic perspective. We describe two commonly encountered MPC formulations; the
first includes the system model as an explicit equality constraint while the second includes
the system model implicitly by projecting onto the sub-space described by this linear relation.
Both formulations are expressed as Quadratic Programming (QP) problems. We discuss a
popular primal-dual predictor-corrector interior-point algorithm used in solving QP problems.
We go on to discuss how the interior-point strategy can exploit the structure of MPC when
solving a linear sub-problem found within such algorithms. This leads to the well known
Riccati recursion approach which has associated linear complexity in the prediction horizon.
A simulation example is used to illustrate that the explicit formulation of MPC may indeed
exhibit this property even without using a Riccati recursion.



1 Introduction

In this report, we are concerned with optimisation problems associated with linear Model Predic-
tive Control (MPC). Linear MPC (see e.g. Muske and Rawlings 1993, Qin and Badgwell 1997)
assumes a linear system model, that the constraints sets are representable via linear inequalities
and that the objective function is convex quadratic. Linear MPC is appealing because the asso-
ciated optimisation problem - which is typically solved at each time interval - may be expressed
as a convex quadratic program. Comprehensive reviews of linear and general MPC can be found
in e.g. Clarke et al. (1987), Garcia et al. (1989), Muske and Rawlings (1993), Qin and Badgwell
(1997), Chen and Allgbwer (1998), Mayne et al. (2000) and Maciejowski (2002).

Polak et al. (1990) presented an algorithm based on barrier functions (in particular, they use a
method of centres - see e.g. Lieu and Huard (1966)) for a general optimal control problem with
control and state inequality constraints. This paper and references therein present applications of
classical interior-point methods to constrained optimal control problems. However, Wright (1993)
appears to be the first to have explicitly discussed new polynomial-time interior-point methods for
the Quadratic Programs (QP’s) and Sequential Quadratic Programs (SQP’s) associated with MPC.
These ideas are developed further in Wright (1997 a), where infeasible-start interior-point methods
are used. Lim et al. (1996) also study constrained control from an interior-point framework.

Under certain formulations, the MPC optimisation problem has exploitable structure (see e.g.
Section 2.1). Exploiting this structure can, in certain cases, lead to efficient algorithms. An
example of this is shown by Dunn and Bertsekas (1989) who consider unconstrained MPC and
exploit the coupling between successive intervals in terms of the states and co-states. They develop
a recursion algorithm with complexity that grows linearly in the horizon. This is a common theme
in the literature on MPC and interior-point methods.

Wright (1993) expresses the optimality conditions on an interval-by-interval basis which leads to
a block-banded system of equations; such a system must be factored and solved (at least once)
at each iteration of an interior-point method. Factorisation of this matrix grows linearly in the
prediction horizon. Rao et al. (1998) exploit a Riccati recursion approach within the interior-
point framework for solving this block-banded matrix. This also results in an algorithm whose
complexity grows linearly in the prediction horizon.

Gopal and Biegler (1998) offer an authoritative account of large-scale optimisation and control.
Their analysis and observations are primarily from the perspective of SQP, but are pertinent to
QP in general — see also Albuquerque et al. (1997). Gopal and Biegler (1998) also point out that
certain formulations of MPC result in structure that can be exploited and consider this structure
in the context of SQP.

From a practical perspective, active-set methods offer an alternative to interior-point methods.
The topic of active-set methods is beyond the scope of this report, but Bartlett et al. (2000)
offer one comparison between interior-point and active-set methods. Active-set methods can also
exploit the MPC structure; Bartlett et al. (2000) refer to a Schur-Complement approach which
allows for efficient updating of the linear sub-system solved at each iteration. Glad and Jonson
(1984) also exploit the recursive nature of the MPC structure in an active-set framework.

Other approaches for solving the quadratic program that occurs in linear MPC include the use
of Mixed Weight Least Squares by Rossiter and Kouvaritakis (1993). Soroush and Valluri (1999)
explore a subclass of linear MPC and consider input saturation non-linearities from the perspec-
tive of optimal directionality compensation; they use a result from Barnard (1976) regarding the
convergence of a simple feedback loop used for solving simply bound QP’s. Syaichu-Rohman et
al. (2003) have recently studied this type of approach. These methods seem to fall into general



category of subgradient evolution equation methods — see e.g. Brézis (1973). A number of authors
have considered sub-optimal solutions to MPC (see e.g. Kouvaritakis et al. 2002), which is beyond
the scope of this report.

The optimal solution for linear MPC is piecewise linear in the states (Zafiriou 1990). Some
authors have exploited this structure to generate (off-line) the local optimal control law for each
combination of active constraints (see e.g. Bemporad et al. 2002, Seron et al. 2002, Tgndel et
al. 2003). Such methods are beyond the scope of this report. We stress, however, that this report
is focused on solving the MPC optimisation problem on-line. Our intention here is to reconfirm
that the interior-point approach is both highly practical and flexible when used for MPC on-line.

We should point out that interior-point methods have been used in other areas of MPC, most
notably in the areas of steady-state reference calculation and robustness. Kassmann et al. (2000)
study steady-state reference calculations where the model is subject to uncertainty. Their analysis
utilises the second-order cone programming framework — see e.g. Nesterov and Todd (1997) and
Nesterov and Todd (1998). Hansson (2000) studies robust MPC also in a conic programming
framework. Vandenberghe et al. (2002) look at robust linear programming for optimal control and
incorporate the Riccati recursion approach of Rao et al. (1998) for solving the linear system of
equations associated with their algorithm. From a different perspective, interior-point geometry
is exploited to generalise MPC in Wills and Heath (2002a), Wills and Heath (2002b), Heath and
Wills (2002) and Wills (2003) where barrier functions are used in the cost function to change
controller dynamics near constraint boundaries.

The report is organised as follows. We present one form of linear MPC in Section 2. The explicit
and implicit optimisation formulations are given in Sections 2.1 and 2.2 respectively. In Section
3 we discuss Quadratic Programming in a general interior-point setting and comment on equality
constraints in Section 3.2. We present a primal-dual interior-point algorithm based on Mehrotra’s
(1992) predictor corrector method in Section 4. In Section 5 we show how to exploit the MPC
structure for interior-point methods and in Section 5.1 we reproduce Rao et al.’s (1998) Riccati-
recursion method for solving a similar system. A brief discussion and some concluding remarks
are given in section 7.

