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Abstract— This paper is concerned with the frequency domain quantification of noise induced errors in dynamic system
estimates. Preceding seminal work on this problem provides
general expressions that are approximations whose accuracy
increases with observed data length and model order. In
the interests of improved accuracy, this paper provides new
expressions whose accuracy depends only on data length. They
are therefore ‘exact’ for arbitrarily small true model order and
apply to the general cases of Output-Error and Box–Jenkins
model structures.

of Output-Error and Box–Jenkins modelling. In all cases, and
in the interests of accuracy, expressions are derived here that
hold exactly for finite model orders.
Among others, a key conclusion arising from these new
results is that, while the recent work [16] suggests that when
substantial errors occur in the quantification (2) they are due
to special factors such as ‘erroneous noise models, coloured
inputs and fixed poles’, the new expressions developed here
establish that these substantial errors in (2) are a much more
general phenomenon that are not predicated on these special
factors.
Underpinning the work in this paper is a new approach
to the variance quantification issue that involves the use of
what is known as a ‘reproducing kernel’ for a space.
Finally, the expanded companion paper [10] addresses
certain extensions to this work regarding how the model class
relates to the true underlying system. Furthermore, all proofs
for the results presented here may be found in [10].

I. I NTRODUCTION
If the widely used prediction-error method with a quadratic
criterion is employed [4], then a seminal result is that under
open-loop conditions the noise-induced estimation error, as
measured by the variability of the ensuing frequency response
n
estimate G(ejω , θbN
), obeys [6], [9], [4], [8]
lim

lim

m→∞ N →∞

Φν (ω)
N
n
)} =
Var{G(ejω , θbN
.
m
Φu (ω)

(1)

Here Φν and Φu are, respectively, the measurement noise
n
is
and input excitation power spectral densities, and θbN
the prediction error estimate based on N observed data
points of a vector θ n ∈ Rn that parameterises a model
structure G(q, θ n ) for which (essentially) the model order
m = dim θ n /(2d ) where d is the number of denominator
polynomials to be estimated in the model structure.
Although this result is asymptotic in both data length
N and model order m, it suggests the very well known
approximation for finite data and model order of
n
)} ≈
Var{G(ejω , θbN

m Φν (ω)
.
N Φu (ω)

(2)

Apart from its simplicity, a key factor underlying the importance and popularity of the quantification (2) is that,
according to its derivation [6], [9], [4], [8], the expression
(1) applies for a very wide class of so-called ‘shift invariant’
model structures. For example, all the well known FIR, ARX,
ARMAX, Output–Error and Box–Jenkins structures are shift
invariant [6].
However, a fundamental aspect of the approximation (2)
is that (since it is derived from (1) which is asymptotic in
model order m) its accuracy for realistic finite model orders
is not guaranteed [2], [13].
This paper extends these and related pre-existing results
appearing in [16], [14], [15], [12], [11] for the fixed denominator FIR-like model class to the much more general cases
*This work was supported by the Australian Research Council.
**Work by this author done while visiting University of Newcastle.

II. M OTIVATION
In the interests of illustrating the practical (and theoretical)
significance of the analysis undertaken here, we provide a
brief illustrative simulation example in which the following
simple system G(q) = 0.05/(q − 0.95) is used to generate
an N = 10000 sample input-output data record where the
output {yt } is corrupted by white Gaussian noise of variance
σ 2 = 10, and where the input {ut } is a realisation of a
stationary, zero mean, unit variance white Gaussian process.
On the basis of this observed data, a first order Outputn
) is estimated, and the sample
Error model structure G(q, θbN
mean square error in this estimate over 1000 estimation
experiments with different input and noise realisations is used
n
as an estimate of Var{G(ejω , θbN
)} which is plotted as a solid
line in Figure 1(a).
The ‘classical’ approximation (2) is shown as a dash-dot
line in that same figure, and is clearly a poor approximation
to the true variability.
In particular, it is quantitatively misleading in a rather
dramatic way, in that it is inaccurate at low and high frequencies by orders of magnitude. If it were used to perform
the very common procedure of judging the radius of error
bounds on estimated Nyquist plots, then those radii would
be approximately one hundred times too small near zero
frequency, and more than ten times too large at the folding
frequency.
In recognition of this, a main contribution of this paper is
to establish that under certain assumptions on the input and

