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Abstract. This paper provides asymptotic bias and variance analysis for MIMO
system estimates obtained by using generalizations of FIR model structures and least
squares techniques. The generalizations are such that prior approximate knowledge
of the system poles may be incorporated. The obtained variance expressions provide
extensions to well known results that have previously been derived only for FIR
model structures. Namely, the asymptotic covariance of the transfer matrix estimate
is shown to be proportional not only to the noise-to-signal ratio, but also to a frequency
dependent term that depends on the basis functions chosen. By examining a similar
expression for the bias error it is shown that it is not possible to minimise the bias
error at a particular frequency without increasing the variance error, and vice-versa.
Keywords. Estimation Theory, Identification, Frequency Response.
slow mode. This can be achieved using Laguerre models (Wahlberg, 1991; Wahlberg and Hannan, 1993) and
amounts to the inclusion of a priori information about
a single mode. The FIR model is a special case of the
Laguerre structure corresponding to ξ = 0. When prior
knowledge of a second order mode (ξ is complex) is to
be included then a Kautz orthonormal model structure
can be used (Wahlberg, 1994; Wahlberg, 1991). The Laguerre structure is a special case of the Kautz one when
ξ is real.

1. INTRODUCTION
In the last years there has been significant interest in
developing schemes for identification of linear time-invariant SISO systems from input-output data, using orthonormal basis function model structures. In these methods, the transfer function of the system G(z) is represented as a series expansion in the basis functions
{Bk (z)}, and then the identification is performed by estimating a finite number of expansion coefficients using
least squares techniques.

When prior information about several modes is to be
included in the identification process, then more general
orthonormal bases such as those of Heuberger, and coworkers (Heuberger et al., 1995), or those of Ninness
and Gustafsson (Ninness and Gustafsson, 1994; Ninness
and Gustafsson, 1996), may be employed. The Kautz,
Laguerre and FIR model structures are all special cases
of these methods.

The most common model structure is the well known
FIR one, that corresponds to the choice Bk (z) = z −k for
the basis functions. However, as pointed out in (Wahlberg, 1991; Wahlberg and Hannan, 1993), the use of
such a model structure implicitly involves expanding the
true system transfer function around poles located at the
origin. If the true poles are slow (i.e. far from the origin)
the number of terms in the series expansion necessary to
adequately represent the transfer function is high, and
this may lead to poor accuracy in the estimated model.

In this paper the idea of using orthonormal bases in
SISO system identification problems is extended to the
MIMO setting. Except for the well known special case
of FIR model structure studied in (Yuan and Ljung,
1984; Zhu, 1989), the use of more general bases in MIMO
system identification has not been studied to date except
for the work in (Heuberger et al., 1995) and work by the
current authors in (Ninness et al., 1995).

To ameliorate this effect, one approach is to expand
G(z) around a pole z = ξ ∈ R near the dominating
1 This author gratefully acknowledges the support of the Australian Research Council
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This paper builds on the initial work reported in (Nin1

ness et al., 1995) by extending the FIR model structure
results of (Yuan and Ljung, 1984) to the case of using
general orthonormal bases. More specifically, in (Yuan
and Ljung, 1984) the variance of the FIR transfer function matrix estimate was shown to be approximately
(for large data length and large model order) equal to
p −1
Φ (ω) ⊗ Φν (ω)
N u
where Φu is the input spectral density, Φν is the output measurement noise spectral density, and ⊗ is the
Kronecker matrix product. In this paper we show that
for general bases functions {Bk (z)} the above expression
should be changed to

available. We assume also that the data are related according to
yki

=

n
X

Gij (q)ujk

+

m
X

His (q)esk

(1)

s=1

j=1

with i = 1, 2, · · · , m.
The scalar transfer functions {Gij (q)} describe the (assumed stable) unknown system dynamics that are to
be identified. A notational simplification is possible by
vectorising:
4