Our treatment of linear MPC is by no means complete. Throughout this report we try to point-out
some very important and typical extensions to our presentation, e.g. including integral action and
handling soft constraints.

2 Assumptions and Notation

The system dynamics are assumed to be given by the following linear difference equations

z(t+1) = Az(t) + Bu(t), (1)
y(t) = Cz(b). (2)

In the above, z € R™ is the state variable, v € R™ is the input variable and y € R™ is the
output variable.

In what follows, we will make frequent use of state and input sequences. To this end we introduce
a positive integer N (later referred to as the prediction horizon), which is assumed to be constant
throughout this report. Let 2 denote a sequence with NV + 1 elements where each element is a



vector of dimension ng, i.e.

N
Ze[[r=, 2 ={z,...,an}
i=0

Here the product symbol denotes a Cartesian product. Similarly let % denote a sequence with N
elements where each element is a vector of dimension n, given by

N-1

we [[ R, % ={uo,...,un1}.

=0

Where convenient, we will treat 2" and % as (N +1)n, and Nn, dimensional vectors respectively.

The MPC objective function is denoted by Jy, where 6 is a vector containing the co-efficients for
the analytical structure of Jy. Included in 6 is the prediction horizon parameter N which also
determines the sequence lengths in 2" and % . The analytical structure of Jy is given by

N-1
Jo(Z, %) = fllen —anlp+5 Y (lzi —2flg + llui —ufl) - 3)
=0

In the above, the vectors z] and u] denote the i’th element of the state and input reference
sequences 2" and %" respectively (defined in a similar manner to £  and %). Further, the
matrices P and () are assumed to be positive semi-definite and symmetric and the matrix R is
assumed to be positive definite and symmetric. The reference sequences 2" and " together
with the co-efficients in P, ) and R are subsumed into #. For brevity, we will often write Jy as J.

Remark 2.1 It is sometimes desirable to consider a separate control horizon - which is usually
shorter than the prediction horizon - where the control action is allowed to vary. After such an
horizon has elapsed, the control is assumed to be constant. Additionally, the states and inputs
are sometimes penalised only after a certain delay time has elapsed. The corresponding objective
function is given by

N-1 N,—-1
HZ, %) = jlen—ailp+5 D lei—2fly+5 D llus —ufllz,
i=dgy 1=dy

where dg, d,,, N and N, are non-negative integers with obvious meaning. For ease of exposition,
the following development considers only one prediction horizon - as represented by the positive
scalar N - but can be formulated (or synthesised) to handle the case of separate horizons and cost
delays. O

Remark 2.2 A popular framework used extensively in industry considers an input-output model
rather than a state-space model. The input-output framework is beyond the scope of this report
- see Clarke et al. (1987) for further details. An important practical aspect made explicit in the
input-output framework is integral action. Typically, the noise model assumes a “random walk”
component and the cost function is expressed in terms of changes in control action rather than
absolute control moves. Combined, this provides a form of integral action. Integral action is not
discussed in this report - see e.g. Bitmead et al. (1990) for more details in the case of state-space
models. O

Remark 2.3 Aside from the case presented in the previous remark, some formulations of MPC
include a penalty on changes in the control action in addition to penalising absolute control mowves.



Changes in the control action are typically denoted by Au(t) = u(t) — u(t — 1). This may be
adequately included into the current framework, for example, by augmenting the system equations
and including the penalty in Q) as follows. Let the original system be given by

Ft+1) = Ai(t) + Bu(t),
y(t) = ).

(@}
IS

The augmented system is given by

z(t+1) = Az(t) + Bu(t),
y(t) Cu(t),
with
A 0 0 B i
A =10 o0 o, B =|1|, C =][C 0 0].
0 -1 0 1

Hence a penalty on Au(t) may be straightforwardly included into Q). This is not necessarily the
most efficient manner to include a penalty on Au. O

At each time interval ¢, the current state of the system xz(t) is used as the initial state xo for con-
troller predictions and the optimal input trajectory is calculated using this initial state. Typically,
z(t) is not available and an estimate of the state #(¢) is used instead. We assume that Z(¢) is a
reasonable estimate in that it satisfies all physical limitations of the system. We make no further
comment on constrained receding horizon estimation which can be used to ensure the latter (see
e.g. Rao et al. (2003)). Since the system is assumed to be time-invariant, no further reference to
the time instance ¢ is made. Instead, the initial state is denoted by Z and the first state in 2~
is required to equal Z. The optimal input trajectory is optimal in the sense that it minimises J
subject to a number of constraints, namely:

e The first element in 2" should equal the initial state vector Z, i.e.

rg = .

e Each successive element in £~ should satisfy the system equations (1), i.e.

Tiv1 = Az;+ Bu;, fori=1,...,N.

e Each element in % and the last N elements in 2" should respect input, state and terminal
state constraints respectively, i.e.

v € U, fori=0,...,N—-1,
z; € X, fori=1,...,N -1,
zny € Xp.

Remark 2.4 It should be noted that many results in the literature assume (whether explicitly or
implicitly) the existence of feasible solutions to the MPC optimisation problem. Hard constraints
often render this optimisation problem infeasible(Qin and Badgwell 1997). However, in many
practical situations certain constraint violations are tolerable, but should be kept to a minimum.
It is often convenient to categorise the types of constraints encountered in MPC as either hard or
soft. Typically, hard constraints must be strictly satisfied while soft constraints should be satisfied



if possible. Inclusion of constraints and their respective categorisation as either hard or soft is a
control engineering decision — see e.g. Qin and Badgwell (1997). For example, actuator limits are
often included as hard constraints on the inputs. Meanwhile, state constraints are often deemed to
be soft since strict satisfaction may not always be possible.