Variance of OE estimate of G vs existing and extended Theory

III. T ECHNICAL P RELIMINARIES
In this paper, the idea of what is called a ‘Reproducing
Kernel’ for a space will prove to be a vital tool that allows for
the direct simplification of complicated quantities via what is
essentially a geometric principle. In relation to this, consider
a subspace Xn of L2 defined by a sequence {gk } of elements
of L2 as
Xn , Span {g1 , · · · , gn } .
(5)
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Fig. 1. Figures illustrating variability of Output–Error Estimates: Figure
(a) shows the true variability vs. theoretically derived approximations.
There the solid line is the Monte–Carlo estimate of the true variability,
the dash-dot line is the pre-existing approximation (2) which does not
account for system poles or model structure. The dashed line is the new
approximation (subsequently) presented in this paper whereby estimated
system pole positions {ξ1 , · · · , ξm } and the fact that an Output–Error
structure is employed are both accounted for. Figure (b) shows the first 50
(of 1000) estimate realisations to give a sense of the scale of the variability
being quantified in Figure (a).

The so-called ’reproducing kernel’ ϕn (λ, ω) : [−π, π] ×
[−π, π] → Cp×p for this space Xn of Cp valued functions
is an entity such that for any α ∈ Cp [1],
fω (·) , ϕn (·, ω)α ∈ Xn

and for any f ∈ Xn

∀ω ∈ [−π, π]

hf (·), ϕn (·, ω)αi = α? f (ω).

Φν (ω)
n
lim N ·Var{G(e , θbN
)} = 2·
N →∞
Φu (ω)
jω

m
X
1 − |ξk |2
(3)
|ejω − ξk |2

k=1

where the {ξk } are the poles of the underlying true system. Note that, like the recent results in [16], where more
restrictive model structures with fixed denominator were
considered, the expression (3) also applies for finite model
order m, and hence the ensuing approximation suggested in
this paper of
m

n
)} ≈
Var{G(ejω , θbN

2 Φν (ω) X 1 − |ξk |2
·
N Φu (ω)
|ejω − ξk |2

(4)

k=1

does not depend on the model order m being large. This is in
contrast to the work underlying the well known pre-existing
approximation (2).
In a sense then, the right hand side of (4) is ‘exact’ for
finite model order m, as illustrated by the dashed line in
Figure 1(a) which is the expression (4) and exactly matches
the true variability shown as the solid line.
Finally, Figure 1(b) illustrates the first fifty (of one thousand) estimate realisations (represented via the corresponding
n
)) that are averaged to produce an
Nyquist plot of G(ejω , θbN
estimate of the true variability shown as the solid line in
Figure 1(a). This is shown to emphasise the possible large
scale of the error that can be accurately quantified by the
results of this paper. That is, the results here are not restricted
to the evaluation of minor effects.

(7)

Although the reproducing kernel ϕ for a space is unique,
there may be multiple ways of expressing it, one of which
is essential to this paper.
Lemma 3.1 (Expressions for the reproducing kernel):
Consider the subspace Xn ⊆ L2 defined via (5) with
alternative basis {Bk }
Xn = Span{B1 (λ), · · · , Bn (λ)}

measurement noise, then in the Output-Error case considered
in this section

(6)

(8)

which is orthonormal in that hBk , B` i = δ(k − `) where the
latter is the Kronecker delta function. Then the reproducing
kernel ϕn (λ, ω) on Xn may be expressed as
ϕn (λ, ω) =

n
X

k=1

Bk (λ)Bk? (ω).

