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Abstract
In this paper we consider the two seemingly disparate areas of linear input constrained Model Predictive Control (MPC) and
Antiwindup control as frameworks to deal with actuator saturations. The MPC framework gives rise to a quadratic program
whose solution satisfies the Karush-Kuhn-Tucker (KKT) conditions. Here we demonstrate that these KKT conditions form a
set of implicit equations that may be represented as a block diagram containing an algebraic loop. Furthermore, this block
diagram can be formed as a direct extension of antiwindup compensation. We also briefly discuss state constraint versions
of the results as well as extended antiwindup type structures which exploit sparsity. The key overall result is that linear
input constrained MPC is (globally) equivalent to antiwindup extended to include prediction of future control actions, their
saturations, and compensation based on this.
Key words: model predictive control, antiwindup control, quadratic programming, actuator saturation, input constraints,
state constraints.
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Introduction

It has long been known (see for example [8], [21], [9])
that linear controller designs, applied to plants with
significant actuator saturations can give very poor
performance. One of the reasons for this performance
degradation is often termed ‘integrator windup’ or ’reset windup’. This then leads to a large body of control
research aimed at understanding this phenomena and
mitigating the effects via ‘antiwindup’ schemes. Such
schemes were initially designed in a somewhat ad-hoc
manner (see for example [4], [7]). However, more recently analysis and synthesis of such schemes has been
pursued for example using theory based on sector nonlinearities and involving linear matrix inequalities for
the design (see for example [6], [12], [10]).
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In what might appear to be a disjoint line of research,
constrained optimisation approaches have been proposed as a means of dealing with actuator saturation.
Typically, when appropriately formulated, finite dimensional optimisation problems arise resulting in the
popular model predictive control (MPC) algorithms
([2], [5], [11], [13]). More recently, there has been increased interest in the relationship between these two
approaches. For example, [3], has examined links between MPC and antiwindup for the single input case. In
particular, it is shown that there are significant classes
of systems for which in a non-trivial local domain, antiwindup and MPC give identical control actions. In
this paper, we wish to pursue this line of research further, and show that for a broad class of systems, MPC
for input constrained linear systems can be interpreted
(globally) as an extended version of antiwindup control.
This also allows a block diagram interpretation of MPC
which may aid in the understanding of such algorithms.
The remainder of the paper proceeds as follows. In Section 2, we describe the system and the input constrained
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MPC algorithm under consideration, including the formulation of the associated quadratic program. In Section 3 we show that the Karush-Kuhn-Tucker (KKT)
conditions corresponding to this quadratic program can
be represented as a block diagram. We also show that,
by rearranging this block diagram, MPC is seen to be
equivalent to a form of antiwindup control. In Section 4
we provide extensions of the results to include hard and
soft state constraints and discuss a sparse structure formulation. In Section 5 we present some concluding remarks.
2

Given control, state and final state weighting matrices,
0 < R = RT ∈ Rm×m , 0 ≤ Q = QT ∈ Rn×n , and 0 ≤
P = P T ∈ Rn×n respectively, we define the quadratic
cost function

Jk x̂k+1 , ûk+1|k . . . ûk+N |k = x̂Tk+N +1|k P x̂k+N +1|k
N 

X
ûTk+`|k Rûk+`|k + x̂Tk+`|k Qx̂k+`|k
(5)
+
`=1

where x̂k+`|k is found by recursively using (4).

Preliminaries

Note that frequently, the final state weighting P is chosen via the solution of an Algebraic Riccati Equation
to give enhanced properties for the MPC algorithm (see
for example [11]). For the case of input constraints only
(2), the MPC algorithm then proceeds by solving a constrained optimisation problem, and assigning the actual
control as the first element of the solution:

We consider a linear time invariant discrete time plant
with m inputs, state dimension n and ` outputs. The
strictly proper plant transfer function matrix is denoted
by P (z) with an observable and controllable realisation:
xk+1 = Axk + Buk
yk = Cxk



(1)

The plant input uk is subject to a diagonal saturation
constraint, which for simplicity we take to be symmetric
and of unit amplitude
uk ∈ U := {u ∈ Rm : |ui | ≤ 1, i = 1 . . . m}

1

2.2

(6)

Block Form MPC

h
iT
bk = û
U
k+1|k ûk+2|k . . . ûk+N |k


B
0
··· 0


 AB
B
··· 0 


B=
..
..
. . .. 