4

yk = (yk1 , yk2 , . . . , ykm )T , uk = (u1k , u2k , . . . , unk )T ,
4

T
ek = (e1k , e2k , . . . , em
k )

p−1

X
1 −1
Φu (ω) ⊗ Φν (ω) ×
|Bk (ejω )|2 .
N
k=0

Pp−1
Note that for FIR models k=0 |Bk (ejω )|2 = p so that
the new expression contains the previously known FIR
model structure result as a special case.
The rest of the paper is organized as follows. In Section 2, the identification problem is stated. A description of the MIMO system is presented, where the transfer matrix is represented as a series expansion in scalar
bases with matrix coefficients. With this parameterization, the system can be put in linear regressor form,
so that standard least squares techniques can be used
for the parameter estimation. In Section 3. we analize
the so-called ‘undermodelling’ induced error that results
from the parsimony of the model structure due to a finite
number of terms in the series expansion representing the
transfer matrix of the system. In Section 4., the main
contribution of the paper is derived. Namely, an expression for the asymptotic (in the number of data and in
the model order) covariance of the transfer matrix estimate is obtained. The derived result indicates that the
asymptotic covariance of the transfer matrix estimate
is proportional to the (generalized) noise-to-signal ratio. This result is consistent with the results presented
in (Yuan and Ljung, 1984) for the particular case of FIR
model structures.
2. PROBLEM FORMULATION



G11 (q) G12 (q) . . .
 G21 (q) G22 (q) . . .

G(q) = 
..
..

.
...
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Gm1 (q) Gm2 (q) . . .

H11 (q) H12 (q) . . .
 H21 (q) H22 (q) . . .

H(q) = 
..
..

.
.
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We address the problem of identification of linear timeinvariant MIMO systems from observed input-output
data. To be more specific, the paper assumes that the
system has n inputs and m outputs and that an N point
data record of n input sequences {u1k }, {u2k }, . . . , {unk },
as well as m output sequences {yk1 }, {yk2 }, . . . , {ykm } is

Gmn (q)
H1m (q)
H2m (q)
..
.





,


Hm1 (q) Hm2 (q) . . . Hmm (q)





,


so that (1) can be rewritten in matrix form
yk = G(q) uk + H(q) ek = G(q) uk + νk .

(2)

Here {ek } is assumed to be a sequence of independent
random vectors, with zero mean values and covariance
matrix Λ. Hence, the disturbance term νk = H(q) ek
will be a stationary process with spectral density
Φν (ω) = H(ejω )ΛH ? (ejω )
The model is parameterized by representing the transfer matrix G(q) as a truncated series expansion in the
general scalar orthonormal basis {B` (q)} introduced in
(Ninness and Gustafsson, 1994; Ninness and Gustafsson, 1996), as follows
G(q, Θ) =

p−1
X
`=0

2.1 MIMO Model Structure

G1n (q)
G2n (q)
..
.

θ`T B` (q)

(3)

where θ`T are m by n matrices of expansion coefficients.
The expression for the elements B` (z) of the bases is
given by (Ninness and Gustafsson, 1994; Ninness and
Gustafsson, 1996)
! `−1 
p

1 − |ξ` |2 Y 1 − ξk z
B` (z) =
(4)
z − ξ`
z − ξk
k=0

and allows for prior information about several modes to
be incorporated in the estimation process.

give an infinite number of second order bases other than
the Kautz one.

Notice that if any of the poles {ξk } are chosen as complex, then the formulation (4) has a complex valued impulse response which is inappropriate. In (Ninness and
Gustafsson, 1994; Ninness and Gustafsson, 1996) it is
shown how this may easily be circumvented by still using the construction (4), but if ξn is chosen as complex,
then another pole ξn+1 must also be chosen as the complex conjugate ξn+1 = ξ n . This leads now to two basis
function Bn and Bn+1 with complex valued impulse responses. The idea now is that these may be linearly combined in an infinite variety of ways to yield two new basis function Bn0 , Bn00 which have the same complex valued
poles, are orthonormal to one another, and have real
valued impulse responses. These latter two basis function are the ones used in the identification procedure.
The details of this linear combination are unimportant
here, but lead to Bn0 having the form
p

n−1 
1 − |ξn |2 (βz + µ) Y 1 − ξk z
0
Bn (z) = 2
z − ξk
z + (ξn + ξn )z + |ξn |2

The representation in (3) leads to the convenient linear
regressor form
yk = G(q, Θ)uk + νk





T
= θ0T , θ1T , · · · , θp−1


T

= Θ Γp (q)uk + νk

In B0 (q)
In B1 (q)
..
.
In Bp−1 (q)





 uk + ν k


= Θ T φk + ν k

(7)

where we have defined
T
ΘT = θ0T , θ1T , · · · , θp−1



ΓTp (q) = (In B0 (q), In B1 (q), · · · , In Bp−1 (q))
φk = Γp (q)uk

k=0

2.2 Least Squares Estimation

where x = (β, µ) is any choice lying on the ellipse
xT M x = |1 − ξn2 |2

(5)

with
∆

M=



1 + |ξn |2 2Re{ξn }
2Re{ξn } 1 + |ξn |2



.