(9)


In what follows, we will mainly be concerned with functions f (ω) : [−π, π] → Cp that arise as the restriction of
f (z) : C → Cp to the domain z = ejω , ω ∈ [−π, π]. As
such, the paper will alternate between notation f (ω), f (ejω )
and f (z) as convenient.
The relevance of these reproducing kernel ideas to the
problem of quantification of variance error for frequency
function estimates stems from the fact that when the prediction errors are white, the associated variance error in the
frequency domain can be recognised as being the reproducing
kernel for a particular space that depends on the model
structure and the spectral density of the input.
Therefore, since the preceding lemma also establishes that
the reproducing kernel, which is unique, can be expressed
as (9), then this provides a means for exact quantification
of variance error provided that an explicit expression for the
orthonormal basis Bk (z) spanned by the elements of Ψ(z)
can be found.
With this is in mind, in the scalar case p = 1, the following
lemma details an important situation in which an explicit
formulation of the necessary orthonormal basis is available.
Lemma 3.2 (Orthonormal basis: Fixed denominator Space):
Consider the space
 −1

z −2
z −m
z
,
,··· ,
Xn , Span
(10)
Ln (z) Ln (z)
Ln (z)

where
Ln (z) =

n
Y

k=1

(1 − ξk z −1 ),

|ξk | < 1

(11)

for some set of specified poles {ξ1 , · · · , ξn } and where m ≥
n. Then it holds that
Xn = Span {B1 (z), · · · , Bn (z)}
where
Bk (z) ,

p

(12)

k
Y
1 − |ξk |2
1 − ξ` z
· φk−1 (z), φk (z) ,
(13)
z − ξk
z − ξ`
`=1

where φ0 (z) , 1 and and with ξk = 0 for k = n + 1, . . . , m.
Furthermore, the functions {Bk (z)} defined in (13) satisfy
hBk , B` i = δ(k − `) and hence form an orthonormal basis.

IV. P ROBLEM F ORMULATION
With the necessary technical tools established, this paper
now proceeds to precisely define the format of the estimation
problem considered here and to provide the links between
them and the preceding material.
Here, it is supposed that the relationship between an
observed input data record {ut } and output data record {yt }
is modelled according to
M:

yt = G(q, θ n )ut + H(q, θ n )et

(14)

n

where the ‘dynamics model’ G(q, θ ) and the ‘noise model’
H(q, θn ) are jointly parameterised by a vector θ n ∈ Rn and
are of the rational forms (A(q, θ n ) − D(q, θ n ) below are all
polynomials in the backward shift operator q −1 )
G(q, θ n ) =

B(q, θ n )
,
A(q, θ n )

H(q, θ n ) =

C(q, θ n )
D(q, θ n )

(15)

while {et } in (14) is a zero-mean white noise sequence that
satisfies E{e2t } = σ 2 , E{|et |8 } < ∞.
The postulated relationship (14) can encompass a range of
model structures such as FIR, ARMAX, ‘Output–Error’ and
‘Box–Jenkins’ [4]. For all these cases, since H(q, θ n ) is also
constrained to be monic (i.e. lim|q|→∞ H(q, θn ) = 1), for
all θ, then the mean-square optimal one-step ahead predictor
ybt (θn ) based on the model structure (14) is [4]


ybt (θn ) = H −1 (q, θn )G(q, θ n )ut + 1 − H −1 (q, θn ) yt
(16)
with associated prediction error
εt (θn ) , yt − ybt (θn ) = H −1 (q, θn ) [yt − G(q, θn )ut ] .
(17)
Using this, a quadratic estimation criterion may be defined
as
N
1 X 2 n
VN (θn ) =
ε (θ )
(18)
2N t=1 t
n
and then used to construct the prediction error estimate θbN
n
of θ as
n
θbN
, arg min VN (θn ).
(19)
θ n ∈Rn

Forming system estimates via the formulation (14)-(19) has
become quite standard, in large part due to the availability
of sophisticated software tools (MATLAB ID Toolbox), but
also because of its statistical efficiency and further extensive theoretical understanding of the properties of such an
approach [4].
For example, as has been established in [5], [4], under
certain mild assumptions on the nature of the input {ut }, the
n
estimate θbN
converges with increasing N according to
n
lim θbN
= θ◦n , arg min lim E {VN (θn )}

N →∞

θ n ∈Rn N →∞

w.p.1.