Scokaert and Rawlings (1999) summarise two different strategies found in the literature for han-
dling the infeasible case (see also Maciejowski (2002)). One such strategy includes a penalty term
in the cost function which penalises soft constraint violations. This is called the “soft-constraint”
strategy and is often formulated using an exact penalty. The desirable property of an exact penalty
method is that all constraints are strictly satisfied if possible. If not, then violations of the soft con-
straints are penalised in the cost. Eract penalty functions are summarised in e.g. Fletcher (1987).
The exact penalty property is usually guaranteed by including a suitably chosen linear term in the
cost function. If the linear term is not sufficiently large, then the exact penalty property may be
lost. Unfortunately it is difficult to determine a suitable linear term apriori.

If the MPC optimisation problem is feasible then — provided the linear term is sufficiently large —
the exact penalty approach does not interact with the controller dynamics. If infeasible, however, a
tradeoff exists between satisfying constraints and returning to the origin of the system. By choosing
the linear term to be large, emphasis is inherently placed on satisfying constraints. Therefore,
system dynamics may be considerably awry.

In Wills and Heath (2003), we propose a two step strategy which subsumes the eract penalty
approach as a special case. The first step determines feasibility of the MPC optimisation problem
and the second step solves a suitably chosen MPC problem depending on the result of the first step.
Separating the problem into two stages allows for a more intuitive tuning procedure.

For brevity, we do not consider soft constraints further in this report. Note however, that the
following discussion may be straightforwardly extended for this important case. Moreover, we
point the interested reader to Rao et al. (1998) who consider the exact penalty approach in their
discussion of interior-point methods for linear MPC; they show that the MPC structure can be
exploited even with the additional terms incurred using a soft constraint formulation. |

State, terminal state and input constraint sets are assumed to have the following structure respec-
tively,

X = {zeR™ : Lz <k},
Xr = {z€R™ :Lpz <kr},
U = {uelR™:Lyu=kyt.

Use of the “<” symbol denotes element-wise inequality.

Using the above definitions, we define the MPC optimisation problem as follows.

Definition 2.1 Given some initial state T, solve (if possible) the following minimisation problem,

(MPC) : min  J(X,%)
X u
st. g = T,
Tiy1 = Ax; + Bu;,

u; €U, fori=0,...,N —1,
z;€X, fori=1,...,N -1,

zy € Xp.



In Section 2.1 below, we outline one formulation of (MPC) where the linear model is included
explicitly as an equality constraint. In Section 2.2 we discuss an alternative formulation where the
linear model is subsumed into the cost function.

2.1 Explicit Formulation

Treating & and % as vectors, we can express J as

JE, %) = % -Z"G+51% -« |3
In the above, Q is given by the block diagonal matrix Q = diag{Q,...,Q,P} and R is given
similarly by R = diag{R, ..., R}.

The system dynamics can be expressed as
AZ +BU% = b, (4)

where A is an (N +1)n, x (N +1)n, matrix, B is an (N +1)n, x Nn,, matrix and b is an (N +1)n,
vector given respectively by

I 0 0 0 0 0 0 g
A I 0 0 -B 0 0 0
i- |0 -AaT o/, 5 - |0 -B o 5= |
0 .. —A I 0o .- -B 0

The inequality constraints may be expressed as

LaZ =X kg,
L“Zl% j k@/a
where Lg, ko, Le, and kg, are given by
0 L, 0 --- O L, 0 --- 0
o o0 L, --- O 0 L, --- O
L.f?f = . . - ) L@/ = - . - )
0 0 Lp 0 L,
ks ky
ks ky
ka = ) ka = )
kr k.

Problem (MPC) can be restated as follows.

Definition 2.2 Given some initial state T, solve (if possible) the following minimisation problem.

(MPCp) : min 32 - 27+ Sl -2
st. AZ +B¥% = b,
ng% j k.%r,
L%% =< k%.



2.2 Implicit Formulation

Problem (MPCg) can be interpreted as minimising a convex quadratic objective subject to in-
equality constraints with the further requirement that the solution lie in a subspace described by
equation (4). By projecting (MPCg) onto this subspace we can reduce the overall dimension. In
Section 3.2 we discuss such a projection in more detail. One particularly common and convenient
projection is described as follows.

Since A has full rank, then equation (4) may be equivalently stated as
X = A'b-Bw). (5)

Furthermore, the inverse of A has structure given by

b 0 |
A I 0 - 0

A1 - |47 A I e 0 (6)
A‘N AN—I AN—2 I

Expanding (5) in terms of (6) gives the following expression for 2,

X = Ai+o%, (7
where A and ® are given by
0 0
i B 0 0
A = . o — | 4B B 0
AN : -
AN-1B AN-2B ... B

Using relation (7), we may express (MPC) as follows.

Definition 2.3 Given some initial state T, solve (if possible) the following minimisation problem.

(MPCy) : min sIAZ+ 0% — 275+ 5% - 27 |3
s.t. L%(A.’Z'—F(I)%) < kg,
Loy% =< kyg.

In the case of unstable system models, (MPC;) can become ill-conditioned (see e.g. Rao et al.
1998, Tenny et al. 2002). Indeed, since A has eigenvalues outside the unit circle in this case, then
max{eig(A?)} can become large, even for small values of i. One possibility (Keerthi 1986) is to
introduce a dummy variable v(k) and exploit a stabilising state feedback gain K. Suppose we

write
u(k) = —Kz(k) + v(k)

with A, = A — BK stable. Let ¥ denote a sequence with N elements where each element is a
vector of dimension n,, given by

N-1
Ve [[R™, ¥ ={vo,...,on_1}.
i=0



so that

with

We can thus express (MPC) as

Definition 2.4 Given some initial state T, solve (if possible) the following minimisation problem.
(MPCpei) win 312 - 27\ + 5IKL + ¥ - K2 - 2",
st. (A+BK)Z +BY = b,
Ly Z =< ka,
LyV = ky —LyKZ.

We can thus find a numerically stable implicit formulation by substituting

2 = (A-BR)"'(b-BY)
= AuZ+ Q47
with
0 e 0
ff B 0 - 0
cl
Acl = . 3 (I)cl ACIB B 0
N : -
Ad AY'B AJ7°B --- B

Specifically, we may express (MPC) as follows.

