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Abstract

This paper is concerned with the frequency domain quantification of noise induced errors in dynamic
system estimates. Preceding seminal work on this problem provides general expressions that are ap-
proximations whose accuracy increases with observed data length and model order. In the interests of
improved accuracy, this paper provides new expressions whose accuracy depends only on data length.
They are therefore ‘exact’ for arbitrarily small true model order. Other authors have recognised the im-
portance of such expressions and have derived them for the case of FIR-like model structures in which
denominators are fixed at true values and only numerator terms are estimated. This paper progresses be-
yond this situation to address the much more general Output-Error and Box–Jenkins structures in which
full dynamics models (both numerator and denominator terms) and noise models may be estimated. A
key aspect of the work here is that it establishes that the variance quantification problem is equivalent
to that of deriving the reproducing kernel for a subspace that depends on the model structure being em-
ployed.

1 Introduction

When identifying a system model on the basis of observed data, it is essential to quantify the likely error
in that estimated model. Typically, this consists of two components. The first, a so-called “bias error”, is
the result of the model structure being less complex than the system being estimated. The second, called
“variance error”, is caused by corruption of the input-output data measurements.

Furthermore, when the corruption can be modelled as an additive stochastic process, and the underlying
system is linear, then it is arguable that the total error in any identified model that passes a validation test is
dominated by variance error [11].

In this common case, or when the model structure is rich enough to encompass the true underlying
dynamics, the quantification of the total estimation error then becomes a question of assessing variance error.
In relation to this, if the widely used prediction-error method with a quadratic criterion is employed [9,
23], then a seminal result is that under open-loop conditions the noise-induced error, as measured by the
variability of the ensuing frequency response estimate G(ejω, θ̂n

N ), obeys [13, 16, 9, 15]

lim
m→∞

lim
N→∞

N

m
Var{G(ejω, θ̂n

N )} =
Φν(ω)

Φu(ω)
. (1)

Here Φν and Φu are, respectively, the measurement noise and input excitation power spectral densities, and
θ̂n
N is the prediction error estimate based on N observed data points of a vector θn ∈ R

n that parameterises
a model structure G(q, θn) for which (essentially) the model order m = dim θn/(2d) where d is the number
of denominator polynomials to be estimated in the model structure.

∗This work was supported by the Australian Research Council. This author is with the School of Electrical Engineering &
Computer Science, University of Newcastle, Australia and can be contacted at email:brett@ee.newcastle.edu.au or FAX:
+61 2 49 21 69 93. Part of this work was completed while visiting S3-Automatic Control, The Royal Institute of Technology,
Stockholm, Sweden.

†This author is with the Department of Sensors, Signals and Systems (Automatic Control), The Royal Institute of Technology,
S-100 44 Stockholm, Sweden and may be contacted at email:hakan.hjalmarsson@s3.e.kth.se or FAX: +46 8 790 7329

1



Variance Error: Quantifications Exact for Finite Model Order 2

Although this result is asymptotic in both data length N and model order m, it suggests the very well
known approximation for finite data and model order of

Var{G(ejω, θ̂n
N )} ≈ m

N

Φν(ω)

Φu(ω)
. (2)

Apart from its simplicity, a key factor underlying the importance and popularity of the quantification (2) is
that, according to its derivation [13, 16, 9, 15], the expression (1) applies for a very wide class of so-called
‘shift invariant’ model structures. For example, all the well known FIR, ARX, ARMAX, Output–Error and
Box–Jenkins structures are shift invariant [13]. Additionally, as shown in [9], the result (1) also applies when
non-parametric (spectral based) estimation methods [2, 9] are employed provided that the m term in (2) is
replaced by one dependent on the number of data points (and the windowing function) used.

However, a fundamental aspect of the approximation (2) is that (since it is derived from (1) which is
asymptotic in model order m) its accuracy for realistic finite model orders is not guaranteed [5, 24].

In relation to this, the recent work [27] has also recognised the importance of this question by choosing
to address the specific case of a model structure in which only a polynomial numerator term B(q, θn) is
estimated, while the denominator is fixed according to the ma true underlying pole positions, and a fixed but
arbitrary moving average (MA) noise model is included. With these caveats, together with further ones that
the input is an autoregressive order mf (AR(mf )) process, and that the numerator order is mb = ma +mf

so that it overmodels the underlying true dynamics, then the work [27] establishes the following result

lim
N→∞

N · Var{G(ejω , θ̂n
N )} =

Φν(ω)

Φu(ω)

ma+mf∑

k=1

1 − |ξk|2
|ejω − ξk|2

. (3)

Here, the {ξk} are the combined poles of the true underlying dynamics, and the AR(mf ) process which is
the observed input. Furthermore, the expression (3) assumes that the true and fixed MA noise models are
equal, although the full work in [27] does consider more general cases; as will be discussed in more detail
in §5.2.

More importantly though, the expression (3) is exact for finite model order mb = ma+mf , and therefore
it is clear, as observed in [27], that the associated quantification

Var{G(ejω, θ̂n
N )} ≈ 1

N

Φν(ω)

Φu(ω)

ma+mf∑

k=1

1 − |ξk|2
|ejω − ξk|2

(4)

should be more accurate than (2), and this is demonstrated empirically in [27].
Furthermore, again as observed in [27], the quantification (4) is significantly different to the widely used

pre-existing one (2) in that a frequency independent term of m = ma +mf in (2) is replaced by a frequency
dependent sum over ma +mf components in (4), which can clearly exhibit orders of magnitude variation
as ω varies.

Therefore, although it is reasonable to expect that the expression (2) is a compromise that trades off
accuracy for simplicity, in some cases this tradeoff can lead to very misleading expressions, and hence [27]
establishes that further study is clearly warranted.

With this pre-existing work [27] as motivation, the work here extends the results of [27, 25, 26, 20, 18]
from the fixed denominator FIR-like model class considered there to the much more general cases of Output-
Error and Box–Jenkins modelling. In all cases, and in the interests of accuracy, expressions are derived here
that hold exactly for finite model orders.

Among others, a key conclusion to arise from the new results here is that, while the recent work [27]
suggests that when substantial errors occur in the quantification (2) they are due to special factors such as
‘erroneous noise models, coloured inputs and fixed poles’, the new expressions developed here establish that
these substantial errors in (2) are a much more general phenomenon that are not predicated on these special
factors.
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For example, this paper establishes that the convergence result (1) underpinning (2) is dominated by
a choice of a regularisation point which is completely arbitrary, and it is only the specific choice of setting
excess poles at the origin that leads to (2). Other choices can lead to results arbitrarily different to (1),(2), and
hence it is rather problematic to draw conclusions about any fundamental nature of an estimation problem
from approximate quantifications such as (2).

These new results are underpinned by a new approach to the variance quantification issue that involves
the use of what is known as a ‘reproducing kernel’ for a space. Part of this approach involves quantifying
the kernel via an orthonormal basis, and this basis has been used in previous works [27, 18]. However,
it was employed there in a manner that is fundamentally different to that used here, where a geometric
interpretation of the variance quantification problem is exposed which minimises the arithmetic required in
deriving results while also allowing for exact quantifications not provided in previous works.

The paper now proceeds in §2 to provide a very brief simulation example that illustrates the need for
the new analysis pursued here by establishing how misleading the quantification (2) may be. The following
§3 then embarks on a discussion of the reproducing kernel ideas underpinning this work, and establishes
several key technical results, while §4 establishes the model structures, estimation method and data collection
scenarios that are addressed here.

The main results of the paper are provided§5, while the penultimate §6 provides extended results that
apply in the case of over-modelling and regularised cost criterion, primarily as a vehicle for analysing as-
pects contributing to (or detracting from) the accuracy of the existing expression (2). A concluding section
reinforces certain points made in the paper.

2 Motivation

In the interests of illustrating the practical (and theoretical) significance of the analysis undertaken here, we
provide a brief illustrative simulation example in which the following simple system

G(q) =
0.05

q − 0.95
(5)

is used to generate an N = 10000 sample input-output data record where the output {yt} is corrupted by
white Gaussian noise of variance σ2 = 10, and where the input {ut} is a realisation of a stationary, zero
mean, unit variance white Gaussian process.

On the basis of this observed data, a first order Output-Error model structure G(q, θ̂n
N ) is estimated, and

the sample mean square error in this estimate over 1000 estimation experiments with different input and
noise realisations is used as an estimate of Var{G(ejω , θ̂n

N )} which is plotted as a solid line in Figure 1(a).
The ‘classical’ approximation (2) is shown as a dash-dot line in that same figure, and is clearly a poor

approximation to the true variability. For example, it is qualitatively misleading by not eliciting the ‘low
pass’ nature of Var{G(ejω, θ̂n

N )}, and instead suggesting that it is ‘all pass’.
More importantly though, it is quantitatively misleading in a rather dramatic way, in that it is inaccurate

at low and high frequencies by orders of magnitude. If it were used to perform the very common procedure
of judging the radius of error bounds on estimated Nyquist plots, then those radii would be approximately
one hundred times too small near zero frequency, and more than ten times too large at the folding frequency.

In recognition of this, a main contribution of this paper is to establish that under certain assumptions on
the input and measurement noise, then in the Output-Error case considered in this section

lim
N→∞

N · Var{G(ejω, θ̂n
N )} = 2 · Φν(ω)

Φu(ω)

m∑

k=1

1 − |ξk|2
|ejω − ξk|2

(6)

where the {ξk} are the poles of the underlying true system. Note that, like the recent results in [27], where
more restrictive model structures with fixed denominator were considered, the expression (6) also applies
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Figure 1: Figures illustrating variability of Output–Error Estimates: Figure (a) shows the true variability vs.
theoretically derived approximations. There the solid line is the Monte–Carlo estimate of the true variability,
the dash-dot line is the pre-existing approximation (2) which does not account for system poles or model
structure. The dashed line is the new approximation presented in (6) whereby estimated system pole positions
{ξ1, · · · , ξm} and the fact that an Output–Error structure is employed are both accounted for. Figure (b)
shows the first 50 (of 1000) estimate realisations to give a sense of the scale of the variability being quantified
in Figure (a).

for finite model order m, and hence the ensuing approximation suggested in this paper of

Var{G(ejω, θ̂n
N )} ≈ 2

N
· Φν(ω)

Φu(ω)

m∑

k=1

1 − |ξk|2
|ejω − ξk|2

(7)

does not depend on the model order m being large. This is in contrast to the work underlying the well known
pre-existing approximation (2).

In a sense then, the right hand side of (7) is ‘exact’ for finite model order m, as illustrated by the dashed
line in Figure 1(a) which is the expression (7) and exactly matches the true variability shown as the solid
line. Therefore, in the sequel, when referring to an ‘exact quantification of variance’, it will be to avoid more
cumbersome (but more accurate) descriptions such as ‘exact quantification of the asymptotic inN variance’.
The point to be made is that expressions such as (7) to be derived here will not depend on the model order
being large.

Finally, Figure 1(b) illustrates the first fifty (of one thousand) estimate realisations (represented via the
corresponding Nyquist plot of G(ejω, θ̂n

N )) that are averaged to produce an estimate of the true variability
shown as the solid line in Figure 1(a). This is shown to emphasise the possible large scale of the error that
can be accurately quantified by the results of this paper. That is, the results here are not restricted to the
evaluation of minor effects.

3 Technical Preliminaries

In this paper, the idea of what is called a ‘Reproducing Kernel’ for a space will prove to be a vital tool that
allows for the direct simplification of complicated quantities via what is essentially a geometric principle. In
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presenting these underlying ideas, the following notation will be employed

• C,R,T: Respectively, the fields of complex and real numbers, and the complex unit circle {z ∈ C :
|z| = 1};

• x?, x−?: Respectively, for arbitrary x, the complex conjugate transpose and the inverse of the complex
conjugate transpose;

• [x]k: The k’th element of a vector x, or the k’th row of a matrix x;

• 〈f, g〉: The inner product, defined for arbitrary functions f, g : [−π, π] → C
p by

〈f, g〉 =
1

2π

∫ π

−π
g?(λ)f(λ) dλ; (8)

• L2, L2([−π, π]): The space of functions f : [−π, π] → C
p such that

‖f‖2 , 〈f, f〉 <∞; (9)

• γ(z): The positive real part of a function, say H(z)H(1/z), which if the latter has Laurent expansion

H(z)H(1/z) =

∞∑

k=−∞

ckz
k (10)

is defined as

γ(z) ,
c0
2

+
∞∑

k=1

ckz
−k (11)

so that γ(z) is analytic on |z| > 1 and H(z)H(1/z) = γ(z) + γ(1/z).