(20)
n
As well, it also holds that as N increases, the estimate θbN
converges in law to a Normally distributed random variable
with mean value θ◦n according to [7], [4]
√
D
n
as N → ∞
(21)
− θ◦n ) −→ N (0, Pn )
N (θbN
 8
and furthermore, under the added assumption of E |et | <
∞ then as established in [4, Appendix 9B]
n
− θ◦n } = Pn .
lim Var{θbN

(22)

N →∞

The matrix Pn , which gives a measure of parameter space
estimation error, is of central importance to this paper.
Its formulation is, in general, problem specific, but in the
particular case of the model structure (14) being rich enough
to encompass any true underlying dynamics [4]
1 
Pn−1 = 2 E ψt (θ◦n )ψtT (θ◦n )
(23)
σ
where for some matrix of transfer functions Π(q, θ n ), and
some quasi-stationary (possibly vector valued) signal ζt (θn )
n
d
n
−1
n dΠ(q, θ )
y
b
(θ
)
=
−H
(q,
θ
)
ζt (θn ).
t
dθn
dθn
(24)
Unfortunately, while this explicit formulation of Pn exists,
in general it does not provide significant insight into how
various design variables affect the accuracy of the estimated
n
n
). In response
) and H(ejω , θbN
frequency functions G(ejω , θbN
to this, the seminal work [3], [6], [9], [4], [8] has used an
approach of investigating how (21) manifests itself in the
n
n
variability ∆n (ω) of G(ejω , θbN
) and H(ejω , θbN
); the result
being approximations such as (2).
Central to the contribution of this paper is the novel
approach of recognising that the problem of quantifying
∆n (ω) is closely related to the problem of quantifying the
reproducing kernel for a certain space Xn which is defined
via the rows of the matrix (θ n assumed to be a column vector)

ψt (θn ) , −

Ψ(z, θ◦n ) , H −1 (z, θ◦n )

dΠ(z, θ n )
dθn

Sζ◦ (z)

(25)

θ n =θ◦n

according to
o
n
T
T
Xn , Span [Ψ(z, θ◦n )]1 , · · · , [Ψ(z, θ◦n )]n

(26)

and where, in (25), the term Sζ◦ (z) is the spectral factor
associated with the process {ζt (θ◦n )}.

To make this more concrete, and for future use in the
following sections, the space Xn for certain important model
structures is provided in the following lemmas.
Lemma 4.1 (Characterization of space – Box-Jenkins):
Suppose that the model structure (14) is parameterised with
polynomials of the form
,
A(q, θ n ) = 1 + a1 q −1 + a2 q −1 + · · · + ama q −ma(27)
n
−1
−1
−mb
B(q, θ ) = b1 q + b2 q + · · · + bmb q
,
(28)
n
−1
−1
−md
D(q, θ ) = 1 + d1 q + d2 q + · · · + dmd q
(,29)
C(q, θ n ) = 1 + c1 q −1 + c2 q −1 + · · · + cmc q −mc ,(30)
for some integers ma , mb , mc , md . Then (24) holds with


ut
n
n
n
n
Π(q, θ ) = [G(q, θ ), H(q, θ )] ,
ζt (θ ) =
εt (θn )
(31)
and therefore, with F (z) being the spectral factor of the
input spectrum of Φu (ω), and in the case where Φue ≡ 0,
the space Xn defined in (26),(25) may be expressed as
Xn = Span {f1 (z), · · · , fma +mb (z), g1 (z), · · · , gmc +md (z)}
(32)
where

T
z −k F (z)
(33)
fk (z) ,
, 0
A2 (z, θ◦n )H(z, θ◦n )

T
z −k
gk (z) , 0,
.
(34)
C(z, θ◦n )D(z, θ◦n )

Lemma 4.2 (Characterization of space – Output-Error):
Suppose that the model structure (14) is parameterised with
the numerator and denominator polynomials of the form
(27), (28) and
C(q, θ n )

D(q, θ n ) = 1

=

(35)

for some integers ma , mb . Then (24) holds with
H(q, θ◦n ) = 1,

Π(q, θ n ) = G(q, θ n ),

ζt (θn ) = ut
(36)
and therefore, with F (z) being the spectral factor of the input
spectrum of Φu (ω), the space Xn defined in (26),(25) may
be expressed as