.
. 
.
.



(3)

Note that in this case, the one step ahead state estimate, x̂k+1 depends only on current and past data
{uk , uk−1 , . . . }, {yk , yk−1 , . . . }.

AN −1 B AN −2 B · · · B

h

iT
bk = x̂
X
x̂
.
.
.
x̂
k+2|k k+3|k
k+N +1|k
h
iT
X0 = Ax̂k+1 A2 x̂k+1 . . . AN x̂k+1
=: Ax̂k+1 (7)

For simplicity we consider the control and prediction
horizons for the MPC algorithm to be equal and denote
this horizon by N . We further define, at the time instant
k, future control actions ûk+1|k , ûk+2|k . . . ûk+N |k and
based on these and the current state estimates, predicted
future states

` = 1...N



It is well known (see for example [2],[13]) that the description of MPC in Section 2.1 can be written more succinctly by ‘blocking’ together various terms as follows.
Define

We denote a state observer for the plant (1) by

x̂k+1|k = x̂k+1
x̂k+`+1|k = Ax̂k+`|k + B ûk+`|k ,

ûk+`|k ∈U ,`=1...N

Jk x̂k+1 , ûk+1|k , ûk+2|k . . . ûk+N |k

(2)

A Class of Input Constrained MPC Algorithms

x̂k+1 = Ax̂k + Buk + L (yk − ŷk )
ŷk = C x̂k

argmin

uk+1 = uk+1|k

We shall primarily be concerned with state observer
based feedback regulation, though the results here extend readily to tracking problems using ideas such as
those in [17].
2.1

uk+1|k , uk+2|k . . . uk+N |k

=

From the definitions in (7) we can rewrite the state equations, (4) in the compact notation:
b k = X0 + B U
bk
X

(4)

(8)

and the cost function, (5) may also be written more simply as

1

Note that for simplicity, the description here is for linear
time invariant plants and cost functions, however, with further complexity in notation, the results generalise immediately to the linear time varying case.



b T RU
bk + X
b T QX
bk + x̂T Qx̂k+1 (9)
Jk x̂k+1 , Ûk = U
k
k
k+1
2

where

3

Block Diagram Equivalent of MPC

R=blockdiag {R, R, . . . R}
Q = blockdiag {Q, Q, . . . Q, P }

3.1

Now denote by U k the control which gives the unconstrained minimum of (9), obtained by minimising (9)
subject to (8), that is:
U k = −KX0

h
iT
as a vector
We introduce the notation I = 1 1 . . . 1
of compatible dimension to Uk with all elements unity,
and the notation I ≥ Uk ≥ −I to denote the saturation constraints required (see (2)), that is, the inequalities hold elementwise. We further introduce (vector)
Lagrange multipliers, Λ+ and Λ− , associated with the
positive and negative saturations respectively. Then the
KKT conditions (e.g. [1], [14]) associated with (13), (14)
are:

(10)

where the optimal linear gain K can be computed from
K = S −1 B T Q
S = R + B T QB



(11)


S Uk − Ūk − (Λ− − Λ+ ) = 0

Using (10) and (11) we can rewrite the cost function (9)
as


Jk x̂k+1 , Ûk = ÛkT RÛk + X̂kT QX̂k + x̂Tk+1 Qx̂k+1

= ÛkT R + B T QB Ûk + ÛkT BQX0

ΛT+ (Uk
ΛT− (−Uk

= Ûk − Ūk

+ x̂Tk+1 Qx̂k+1

(17)
(18)
(19)

(20)

We then have the following result (see also [17]):
Lemma 1 Given Ūk suppose that Uk satisfies (15)-(19).
Then there exists Ũ such that Uk and Ũ satisfy
 
Uk = Ψ Ũ

(13)

Ũ = Uk − S Uk − Ūk

In other words, with the definition
h
iT
Uk = uk+1|k uk+2|k . . . uk+N |k

(21)