3.1 Reproducing kernels

Consider a subspace Xn of L2 defined by a sequence {gk} of elements of L2 as

Xn , Span {g1, · · · , gn} . (12)

The so-called ’reproducing kernel’ ϕn(λ, ω) : [−π, π] × [−π, π] → C
p×p for this space Xn of C

p valued
functions is an entity such that for any α ∈ C

p [4, 1],

fω(·) , ϕn(·, ω)α ∈ Xn ∀ω ∈ [−π, π] (13)

and for any f ∈ Xn

〈f(·), ϕn(·, ω)α〉 = α?f(ω). (14)

Here and in the sequel, for inner product expressions like (14), the implied integration according to (8) will
be over the common argument (in the above case indicated by ·).

Since the mapping f 7→ f(ω) is a (bounded) linear functional Xn → C
p, then it is a consequence of the

Riesz Representation Theorem [21] that a function ϕn(λ, ω) satisfying (13) and (14) exists. Furthermore,
ϕn(λ, ω) is ‘Hermitian Symmetric’ in that for any α, β ∈ C

p

α?ϕn(µ, ω)β = 〈ϕn(λ, ω)β, ϕn(λ, µ)α〉 = 〈ϕn(λ, µ)α,ϕn(λ, ω)β〉 = β?ϕn(ω, µ)α. (15)
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This implies that ϕn(λ, ω) is the unique element that has the property (14) and also satisfies ϕm(λ, ω)α ∈
Xn for any α ∈ C

p, since if another function γn(λ, ω) also had these properties then it would hold that for
arbitrary α, β ∈ C

p

α?γn(µ, ω)β = 〈γn(λ, ω)β, ϕn(λ, µ)α〉 = 〈ϕn(λ, µ)α, γn(λ, ω)β〉 = β?ϕn(ω, µ)α = α?ϕn(µ, ω)β.
(16)

This last uniqueness property will be particularly vital in later developments. Despite this fact, there may (of
course) be several different ways of expressing the unique reproducing kernel, two of which are particularly
important in later developments.

Lemma 3.1 (Expressions for the reproducing kernel). Consider the subspace Xn ⊆ L2 defined via (12)
with alternative basis {Bk}

Xn = Span{B1(λ), · · · ,Bn(λ)} (17)

which is orthonormal in that 〈Bk,B`〉 = δ(k − `) where the latter is the Kronecker delta function. Then the
reproducing kernel ϕn(λ, ω) on Xn may be expressed as

ϕn(λ, ω) =

n∑

k=1

Bk(λ)B?
k(ω). (18)

Furthermore, define the matrix valued function Ψ : [−π, π] → C
n×p and the matrix Tn ∈ R

n×n according
to

Ψ(λ) , [g1(λ), . . . , gn(λ)]T , Tn ,
1

2π

∫ π

−π
Ψ(λ) ΨT (λ)dλ. (19)

Then the reproducing kernel ϕn(λ, ω) on Xn may also be expressed as

ϕn(λ, ω) = ΨT (λ) T−1
n Ψ(ω). (20)

Proof. To prove (18) we proceed as follows. Suppose that f(λ) =
∑

τ cτBτ (λ) for some constants {cτ}.
Then for α ∈ C

p arbitrary
〈

n∑

τ=1

cτBτ (λ),

n∑

k=1

Bk(λ)B?
k(ω)α

〉
=

n∑

τ=1

cτ

n∑

k=1

α?Bk(ω)〈Bτ (λ),Bk(λ)〉 (21)

=
n∑

τ=1

cτα
?Bτ (ω) = α?f(ω)

which establishes (18). To prove (20), denote by ek ∈ C
n the vector of all zeros save for a 1 in the k’th

position so that gk(λ) = ΨT (λ)ek . Then using the formulation (20) and for α ∈ C
p arbitrary

〈
gk(λ),ΨT (λ)T−1

n Ψ(ω)α
〉

=
1

2π

∫ π

−π
α?ΨT (ω)T−1

n Ψ(λ)ΨT (λ)ek dλ

= α?ΨT (ω)T−1
n

[
1

2π

∫ π

−π
Ψ(λ)ΨT (λ)dλ

]
ek

= α?ΨT (ω)ek = α?gk(ω) ∀k = 1, · · · , n. (22)

In what follows, we will mainly be concerned with functions f(ω) : [−π, π] → C
p that arise as the

restriction of f(z) : C → C
p to the domain z = ejω, ω ∈ [−π, π]. As such, the paper will alternate between

notation f(ω), f(ejω) and f(z) as convenient.
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Furthermore, in the case that will be exclusively considered in this paper where all the gk(z) in (19) have
real valued Laurent expansion co-efficients (corresponding to dynamic systems with real valued impulse
responses), then Tn defined by (19) has all real valued entries, and hence

Tn =
1

2π

∫ π

−π
Ψ(λ) Ψ?(λ) dλ (23)

is an alternate formulation of (20) that will sometimes prove useful.
The relevance of these reproducing kernel ideas to the problem of quantification of variance error for

frequency function estimates will be seen to stem from the formulation (20) and (23) since, as will be
shown, when the prediction errors are white, then the associated variance error in the frequency domain can
be expressed (modulo a known scalar factor) as the quadratic form in (20), (23) for some particular choice
of elements of Ψ(z) which depends on the model structure.

Therefore, since the preceding lemma also establishes that the reproducing kernel, which is unique, can
be expressed as (18), then this provides a means for exact quantification of variance error provided that an
explicit expression for the orthonormal basis Bk(z) spanned by the elements of Ψ(z) can be found.

With this is in mind, in the scalar case p = 1, the following lemma details an important situation in
which an explicit formulation of the necessary orthonormal basis is available.

Lemma 3.2 (Orthonormal basis for spaces with fixed denominators). Consider the space

Xn , Span

{
z−1

Ln(z)
,
z−2

Ln(z)
, · · · , z

−m

Ln(z)

}
(24)

where

Ln(z) =

n∏

k=1

(1 − ξkz
−1), |ξk| < 1 (25)

for some set of specified poles {ξ1, · · · , ξn} and where m ≥ n. Then it holds that

Xn = Span {B1(z), · · · ,Bn(z)} (26)

where

Bk(z) ,

√
1 − |ξk|2
z − ξk

· φk−1(z), k = 1, . . . ,m, φk(z) ,

k∏

`=1

1 − ξ`z

z − ξ`
, φ0(z) , 1 (27)

and with ξk = 0 for k = n+1, . . . ,m. Furthermore, the functions {Bk(z)} defined in (27) satisfy 〈Bk,B`〉 =
δ(k − `) and hence form an orthonormal basis.

Proof. See [17].

In this special but important situation when the space Xn is defined by (24) then there exists yet another
characterisation of the reproducing kernel which will be of great utility in later developments.

Lemma 3.3 (Christoffel–Darboux’ formula [6]). The reproducing kernel for Xn in (24) is given by

ϕn(z, µ) =
1 − φn(µ)φn(z)

z µ− 1
(28)

Proof. See [19].

Finally, in the multidimensional situation, one example with p = 2 will be especially important for later
applications.
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Lemma 3.4. Let Xn be the subspace

Xn , Span = {f1, · · · , fn, g1, . . . , gm} (29)

where fk(z) = [f̃k(z), 0]T and gk(z) = [0, g̃k(z)]
T with all the g̃k, f̃k being scalar valued. Suppose that

ϕg
n(λ, ω) and ϕf

m(λ, ω) are the reproducing kernels for

Xg
n , Span {g̃1, · · · , g̃n} , Xf

n , Span
{
f̃1, · · · , f̃m

}
(30)

respectively. Then the reproducing kernel for Xn is

ϕn(λ, µ) =

[
ϕf

n(λ, ω) 0
0 ϕg

m(λ, ω)

]
(31)

Proof. Follows by inspection.

3.2 Functions associated with the reproducing kernel

In this subsection, we will only be concerned with the scalar case p = 1, in which case a natural general-
isation of the reproducing kernel ϕn(λ, ω) expressed as the quadratic form (23) is the associated quadratic
form

Ψ?(ejω) T−1
n Qn T

−1
n Ψ(ejλ) (32)

where

Qn =
1

2π

∫ π

−π
Ψ(ejλ) Ψ?(ejλ)|H̃(ejλ)|2 dλ (33)

for some function H̃ . As the next lemma shows, the quantity (32) can be expressed in terms of the repro-
ducing kernel ϕn(λ, ω). In the sequel, the utility of (33) and the following quantification will arise when
considering variance errors with fixed and incorrect noise models.

Lemma 3.5. Consider the case of Ψ(z) defined by (19) with p = 1 (all the {gk} scalar valued) and with
ϕn(λ, ω) being the reproducing kernel for the space Xn defined in (12). Then under the assumptions of
Lemma 3.1 and for any H̃ ∈ L2 with associated matrix Qn defined in (33) it holds that

Ψ?(ejω) T−1
n Qn T

−1
n Ψ(ejω) = ‖H̃(ejλ) ϕn(λ, ω)‖2. (34)

Proof. From Lemma 3.1 we have that the reproducing kernel for the space spanned by the elements of Ψ(z)
is given by

ϕn(λ, ω) = Ψ?(ejω) T−1
n Ψ(ejλ). (35)

Hence
∥∥∥H̃(ejλ) ϕn(λ, ω)

∥∥∥
2

=
1

2π

∫ π

−π
Ψ?(ejω) T−1

n Ψ(ejλ) Ψ?(ejλ) T−1
n Ψ(ejω) |H̃(ejλ)|2 dλ

= Ψ?(ejω) T−1
n

[
1

2π

∫ π

−π
Ψ(ejλ) Ψ?(ejλ) |H̃(ejλ)|2 dλ

]
T−1

n Ψ(ejω)

= Ψ?(ejω) T−1
n Qn T

−1
n Ψ(ejω).

Furthermore as the following lemma establishes, when the functions {gn(z)} defining the underlying
space Xn via (12) are of the form given in (25) for which Lemma 3.2 provides an orthonormalised form,
then in this case it is possible to give a more explicit expression for the norm ‖H̃(ejλ) ϕn(λ, ω)‖ that
quantifies the quadratic form (32).
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Lemma 3.6. Let ϕn(λ, ω) be the reproducing kernel for the space Xn defined in (24). Then, for any function
H̃ ∈ L2 with all poles strictly inside a disk {z ∈ C : |z| < 1 − δ} for some δ > 0

‖H̃(ejλ) ϕn(λ, ω)‖2 = |H̃(ejω)|2 ϕn(ω, ω) + 2Re{ejωγ′(ejω)} +Rn(ejω) (36)

where γ(z) denotes the positive real part of H̃(z)H̃(z−1) which is the unique function that is analytic outside
the unit disk such that

H̃(z)H̃(z−1) = γ(z) + γ(z−1) (37)

and where

Rn(ejω) = 2Re

{
ejω φn(ejω)

1

2πj

∮

|z|=1−δ

φn(z)

(z − ejω)2
γ(z)dz

}
. (38)

Here φn(z) is the Blaschke product defined in (27) and δ > 0 is chosen such that the region |z| ≥ 1− δ does
not include any of the poles {ξk} or any of the poles of H̃(z).

Proof. See Appendix A.

In several important applications, it is important to realise that by virtue of the term Rn(ejω) being zero,
the quantification (36) can be simplified , as made explicit in the following final result of this subsection.