 −1
z −(ma +mb ) F (z)
z F (z) z −2 F (z)
,
,
.
.
.
,
.
Xn = Span
A2 (z, θ◦n ) A2 (z, θ◦n )
A2 (z, θ◦n )
(37)

Finally, in what follows it will also be important to consider
the relationship between the true underlying system S given
as
S : yt = G(q)ut + νt ,
νt = H(q)et
(38)
and the model structure M defined by (14).
In this paper, it is assumed that S ∈ M, hence εt (θ◦n ) = et
and G(q, θ◦n ) = G(q), H(q, θ◦n ) = H(q), in which case the
latter shorter notation will often be used together with
2

jω

Φν (ω) = σ |H(e )|

2

(39)

representing the power spectral density of the process {νt }.
The case of S 6∈ M is treated in the extended companion
paper [10].
V. M AIN R ESULTS
With the necessary technical tools and problem formulation established, the paper now proceeds to present the main
results which are new quantifications that are ‘exact’ for
finite model order and permit analysis of the phenomenon
illustrated in Figure 1.
The central result to be employed here finally makes
completely explicit the link between variance error and reproducing kernels, as hinted at in the previous sections. It applies
for all cases encompassed by the model structure (14),
including those of FIR, ARMAX, OE and Box–Jenkins type.
Theorem 5.1 (Frequency Domain Variability – S ∈ M):
n
is calculated via (19) using the model
Suppose that θbN
structure (14) and that the following assumptions are
satisfied
1) εt (θ◦n ) = et where
 {et } is a zero mean i.i.d. process
that satisfies E |et |8 < ∞;
2) The relationship (24) holds for some Π(q, θ n ), and
some quasi-stationary (possibly vector valued) signal
{ζt (θn )} and for which the power spectral density
Φζ◦ (ω) of {ζt (θ◦n )} satisfies Φζ◦ (ω) > 0;
3) Neither of G(z, θ◦n ) or H(z, θ◦n ) contain any pole-zero
cancellations.
Then denoting Sζ◦ (z) as the spectral factor of the power
spectral density Φζ◦ (ω) of {ζt (θ◦n )}


n
)
G(ejω , θbN
= ∆n (ω)
(40)
lim N · Cov
n
N →∞
)
H(ejω , θbN
where

(ejω )
∆n (ω) = Φν (ω) Sζ−◦ ? (ejω ) ϕn (ω, ω) Sζ−1
◦

(41)

with ϕn (λ, ω) being the reproducing kernel for the space Xn
defined via (25), (26).

The problem of deriving an explicit expression ∆n (ω) for
the estimate covariance in the frequency domain is therefore
established as being equivalent to the problem of finding an
explicit expression for the reproducing kernel for a certain
space Xn which is that spanned by the rows of Ψ(z, θ◦n )
defined in (25). This space, and hence the reproducing
kernel ϕm (λ, ω), depends on the model structure employed.
Therefore the covariance ∆n (ω) of the dynamic system
estimate, will also depend on the model structure as will
now be made explicit via the following corollaries to this
main theorem.
Corollary 5.1 (Variability of Box–Jenkins model S ∈ M):
Suppose that all the conditions of Lemma 4.1 are satisfied
and hence that a Box–Jenkins model structure is employed.
Suppose further that the conditions of Theorem 5.1 are
satisfied and that
A† (z) = A2 (z, θ◦n )

H(z, θ◦n )
F (z)

(42)

is a polynomial in z −1 of degree at most ma + mb . Define
the zeros {ξk } and {ηk } according to
z ma +mb A† (z) =

maY
+mb
k=1

z mc +md C(z, θ◦n )D(z, θ◦n ) =

where

(z − ξk ),

mcY
+md

(z − ηk )

E



(43)

n
H(θbN
)−H

2



≈

σ
b2 ,

mX
c +md
1 − |ηk |2
1
n 2
|H(θbN
)|
.
N
|ejω − ηk |2
k=1
(51)
N
1 X 2 bn
ε (θ ).
N t=1 t N

(52)