The next basis function Bn00 is then found as
p

n−1 
1 − |ξn |2 (β 0 z + µ0 ) Y 1 − ξk z
00
Bn (z) = 2
z + (ξn + ξn )z + |ξn |2 k=0 z − ξk
with (β 0 , µ0 ) related to the initial choice of (β, µ)
 0
 

1
β
β
α 1
∆ ξn + ξ n
=√
.(6)
;α =
2
µ0
µ
−1
−α
1 + |ξn |2
1−α
A special case of this construction is when only one fixed
complex mode ξk = ξ is considered and where the following special choice satisfying (5) is made
 p

(β, µ) = 0, (1 − α2 )(1 + |ξn |2 )
in which case (6) gives
(β 0 , µ0 ) =

p

(1 + |ξn |2 )(1, −α).

which is the so-called Kautz basis employed in (Wahlberg,
1994). Different initial choices for (β, µ) satisfying (5)

Now, the most obvious scheme for estimating the parameter matrix Θ is the least squares method. The least
b of Θ is given by
squares estimate Θ
b = arg min 1 Tr
Θ
Θ N

(N −1
X

εk (Θ)εTk (Θ)

k=0

εk (Θ) = yk − G(q, Θ)uk .

)

,

(8)
(9)

Adopting the vectorized notation
Y T = (y0 , y1 , · · · , yN −1 )

ΦT = (φ0 , φ1 , · · · , φN −1 )

V T = [ν0 , ν1 , · · · , νN −1 ]

the model for the N point observed data record can be
written as:
Y = ΦΘ + V.

(10)

b defined in
It is then well known that the estimate Θ
equation (8) can be written in closed form as
b = Φ† Y
Θ

(11)

Φ† = (ΦT Φ)−1 ΦT .

(12)

where Φ† is the left pseudoinverse of Φ. If there is sufficient input excitation for the indicated inverse to exist
this will be given by

The transfer matrix estimate is then given by
b =Θ
b T Γp (ejω )
G(ejω , Θ)

(13)

The rest of this paper is concerned with quatifying the
b in the estimated frequency reerror G(eω ) − G(ejω , Θ)
sponse.
3. UNDERMODELLING ERROR
The section addresses the question of analysing the performance of the proposed system identification scheme.
In our limited context of linear time invariant systems,
estimation errors can arise from two sources. One of
them is a so-called ‘undermodelling’ induced error that
results from the parsimony of the model structure (3)
which cannot completely describe the true dynamics
G(q). The second source of errors arises from the noise
corruption H(q)ek of the measurements.
For the SISO case and for particular orthonormal bases
the undermodelling error quantification has been performed in (Wahlberg, 1991; Wahlberg, 1994; Heuberger
et al., 1995). The methods employed in these works involve establishing an isomorphism between the bases
used in those works to the common FIR basis {ejωn }.
Standard techniques from Fourier analysis are then employed.
In comparison with the bases studied in (Wahlberg, 1991;
Wahlberg, 1994; Heuberger et al., 1995), the bases (4)
studied in this paper enjoy greater flexibility in the possible choice of pole location. Unfortunately, there is a
price to be paid for this increased flexibility in that the
isomorphic (with respect to FIR) structure is lost.
Nevertheless, it is still possible to develop results equivalent to those in (Wahlberg, 1991; Wahlberg, 1994; Heuberger et al., 1995), but with considerably more effort.
The main idea is to draw inspiration from the Szegö theory of orthonormal polynomials (Szegö, 1959) and develop a so-called ‘Christoffel-Darboux’ formula for the
Reproducing Kernel associated with the basis. This result and the following ones were originally presented
in (Ninness et al., 1995) but are re-presented here for
ease of comparison to following new results quantifying
the noise induced estimation error.
Theorem 1. Christoffel-Darboux formula:
Define the Blaschke product
ϕp (z) =

p−1
Y

k=0

1 − ξk z
.
z − ξk

Then for |µ| < 1, |z| < 1 the Reproducing Kernel of the
orthonormal system {Bk } can be expressed as

p−1
X
k=0

Bk

(µ−1 )B

k (z

−1

)=

(

1 − ϕp (µ−1 )ϕp (z −1 )
1 − µz

)

µz.