Definition 2.5 Given some initial state T, solve (if possible) the following minimisation problem.
(MPCra) : min - gl|AuZ + @a¥ = 275 + 5 |KAaT + (K + 1)V — K27 = %"||3

st. La(AuyZ+®4%) =< ka,
L%(KACl:I_I-F(K‘I)cl‘}‘I)V) 2 k.

A natural choice of K is the equivalent state gain when there are no constraints. In this case the
unconstrained minimum of the cost function occurs where ¥ = 0. In particular, if the original
MPC problem is structured as (3) with P, @ and R satisfying the discrete Riccati equation

P=A"PA-ATPB(R+B"PB)'BTPA+Q
then the natural choice for K is

K =(R+B"PB)"'BTPA



An alternative approach to reducing numerical ill-conditioning it to use a numerically stable pro-
jection. In the above we have restricted the projection to the type given in Equation (5). Alter-
natively, we could introduce a dummy variable & and represent £ and % by

X = STE+0,

% = TTé&,

where S and T have the following properties,

A B []S,] — 0, [sT T7] [f,] - I

Hence & and % can be replaced by there respective affine functions in & and the resulting
problem solved for &. Specifically, we may express (MPC) as follows.

Definition 2.6 Given some initial state T, solve (if possible) the following minimisation problem.
(MPC;p) : min sISTE+b— 2715+ 5IT 6 — 27|}
st. La(STE+D) < ko,

Loy (TT6) = ke

Of course Z" and % can then be recovered using the same equations given above. A caveat of this
approach is that constraints will most likely become dense, thus effecting overall computational
efficiency (see also Section 3.2).

Any potential numerical errors in the formation of ® (or equivalent) are exacerbated when the
Hessian matrix of the cost function is formed. In (MPCy), (MPCr) and (MPCrp) the Hessians
are given respectively as

H = 3TQ%+R
Hig = ®LQ%q+ I+ K®y)"R(I+ K®,)
Hip = STQS+T'RT.

One approach for reducing numerical ill-conditioning is to avoid forming the Hessian matrix ex-
plicitly, but instead represent it as, respectively,

H = GFay, GT = [8TQV2 RV?
Hiy = chlecl, chl = [@5@1/2 I+ I_((I)CI)TRI/2] ’
Hip = GY.Gyp, GY, = [STQY? TTRY?].

When solving the linear sub-system found in interior-point methods (see Equation (21) below),
this structure can be exploited. For example, Equation (21) can be expressed as (note that the S
matrix below is not that defined in this section),

G
(s1z)"L|
Hence, the Cholesky factor of H+ LTS~ ZL may be obtained from the QR factorisation as follows,

el
(57'2)

H+IL'S™'ZL = [GT (Sflz)l/zLT]

QrRFr 12 .|

L

where Ry is also the Cholesky factor in this case (see e.g. Golub and Van Loan 1996). Therefore,
the Hessian matrix H is not explicitly formed, thus reducing numerical ill-conditioning.

10



3 Quadratic Programming and Interior Point Methods

The following discussion is based (primarily) on Gopal and Biegler (1998), Wright (1997 a), Wright
(1999), Wright (1997b), Wright (1995), Vanderbei (1999) and Mehrotra (1992). The interior-point
algorithm presented in Section 4 is based on Mehrotra’s (1992) predictor-corrector algorithm ,
which is widely accepted as a highly practical and efficient algorithm.

In Section 3.1, we describe a quadratic programming problem and give the KKT (Karush-Kuhn-
Tucker - see e.g. (Mangasarian 1969)) optimality conditions for this problem. These conditions
may be restated as a system of non-linear equalities with some variables constrained to be non-
negative. Loosely speaking, the interior-point approach attempts to solve a related system of
equalities whilst strictly honouring the non-negativity constraints. In particular, the system of non-
linear equalities is linearised about the current point and the resulting linear system of equations
is solved. Computational efficiency of interior-point methods depends heavily upon how efficiently
we can solve this linear subproblem.

3.1 Quadratic Programming Optimality Conditions

Consider the following quadratic program,

(QP): min 12THa + fT + co,
st. Lz =< k,
Ax = b.

Let x € R*. It is assumed that L is an m x n matrix and A is an mey x n matrix with mey < n.
It is further assumed that A has independent rows and b = Axg for some xo. The matrix H is
assumed to be positive semi-definite and symmetric.

Optimality conditions for (QP) are given by (see e.g. Boyd and Vandenberghe 2002),

Hr+ f+LT24+ ATy = 0, (8)
Lz +s = Kk, 9)

Ar = b, (10)

2Ts = 0, (11)

z = 0, (12)

s = 0. (13)

Here y represents the Lagrange multipliers for the equality constraints, z represents the Lagrange
multipliers for the inequality constraints and the slack variable s has been introduced for conve-
nience.

T

We will be concerned with a related problem where the complementarity condition z*s = 0 is

replaced by the following relation,
ZSe = e,
where Z = diag(z), S = diag(s), e is a vector of all ones and p > 0 is the “target” (the parameter

i goes by various names but it is instructive to think of u as the target). Clearly, as u — 0, the
two problems coincide.

11



For z,s > 0, the related problem is to find z,y, z, s such that

Hx+ f+ LTz + ATy
Lx+s—k
Fu(w7y7z78) = ASL'_b = 0

ZSe — ue

The above system of non-linear equations can be solved iteratively via, say, Newton’s method.
Indeed, interior-point methods take this approach. However, exact solutions for each target value
of p are not required. Rather, p is adaptively reduced at each iteration aiming in the limit for
u = 0. In this case the optimal conditions for (QP) are recovered.

Applying Newton’s method to F,(-) can be interpreted as follows: find a search direction Ap =
[AzT AyT AzT AsT]T that satisfies

J(way;Z;S)AP = _F/J/(way:zas)a (14)

where J(.) represents the Jacobian matrix for Fu(.). Expanding (14) gives that

H AT LT 0] [Az r1
A 0 0 0] |Ay e
L 0 0 I [Az| — |rsl|’ (15)
0 0 S Z| |As T4
where
rm o= —Hx—f—LTz— ATy,
= b-—A
"2 v (16)
r3 = k—Lx—s,

ry = ope— ZSe.