(22)

where Ψ is the symmetric diagonal saturation



 +1 : Ũi > 1
 
Ψi Ũ := Ũi : −1 ≤ Ũi ≤ 1


 −1 : Ũ < −1
i

then the MPC problem defined in (6) is equivalent to
the following quadratic program:
o
n 
Uk = argmin Jk0 x̂k+1 , Ûk

(16)

Λ := Λ+ − Λ−

(12)

Clearly from (12), since the latter two terms are independent of Ûk minimisation of Jk in (9) is equivalent to
minimisation of Jk0 defined as

T 
 

Jk0 x̂k+1 , Ûk = Ûk − Ūk S Ûk − Ūk

− I) = 0

From (19) and the complementarity conditions (16)
and (17), it follows that {Λ−i > 0} ⇒ {Uki = −1} ⇒
{Uki < +1} ⇒ {Λ+i = 0} . Conversely, {Λ+i > 0} ⇒
{Λ−i = 0} and therefore we can, with no loss of information, replace the role of the two vectors of Lagrange
multipliers, Λ+ and Λ− with the single vector:

= ÛkT S Ûk + ÛkT SKX0 + X0T KT S Ûk
+ X0T QX0 + x̂Tk+1 Qx̂k+1

T 

+ X0T

(15)

− I) = 0
Λ+ , Λ − ≥ 0
I ≥ Uk ≥ −I

+ X0T QB T Ûk + X0T QX0 + x̂Tk+1 Qx̂k+1

S Ûk − Ūk
−1
X0
Q−1 +BR−1 B T

Karush-Kuhn-Tucker (KKT) Conditions

(14)

Ûk ∈U N

(23)

PROOF. Given Uk satisfying (15)-(19) and Λ as defined in (20), let

Equations (13), (14) define a quadratic program which
requires solution during each sampling interval for the
implementation of model predictive control. We next
turn to consider how this quadratic program formulation may be extended to give a block diagram equivalent
to the MPC algorithm.

Ũ := Uk + Λ



(24)

From (15) and (20) we have that Λ = −S Uk − Ūk and
substituting this in (24) establishes (22).
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From (16), (17), (19) and (24), it follows that

quadratic program. This is illustrated below in Figure 1 where E1 is the 1st (block) elementary matrix,
iT
h
.
E1 = Im×m 0m×m . . . 0m×m

n

o
Ũi > 1
n
o
{Λi = 0} ⇒ {−1 ≤ Uki ≤ 1} and −1 ≤ Ũi ≤ 1
n
o
{Λi < 0} ⇒ {Uki = −1} and Ũi < −1

{Λi > 0} ⇒ {Uki = 1} and

S

L +

~
U

S

P(z)

+

-K

Lemma 1 shows that any solution of the KKT equations
(15)-(19) is also a solution of the implicit equations (21)(23). A converse form of this result is given next.

X0

x^

A

Simple block diagram manipulation of Figure 1 gives the
equivalent form of Figure 2:
+

~
U
S

PROOF. Given (21) and (22) define Λ as

which from (22) can be rewritten as

A

P(z)

-L
x^
Observer

y

Fig. 2. Equivalent block diagram form of MPC

(26)
3.3

We now reverse the combination of (20) to define (where
the max operations are taken elementwise)

Antiwindup Formulation of Model Predictive Control

From Figure 2 and also noting that


U = S −1 U − Ũ + Ū

(27)
(28)

Then (27) , (28) in (26) establish (15).
Also,ofrom
n
⇔
(27), {Λ+i > 0} ⇔ {Λi > 0} ⇔
Ũi > Uki
 o
o
n
n
Ũi > Ψ Ũi
⇔ Ũi > 1 . This then establishes the
complementarity condition,
n (16). A osimilar line of rea-

= S −1 (−Λ) + Ū

(29)

it is clear that another alternate form for Model Predictive Control is as shown in Figure 3.
Note that in this form, model predictive control can
clearly be seen to be equivalent to a LTI controller C(z)
including a form of Antiwindup Control with the additional feature of taking into consideration predictions
of both current and future unsaturated controls (in the
stacked vector Ū ) together with feedback of the difference between current and future, saturated and presaturated controls (in the signal U − Ũ ). These observations lead directly to the following corollary.