Corollary 3.1. The function Rn(ejω) in (36) vanishes under the restriction that with α(z), β(z) being poly-
nomials in z−1, then H̃(z) = β(z)α−1(z) with all the zeros of α(z) taken (without replacement) from the
set {ξ1, · · · , ξn} defining the space Xn via (24), (25), and the order of β(z) being no greater than α(z).

Proof. Via the equality (37), any pole of γ(z) is also a pole of H̃(z), which by the assumptions of the lemma
are contained within the zeros of φn(z). Therefore, in this case the integrand in (38) is analytic within the
contour of integration, and hence the integral, and hence Rn(ejω) is zero.

4 Problem Formulation

With the necessary technical tools now established, the paper now proceeds to precisely define the format of
the estimation problem considered here and to provide the links between them and the preceding material.

Here, it is supposed that the relationship between an observed input data record {ut} and output data
record {yt} is modelled according to

M : yt = G(q, θn)ut +H(q, θn)et (39)

where the ‘dynamics model’ G(q, θn) and the ‘noise model’ H(q, θn) are jointly parameterised by a vector
θn ∈ R

n and are of the rational forms (A(q, θn)−D(q, θn) below are all polynomials in the backward shift
operator q−1)

G(q, θn) =
B(q, θn)

A(q, θn)
, H(q, θn) =

C(q, θn)

D(q, θn)
(40)

while {et} in (39) is a zero-mean white noise sequence that satisfies E{e2
t } = σ2,E{|et|8} <∞.

The postulated relationship (39) can encompass a range of model structures such as FIR, ARMAX,
‘Output–Error’ and ‘Box–Jenkins’ [9, 3, 23]. For all these cases, since H(q, θn) is also constrained to be
monic (i.e. lim|q|→∞H(q, θn) = 1), for all θ, then the mean-square optimal one-step ahead predictor ŷt(θ

n)
based on the model structure (39) is [9]

ŷt(θ
n) = H−1(q, θn)G(q, θn)ut +

[
1 −H−1(q, θn)

]
yt (41)

with associated prediction error

εt(θ
n) , yt − ŷt(θ

n) = H−1(q, θn) [yt −G(q, θn)ut] . (42)
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Using this, a quadratic estimation criterion may be defined as

VN (θn) =
1

2N

N∑

t=1

ε2t (θ
n) (43)

and then used to construct the prediction error estimate θ̂n
N of θn as

θ̂n
N , arg min

θn∈Rn

VN (θn). (44)

Forming system estimates via the formulation (39)-(44) has become quite standard, in large part due to the
availability of sophisticated software tools implementing the method [10], but also because of its statistical
efficiency and further extensive theoretical understanding of the properties of such an approach [22, 9, 3].

For example, as has been established in [12, 9], under certain mild assumptions on the nature of the input
{ut}, the estimate θ̂n

N converges with increasing N according to

lim
N→∞

θ̂n
N = θn

◦ , arg min
θn∈Rn

lim
N→∞

E {VN (θn)} w.p.1. (45)

As well, it also holds that as N increases, the estimate θ̂n
N converges in law to a Normally distributed random

variable with mean value θn
◦ according to [14, 3, 9]

√
N(θ̂n

N − θn
◦ )

D−→ N (0, Pn) as N → ∞ (46)

and furthermore, under the added assumption of E
{
|et|8

}
<∞ then as established in [9, Appendix 9B]

lim
N→∞

Var{θ̂n
N − θn

◦ } = Pn. (47)

The matrix Pn, which gives a measure of parameter space estimation error, is of central importance to this
paper. Its formulation is, in general, problem specific, but in the particular case of the model structure (39)
being rich enough to encompass any true underlying dynamics [9]

P−1
n =

1

σ2
E
{
ψt(θ

n
◦ )ψT

t (θn
◦ )
}

(48)

where for some matrix of transfer functions Π(q, θn), and some quasi-stationary (possibly vector valued)
signal ζt(θn)

ψt(θ
n) , − d

dθn
ŷt(θ

n) = −H−1(q, θn)
dΠ(q, θn)

dθn
ζt(θ

n). (49)

Unfortunately, while this explicit formulation of Pn exists, in general it does not provide significant insight
into how various design variables affect the accuracy of the estimated frequency functions G(ejω, θ̂n

N ) and
H(ejω, θ̂n

N ). In response to this, the seminal work [7, 13, 16, 9, 15] has used an approach of investigating how
(46) manifests itself in the variability ∆n(ω) ofG(ejω, θ̂n

N ) andH(ejω, θ̂n
N ); the result being approximations

such as (2).
Central to the contribution of this paper is the novel approach of recognising that the problem of quanti-

fying ∆n(ω) is closely related to the problem of quantifying the reproducing kernel for a certain space Xn

which is defined via the rows of the matrix (θn assumed to be a column vector)

Ψ(z, θn
◦ ) , H−1(z, θn

◦ )
dΠ(z, θn)

dθn

∣∣∣∣
θn=θn

◦

Sζ◦(z) (50)

according to

Xn , Span
{
[Ψ(z, θn

◦ )]T1 , · · · , [Ψ(z, θn
◦ )]Tn

}
(51)

and where, in (50), the term Sζ◦(z) is the spectral factor associated with the process {ζt(θ
n
◦ )}.

To make this more concrete, and for future use in the following sections, the space Xn for certain
important model structures is provided in the following lemmas.
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Lemma 4.1 (Characterization of space – Box-Jenkins structure). Suppose that the model structure (39)
is parameterised with polynomials of the form

A(q, θn) = 1 + a1q
−1 + a2q

−1 + · · · + amaq
−ma , (52)

B(q, θn) = b1q
−1 + b2q

−1 + · · · + bmb
q−mb , (53)

D(q, θn) = 1 + d1q
−1 + d2q

−1 + · · · + dmd
q−md , (54)

C(q, θn) = 1 + c1q
−1 + c2q

−1 + · · · + cmcq
−mc , (55)

for some integers ma,mb,mc,md. Then (49) holds with

Π(q, θn) = [G(q, θn),H(q, θn)] , ζt(θ
n) =

[
ut

εt(θ
n)

]
(56)

and therefore, with F (z) being the spectral factor of the input spectrum of Φu(ω), and in the case where
Φue ≡ 0, the space Xn defined in (51),(50) may be expressed as

Xn = Span {f1(z), · · · , fma+mb
(z), g1(z), · · · , gmc+md

(z)} (57)

where

fk(z) ,

[
z−kF (z)

A2(z, θn
◦ )H(z, θn

◦ )
, 0

]T

, gk(z) ,

[
0,

z−k

C(z, θn
◦ )D(z, θn

◦ )

]T

. (58)

Proof. See Appendix B.1.

Lemma 4.2 (Characterization of space – Output-Error structure). Suppose that the model structure (39)
is parameterised with the numerator and denominator polynomials of the form (52), (53) and

C(q, θn) = D(q, θn) = 1 (59)

for some integers ma,mb. Then (49) holds with

H(q, θn
◦ ) = 1, Π(q, θn) = G(q, θn), ζt(θ

n) = ut (60)

and therefore, with F (z) being the spectral factor of the input spectrum of Φu(ω), the space Xn defined in
(51),(50) may be expressed as

Xn = Span

{
z−1F (z)

A2(z, θn
◦ )
,
z−2F (z)

A2(z, θn
◦ )
, . . . ,

z−(ma+mb)F (z)

A2(z, θn
◦ )

}
. (61)

Proof. See Appendix B.2.

Lemma 4.3 (Characterization of space – ARMAX structure). Suppose that the model structure (39) is
parameterised with the numerator and denominator polynomials of the form (52), (53) and

D(q, θn) = A(q, θn), (62)

C(q, θn) = 1 + c1q
−1 + c2q

−1 + · · · + cmcq
−mc , (63)

for some integer mc. Then (49) holds with

Π(q, θn) =

[
dG(q, θn)

dθn
,
dH(q, θn)

dθn

]
, ζt(θ

n) =

[
ut

εt(θ
n)

]
(64)

and therefore, with F (z) being the spectral factor of the input spectrum of Φu(ω), in the case where Φue ≡ 0
the space Xn defined in (51),(50) may be expressed as

Xn = Span {f1(z), · · · , fma(z), g1(z), · · · , gmb
(z), h1(z), · · · , hmc(z)} (65)
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where

fk(z) ,

[
G(z, θn

◦ )F (z)z−k

C(z, θn
◦ )

,
z−k

A(z, θn
◦ )

]T

, gk(z) ,

[
F (z)z−k

C(z, θn
◦ )
, 0

]T

, hk(z) ,

[
0,

z−k

C(z, θn
◦ )

]T

(66)

Proof. See Appendix B.3.

Note that the requirement in the Box–Jenkins and ARMAX cases that Φue ≡ 0 is satisfied whenever
data is collected under open loop conditions. Furthermore, it is also satisfied under closed loop conditions
when (as is commonly the case) the associated control system contains no feed-through term. Note also that
no requirement on Φue is stated for the case of Output-Error structure, and hence the results to follow for
this case will hold under arbitrary closed loop operating conditions.

Finally, in what follows it will also be important to consider the relationship between the true underlying
system S given as

S : yt = G(q)ut + νt, νt = H(q)et (67)

and the model structure M defined by (39).
In particular, when it is assumed that S ∈ M, then under the assumptions to follow it will hold that

εt(θ
n
◦ ) = et and that G(q, θn

◦ ) = G(q),H(q, θn
◦ ) = H(q), in which case the latter shorter notation will often

be used together with
Φν(ω) = σ2|H(ejω)|2 (68)

representing the power spectral density of the process {νt}.

5 Main Results

With the necessary technical tools and problem formulation now established, the paper now proceeds to
present the main results which are new quantifications such as (4) that are ‘exact’ for finite model order and
permit analysis of the phenomenon illustrated in Figure 1. In organising this material, it will be convenient
to discriminate between whether the true system is in the model class or not.

5.1 True system contained in model structure (S ∈ M)

The central result to be employed here finally makes completely explicit the link between variance error and
reproducing kernels, as hinted at in the previous sections. It applies for all cases encompassed by the model
structure (39), including those of FIR, ARMAX, OE and Box–Jenkins type.

Theorem 5.1 (Frequency Domain Variability – S ∈ M). Suppose that θ̂n
N is calculated via (44) using the

model structure (39) and that the following assumptions are satisfied

1. εt(θn
◦ ) = et where {et} is a zero mean i.i.d. process that satisfies E

{
|et|8

}
<∞;

2. The relationship (49) holds for some Π(q, θn), and some quasi-stationary (possibly vector valued)
signal {ζt(θn)} and for which the power spectral density Φζ◦(ω) of {ζt(θn

◦ )} satisfies Φζ◦(ω) > 0;

3. Neither of G(z, θn
◦ ) or H(z, θn

◦ ) contain any pole-zero cancellations.

Then denoting Sζ◦(z) as the spectral factor of the power spectral density Φζ◦(ω) of {ζt(θn
◦ )}

lim
N→∞

N · Cov

{[
G(ejω, θ̂n

N )

H(ejω, θ̂n
N )

]}
= ∆n(ω) (69)

where
∆n(ω) = Φν(ω)S− ?

ζ◦
(ejω) ϕn(ω, ω) S−1

ζ◦
(ejω) (70)

with ϕn(λ, ω) being the reproducing kernel for the space Xn defined via (51), (50).
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Proof. See Appendix C.

The problem of deriving an explicit expression ∆n(ω) for the estimate covariance in the frequency
domain is therefore established as being equivalent to the problem of finding an explicit expression for the
reproducing kernel for a certain space Xn which is that spanned by the rows of Ψ(z, θn

◦ ) defined in (50).
According to Lemmas 4.1- 4.3 this space, and hence the reproducing kernel ϕm(λ, ω), depends on

the model structure employed. Therefore the covariance ∆n(ω) of the dynamic system estimate, will also
depend on the model structure as will now be made explicit via the following corollaries to this main theorem.