PROOF: This is too lengthy to be presented here. It
does not use the methods of Szegö which rely heavily
on the properties of polynomials. Rather the proof is
constructive.
In (Ninness and Gustafsson, 1994) the
basis (4) was
P∞
shown to be H2 complete if and only if k=0 (1−|ξk |) =
∞. The Christoffel-Darboux like result in the previous
theorem shows that under the same conditions for H2
completeness, (4) is also complete in the disk algebra;
this latter space is commonly employed in the so-called
‘Estimation in H∞ ’ literature.
Perhaps more importantly though, the previous Theorem allows the undermodelling error to be bounded as
follows.
Theorem 2. Suppose Gij (z) has partial fraction expansion
Gij (z) =

r−1
X
`=0

αij
`
z − γ`ij

b ij (z) as the
where all the poles satisfy |γ`ij | < 1. Put G
best H2 approximation to Gij (z) with respect to the p
basis functions {B0 , B1 , · · · , Bp−1 }
b ij (z) =
G

p−1
X

k=0

hGij , Bk i Bk (z).

Then
bij (ejω )| <
|Gij (ejω ) − G

r−1
X
`=0

αij
`
ejω − γ`ij

p−1
Y

k=0

γ`ij − ξk

1 − ξk γ`ij

(14)

PROOF: Use Cauchy’s Integral Theorem to write Gij (µ−1 )
with |µ| < 1 as
I
Gij (z −1 )
1
dz
Gij (µ−1 ) =
2πj
z−µ
|z|=1

and then use the previous Theorem together with Cauchy’s Residue Theorem and the Triangle inequality.
Note that this bound is tight in the sense that if perfect knowledge of the poles of G(z) is available (so that
ξn = γkij for some n) then the upper bound is zero. The
interpretation of the result is that the convergence of
the expansion (3) to the true G(z) can be very much

faster than that of the special case of FIR expansion
(ξk = 0, ∀k) if reasonable guesses {ξk } of the poles of
G(z) can be made. This is so since
z − ξk
1 − ξk z

(15)

is analytic on D and of modulus 1 on the boundary
T. Therefore, by the maximum modulus theorem, the
factor (15) with z = γ`ij that appears p times in the
bound (14) is of modulus less than one, and hence the
bound (14) decreases geometrically with model order
p; the geometric rate will depend on the error term |γ`ij −
ξk | in the guess ξk in the true pole position γ`ij . For
example, with r = 1 and γ`ij = 0.8 then if all the guesses
ξk satisfy |ξk | > 0.4 the approximation error is at least
(0.8/0.4 × 0.68)10 ≈ 22 times smaller for a p = 10th
order expansion in the general basis (4) than it is for
the more common FIR expansion.
4. ASYMPTOTIC COVARIANCE OF THE
TRANSFER MATRIX ESTIMATE

=ψkT

provided that the indicated inverse exists. It is not difb T . However, ηb is more
ficult to show that ηb = vec Θ
b
convenient to
n work witho than Θ since it linearly paramb as
eterizes vec G(ejω , Θ)

= Ψ(ejω )b
η

p−1
X
k=0

|Bk (ejω )|2

Then, for H(ejω ) = I, Φu > 0 and Φu having finitedimensional spectral factorization,

N
Cov g(ejω , ηb) = Φ−1
u (ω) ⊗ Φν (ω)
p→∞ N →∞ γp
lim lim

By Theorem 9.1 in (Ljung, 1987)
lim N Cov ηb = Rp−1 Qp Rp−1

N →∞

where it is possible to show that Rp and Qp have spectral
representations

(16)

k=0

b T Γp (ejω )}
g(ejω , ηb) = vec {Θ

bT
= ΓTp (ejω ) ⊗ Im vec Θ

γp (ω) =

Qp =

Since equation (16) is still in linear regressor form, the
least squares estimate ηb of η is given by the well known
expression
!−1 N −1
N
−1
X
X
T
ηb =
ψk ψk
ψk y k
k=0

Theorem 3. Let Φu (ω) and Φν (ω) be the input and noise
spectral densities, and let γp (ω) be defined as

1
Rp =
2π

=η

= ψkT η + νk

We are now able to compute the asymptotic covariance
of the transfer function estimate g(ejω , ηb) given by (17)
when the number of data N together with the model order p increase to infinity. The main result is summarized
in the following theorem.