It is possible to reduce equation (15) to a more convenient form (known as the Augmented form)
as follows. From the last equation it follows that

As = Z7'(ry—SAz). (17)

Using the above expression for As, then (15) reduces to

o AT LT Az r1
A 0 0 Ay| = o . (18)
L 0 -—-z15| Az re — Z 7 lry

After solving the above system for (Az, Ay, Az), As is obtained from (17). If there are no explicit
equality constraints then (18) becomes

A el I (19

In certain cases it may be desirable to eliminate Az as
Az =S'Z(LAz —r3 + Z 'ry), (20)
resulting in the following system for Az,

[H+ LYS71ZL] Az =1 + LTS ' Z(rs — Z7'ry). (21)

Note that Az can be obtained from (20) and As from (17). System (21) is positive definite and
may be factored using a Cholesky factorisation. Some care must be taken when p is small since

12



then S~1Z may have very large/small components (this phenomenon is common to all interior-
point methods). Wright (1999) describes a modified Cholesky factorisation which is stable under
these circumstances (see also Wright (1997d) for stability of the augmented system in (18)). It
has been observed (see e.g. Vanderbei 1999) that reducing system (19) to (21) may introduce
unnecessary computational error.

The choice of factorisation method often depends on the problem structure (sparsity, presence of
equality constraints etc.). For systems where (15) is sparse then a direct Gaussian elimination
approach is often used (see e.g. Gertz and Wright 2001). The factorisation step is usually the
most computationally expensive operation at each iteration of an interior point algorithm. Most
practical algorithms perform one factorisation and possibly several solve operations per cycle.

3.2 A Note on Linear Equality Constraints

The equality constraints in (QP) may be handled in a number of ways. One common approach
is to represent equality constraints as a two sided inequality with the same bound on both sides,
ie. b % Ax < b. A variant of this approach is used in the LOQO package by Vanderbei (1999).
Another approach is to include these constraints explicitly and derive optimality conditions for
both inequality and equality constraints as done in Section 3.1 and in the OOQP package by Gertz
and Wright (2001). Both approaches have the benefit of preserving original problem structure,
and in particular, sparsity is preserved.

A possible disadvantage of the above approach is observed when A is dense with almost full
rank. When there is a significant number of equality constraints m., (with respect to n), then
equation (18) may be large. In addition, if A is dense, then this system may be expensive to
solve. Further, when m,, is large then the optimisation problem has few degrees of freedom left
to satisfy inequality constraints (the case of m = n is excluded since Az = b has a unique solution
in this case - hence the optimisation problem has only one possible solution). However, this is not
reflected (computationally) in (18) which grows with m.,.

An alternative approach (under these circumstances) is to project (QP) onto the space described
by Az = b. In general this will effect sparsity, however with some care this effect may be reduced.
The benefit is that each iteration involves the solution of a reduced order system of the form (c.f.

(19)), o

H L7T] [Az _m

L -D] |Ay] — [|r2]’
where D is a positive definite diagonal matrix and H and L are described as follows. Let A~ be
an n X (n — meq) matrix denoting the orthogonal complement of A. Since b = Az for some z,
then A(z — 2¢) = 0 and hence z = A1% + x; for some #. Making this substitution for = in (QP)
produces the following optimisation problem,

(QPp): min %i'Tﬁa": + fT% + &, subjectto L <F,

T

where,

H = (AHTHAL,

f= (AH"[Hz + 1],

Go = co+fo0+%:c0THm0,
L = LA',

k k — Lxyg.

Hence, in this case, it suffices to consider a problem with inequality constraints only.
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4 Primal-Dual Path-Following Algorithm

The following algorithm is based (primarily) on Mehrotra’s (1992) predictor-corrector method.
This algorithm requires one factorisation operation and two solve operations per cycle. Suitable
starting points and termination conditions for this algorithm are discussed in Sections 4.1 and 4.2

respectively.

Algorithm 1 Given an initial point (xo,%yo,%0,50) € R? x R™=e x RT', x R, (see Section 4.2),
iterate the following (starting with i = 0),

START:

1. Check termination conditions - see Section 4.2. If satisfied then stop.

2. Obtain the “predictor” direction by solving,

H AT LT 0 A:cf T1,i
A 0 0 0 |Ay?l _ |res
L 0 0 I A = |rsal’
0 0 S Zj |As? .
with
ri = —Haxi—f—LTz— ATy,
T2, = b— A.’L‘i,
T3 = k— L:ci — 84,
’I'Zi = —ZiSie.

3. Define the distance to the boundary of along the predictor direction as,

£ = oo (252 (25))

4. Define the adaptive “centring” parameter o; as,

(2i + AP AZP)T (s; + o AsP)\°
o; =
i mp;
where
wi = zisi/m.

5. Obtain the combined “predictor-corrector” direction by solving,

H AT LT 0 Az}* T1
40 0 0 Ay?e _ T2
L0 0 If|Az" — rsil’
0 0 Sz Zz AS?C rf’cz
with
rh; = oipe — ZiSie — AZTASTe.

where AZP = diag(Az?) and AS? = diag(As?).

14



6. Obtain the final step length a; as follows (see e.g. Gertz and Wright 2001). Choose a positive
number vy such that 0 < vf < 1 and compute the following,

- (22

)
i = o {210
b

EAY)

St

zi(J)

) —AsP(4)

j? = argmax; { a

! 8 / 8:(7)
Let of° be given by,

o = min{af,af,1}.
Define k¢ as,
C ]' C C C C
pe = E(zi—}—af AP (s; + P AsPF).
Let a; be given by,
1 if min{af,af} > 1,
@i =} (sgrmarargey — %08 ) /1A27°(7) if of <a,

W — Sz(Jf) /AS:)C(JIS) otherwise.
Finally, if a; < (1 — 7)ok then set a; = (1 — y5)ad”, else set a; «+ (1 — vy)a.

7. Form the new iterates,

Tit1 = I + Oé,'A.’L‘fC,
Yitr = Yi+ Ay,
Ziy1 = Zzi+ Oéz'AZZPC,
Siv1 = Si+a;AstC.