Corollary 5.1 (Variability of Box–Jenkins model S ∈ M). Suppose that all the conditions of Lemma 4.1
are satisfied and hence that a Box–Jenkins model structure is employed. Suppose further that the conditions
of Theorem 5.1 are satisfied and that

A†(z) = A2(z, θn
◦ )
H(z, θn

◦ )

F (z)
(71)

is a polynomial in z−1 of degree at most ma +mb. Define the zeros {ξk} and {ηk} according to

zma+mbA†(z) =

ma+mb∏

k=1

(z − ξk), zmc+mdC(z, θn
◦ )D(z, θn

◦ ) =

mc+md∏

k=1

(z − ηk) (72)

and use these to define the functions κ(ω) and κ̃(ω) according to

κ(ω) ,

ma+mb∑

k=1

1 − |ξk|2
|ejω − ξk|2

, κ̃(ω) ,

mc+md∑

k=1

1 − |ηk|2
|ejω − ηk|2

. (73)

Then

lim
N→∞

N · Cov

{[
G(ejω, θ̂n

N )

H(ejω, θ̂n
N )

]}
= Φν(ω)




κ(ω)

Φu(ω)
0

0
κ̃(ω)

σ2


 . (74)

Furthermore, regardless of whether (71) is satisfied for some polynomial A†(z)

lim
N→∞

N Var
{
H(ejω, θ̂n

N )
}

= κ̃(ω)|H(ejω)|2. (75)

Proof. Since the conditions of Theorem 5.1 are satisfied, then the asymptotic in N variance ∆n(ω) is given
by (70). Furthermore, since the assumptions of Lemma 4.1 are also satisfied, then the quantity ϕn(λ, ω) in
(70) is the reproducing kernel for the space Xn defined in (57), (58). However, since assumption (71) holds,
then this space can be reformulated as

Xn = Span {f1(z), · · · , fma+mb
(z), g1(z), · · · , gmc+md

(z)} (76)

fk(z) ,

[
z−k

A†(z)
, 0

]T

, gk(z) ,

[
0,

z−k

C(z, θn
◦ )D(z, θn

◦ )

]T

. (77)

Therefore, by Lemma 3.4, the multi-variable reproducing kernel for Xn is of the form (31). In this case
equation (18) may be used to quantify the associated scalar reproducing kernels ϕf

n(λ, ω), ϕg
n(λ, ω) via the

formulation (27), and then setting κ(ω) = ϕf
n(ω, ω), κ̃(ω) = ϕg

n(ω, ω) completes the proof.
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Corollary 5.2 (Variability of Output-Error model S ∈ M). Suppose that all the conditions of Lemma 4.2
are satisfied and hence that an Output-Error model structure is employed. Suppose further that the condi-
tions of Theorem 5.1 are satisfied and that

A†(z) =
A2(z, θn

◦ )

F (z)
(78)

is a polynomial in z−1 of degree at most ma +mb. Define the zeros {ξk} and the function κ(ω) according to

zma+mbA†(z) =

ma+mb∏

k=1

(z − ξk), κ(ω) ,

ma+mb∑

k=1

1 − |ξk|2
|ejω − ξk|2

. (79)

Then

lim
N→∞

N · Var
{
G(ejω, θ̂n

N )
}

= σ2 · κ(ω)

Φu(ω)
. (80)

Proof. Since the conditions of Theorem 5.1 are satisfied, then the asymptotic in N variance ∆n(ω) is given
by (70). Furthermore, since the assumptions of Lemma 4.2 are also satisfied, then the quantity ϕn(λ, ω) in
(70) is the reproducing kernel for the space Xn defined in (61). However, since assumption (78) holds, then
this space can be reformulated as

Xn = Span

{
z−k

A†(z)
, · · · , z

−(ma+mb)

A†(z)

}
(81)

Therefore, by Lemma 3.1, the reproducing kernel ϕn(λ, ω) for Xn is of the form (18) with the associated
orthonormal basis {Bk(z)} given by Lemma 3.2. Setting κ(ω) = ϕn(ω, ω) then completes the proof.

The essential implications of these corollaries are that although the equality in the variance expressions
(74), (80) depend on N being infinitely large, it could be expected that for finite N the convergence results
(74), (80) should still hold approximately, so that the following quantifications are useful

E
{∣∣∣G(ejω, θ̂n

N ) −G(ejω)
∣∣∣
2
}

≈ 1

N

σ̂2|H(ejω, θ̂n
N )|2

Φu(ω)

ma+mb∑

k=1

1 − |ξk|2
|ejω − ξk|2

, (82)

E
{∣∣∣H(ejω, θ̂n

N ) −H(ejω)
∣∣∣
2
}

≈ 1

N
|H(ejω, θ̂n

N )|2
mc+md∑

k=1

1 − |ηk|2
|ejω − ηk|2

. (83)

where

σ̂2 ,
1

N

N∑

t=1

ε2t (θ̂
n
N ). (84)

There are some important facets of, and conclusions to be drawn from these quantifications.

• Firstly, and most importantly, the expressions (82), (83) are ‘exact’ for finite model order in in the
sense that, unlike most pre-existing results such as (2), they are not derived from an asymptotic in
model order argument. As such, they are likely to be far more accurate for practical cases of finite,
and indeed low model order as has already been illustrated in Figure 1.

• Secondly, these results in Theorem 5.1 and Corollary 5.1 represent an extension of those given in [27].
There, model structures with poles fixed at those of the true underlying system, and fixed noise model
were considered, where here we consider the more general case where the poles and the noise model
are unknown, and hence estimated.
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• Thirdly, note that a key point is that the quantification (82) resolves an outstanding paradox in the
theory of system identification. Namely, a consequence of the existing quantification (2) is that, since
it applies for any shift invariant structure which includes the FIR, and Box–Jenkins cases then (as
explained in [27]) it suggests that there is no variance penalty to be paid for estimating pole locations
in the Box–Jenkins model structure (39), as opposed to fixing those pole locations and estimating just
a numerator term as an FIR structure.

This is counter-intuitive, and indeed the expression (82) indicates that it is in fact untrue. Specifically,
consider the case of white input and white noise, i.e. Φu(ω) = Φν(ω) ≡ 1. Then, in the case of the
denominator order ma equalling the numerator order mb, the results of [27] applying for the case of
fixed denominator modelling with poles at {ξk} (as well as Theorem 5.1) give an exact quantification
for finite numerator order m = mb = ma of

lim
N→∞

N E
{∣∣∣G(ejω, θ̂n

N ) −G(ejω)
∣∣∣
2
}

=
σ2

Φu(ω)

m∑

k=1

1 − |ξk|2
|ejω − ξk|2

. (85)

whereas when the denominator is estimated, A2(z, θn
◦ )H(z, θn

◦ )/F (z) = A2(z, θn
◦ ) and Corollary 5.1

then asserts that

lim
N→∞

N E
{∣∣∣G(ejω, θ̂n

N ) −G(ejω)
∣∣∣
2
}

=
σ2

Φu(ω)

2m∑

k=1

1 − |ξk|2
|ejω − ξk|2

= 2 · σ2

Φu(ω)

m∑

k=0

1 − |ξk|2
|ejω − ξk|2

. (86)

Therefore, the new quantification (82) of this paper is an expression that, as well as being exact for
finite model orders ma,mb, is exactly double that pertaining to the case examined in [27] were poles
are fixed. Since, roughly speaking, twice as much information (i.e. a numerator and a denominator) is
being estimated, this new result now corroborates intuitive belief and resolves the paradox.

Finally, note that if the underlying system is, in fact, of FIR type so that all the poles {ξk} are at the
origin, then (86) implies

E
{∣∣∣G(ejω, θ̂n

N ) −G(ejω)
∣∣∣
2
}

≈ 2 · mσ2

NΦu(ω)
.

Therefore, modulo a factor of 2, there is a rapprochement in the FIR modelling case between the new
quantifications derived here, and the pre-existing one (2).

In relation to this last point where Φu was assumed white, there are a range of non-trivial possibilities of
input spectrum for which exact variance quantification is possible, as illustrated by the further corollary to
Theorem 5.1.

Corollary 5.3 (Box–Jenkins model, coloured input spectrum, S ∈ M). Suppose that all the conditions
of Lemma 4.1 and Theorem 5.1 are satisfied, and that the spectral factor F (z) of Φu(ω) and the limiting
noise model H(z, θn

◦ ) are of the form (µ ∈ C)

F (z) =
µ

L(z)
, L(z) =

mf∏

k=1

(1 − fkz
−1), H(z, θn

◦ ) =

mh∏

k=1

(1 − hkz
−1). (87)

Then if mb = ma +mf +mh +m?, m? ≥ 0

lim
N→∞

N · Cov

{[
G(ejω, θ̂n

N )

H(ejω, θ̂n
N )

]}
= Φν(ω)




ρ(ω)

Φu(ω)
0

0
κ̃(ω)

σ2


 (88)
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where, with the {ξk} being chosen as the zeros of A(z, θn
◦ ),

ρ(ω) , m? + 2 ·
ma∑

k=1

1 − |ξk|2
|ejω − ξk|2

+

mf∑

k=1

1 − |fk|2
|ejω − fk|2

+

mh∑

k=1

1 − |hk|2
|ejω − hk|2

(89)

and κ̃(ω) is defined in (73) of Theorem 5.1.

Proof. Clearly A†(z) = A2(z, θn
◦ )H(z, θn

◦ )/F (z) is a polynomial in z−1 of degree 2ma +mh +mf which
is less than ma +mb under the given assumptions. Therefore, the corollary is proved as being an application
of Theorem 5.1 upon noticing that zma+mbA†(z) has m? zeros at the origin with the remainder being the
same as the zeros of A2(z, θn

◦ )H(z, θn
◦ )L(z).

The preceding corollary shows that when S ∈ M and the input is of AR(p) type with noise of MA(r)
type, then provided that p + r more ‘lags’ are modelled in the numerator B(q, θn) than the denominator
A(q, θn), then the quantification

E
{∣∣∣G(ejω, θ̂n

N ) −G(ejω)
∣∣∣
2
}

≈ σ2

N

|H(ejω, θ̂n
N )|2

Φu(ω)

[
m? + 2 ·

ma∑

k=1

1 − |ξk|2
|ejω − ξk|2

+

p∑

k=1

1 − |`k|2
|ejω − `k|2

+
r∑

k=1

1 − |ck|2
|ejω − ck|2

]
(90)

is ‘exact’ for finite model order. This is a direct extension of the results of [27] from the fixed-and-correct
denominator and noise model case considered there, to the more general Box–Jenkins modelling situation
in which the denominator and noise model are both estimated.

Furthermore, comparing (90) to the quantification presented in [27] establishes that the effect of mod-
elling the denominator is to double the size of the component

∑ma

k=1(1−|ξk|2)/|ejω −ξk|−2 (which depends
on the poles {ξk} ofG(q, θn

◦ )) in the variance of the dynamics estimate, and as mentioned in the introduction
and previous discussion, this makes intuitive sense.

An important special case of the model structure (39) is the so-called Output-Error structure in which
mc = md = 0 so that H(q, θn) = 1. The exact in model order variance quantifications for this modelling
choice are worth stating separately for the sake of clarity.

Corollary 5.4 (Output-Error, coloured input spectrum S ∈ M). Suppose that all the conditions of
Lemma 4.2 and Theorem 5.1 are satisfied, and hence that an Output Error model structure is employed.
Suppose further that the spectral factor F (z) of Φ(ω) is of the AR(mf ) form given in (87). Then if the
model structure (39) is used with mc = md = 0 and mb = ma +mf +m?, m? ≥ 0

lim
N→∞

N · Var
{
G(ejω, θ̂n

N )
}

=
σ2

Φu(ω)

[
m? + 2 ·

ma∑

k=1

1 − |ξk|2
|ejω − ξk|2

+

mf∑

k=1

1 − |fk|2
|ejω − fk|2

]
(91)

where the {ξk} are the zeros of A(q, θn
◦ ).