soning gives {Λ−i > 0} ⇔ −Ũi > 1 which establishes
the second complementarity condition (17). The definitions (27) and (28) establish (18) and the definition
of the saturation function, Ψ guarantees (19). It therefore follows that any simultaneous solution to (21) and
(22) admits a unique definition of Lagrange multipliers,
Λ+ , Λ− that satisfy the KKT conditions (15)-(19) and
therefore solve the quadratic program (14). 2

3.2

X0

u

+

S-1-I

(25)

E1T

S

U

-K

U

Y

+
-

Λ+ = max {Λ, 0}
Λ− = max {−Λ, 0}

y

Observer

Fig. 1. Block diagram representation of Input Constrained
Model Predictive Control

Lemma 2 Given Ūk suppose that we can find Uk and Ũ
such that (21)-(23) hold. Then Uk solves the quadratic
program (14).



u

-

S

U

Λ = −S Uk − Ūk

T

E1

+

Hence Uk and Ũ satisfy (21), (23) and the result then
follows. 2

Λ = Ũ − Uk

U

Y

Corollary 3 Unit time horizon linear quadratic Model
Predictive Control, with input saturation constraints only
is globally equivalent to a linear time invariant controller
together with static antiwindup compensation (see for
example [12]).

Block Diagram MPC Equivalents

One of the key implications of Lemma 2 is that
we can give a block diagram interpretation of the

4

~
U

+

S

U

Y

+
-

deviations, and the intersection in (32) is empty. In the
quadratic program formulation that follows, this creates
an infeasible problem, that is, by definition the problem
has no solution. A variety of techniques such as constraint priorities and constraint shedding (see for example [16,20]) have been introduced to deal with this troublesome issue, which we will not discuss further here.

u

+
S

-L
S-1-I

U

E1T

P(z)

S-1
S

+
U

+
E1T

y

u
-KA

x^

Based on the assumption that UX (X0 ) is non-empty,
the state and input constrained equivalent to (14) is:

Observer

Uk =

{Ûk ∈UX (X0 )}

LTI Controller C(z) with AW Compensation:

Note that the reverse conclusion, that antiwindup control is a special case of Model Predictive Control, cannot
always be drawn, since the KKT conditions for MPC require that the matrix S be symmetric and positive definite. Positive definiteness is normally required to ensure
well posedness of the algebraic loop in the antiwindup
scheme, however, symmetry is not demanded by antiwindup schemes.

4.1

U − Ũ

U ∈UX (X0 )

(33)

2

(34)

2

We now have the following generalisation to Lemma 2.
Lemma 4 Given Ūk suppose that we can find Uk and
Ũk such that both
 
Uk = ΨUX Ũk

Incorporation of Hard State Constraints

(35)

Ũk = Uk − S Uk − Ūk

One of the key benefits of model predictive control is
that in addition to input constraints, and penalties on
state deviations, it is also possible to take account of
the need to impose limits on the permissible state deviations. The most common form of these are referred to
as ‘hard constraints’ whereby in the optimisation, additional constraints are enforced. For linear inequality
constraints, we represent these in block form as:



(36)

where S is as defined previously in (11) and ΨUX is the
orthogonal projection defined in (34), then Uk solves the
quadratic program (33).

PROOF. We represent the convex polytope by a set of
linear inequality constraints:

(30)

UX (X0 ) = {U : LU ≤ E}

(37)

Then the orthogonal projection ΨUX onto the convex region UX (X0 ) can be represented by the quadratic program

Then using (8) these constraints can be expressed as:
(LB) Ûk + (LX0 − E) ≤ 0

o

0
Jk x̂k+1 , Ûk

n o
ΨUX Ũ := argmin

Extensions to the Basic Format

LX̂k ≤ E

n

To understand the hard state constraint situation further, we generalise the saturation function, Ψ, to an
orthogonal projection ΨUX onto the convex polytope
UX (X0 ) with the definition:

Fig. 3. Antiwindup form of Model Predictive Control

4

argmin

(31)