8. Increment i by one and repeat from step 1.

END. O

4.1 Initial Points

The issue of finding good initial conditions has received much attention in the interior point
literature (see e.g. Wright 19974, Ye 1997). Gertz and Wright (2001) suggest that initial points
should be close to the central path whilst almost satisfying the equality conditions (8)-(10). The
latter conditions are henceforth referred to as feasibility conditions. Let 7, denote the largest
absolute value from the problem data, i.e.

Mo = [I(H,f, Lk, A, b)|loo-

Initialise the variables as follows,

I
3
8
o

» nw e 8
o



Next take a full step in the predictor direction as defined in algorithm 1. This may produce negative
values in z and/or s - which must therefore be adjusted. One proposal is to add a constant to all
values in z and s such that the resulting pair has roughly equal positive components. A further
goal is to choose this constant such that the complementarity gap (defined as p = 27s/m) is
significantly larger than the relative feasibility gap. One measure of feasibility (used in the OOQP
code from Gertz and Wright (2001)) is as follows,

l(ry, 2, 73)l
/19 — ) ) OO’

Moo

where 1, r2 and r3 are given in (16). If p/9 is large then z, y, z and s resulting from this procedure
are deemed suitable initial points. In particular, one heuristic is as follows: after taking the full
predictor step then define an offset value 3 as,

B = 1000 + 2max {max{—z}, max{—s},0}.
then update 2z and s as,

z — z+fe,
s <+« s+ fe.

4.2 Termination Conditions

Let 9% and p* denote the relative residual and complementarity measures at iteration k of the
algorithm. Define the centrality measure v* as,

7* = 1|1 ZkSkelloo-

Conditions for terminating Algorithm 1 can be categorised as follows:

e If the relative residual measure ¥* is sufficiently small and the complementarity measure p*
is sufficiently close to 0 and the centrality measure ¥ is sufficiently small then terminate
with a successful condition flag. In particular if 9* < €, and p* < ¢, and 7% < €. then
terminate (€., €, and €. are typically in the order of 10~8).

o If the primal relative residual measure 9% = [|(r2,73)|lo /700 is greater than €, and starts to
grow or stalls then the primal problem may be infeasible. The algorithm should terminate
with a condition flag of probably infeasible problem.

e If the dual relative residual measure 9% = ||ry || /7o is greater than e, and starts to grow or
stalls then the primal problem may be unbounded below. The algorithm should terminate
with a condition flag of primal problem probably unbounded below.

e If the number of iterations exceeds an upper limit then the algorithm should terminate with
a condition flag of unknown but probably infeasible.

5 Exploiting MPC Structure

Both (MPCg) and (MPC) can be expressed as a quadratic program. The algorithm given in
Section 4 can be applied to either case. In this section we describe how interior-point methods can
be geared to exploit the structure of (MPCEg). Gopal and Biegler (1998) provide an authoritative
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account of the relevant issues for this style of problem (albeit in the context of Sequential Quadratic
Programming (SQP)). The following review is strongly aligned with their discussion.

Optimality conditions for (MPCg) can be expressed on an interval-by-interval basis. When 7 = 0,
we have the following optimality conditions,

zo—2 = 0,
Q(zo —z5) + Ao — ATA = 0,
R(ug —uf) — BT\ + LIy = 0,
Lyuo+s§ — ks, = 0,
Sezg = 0,
s3, Sg, 26 = O.
Fori=1,...,N — 1 we have the following,
zi—Azx; 1 — Bu; 1 = 0,
Qlzi — )+ N — AT i + LI22 = 0,
Lyzi+si —k; = 0,
Stz = 0,
R(u; —ul) = BTy + LT2* = 0,
Lyu;+s¢—k, = 0,
Stz = 0,
sy, 27, 83, zi = Q.
Further when ¢ = N the system reduces to,
zy — Axny_1 — Buny_1 = 0,
P(zy —xh)+ Ay + LE2% = 0,
Lrzn + s —kr = 0,
Sz = 0,
s{, 28 = 0.

Adopting a similar approach to Section 3.1, we can express a related system where the complemen-
tarity conditions S} 2 = 0 and S}'z} = 0 are replaced with S72¥ = pe and S}z = pe respectively.
Again we are interested in solving a system in the form of (14). If we order the variables according
to Ap; = [ANT, Azl (Az5)T, (As?)T, Aul', (Az4)T, (As¥)T]T (with obvious exceptions for i = 0
and i = N), then we the linear system has the following structure,

I @ LT —AT Ax; 2
L, I AzZ¥ 3
Sy Z7 As? - i

R LT —-BT Au; o rf’ (22)
L, I Az} rd
Sy Zy Asy rl
—A —-B A)\i-i-l 7'11+1

17



where,

o T T T N W W
ST S S AL T G I

Eliminating As? and As} from

where DY = (Z

—(z; — Ami—1 — Bu;—1)

—(Qai — xf) + X — AT A1 + L 27)
(sz + 57 —ky)

—(S7 27 — pe)

(R(Uz—u ) = B Xij1 + Ly %)
—(Lyu; + s — ky)

— (532" — pe)

(22) results in the following system,

I AN;
I Q IF —AT Az;
L, -D? Az |
R Lg; —BT Au, -
L, -D} Az
—A -B Adipr

[Py V& Apo
Vo P VT Ap,
i PV Apo
V'ZT .. : =
Vi, :
L Vn-1 Py | [ApNn
Here,
I A)Xg]
_ I Q _ A.’EO _
PO — R LZ ) APO - A'LL(] ) do =
L, -D{§ Az |
Fori=1,...,N — 1. we have,
I ADY
I Q LZ Ax;
P, = L, -Df , Ap; = |Az7|, g
R Lf Au;
L, —-D} Azd
and,
I Ay
Lr —-D¥% Az%,
Furthermore,
0 -A -B 0
0 0 -A 0
Vb = 0 ) VN—I =
0
0

18

#y=182 and D¥* = (Z*)~18*. The above system is symmetric block tri-diagonal,
K3 K3 2 K3 1

g |
q1
q2
: (23)
LIN
r — 2o
ro
Tg 1,.7
r$ —(Zy)~'r]
r
2
T3
ri3 - (Zé'u)_l,r;'1 )
T
= (2]
TN
2
r
3 _ ZAL, —1,.4
ry —(Z¢) "'
-B 0
0
0



and,
0 -A 0 -B

fori=1,...,N—2.