Proof. For the Output-Error case, H(z, θn
◦ ) = 1, and hence under the assumptions on F (z)

A†(z) = A2(z, θn
◦ )

1

F (z)
(92)

is a polynomial of order ma +mb−m? that satisfies the order condition in Theorem 5.1. Furthermore, since
the assumptions of Lemma 4.2 are also satisfied, then the quantity ϕn(λ, ω) in (70) is the reproducing kernel
for the space Xn defined in (61). However, since (92) holds, then this space can be reformulated as

Xn = Span

{
z−1

A†(z)
, · · · , z

−ma+mb

A†(z)

}
(93)
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Furthermore, equation (18) may be used to quantify the associated reproducing kernel ϕn(λ, ω) via the
formulation (27). Substituting this in (70) and observing that zma+mbA†(z) has m? zeros at the origin, with
the remainder being the zeros of A2(z, θn

◦ )/F (z) then completes the proof.

5.2 True system not in model class S 6∈ M
There is an important further situation to be considered, in which the noise model is fixed at a possibly
incorrect value, and hence S 6∈ M. In this case the results of Theorem 5.1 are no longer valid, but exact (for
finite model order) expressions for the frequency domain variability ∆n(ω) can also be established for this
extended situation according to the following theorem.

Theorem 5.2 (Frequency Domain Variability S 6∈ M). Suppose that θ̂n
N is calculated via (44) using

the model structure (39) with the modification that the noise model is fixed at H(q, θ) = H?(q) which is
not necessarily equal to any true underlying one. Suppose further that Assumption 2 of Theorem 5.1 holds
together with the following conditions

1. The observed data obeys a model yt = G(q)ut +H(q)et for some stable and inversely stable monic
transfer function H(q) and some G(q) = G(q, θn

◦ ) with {et} being a zero mean i.i.d. process that
satisfies E

{
|et|8

}
<∞;

2. et and ut are jointly quasi-stationary with cross-spectrum Φue ≡ 0;

3. G(z, θn
◦ ) does not contain any pole-zero cancellations.

Then

lim
N→∞

N · Cov
{
G(ejω, θ̂n

N )
}

= σ2 |H?(e
jω)|2

Φu(ω)

∥∥∥∥
H(ejλ)

H?(ejλ)
ϕn(λ, ω)

∥∥∥∥
2

(94)

where ϕn(λ, ω) is the reproducing kernel for the space Xn defined by (51) with the specification (50) for
Ψ(z, θn

◦ ) replaced by

Ψ(z, θn
◦ ) = H−1

? (z)
dG(q, θn)

dθn

∣∣∣∣
θn=θn

◦

F (z). (95)

Proof. See Appendix D.

This theorem then has two corollaries that quantify frequency domain variability for the case of fixed,
possibly incorrect noise model. The first corollary provides a quantification (again exact for finite model
order) that applies under certain assumptions on the relationship between the fixed noise model H?(z) and
the input spectral factor F (z).

Corollary 5.5 (Frequency Domain Variability - Fixed noise model, S 6∈ M). Suppose that the assump-
tions of Theorem 5.2 hold. Suppose further that

A†(z) = A2(z, θn
◦ )
H?(z)

F (z)
(96)

is a polynomial in z−1 of degree at most ma +mb, which is then used to define the zeros {ξk} according to
(72) and thence the functions κ(ω) and φn(z) (with n = ma +mb) according to (73), (27). Then

lim
N→∞

N · Cov
{
G(ejω, θ̂n

N )
}

=
Φν(ω)

Φu(ω)
· κ(ω)+

σ2 |H?(e
jω)|2

Φu(ω)
2Re

{
ejωγ′(ejω) +

1

2πj

∮

Γ

ejωφn(z)φn(ejω)

(z − ejω)2
γ(z) dz

}
(97)
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where γ(z) is the positive real part of H(z)H(z−1)H−1
? (z)H−1

? (z−1) that is analytic on |z| ≥ 1 and where
Γ is the positively oriented curve {z : |z| = 1 − δ} where δ > 0 is such that A†(z) and H(z)/H?(z) have
all their poles inside the open disk {z : |z| < 1 − δ}.

Proof. The preceding Theorem 5.5 quantifies the asymptotic variability via (94) which involves the repro-
ducing kernel ϕn(λ, ω) for the space Xn spanned by the rows of Ψ(z, θn

◦ ) defined by (95). Via Lemma 4.2
this space can be expressed as

Xn = Span

{
z−1F (z)

A2(z, θn
◦ )H?(z)

,
z−2F (z)

A2(z, θn
◦ )H?(z)

, . . . ,
z−(ma+mb)F (z)

A2(z, θn
◦ )H?(z)

}
(98)

However, since (96) holds, then this space can be reformulated as

Xn = Span

{
z−1

A†(z)
, · · · , z

−ma+mb

A†(z)

}
. (99)

Using this definition of Xn in combination with Lemma 3.6 then completes the proof.

The second corollary to Theorem 5.2 provides a more explicit expression for the variability that applies
under greater restrictions on the fixed noise model, the input spectrum and the chosen model order.

Corollary 5.6 (Frequency Domain Variability - Fixed MA noise model with AR input). Suppose that all
the assumptions of Corollary 5.5 hold. Suppose further that the spectral factor F (z) of the input spectrum
Φu(ω) is of the autoregressive form

F (z) =
µ

L(z)
, L(z) =

mf∏

k=1

(1 − fkz
−1) ;µ ∈ C (100)

and that H(z) and H?(z) are both of moving average type

H(z) =

mh∏

k=1

(1 − hkz
−1), H?(z) =

mh?∏

k=1

(1 − h?
kz

−1). (101)

Finally, suppose also that mb = ma +mf +mh? +m?, m? ≥ 0. Then

lim
N→∞

N · Cov
{
G(ejω, θ̂n

N )
}

=
Φν(ω)

Φu(ω)
· κ(ω) + 2

σ2

Φu(ω)

∣∣H?(e
jω)
∣∣2 Re

{
ejωγ′(ejω)

}
(102)

where now

κ(ω) =

[
m? + 2 ·

ma∑

k=1

1 − |ξk|2
|ejω − ξk|2

+

mf∑

k=1

1 − |fk|2
|ejω − fk|2

+

mh?∑

k=1

1 − |h?
k|2

|ejω − h?
k|2

]
(103)

and where γ(z) is the positive real part of H(z)H(z−1)H−1
? (z)H−1

? (z−1) that is analytic on {z : |z| > 1}.

Proof. Under the assumptions of the corollary the condition (96) yields

A†(z) = A2(z, θn
◦ )H?(z)L(z) (104)

which is a polynomial of order 2ma +mh?
+mf which, again under the assumptions of the corollary, is of

order ma + mb −m?. Consequently, Corollary 5.5 applies with κ(ω) given by (86), which being defined
by the zeros of zma+mbA†(z) is, in this case, defined by the zeros of A2(z, θn

◦ )H?(z)L(z) together with m?

zeros at the origin, and hence is given according to (103). Furthermore, under the MA assumptions on noise
models, the poles ofH(z)/H?(z) are a subset, taken without replacement, of the zeros of zma+mbA†(z), and
hence by Corollary 3.1, the last term in (97) involving integration around the contour Γ is equal to zero.
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There are some important remarks to be made in relation to these results.

• Corollary 5.6 extends the results of [27] where, for the case of a model with fixed and correct denom-
inator and then with estimation of only a numerator polynomial, the work there derived an equivalent
expression to (102) with the second term replaced by

−2σ2 |H?(e
jω)|2

Φu(ω)
Re

{
1

2πj

∮

|z|=1−δ

zejω

(z − ejω)2
H(z)H(z−1)

H?(z)H?(z−1)

dz

z

}
. (105)

However, using the positive real decomposition (37) (with H̃ = H/H?), the change of variable z 7→
z−1, and recognising that since γ(z−1) is assumed analytic within a disk of radius (1− δ)−1 this term
(105) can be re-written using Cauchy’s Residue Theorem as

−2σ2 |H?(e
jω)|2

Φu(ω)
Re

{
1

2πj

∮

|z|=1/(1−δ)

e−jω

(z − e−jω)2
γ(z−1) dz

}

= −2σ2 |H?(e
jω)|2

Φu(ω)
Re

{
e−jω d

dz
γ(z−1)

∣∣∣∣
z=e−jω

}

= 2σ2 |H?(e
jω)|2

Φu(ω)
Re
{
ejωγ′(ejω)

}
(106)

which is identical to the last term in our expression (102).

• In relation to this previous comment, suppose that all the condition of Corollary 5.6 hold, and that
furthermore the model structure is restricted to be that of (39) with G(q, θn) = B(q, θn)/A(q) where
A(q) fixed and not dependent on θn. This is the ‘generalised’ FIR model (it is exactly FIR if A(q) =
H?(q) = 1) that [27] studies, and for which the underlying space Xn defined by (95) is clearly given
as

Xn = Span

{
z−1

A(z)H?(z)L(z)
, · · · , z−mb

A(z)H?(z)L(z)

}
. (107)

Therefore, provided that the fixed A(q) is equal to the denominator of the true underlying dynamics
G(q), and that the numerator order mb = ma +mh?

+mf +m?;m? ≥ 0, then applying Theorem 5.2
along the lines of the proof of Corollary 5.6 delivers the quantification (102) with

κ(ω) =

[
m? +

ma∑

k=1

1 − |ξk|2
|ejω − ξk|2

+

mf∑

k=1

1 − |fk|2
|ejω − fk|2

+

mh?∑

k=1

1 − |h?
k|2

|ejω − h?
k|2

]
(108)

as being the variance quantification for this model structure. This result is identical to the main The-
orem 3.1 of [27], and thus the reproducing kernel methods of this paper provide a complementary
means for addressing the problems considered in [27].

• The last term in (102) encapsulates the variance increasing effect of a fixed and incorrect noise model.
Notice that whenH? ≡ H then (102) is zero. Furthermore, since |H(ejω)/H?(e

jω)|2 = 2Re{γ(ejω)}
the last term in (102) very clearly indicates that the variance increase due to mismatch between H and
H? is directly proportional to the smoothness (as measured by the derivative) of |H/H?|2.

This observation is reinforces remarks in the work [27] which, via an equivalent examination of the
nature of the integrand component zejω(z − ejω)−2 in (105), argues that this term is likely to be large
if zeros of H?(z) are placed near the unit circle, and not cancelled by equivalent zeros in H(z).

In particular, as remarked in [27] in the case of fixed denominator structures, but as now shown here
to apply for a much wider class of structures, fixed noise model zeros should only be included when
the user is rather sure of their actual existence and location.
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• Finally, it is important to note that there are other situations, beyond those stated in Corollary 5.6
for which the exact quantification in Corollary 5.5 holds. For example, when performing indirect
identification, the noise model and closed loop dynamics share common poles, and hence the condition
(96) may be satisfied. The consequences of this are taken up in another work, but the point is that for
certain applications, it is important that Corollaries 5.5 and 5.6 are stated separately.

6 Extensions to the case of Overmodelling

The results to this point have assumed that the model structure is such that no overmodelling occurs in the
sense that the asymptotic (inN ) estimated modelsG(q, θn

◦ ) andH(q, θn
◦ ) contain no pole-zero cancellations.

However, it is of interest to address the more general case where this restriction on the model order is
lifted, particularly for the purpose of reconciling the new results of this paper with pre-existing analysis that
is asymptotic in the model order, and hence via (1) suggests the approximation (2).

A procedural difficulty in this case of over-modelling is that the value of θn
◦ defined by (45) is not unique.

Instead, with probability one, θ̂n
N converges to a set Θ as follows

lim
N→∞

θ̂n
N ∈ Θ ,

{
θn : lim

N→∞
E {VN (θn)} ≤ lim

N→∞
E {VN (β)} ;∀β

}
. (109)

To circumvent this, consider the so-called regularised refinement of (43) which, for some regularising pa-
rameter δ > 0, is defined as

θ̂n
N (δ) , arg min

θn∈Rn

VN (θn, δ), VN (θn, δ) =
1

2N

N∑

t=1

ε2t (θ
n) +

δ

2
‖θn − θn

◦ ‖2. (110)

Here, the norm ‖ · ‖ is the Euclidean one, and θn
◦ is fixed at any value such that εt(θ

n
◦ ) = et. At this point

it is worth making a remark which is identical to that made in the original work [13]. Namely, that there
is no practical difficulty implied by the fact that θ̂n

N (δ) defined as the minimiser of (110) is unrealisable
since θn

◦ is unknown to the user. It merely provides a technical artifice for defining the unique estimate
limδ→0G(ejω, θ̂n

N (δ)).
With this in mind, then as established via the following foundation result for this subsection, the funda-

mental variance quantification result of Theorem 5.1 also applies for the situation of overmodelling combined
with regularisation.