There are some important facets of, and conclusions to be
drawn from these quantifications. Firstly, and most imporand use these to define the functions κ(ω) and κ
e(ω) accord- tantly, the expressions (50), (51) are ‘exact’ for finite model
order in in the sense that, unlike most pre-existing results
ing to
such as (2), they are not derived from an asymptotic in
mX
mX
a +mb
c +md
2
2
model
order argument. As such, they are likely to be far
1 − |ξk |
1 − |ηk |
κ(ω) ,
,
κ
e
(ω)
,
.
more
accurate
for practical cases of finite, and indeed low
|ejω − ξk |2
|ejω − ηk |2
k=1
k=1
model order as has already been illustrated in Figure 1.
(44)
Secondly, these results in Theorem 5.1 and Corollary 5.1
Then
represent
an extension of those given in [16]. There, model


κ(ω)
structures with poles fixed at those of the true underlying


0 
n
G(θbN
)
 Φu
system, and fixed noise model were considered, where here
=
Φ
(ω)
.
lim N Cov

ν
n
κ
e(ω) 
N →∞
we consider the more general case where the poles and the
H(θbN )
0
noise model are unknown, and hence estimated.
σ2
(45)
Thirdly, note that a key point is that the quantification
Furthermore, regardless of whether (42) is satisfied for some (50) resolves an outstanding paradox in the theory of system
polynomial A† (z)
identification. Namely, a consequence of the existing quann
o
tification (2) is that, since it applies for any shift invariant
jω bn
jω 2
lim N Var H(e , θN ) = κ
e(ω)|H(e )| .
(46) structure which includes the FIR, and Box–Jenkins cases then
N →∞
(as explained in [16]) it suggests that there is no variance
 penalty to be paid for estimating pole locations in the Box–
Corollary 5.2 (Variability of Output-Error model S ∈ M): Jenkins model structure (14), as opposed to fixing those pole
Suppose that all the conditions of Lemma 4.2 are satisfied locations and estimating just a numerator term as an FIR
and hence that an Output-Error model structure is employed. structure.
Suppose further that the conditions of Theorem 5.1 are
This is counter-intuitive, and indeed the expression (50)
satisfied and that
indicates that it is in fact untrue. Specifically, consider the
case of white input and white noise, i.e. Φu (ω) = Φν (ω) ≡
A2 (z, θ◦n )
A† (z) =
(47) 1. Then, in the case of the denominator order ma equalling
F (z)
the numerator order mb , the results of [16] applying for the
is a polynomial in z −1 of degree at most ma + mb . Define case of fixed denominator modelling with poles at {ξk } (as
well as Theorem 5.1) give an exact quantification for finite
the zeros {ξk } and the function κ(ω) according to
numerator
order m = mb = ma of
mX
maY
+mb
a +mb


1 − |ξk |2
m
ma +mb
2
(z−ξk ), κ(ω) ,
z
A† (z) =
.
σ 2 X 1 − |ξk |2
n
jω
2
b
=
lim N E G(θN ) − G
.
|e − ξk |
k=1
k=1
N →∞
Φu (ω)
|ejω − ξk |2
k=1
(48)
(53)
Then
whereas
when
the
denominator
is
estimated,
n
o
2
n
n
2
n
κ(ω)
n
.
(49) A (z, θ◦ )H(z, θ◦ )/F (z) = A (z, θ◦ ) and Corollary 5.1
lim N · Var G(ejω , θbN
) = σ2 ·
N →∞
Φu (ω)
then asserts that


2m
2

σ 2 X 1 − |ξk |2
bn ) − G
=
G(
θ
lim
N
E
N
The essential implications of these corollaries are that alN →∞
Φu (ω)
|ejω − ξk |2
k=1
though the equality in the variance expressions (45), (49)
m
depend on N being infinitely large, it could be expected that
σ 2 X 1 − |ξk |2
.
(54)
=
2
·
for finite N the convergence results (45), (49) should still
Φu (ω)
|ejω − ξk |2
k=0
hold approximately, so that the following quantifications are
useful
Therefore, the new quantification (50) of this paper is an
expression
that, as well as being exact for finite model


m
+m
n 2 X
2
1 σ
b2 |H(θbN
)| a b 1 − |ξk |2
n
orders ma , mb , is exactly double that pertaining to the
)−G
≈
E G(θbN
,
N
Φu (ω)
|ejω − ξk |2
case examined in [16] were poles are fixed. Since, roughly
k=1
(50) speaking, twice as much information (i.e. a numerator and
k=1

a denominator) is being estimated, this new result now
corroborates intuitive belief and resolves the paradox.
Finally, note that if the underlying system is, in fact, of
FIR type so that all the poles {ξk } are at the origin, then
(54) implies