=
Il
coocoo

5.1 Riccati Recursion

By further eliminating Az¥ and Az} we can express (23) in a similar form to that considered
in (Rao et al. 1998), where a Riccati recursion is used to solve this system. As a result of
their approach, the number of arithmetic operations grows linearly in the prediction horizon. In
particular, the number of operations is given by O(N(n, + n,)?). We proceed as follows,

Azt = (DY) ' (LyAu; + (Z2) ] —18), fori=0,...,N—1,
Azp = (Df) ' (LeAwi+(Z7) 'ri —r}), fori=1,...,N -1,
Azf = (DR) (Lpday + (Z8) 7'y —rh) -

Therefore (23) can be expressed as,

[P VQT _ 1 [Apo do
Vo AW Apy @
‘/1 P2 ‘/'QT Aﬁz 62
o = (24)
~ VN1 :
I VN-1  Pn | |APN] an
Let 72 and 73 be given by,
7= TR () )
rpo= ] = Ly(DY) T ((ZF) ] = 1f).
For i =0,...,N — 1. we have that
_I A/\, ’I“Z1
P = I Q |, Ap = |[Azi|, @ = |7}
Ri AU,’ F?

In the above Q; and R; are given by,

o = @
Q+LI(D}) 'L, fori=1,...,N—1,
R+LI(D¥)'L,, fori=0,...,N-1

oo §D| I
|

S,

For i = N we have that

_ I _ A _ 1

In the above Q is given by

QN P+ LL(D%) L.
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Furthermore,

fori=0,...,N—2

TN-1 (25)

o T-2 TA .1
Ta_1 +A Ty — AT QnTy

) 0 -A -B
Vi = 0
0
and 4
_ 0 -A -B
VN1 = [ 0
System (24) can be solved recursively as follows. Consider the last four block rows of (24),
I Qn- —AT AAN -1
Ry.1 -BT Azn-1
-A  -B Aun—1
I Ay
A;L'N
We can eliminate Azy and AXy which results in,
I Qn-1+ATQnA ATQNB 2/\]%1
BTQnA Rn_1+BTQnB TN

Lastly, by eliminating Auy_1 we get the following relation,

AAMv_1 + WN_1AzN_1

Aun_y

_3 T2 TA 1
ry_y + BTy — BT Qnry

where
Wy-1 = Qn-1+ATQnA—ATQnB (Ry_1+ BTQnB) ' BTQnA, (26)
wy 1 = e g+ AT — ATQNrTL (27)
—ATQNB (Ry_1+ BTQnB) ™ (7% 1 + BT#% — BTQnrk) - (28)

We may now obtain a similar relation for AAy_2 and Azy_». Indeed, using equations (26) and

(28) we have,

I Qn-2 —AT
Ry o -BT
—A -B
I

This is in the same form as (25). More generally,

Wn
wN

then W;_; and w;_; may be obtained recursively via,

Aln_s
Azn_2
Aun_s
Aln_1
Azn_1

o
TN_2
L
N-1
WN -1

if we define Wy and wy as,

QN7

Wi.1 = Qz’—l + ATW,A — ATW,B (Ri—l + BTWZ'B)71 BTWz’A,

=2 T T 1
Wi—1 = T; 4+ A w; — A Wiri

—ATW;B (Ri_y + BTW;B) ' (3 | + BTw; — BTWir}).

After obtaining W; and w; for i = N,...,1 we can solve the following system,
I Ao
I @ —AT Axg
Ro —BT AUO
-A -B A
I A.QZl



Now for i =1,..., N we can recover Au;, Ax; and A); via,

Au; = (Rz;l + BTWi+1B)71 [f?71 + BTwi_H — .B’TI/VZ'_f_17“Z1 — BTW,'+1AASL','] ,
Az;ry = AAz;+ BAu; + rzl-i-l’
AXit1 = wiy1 — Wit1Azig.

6 Simulation Example

In this section we look at computational aspects of both the implicit and explicit formulations
for a specific plant model with different prediction horizons. The simulations were performed in
Matlab versions 5.3 and 6.1 running on an Intel Pentium IV 2GHz machine with 512M of memory.

Consider the following linear state-space model

Tiy1 = Axzy+ Buy,
yr = Cuy.

In the above, the matrices A,B and C were chosen randomly and are given in Appendix A. The
number of states n, is equal to 10 and the number of inputs n, and outputs n, are both equal to
2. The system has one unstable pole.

The explicit and implicit MPC problem formulations were considered separately. Further, two
interior-point solvers were used. The first is the OOQP package by Gertz and Wright (2001)
which uses the MA47 solver from the Harwell library (see http://hsl.rl.ac.uk/) to solve the
linear system in the form of (18). The second is the authors’ Matlab implementation of Algorithm
1 using the luinc Matlab function to factor the left hand matrix in (15) into lower and upper
triangular components.

CPU execution time and floating point operations (flops) were used to measure algorithm efficiency.
Both these measures are notoriously unreliable. However, we only compare like with like. In
particular, for the simulations using the OOQP package, CPU time was used to compare explicit
and implicit approaches. For the simulations using the authors’ Matlab solver, flops were used to
compare explicit and implicit approaches.

Figures 1 and 2 show results using the OOQP package. Execution time was determined using the
tic and toc Matlab functions. Figures 3 and 4 shows results for the authors’ Matlab implemen-
tation. Flop counts were determined using the flops Matlab function.

The aim here is not to compare the interior-point solvers, but to observe that in both cases the
explicit formulation appears to have linear growth in the prediction horizon whilst the implicit
formulation appears to have cubic growth in the prediction horizon. Note that the MPC structure
has not been directly exploited when solving the linear sub-system (15); in particular, the block-
tridiagonal structure is not exploited.