Theorem 6.1. Suppose that θ̂n
N is calculated via the regularised criterion (110) and using the model struc-

ture (39). Suppose that Assumptions1 and 2 of Theorem 5.1 are satisfied. Then

lim
δ→0

lim
N→∞

N · Cov

{[
G(ejω, θ̂n

N (δ))

H(ejω, θ̂n
N (δ))

]}
= ∆n(ω) (111)

where
∆n(ω) = Φν(ω)S− ?

ζ◦
(ejω) ϕn(ω, ω) S−1

ζ◦
(ejω) (112)

with ϕn(λ, ω) being the reproducing kernel for the space Xn defined via (51), (50).

Proof. See Appendix E.

While this core result applies for any model structure that can be cast in the form (39), for the sake of
concreteness it is worthwhile to consider certain specific cases as a corollary to this main result.

Corollary 6.1. Suppose that the conditions of Theorem 6.1 are satisfied together with the further assump-
tions that
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1. et and ut are jointly quasi-stationary with cross-spectrum Φue ≡ 0;

2. G(z, θn
◦ ) and H(z, θn

◦ ) may be written as

G(z, θn
◦ ) =

B(z)

A(z)
· TG(z)

TG(z)
, H(z, θn

◦ ) =
C(z)

D(z)
· TH(z)

TH(z)
(113)

where all terms on the right of the equals sign in (113) are polynomials in z−1 with B(z), A(z) being
relatively prime and C(z), D(z) being relatively prime;

3. TG(z) and TH(z) are of orders mtg and mth respectively and, as previously, ma,md,mb,mc denote
(respectively) the denominator and numerator orders of G(z, θn) and H(z, θn);

4. With F (z) being the spectral factor of Φu(ω), then A†(z) defined as

A†(z) = A2(z)TG(z)
C(z)

D(z)F (z)
(114)

is a polynomial in z−1 of degree no greater than ma +mb −mtg .

Then with {ξ1, · · · , ξma+mb−mtg
} being the zeros of zma+mb−mtgA†(z) and {η1, · · · , ηmc+md−mth

} being
the zeros of zmc+md−mthD(z)C(z)TH(z), if a Box–Jenkins model structure as detailed in Lemma 4.1 is
employed, then

lim
δ→0

lim
N→∞

N · Cov

{[
G(ejω, θ̂n

N (δ))

H(ejω, θ̂n
N (δ))

]}
= Φν(ω)




κ(ω)

Φu(ω)
0

0
κ̃(ω)

σ2


 (115)

where κ(ω) and κ̃(ω) are defined by the {ξk} and {ηk} according to (73).
Alternatively, if an Output Error model structure as detailed in Lemma 4.2 is employed, and the condition

H(z, θn
◦ ) = 1 substituted into (114) results in A†(z) being a polynomial of order no greater that ma +mb−

mtg , then with κ(ω) begin defined as just described in the Box–Jenkins case, it holds that

lim
δ→0

lim
N→∞

N · Var
{
G(ejω, θ̂n

N (δ))
}

=
σ2

Φu(ω)
· κ(ω) (116)

for the Output-Error case.

Proof. Since the conditions of Theorem 6.1 are satisfied, then the asymptotic in N co-variance is given
by (112). Furthermore, in the case that a Box–Jenkins model structure satisfying the assumptions of Lemma 4.1
is employed, then under the assumptions (113), equation (B.4) holds and equations (B.2), (B.3) become

d

dak
G(z, θn) = − B(z)

A2(z)TG(z)
· z−k,

d

db`
G(z, θn) =

z−`

A(z)TG(z)
, (117)

and
dH(z, θn)

ddk
= − C(z)z−k

D2(z)TH(z)
,

dH(z, θn)

dc`
=

z−`

D(z)TH (z))
. (118)

Therefore, since under the assumption of Φue(ω) = 0 equation (B.5) holds, then according to (51), (50)

Xn = Span

{[
B(z)F (z)z−1

H(z, θn
◦ )A2(z)TG(z)

, 0

]T

, · · · ,
[

B(z)F (z)z−ma

H(z, θn
◦ )A2(z)TG(z)

, 0

]T
}

⊕

Span

{[
F (z)z−1

H(z, θn
◦ )A(z)TG(z)

, 0

]T

, · · · ,
[

F (z)z−mb

H(z, θn
◦ )A(z)TG(z)

, 0

]T
}

⊕

Span

{[
0,

z−1

D(z)TH(z)

]T

, · · · ,
[
0,

z−md

D(z)TH(z)

]T

,

[
0,

z−1

C(z)TH(z)

]T

, · · · ,
[
0,

z−mc

C(z)TH(z)

]T
}
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Furthermore, under the assumption (114) the space Xn may be reformulated as

Xn = Span
{
f1(z), · · · , fma+mb−mtg

(z), g1(z), · · · , gmc+md−mth
(z)
}

(119)

fk(z) ,

[
z−k

A†(z)
, 0

]T

, gk(z) ,

[
0,

z−k

C(z)D(z)TH (z)

]T

. (120)

Therefore, by Lemma 3.4, the multi-variable reproducing kernel for Xn is of the form (31). In this case
equation (18) may be used to quantify the associated scalar reproducing kernels ϕf

n(λ, ω), ϕg
n(λ, ω) via the

formulation (27), and then setting κ(ω) = ϕf
n(ω, ω), κ̃(ω) = ϕg

n(ω, ω) completes the proof.

To explore some the implications of this result, let us consider the situation addressed in [13] wherein
mb = ma = m. Also, suppose that Φu(ω) is white so that F (z) = µ a constant, and that for the moment we
restrict attention to the case of Output–Error systems in which H(q) = H(q, θn

◦ ) = 1.
In this case (114) becomes A†(z) = A2(z)TG(z) which is a polynomial in z−1 of order 2ma − mtg ,

which under the assumption mb = ma is of order equal to ma +mb −mtg . Therefore, all the assumptions
of Corollary 6.1 are satisfied, so that denoting the true underlying system order as m? = ma − mtg and
defining the associated factorisations

A(z) =

m?∏

k=1

(1 − ξkz
−1), TG(z) =

m−m?∏

k=1

(1 − ζkz
−1) (121)

leads to a variance approximation (exact with respect to the finite model order m) given by Corollary 6.1 as

Var
{
G(ejω, θ̂n

N (δ))
}
≈ 1

N

σ2

Φu(ω)

[
2 ·

m?∑

k=1

1 − |ξk|2
|ejω − ξk|2

+

m−m?∑

k=1

1 − |ζk|2
|ejω − ζk|2

]
. (122)

The essential point now is that even though, by virtue of the pole-zero cancellations in the common set
TG(z), the transfer function limδ→0G(ejω, θ̂n

N (δ)) is uniquely defined, the same is not true for the common
zeros in TG(z). They depend on the choice of the regularisation point θn

◦ , which is constrained only in that
εt(θ

n
◦ ) = et.
If the zeros of TG(z) are chosen such that they are all at the origin, then the associated choice {ζk} = 0

in (122) implies that for any finite model order m

Var
{
G(ejω, θ̂n

N (δ))
}
≈ 1

N

σ2

Φu(ω)

[
2 ·

m?∑

k=1

1 − |ξk|2
|ejω − ξk|2

+ (m−m?)

]
. (123)

Now, if m ≈ m? then the first, frequency dependent term in the square brackets will dominate the vari-
ance quantification. On the other hand, if m � m? then the second term will dominate and the variance
quantification will become

Var
{
G(ejω, θ̂n

N (δ))
}
≈ m

N

σ2

Φu(ω)
(124)

which is the one originally derived in[13] via an approach of allowing m → ∞ and the same regularised
criterion approach as used in this section.

However, an important dividend of Theorem 6.1 is that, via the quantification (122) it provides important
insight into the nature of this latter approximation (124), (2). Namely, that it is largely determined by the
second term term in (122), which has no relation to the underlying estimation problem since it is not uniquely
defined by it. Instead, it is purely a function of the regularisation.
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For example, one could just as easily take ζk 6= 0, and then the same asymptotic in m argument would
yield an approximation

Var
{
G(ejω, θ̂n

N (δ))
}
≈ m

N

σ2

Φu(ω)
·

m−m?∑

k=1

1 − |ζk|2
|ejω − ζk|2

(125)

which is arbitrary, since the {ζk} are arbitrary.
This is illustrated in Figure 2, where the simulation example introduced in §2 is extended to the case

where an Output-Error model of order ma = mb = 3 is fitted to data generated by the first order system (5).
The same experimental situation as outlined in §2 is considered, but a regularised estimate (110) is obtained
with regularisation parameter δ = 10−14.

When the regularisation point θn
◦ is chosen so that any excess pole zero cancellations are at ζk = 0, then

the true variability (again obtained by Monte-Carlo average over 1000 experiment realisations) together with
the existing quantification (2) and the new quantification (122) is shown in Figure 2(a). Note that the y-axis
range has been specifically chosen to match that of Figure 1(a) in order to aid comparison, which illustrates
that the effect of the regularisation zeros at the origin is to reduce the discrepancy between the true variability
and the approximation (2).

However, if the regularisation zeros are chosen at ζk = 0.99ej±π/4 then the variability and quantifica-
tions are shown in Figure 2(b) to be such that again the quantification (2) suffers from orders of magnitude
inaccuracy at low, mid and high frequencies. This is despite the fact that the model order m is triple the
underlying true one, and hence might be considered ‘large enough’ for approximate convergence in (1) and
hence accuracy of (2).

Clearly, in both cases the underlying true system and experimental conditions are the same, and hence
the discrepancy between Figures 2(a) and 2(b) shows that, despite what might be expected, the quantification
(2) does not elicit features inherent to the estimation problem, but instead exhibits features entirely separate
from it - namely, the regularisation point.

Although the preceding argument was developed under special assumptions on Φu(ω), the paper con-
cludes that in the case of Output-Error or Box–Jenkins modelling, there is strong evidence that the variance
quantification (2) is one that is generically dominated by the choice of a particular regularising point. This
implies that when using these model structures, it could be inappropriate to employ the approximation (124),
(2) in situations where no regularisation has been introduced or, if it has, the model order is not significantly
higher than what is believed to be the underlying true one.

7 Conclusions

This paper has established the new principle that the problem of quantifying variance error is equivalent to
that of quantifying the reproducing kernel for a certain subspace of L2. Since this subspace was shown to
depend on the model structure being employed, this exposes the important result that the variance error is also
dependent on the model structure, and this fact is counter to what is suggested by pre-existing quantifications
such as (2) which depend on an asymptotic in model order argument.

Furthermore, for certain important special cases, it was shown how the reproducing kernel, and hence
the variance error, could be expressed in closed form, and for a finite model order of interest. These results,
since they apply for the very general Box–Jenkins and Output-Error model structures, are an extension and
generalisation of previous results that have applied only for FIR-type model structures with fixed denomina-
tors.

A point of rapprochement between the new results here and the well known pre-existing one (2) was
established by noting that under a situation of using a regularised cost, with regularisation point forcing
poles at the origin, then the finite model order results of this paper approach the quantification (2) as the
model order extends beyond the underlying true one. However, with different choice of regularisation point,
this rapprochement is lost.
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Figure 2: Figures illustrating variability of Output–Error Estimates under the same experimental conditions
as shown in Figure 1, but with a third order model and regularised criterion. As in Figure 1(a), the solid
line is the Monte–Carlo estimate of the true variability, the dash-dot line is the pre-existing approximation
(2) which does not account for system poles or model structure. The dashed line is the new approximation
presented in (6) whereby estimated system pole positions {ξ0, · · · , ξm−1} and the excess pole-zero cancel-
lations ζk inherent in the regularisation are accounted for. Figure (a) shows ζk = 0, Figure (b) shows
ζk = 0.99ej±π/4.