2
mσ 2
n
E G(ejω , θbN
) − G(ejω )
≈2·
.
N Φu (ω)

Therefore, modulo a factor of 2, there is a rapprochement
in the FIR modelling case between the new quantifications
derived here, and the pre-existing one (2).
In relation to this last point where Φu was assumed
white, there are a range of non-trivial possibilities of input
spectrum for which exact variance quantification is possible,
as illustrated by the further corollary to Theorem 5.1.
Corollary 5.3 (Box–Jenkins, coloured input):
Suppose
that all the conditions of Lemma 4.1 and Theorem 5.1 are
satisfied, and that the spectral factor F (z) of Φu (ω) and
the limiting noise model H(z, θ◦n ) are of the form (µ ∈ C)
µ
,
F (z) =
L(z)

L(z) =

mf
Y

k=1

H(z, θ◦n ) =

mh
Y

k=1

(1 − fk z −1 ),

(1 − hk z −1 ).

Then if mb = ma + mf + mh + m? , m? ≥ 0

ρ(ω)


n
b
G(θN )
 Φu (ω)
= Φν (ω) 
lim N ·Cov
n
N →∞
)
H(θbN
0

(55)

0





κ
e(ω)
σ2
(56)
where, with the {ξk } being chosen as the zeros of A(z, θ◦n ),
ρ(ω)

,

m? + 2 ·

ma
X
1 − |ξk |2
+
|ejω − ξk |2

k=1

mf
mh
X
X
1 − |hk |2
1 − |fk |2
+
|ejω − fk |2
|ejω − hk |2
k=1

k=1

and κ
e(ω) is defined in (44) of Theorem 5.1.


The preceding corollary shows that when S ∈ M and
the input is of AR(p) type with noise of MA(r) type,
then provided that p + r more ‘lags’ are modelled in the
numerator B(q, θ n ) than the denominator A(q, θ n ), then the
quantification


n 2
2
σ 2 |H(ejω , θbN
)|
n
b
×
E G(θN ) − G
≈
N
Φu (ω)
"

p
ma
r
X
X
X
1 − |ξk |2
1 − |`k |2
1 − |ck |2
m? +2
+
+
|ejω − ξk |2
|ejω − `k |2
|ejω − ck |2
k=1

k=1

k=1

#

is ‘exact’ for finite model order. This is a direct extension
of the results of [16] from the fixed-and-correct denominator
and noise model case considered there, to the more general

Box–Jenkins modelling situation in which the denominator
and noise model are both estimated.
Furthermore, comparing the above to the quantification
presented in [16] establishes that the effect of modelling
the denominator is to double the size of the component
P
ma
2
jω
− ξk |−2 (which depends on the poles
k=1 (1 − |ξk | )/|e
n
{ξk } of G(q, θ◦ )) in the variance of the dynamics estimate,
and as mentioned in the introduction and previous discussion,
this makes intuitive sense.
VI. C ONCLUSIONS
This paper has established the new principle that the
problem of quantifying variance error is equivalent to that
of quantifying the reproducing kernel for a certain subspace
of L2 . Since this subspace was shown to depend on the
model structure being employed, this exposes the important
result that the variance error is also dependent on the model
structure, and this fact is counter to what is suggested by
pre-existing quantifications such as (2) which depend on an
asymptotic in model order argument.
Furthermore, for certain important special cases, it was
shown how the reproducing kernel, and hence the variance
error, could be expressed in closed form, and for a finite
model order of interest. These results, since they apply for the
very general Box–Jenkins and Output-Error model structures,
are an extension and generalisation of previous results that
have applied only for FIR-type model structures with fixed
denominators.
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