7 Discussion and Conclusion

Linear MPC involves (at least) one Quadratic Programming problem at each time interval. In
the literature there appear to be two prominent formulations for this QP: the explicit form as per
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Section 2.1 and the implicit form as per Section 2.2. Typically, the latter tends to be more dense
than the former.

If we adopt an interior-point strategy (which may or may not be the most suitable approach) then
we are asked to solve a linear system of equations (at least once per iteration),

Az = b (29)

Typically, A will become increasingly ill-conditioned towards later stages of the algorithm. There-
fore, care must be taken when solving (29) in this case.

We have seen various structures for the co-efficient matrix including:

1. Sparse and indefinite - see (15).

2. Sparse, indefinite and block tridiagonal - (22).

3. Sparse, symmetric and indefinite - see (18) and (19).

4. Sparse, symmetric, indefinite and block tridiagonal - see (23) and (24).

5. Dense, symmetric and positive definite - see (21).

Applicable factorisation methods will depend on the chosen structure. In any event, sparsity
should be exploited if possible.

Assuming that an interior-point approach is used, it may be difficult (ceteris paribus) to prescribe
one particular structure that performs well for an arbitrary MPC problem. For example, if the
system has many states and only a few inputs, then even for moderate prediction horizons it is
reasonable to expect that the implicit formulation will perform better. As a converse example,
if the prediction horizon is required to be large then it is reasonable to expect that an explicit
formulation will perform better - as the Riccati-recursion method and the simulation example
testifies.

Although the Riccati recursion approach is very appealing, direct methods for solving the linear
subproblems found in items 1-4 should produce acceptable results (even for large horizons). Indeed,
packages like MA27, MA47 and MA57 from the Harwell library (http://hsl.rl.ac.uk/) can offer
remarkable computational savings for the symmetric cases in items 3 and 4. These packages use
a multifrontal technique which combines frontal methods (Duff et al. 1986) with pivot ordering
routines to preserve sparsity. The MA57 (Duff 2002) package reports good results for practical
optimisation problems. Due to the adaptive nature of these algorithms, it is difficult to specify
their computational cost apriori. However, preliminary trials on a limited number of examples
show near linear growth in the prediction horizon — even without exploiting the MPC structure
as discussed in section 5.

It is the authors’ opinion that achieving optimal performance for each MPC optimisation problem
requires individual consideration. Inter-alia, the linear dynamical system, sparsity structure, sys-
tem dimensions, presence of state and/or input constraints, weighting matrices and the prediction
horizon can all affect the performance. Furthermore, with recent advances in both optimisation
science and computational speed, the class of control problems for which MPC is tractable has
increased and, via simple extrapolation, is likely to continue to do so.
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OOQP execution time for different prediction horizons
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Figure 1: CPU execution time for simulations using OOQP. Note that both scales are
linear. It seems as though execution time increases rapidly for the implicit formulation
with large prediction horizons. Meanwhile, execution time for the explicit formulation
appears to be linear.
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Figure 2: CPU execution time for simulations using OOQP. Note that both scales
are logarithmic with base 10. Also note that the implicit curve approaches a straight
line with gradient 3 for large values of IV, thus indicating a cubic relationship between
computation time and prediction horizon. Meanwhile, the explicit curve approaches a
straight line with gradient 1 for large IV, indicating a linear relationship with prediction
horizon.
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Figure 3: Flop counts for the authors’ code. Note that both scales are linear. Again, it
seems as though execution time increases rapidly for the implicit formulation with large
prediction horizon. Meanwhile, execution time for the explicit formulation appears to be
linear.
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Figure 4: Flop counts for the authors’ code. Note that both scales are logarithmic with
base 10. Also note that the implicit curve approaches a straight line with gradient 3 for
large values of N, thus indicating a cubic relationship between computation time and
prediction horizon. Meanwhile, the explicit curve approaches a straight line with gradient
1 for large N, indicating a linear relationship with prediction horizon.
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A Simulation Plant Model

The simulation plant model used in Section 6 is given by the discrete state-space model

Tg+1 =

Yyt =

The matrices A, B and C' are given by

with

Ay

and

As

A =
[~0.0757  0.0707
—0.0028 —0.1624
—0.0242  0.0008
0.1322  0.2438
_ | 02739 0.2021
= | 03680 0.0344
0.2748  0.4128
0.4141 —0.4212
0.0373  —0.1722
| -0.2583  0.3087
[—0.2646  —0.6016
0.1320  0.0746
0.4283  0.2133
0.4604  0.0779
_|-0.4473 0.0951
=~ | 01425 03621
0.3140  —0.1437
0.3464  —0.0608
0.1750  0.0995
| 0.3221  —0.1388
[—0.4219 —1.2467]
~0.5673  0.9652
0.4219 —1.1380
0.1378  0.3378
—0.2565 —0.1151
0.0800 —1.2943|°
~1.3375 10550
0.4100  0.2415
~0.4270  1.0341
| 1.0498  —0.5008)

Az + Bug,

th.

(41 As],

—0.0758
—0.1282
—0.3699
0.1325
—0.2940
—0.3855
—0.0159
0.1400
—0.0037
—0.0983

—0.1465
—0.1074
0.0538
—0.1259
—0.0026
—0.4882
—0.2575
0.0633
0.2716
0.1236
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~0.2869  0.0015 ]
~0.3003  —0.0292
0.5390 —0.1968
0.1121  0.0512
~0.0136 —0.3752
~0.1598 —0.6043|’
0.0039  0.2141
0.3686 —0.2818
0.3825 —0.0804
~0.3360 —0.0574]
~0.0444 —0.4932]
~0.1470  —0.3455
~0.3077  0.4440
~0.0502  0.5208
~0.1630 —0.0545
0.2946  0.2315 |’
~0.4190 —0.2806
0.1676  0.6007
0.0716  —0.3700
~0.2490  0.1371 |
[ 15758  0.8104 ]
27527 0.2012
0.6896  0.2228
~0.8408 —1.9292
~0.3912  1.8396
0.0718  —0.3245
~1.8085 —1.5548
0.8649  0.3693
~0.9647  0.8245
|~1.6555 —0.8378