Further work, beyond the scope of this paper, is needed to extend the results here to cover cases of more
general input spectrum, and further model classes (such as ARMAX). The authors are currently engaged in
the pursuit of these goals.

A Proof of Lemma 3.6

Proof. Using the result of Lemma 3.3 and noting that |φn(ejω)| = 1 implies the following.

ϕn(ejλ, ejω)ϕn(ejω, ejλ) =

(
1 − φn(ejω)φn(ejλ)

ej(λ−ω) − 1

)(
1 − φn(ejλ)φn(ejω)

ej(ω−λ) − 1

)

= 2Re

{
1 − φn(ejλ)φn(ejω)

|ej(λ−ω) − 1|2

}

= 2Re

{
ϕn(ejω, ejλ)

ej(λ−ω) − 1
· e

j(ω−λ)

ej(ω−λ)

}

= 2Re

{
ϕn(ejω, ejω)

1 − ej(ω−λ)
+
ϕn(ejω, ejλ)ej(ω−λ) − ϕn(ejω, ejω)

1 − ej(ω−λ)

}

= ϕn(ejω, ejω) + 2Re

{
ϕn(ejω, ejλ)ej(ω−λ) − ϕn(ejω, ejω)

1 − ej(ω−λ)

}
.
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It is worth noting at this point that the last term in this expression does not possess a singularity at λ = ω.
Therefore, since ϕn(ejλ, ejω) = ϕn(ejω, ejλ)

∥∥∥H̃(ejλ)ϕn(ejλ, ejω)
∥∥∥

2
= ϕn(ejω, ejω) · 1

2π

∫ π

−π

∣∣∣H̃(ejλ)
∣∣∣
2

dλ+

2Re

{
1

2π

∫ π

−π

ϕn(ejω, ejλ)ej(ω−λ) − ϕn(ejω, ejω)

1 − ej(ω−λ)

∣∣∣H̃(ejλ)
∣∣∣
2

dλ

}
. (A.1)

Now, concentrate on the second integral, which can be written in contour form using the positive real de-
composition of H̃(z)H̃(1/z) = γ(z) + γ(z−1) as

1

2π

∫ π

−π

ϕn(ejω, ejλ)ej(ω−λ) − ϕn(ejω, ejω)

1 − ej(ω−λ)
[γ(e−jλ) + γ(ejλ)] dλ

=
1

2πj

∮

|z|=1

ϕn(ejω, z)z−1ejω − ϕn(ejω, ejω)

1 − z−1ejω
[γ(z−1) + γ(z)]

dz

z
(A.2)

=
1

2πj

∮

|z|=1−δ

ϕn(ejω, z)z−1ejω − ϕn(ejω, ejω)

z − ejω
γ(z) dz. (A.3)

The last equality follows since when z is on the unit circle, then by (28)

ϕn(ejω, z) =
z[1 − φn(z)φn(ejω)]

ejω − z
(A.4)

and hence the term involving γ(z−1) which vanishes between (A.2) and (A.3) does so since it is analytic
within the unit circle. Furthermore, since by the assumptions of the theorem the integrand has no singularities
in a neighbourhood of the unit circle, then the contour of integration can be changed from |z| = 1 to
|z| = 1 − δ for some δ > 0 without changing the value of the integral. Furthermore, by the change of
variable z 7→ z−1

− 1

2πj

∮

|z|=1−δ

ϕn(ejω, ejω)

z − ejω
γ(z) dz =

1

2πj

∮

|z|=1/(1−δ)

ϕn(ejω, ejω)e−jω

z − e−jω
γ(z−1)

dz

z

= ϕn(ejω, ejω)
[
γ(ejω) − γ(∞)

]
. (A.5)

By recognising that

1

2π

∫ π

−π
|H̃(ejλ)|2 dλ = 2γ(∞), |H̃(ejω)|2 = 2Re{γ(ejω)} (A.6)

then substituting (A.5) into (A.3) and then (A.1) implies that

∥∥∥H̃(ejλ)ϕn(λ, ω)
∥∥∥

2
= ϕn(ejω, ejω)|H̃(ejω)|2 + 2Re

{
1

2πj

∮

|z|=1−δ

ϕn(ejω, z)z−1ejω

z − ejω
γ(z) dz

}
(A.7)

Furthermore, again using (28)

ϕn(ejω, z)z−1ejω

z − ejω
=

[1 − φn(z)φn(ejω)]z−1ejω

(z − ejω)(z−1ejω − 1)
=

−ejω
(z − ejω)2

+
ejωφn(z)φn(ejω)

(z − ejω)2
. (A.8)
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Now using the change of variable z 7→ z−1

1

2πj

∮

|z|=1−δ

1

(z − ejω)2
γ(z)dz =

1

2πj

∮

|z|=1/(1−δ)

e−j2ω

(z − e−jω)2
γ(z−1)dz

= e−j2ω d

dz
γ(z−1)

∣∣∣∣
z=e−jω

= −γ′(ejω). (A.9)

Therefore, using (A.9) and (A.8) in (A.7) leads to
∥∥∥H̃(ejλ)ϕn(λ, ω)

∥∥∥
2

= ϕn(ejω, ejω)|H̃(ejω)|2 + 2Re
{
ejωγ′(ejω)

}
+

2Re

{
1

2πj

∮

|z|=1−δ

ejωφn(z)φn(ejω)

(z − ejω)2
γ(z) dz

}
. (A.10)

B Spaces induced by Model Structures

B.1 Proof of Lemma 4.1

Proof. First, according to (41)

ψt(θ
n) = − d

dθn
ŷt(θ) = H−1(q, θn)

dG(q, θn)

dθn
ut −H−2(q, θn)

dH(q, θn)

dθn
G(q, θn)ut +

H−2(q, θn)
dH(q, θn)

dθn
yt (B.1)

Substituting (42) into (B.1) then establishes that (56) satisfies (49). Furthermore, since for any k in the
appropriate range

d

dak
G(z, θn) = −G(z, θn)z−k

A(z, θn)
,

d

dbk
G(z, θn) =

z−k

A(z, θn)
, (B.2)

dH(z, θn)

ddk
= −H(z, θn)z−k

D(z, θn)
,

dH(z, θn)

dck
=

z−k

D(z, θn)
. (B.3)

and
d

dck
G(z, θn) =

d

ddk
G(z, θn) =

d

dak
H(z, θn) =

d

dbk
H(z, θn) = 0, (B.4)

Therefore, since under the assumption of Φue ≡ 0, Φu(ω) = |F (ejω)|2

Sζ(z) =

[
F (z) 0

0 σ

]
(B.5)

and then according to (51), (50)

Xn = Span

{[
G(z, θn

◦ )F (z)z−1

H(z, θn
◦ )A(z, θn

◦ )
, 0

]T

, · · · ,
[
G(z, θn

◦ )F (z)z−ma

H(z, θn
◦ )A(z, θn

◦ )
, 0

]T
}

⊕

Span

{[
F (z)z−1

H(z, θn
◦ )A(z, θn

◦ )
, 0

]T

, · · · ,
[

F (z)z−mb

H(z, θn
◦ )A(z, θn

◦ )
, 0

]T
}

⊕

Span

{[
0,

z−1

D(z, θn
◦ )

]T

, · · · ,
[
0,

z−md

D(z, θn
◦ )

]T

,

[
0,

z−1

C(z, θn
◦ )

]T

, · · · ,
[
0,

z−mc

C(z, θn
◦ )

]T
}

which can be alternatively expressed as (57), (58).
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B.2 Proof of Lemma 4.2

Proof. Since H(q, θn) = 1 in this case, then dH(q, θn)/dθn = 0. Substituting this into (B.1) then estab-
lishes that (60) satisfies (49). Furthermore, the expression (B.2) holds again in this case, and therefore, the
space Xn is given as

Xn = Span

{
G(z, θn

◦ )F (z)z−1

A(z, θn
◦ )

, · · · , G(z, θn
◦ )F (z)z−ma

A(z, θn
◦ )

,
F (z)z−1

A(z, θn
◦ )
, · · · , F (z)z−mb

A(z, θn
◦ )

}
(B.6)

which can be alternatively expressed as (61).

B.3 Proof of Lemma 4.3

Proof. The expression (B.2) hold again in this case, and furthermore, for any k

d

dck
G(q, θn) =

d

dbk
H(q, θn) = 0,

d

dak
H(q, θ) = −H(q, θ)

A(q, θ)
· q−k,

d

dck
H(q, θ) =

q−k

A(q, θ)
(B.7)

Therefore, since (B.5) again holds then according to (51), (50)

Xn = Span

{[
G(z, θn

◦ )F (z)z−1

C(z, θn
◦ )

,
z−1

A(z, θn
◦ )

]T

, · · · ,
[
G(z, θn

◦ )F (z)z−ma

C(z, θn
◦ )

,
z−ma

A(z, θn
◦ )

]T
}

⊕

Span

{[
F (z)z−1

C(z, θn
◦ )
, 0

]T

, · · · ,
[
F (z)z−mb

C(z, θn
◦ )

, 0

]T
}

⊕

Span

{[
0,

z−1

C(z, θn
◦ )

]T

, · · · ,
[
0,

z−mc

C(z, θn
◦ )

]T
}

(B.8)

which can be alternatively expressed as (65), (58).

C Proof of Lemma 5.1

Proof. From [9] we have that the parameter covariance matrix Pn in (46) is defined in terms of two other
matrices Rn and Qn as

Pn , R−1
n QnR

−1
n (C.1)

which themselves are specified as

Rn , lim
N→∞

1

N

N∑

t=1

[
E
{
ψt(θ

n
◦ )ψT

t (θn
◦ )
}
− E

{
εt(θ

n
◦ )

(
dψt(θ

n)

dθn

)T
}]

(C.2)

and

Qn , lim
N→∞

1

N

N∑

t=1

N∑

`=1

E
{
ψt(θ

n
◦ )ψT

` (θn
◦ )εt(θ

n
◦ )ε`(θ

n
◦ )
}
. (C.3)

The quantity ψt(θ
n) in the preceding expressions is the prediction error gradient given by (49). Therefore,

under the assumptions of the theorem that εt(θ
n
◦ ) = et and using Parseval’s Theorem

Rn = lim
N→∞

1

N

N∑

t=1

E
{
ψt(θ

n
◦ )ψT

t (θn
◦ )
}

=
1

2π

∫ π

−π
Ψ(ejω, θn

◦ )Ψ?(ejω, θn
◦ ) dω (C.4)

Qn , lim
N→∞

σ2

N

N∑

t=1

E
{
ψt(θ

n
◦ )ψT

t (θn
◦ )
}

= σ2Rn (C.5)
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where Ψ(z, θn) is defined in (50). Therefore, the matrix Pn quantifying the parameter space variability of
θ̂n
N is given as

Pn = σ2R−1
n (C.6)

where the inverse is guaranteed to exist by the assumptions of the theorem and Lemma F.1. Furthermore,
according to a first order Taylor expansion, the relationship between frequency domain and parameter space
estimation errors is given as

ΠT (ejω, θ̂n
N ) − ΠT (ejω, θn

◦ ) =

[
dΠ(ejω, θn)

dθn

∣∣∣∣
θn=θn

◦

]T

(θ̂n
N − θn

◦ ) + o(‖θ̂n
N − θn

◦ ‖2). (C.7)

Therefore, a consequence of (46) is that

√
N

[
G(ejω, θ̂n

N ) −G(ejω, θn
◦ )

H(ejω, θ̂n
N ) −H(ejω, θn

◦ )

]
D−→ N (0, σ2∆n(ω)), as N → ∞ (C.8)

where

∆n(ω) ,
1

σ2

[
dΠ(ejω, θn)

dθn

∣∣∣∣
θn=θn

◦

]T

Pn

[
dΠ(e−jω, θn)

dθn

∣∣∣∣
θn=θn

◦

]
. (C.9)

Furthermore, according to (50)
[

dΠ(ejω, θn)

dθn

∣∣∣∣
θn=θn

◦

]
= H(ejω, θn

◦ )Ψ(ejω, θn
◦ )S−1

ζ◦
(ejω) (C.10)

This expression and (C.6) substituted into (C.9) implies

∆n(ω) = σ2|H(ejω, θn
◦ )|2 S− ?