PROOF: Due to space limitations only a sketch of the
proof is presented here.

In this section we analyze the asymptotic properties of
the measurement noise induced variability in the estib
mated frequency response of the system. Since G(ejω , Θ)
given by (13) is a matrix of estimated frequency responses and we want to quantify the covariance in the
individual entries in this matrix, it will be more convenient to introduce a vectorized notation as follows
yk = vec {ΘT φk } + νk

= φTk ⊗ Im |vec{zΘT} +νk
| {z }

∆

where we have defined Ψ(ejω ) = ΓTp (ejω ) ⊗ Im .

(17)

1
2π

Zπ

−π
Zπ
−π

Γp (ω)Φu (ω)Γp (ω)? dω ⊗ Im ,
Γp (ω)Φu (ω)Γp (ω)? ⊗ Φν (ω) dω + ∆p ,

where k ∆p k → 0 as p → ∞.

Therefore, for E ek eTk = Λ and H(ejω ) = I we have
that since

g(ejω , ηb) = Γp (ω)T ⊗ Im ηb
then


lim N Cov g(ejω , ηb) = Γp (ω)? Mp−1 (Φu )Γp (ω) ⊗ Λ

N →∞

where Mp (·) is defined as
1
Mp (W ) =
2π
∆

Zπ

Γp (ω)W (ω)Γp (ω)? dω

−π

for an aribitrary spectral density W (ω). In this case


Γ?p Mp−1 (Φu )Γp
N
Cov g(ejω , ηb) = lim
⊗Λ
p→∞
N →∞ γ
γp
p→∞ p
lim

(

Γ?p Mp (Φ−1
u )Γp
+
p→∞
γp

 )
Γ?p Mp−1 (Φu ) I − Mp (Φu )Mp (Φ−1
u ) Γp
⊗ Λ (18)
+
γp
= lim

But then it is possible to show that
Γp (ω)? Mp (Φ−1
u )Γp (ω)
= Φ−1
u
p→∞
γp
lim

and that for W, X > 0 with finite dimensional spectral
factorizations
p→∞

Mp (W )Mp (X) −→ Mp (W X)
Applying this last result to the second term in (18) and
using the fact that it can be shown that if Φu > 0 then
k Mp−1 (Φu ) k< ∞, yields the result.

This result extends the more preliminary analysis contained in (Ninness et al., 1995) where only bounds on the
asymptotic variance (as opposed to the convergence results presented here) were given. However, the result in
the previous Theorem only pertains to temporally white
measurement noise. Work is in progress to obtaining a
complete convergence result that applies for temporally
coloured measurement noise (H(ejω ) 6= I).
Together, theorems 2 and 3 illustrate a fundamental limitation of basis function type estimates in terms of a
trade-off between bias and variance errors. To be more
specific, suppose that G(z) contains a resonant pole at
γ ∈ C. Then according to theorem 2, in order to minimise undermodelling (bias) errors, it is necessary to include a pole ξk near γ (ideally equal to γ) in the basis
functions used. However,
Pp−1 this strategy will cause a peak
in the functions k=0 |Bk (ejω )|2 near Imγ, so that by
theorem 3 the noise induced (variance) error will be increased. In other words, theorems 2 and 3 show that
decrease in undermodelling error is paid for by increase
in measurement noise induced error. However, depending on the spectral densities Φu and Φν , it is almost
always possible to achieve a total error smaller than for
an FIR model structure by sensible choice of {ξk }.
5. CONCLUSIONS
This paper has examined the idea of extending the strategy of least squares estimation of MIMO systems using
FIR model structures to more general model structures
called ‘basis function’ type structures. A result on the
asymptotic variance error of the frequency response estimate was provided which extends earlier FIR results

of Yuan and Ljung. It should be pointed out that ‘basis
function’ type model structures are nothing more than
model structures with fixed denominator. The utility of
re-writing this structure in terms of orthogonal basis
functions (aside from a possible numerical advantage) is
to provide a mechanism for deriving theoretical results
that aid in the practical application of fixed denominator estimation techniques.
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