ζ◦
(ejω) Ψ?(ejω, θn

◦ ) R−1
n Ψ(ejω, θn

◦ ) S−1
ζ◦

(ejω) (C.11)

Finally, by Lemma 3.2 Ψ?(ejω, θn
◦ ) R−1

n Ψ(ejλ, θn
◦ ) = ϕn(λ, ω), which is the reproducing kernel for the

subspace spanned by the rows of Ψ(z, θn
◦ ), which completes the proof.

D Proof of Lemma 5.5

Proof. Under the conditions of the Theorem ζt(θ
n
◦ ) = ut, and hence according to (50) and with F (z) being

the spectral factor of Φu

Ψ(z, θn
◦ ) = H−1

? (z)
dG(z, θn)

dθn

∣∣∣∣
θn=θn

◦

F (z) (D.1)

Furthermore, the parameter space covariance matrix Pn is again given as (C.1), but since now S 6∈ M
is assumed so that εt(θ

n
◦ ) 6= et, then using the same Taylor expansion argument as used in the previous

Appendix C (where dG(z, θn)/dθn is expressed via (D.1)) the asymptotic inN frequency domain variability
is given by

N · Cov
{
G(ejω, θ̂n

N )
}

= σ2

∣∣∣∣
H?(e

jω)

F (ejω)

∣∣∣∣
2

Ψ?(ejω, θn
◦ ) R−1

n Qn R
−1
n Ψ(ejω, θn

◦ ). (D.2)

Now, note that under the assumptions of the lemma

εt(θ
n
◦ ) = H−1

? (q)H(q)et (D.3)
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so that under the assumption of Φue(ω) = 0 then

E

{
εt(θ

n
◦ )

(
dψt(θ

n)

dθn

)T
}

= 0 (D.4)

and hence Rn is given by (C.4). Also, since by assumption G(q) = G(q, θn
◦ ) then εt(θ

n
◦ ) is uncorrelated

with ψt(θ
n
◦ ) and therefore by Lemma A.1 of [18]

Qn =
σ2

2π

∫ π

−π
Ψ(ejλ, θn

◦ )Ψ?(ejλ, θn
◦ )

∣∣∣∣
H(ejλ)

H?(ejλ)

∣∣∣∣
2

dλ. (D.5)

Application of Lemma 3.5 then implies that

Ψ?(ejω, θn
◦ ) R−1

n Qn R
−1
n Ψ(ejω, θn

◦ ) =

∥∥∥∥
H(ejλ)

H?(ejλ)
ϕn(λ, ω)

∥∥∥∥
2

(D.6)

where ϕn(λ, ω) is the reproducing kernel for the subspace spanned by the rows of Ψ(z, θn
◦ ) defined in (D.1)

above.

E Proof of Theorem 6.1

Proof. Firstly, by the definition of θ̂n
N (δ)

dVN (θn, δ)

dθn

∣∣∣∣
θn=

�

θn
N

(δ)

= 0 w.p.1. (E.1)

Now choose some θn
◦ ∈ Θ. Then using the Mean Value Theorem, for large enough N , ∃α ∈ [0, 1] such that

dVN (θn
◦ , δ)

dθn
= RN (βN , δ)(θ

n
◦ − θ̂n

N (δ)) w.p.1 (E.2)

where

RN (βN , δ) ,
d2VN (θn, δ)

dθnd(θn)T

∣∣∣∣
θn=βN

, βN , αθ̂n
N (δ) + (1 − α)θn

◦ . (E.3)

Furthermore, as established in [3, 14, 9], for any θn
◦ ∈ Θ

√
N

dVN(θn
◦ , δ)

dθn

D−→ N (0, σ2Tn) as N → ∞ (E.4)

where, under the assumption of εt(θ
n
◦ ) = et (see also Appendix C), then as established in (C.4), with

Ψ(z, θn) defined via (50)

Tn = lim
N→∞

E

{
d

dθn
VN (θn

◦ , δ)

[
d

dθn
VN (θn

◦ , δ)

]T
}

=
1

2π

∫ π

−π
Ψ(ejω, θn

◦ )Ψ?(ejω, θn
◦ ) dω. (E.5)

Note that, by virtue of the evaluation of dVn(θn, δ)/dθn at θn = θn
◦ , then Tn defined in (E.5) is not dependent

on δ. Furthermore, as established in Lemma F.1, this matrix is singular if the model order is greater than an
underlying true one. In this case, Tn will have a spectral decomposition

Tn = [V1, V2]

[
S1 0
0 0

] [
V T

1

V T
2

]
= V1S1V

T
1 (E.6)
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where S1 is a diagonal matrix formed from the non-zero eigenvalues of Tn and V T
1 V1 = I . This allows the

definition of the pseudo-inverse T †
n as

T †
n , V1S

−1
1 V T

1 . (E.7)

In this case (E.4) implies that

√
N ΨT (ejω, θn

◦ )T †
n

dVN(θn
◦ , δ)

dθn

D−→ N
(
0, σ2ΨT (ejω, θn

◦ )T †
nΨ(ejω, θn

◦ )
)
, as N → ∞. (E.8)

Additionally, returning to (E.2), note that as established in [3, 14]

lim
N→∞

RN (βN , δ) = lim
N→∞

E {RN (θn
◦ , δ)} = Tn + δI (E.9)

element-wise and with probability one. Using this formulation

lim
N→∞

ΨT (ejω, θn
◦ )T †

nE {RN (θn
◦ , δ)} = ΨT (ejω, θn

◦ )
[
T †

nTn + δT †
n

]

= ΨT (ejω, θn
◦ ) + δΨT (ejω, θn

◦ )T †
n. (E.10)

In progressing to the last equality, it has been recognised that, as established in the proof of Lemma F.1, a
vector x is in the kernel of Tn if, and only if

x?Ψ(ejω, θn
◦ ) = 0, ω ∈ [−π, π]. (E.11)

Therefore, Ψ(ejω, θn
◦ ) is orthogonal to this kernel for all ω and hence ΨT (ejω, θn

◦ )T †
nTn = ΨT (ejω, θn

◦ ).
Combining (E.2), (E.8), (E.10) and the afore-mentioned fact that RN (βN , δ) → Tn+δI with probability

one implies that the following convergence in distribution holds

lim
δ→0

lim
N→∞

√
NH(ejω, θn

◦ )S−T
ζ◦

(ejω)ΨT (ejω, θn
◦ )(θn

◦ − θ̂n
N (δ)) = N (0,∆n(ω)) . (E.12)

where
∆n(ω) = σ2|H(ejω, θn

◦ )|2S−?
ζ◦

(ejω)ΨT (ejω, θn
◦ )T †

nΨ(ejω, θn
◦ )Sζ◦(e

jω). (E.13)

Finally, with ek being the vector of all zeros save for a 1 in the k’th position, and with α ∈ C
p arbitrary

〈
ΨT (ejλ, θn

◦ )ek,Ψ
T (ejλ, θn

◦ )T †
nΨ(ejω, θn

◦ )α
〉

=

1

2π

∫ π

−π
α?ΨT (ejω, θn

◦ )T †
n Ψ(ejλ, θn

◦ )ΨT (ejλ, θn
◦ )ek dλ

= α?ΨT (ejω, θn
◦ )T †

nTnek = α?ΨT (ejω, θn
◦ )ek. (E.14)

Therefore, by the same argument as used the proof of Lemma 3.2, ΨT (ejλ, θn
◦ )T †

nΨ(ejω, θn
◦ ) is equal to

ϕn(λ, ω), the reproducing kernel for space spanned by the columns of ΨT (z, θn
◦ ). Using the same Taylor

expansion argument as employed between (C.7) and (C.10) then completes the proof.

F Technical Lemma

Lemma F.1. Suppose that the spectral density matrix Φζ(ω) > 0 for all ω ∈ [−π, π], and that with Ψ(z, θn)
being defined in (50), the conditions of Lemma 4.1 hold with the model structure (39) being employed having
dynamics model G(q, θn) and noise model H(q, θn) independantly parameterised. Then the matrix

Tn =
1

2π

∫ π

−π
Ψ(ejω, θn

◦ )Ψ?(ejω, θn
◦ ) dω (F.1)

is positive definite, and hence invertible, if and only if there are no pole zero cancellations in both ofG(z, θn
◦ )

and H(z, θn
◦ ).
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Proof. Suppose that the matrix (F.1) is rank deficient. Then by the definition (50) there exists a non-zero
x ∈ C

n such that

0 =
1

2π

∫ π

−π

[
x? dG(ejω, θn

◦ )

dθn
, x? dH(ejω, θn

◦ )

dθn

]
Φζ(ω)

|H(ejω, θn
◦ )|2

[
x? dG(ejω, θn

◦ )

dθn
, x? dH(ejω, θn

◦ )

dθn

]?

dω.

Now, since Φζ(ω) > 0 for all ω ∈ [−π, π], then the above integrand is strictly non-negative. Therefore, the
integral is equal to zero if, and only if

x? dG(ejω, θn
◦ )

dθn
= 0, and x? dH(ejω, θn

◦ )

dθn
= 0 (F.2)

for all ω ∈ [−π, π]. Now, consider the first equality concerning G(z, θn
◦ ). Firstly

x? dG(z, θn
◦ )

dθn
=

1

A2(z, θn
◦ )

[pmb
(z)A(z, θn

◦ ) + pma(z)B(z, θn
◦ )] (F.3)

for some polynomials pma(z), pmb
(z) of the form

pmb
(z) = β1z

−1 + β2z
−2 + · · · + βmb

z−mb , pma(z) = α1z
−1 + · · · + αmaz

−ma (F.4)

Furthermore, since the lowest powers of z−1 in A(z, θn), B(z, θn) are z0 and z−1 respectively, then

pmb
(z)A(z, θn

◦ ) + pma(z)B(z, θn
◦ ) = 0 (F.5)

is only possible if the co-efficient of the z−1 term β1 in pmb
(z) is set to zero. In this case, there are ma +

mb − 1 degrees of freedom remaining in the choise of the co-efficients of pma(z) and pmb
(z) to satisfy (F.5)

which may be expressed as




1 b1
... 1

... b1

ama

...
. . . bmb

...
. . .

ama 1 bmb
b1

. . .
...

. . .
...

ama bmb







β2

β3
...

βmb

α1

α2
...

αma




= 0 (F.6)

The determinant of the above matrix is known as the Sylvester resultant, which is guaranteed non-zero
provided that A(z, θn

◦ ) and B(z, θn
◦ ) are relatively prime [8], in which case the only solution for (F.6), and

hence the left hand side equation in (F.2), is the zero one.
On the other hand, if there are ` non-trivial common factors between A(z, θn

◦ ) and B(z, θn
◦ ), then (F.5)

represents ma +mb − 1− ` equality constraints, but with ma +mb − 1 degrees of freedom in the choice of
pma(z) and pmb

(z). Consequently, if ` > 0, then a non-zero pma(z) and/or pmb
(z) exists that satisfies (F.5).

Via an identical argument, the right hand side equality is achievable for some non-zero vector x if,
and only if there are pole-zero cancellations in H(z, θn

◦ ). Furthermore, if the noise model H(q, θn) is
parameterised independently of G(q, θn), then non-zero rows of dG(q, θn)/dθn correspond to zero rows of
dH(q, θn)/dθn and vice-versa. Therefore, the matrix (F.1) is positive definite if, and only if, there are no
pole zero cancellations in both of G(z, θn

◦ ) and H(z, θn
◦ ).
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