 
ΨUX Ũk =

Having transformed these constraints into linear inequality input constraints, we replace the previous input
constraint region, U N by the new, convex region:
o
n
(32)
UX (X0 ) := U N ∩ Ûk : (31)

argmin

Uk − Ũk

{Uk :LUk ≤E}

2
2

(38)

The KKT conditions associated with (38) are:
Uk − Ũk + LT Λ = 0
T

Λ (LUk − E) = 0
Λ≥0
LUk − E≤0

For simplicity, we assume that this region is non-empty.
In practice, some care must be taken to handle potential cases where large disturbances cause significant state

5

(39)
(40)
(41)
(42)

where Ω is a large positive definite weighting matrix,
which for simplicity we take as being diagonal. The soft
constrained MPC problem can then be written as:

From (36) and (39) it follows that

S Uk − Ūk + LT Λ = 0

(43)

n 
o
Uk = argmin Jε x̂k+1 , Ûk

and equations (40)-(42) and (43) are precisely the KKT
conditions for the quadratic program associated with
(33). 2

This is a convex optimisation problem, since it can be
shown that the additional soft constraints do not alter
the convexity. In this case, the first KKT condition is,
instead of (15):

We therefore see that with state constraints, the block
diagram of Figure 1 can be immediately generalised for
the state constraint case to that shown in Figure 4
~
U

T

LL +

S

S

YU

U
X

E1T



0 = S Uk − Ūk + Λ +

u

+

S

(47)

Ûk ∈U N

∂ Ûk



= S Uk − Ūk + Λ +

-

+



∂

1 T
ε Ωεk
2 k

∂

ZkT Ω

∂ Ûk





Ûk =Uk

Ûk =Uk

!

εk
(48)

X0

where the last line in (48) can be obtained by noting that

U

Fig. 4. Block Diagram for MPC with State Constraints

∂
∂ Ûki

Note that in this case, although it is easy to draw the
block diagram, it is difficult to gain further insights from
this block diagram, since what was previously a saturation function, Ψ, is now in general an orthogonal projection, ΨUX , which requires solution of a quadratic program. This motivates us to consider alternate formulations for dealing with state constraints.
4.2



1 T
ε Ωεk
2 k



=

=

∂
∂ Ûki
X
`

=

X
`

Ω`

X1
`

∂
∂ Ûki

Ω ` εk `

ε2k` Ω`

2
(

!

1 2
2 Z k`

: εk` > 0

0 : ε k` = 0

)

∂Zk`
∂ Ûki

Then using (45), (48) can be simplified to be:

Incorporation of Soft State Constraints

Soft constraints, or closely allied penalty functions, are
a common approach in optimisation to deal more easily
with constraints. In such cases, a rigid requirement, is
replaced by a sharply increasing penalty applied to violation of a constraint. This has the disadvantage that it
does permit small excursions beyond an imposed limit,
however, it does avoid some of the pitfalls of feasibility
issues in Model Predictive Control ([22], [16]).


0 = S Uk − Ūk + Λ + B T LT Ωεk

(44)

Zk := LX̂k − E = (LB) Ûk + (LX0 − E)

(45)

(49)

The remaining KKT conditions for (47) are as previously
in (16)-(19).
If we then define the ‘switching’ function:
n
o
 
f X̂ = max 0, LX̂ − E

In our case, to consider the soft constraint version of (30)
we introduce slack variables, εk , defined as follows:
εk = max {0, Zk }

Ûk =Uk

(50)

then the solution to the soft constraint problem (47) can
be represented by the block diagram shown in Figure 5.

where the max in (44) is the element by element maximum. We now modify the MPC cost function in (14) to
include penalties on these additional variables as:

Note that εk is zero, unless a soft state constraint has
been exceeded. Therefore from Figure 5 we see that the
incorporation of a soft state is equivalent to inclusion of
an additional feedback term which is switched in when
the state constraints are exceeded. This is conceptually
similar to other feedback approaches to deal with state
constraints such as the approach in [19].

 1
T 
 1

Ûk − Ūk S Ûk − Ūk + εTk Ωεk
Jε x̂k+1 , Ûk =
2
2
(46)
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L +

S

~
U
S

U

Y

T

E1

u

that if we define CB = blockdiag

+
-

S

+



BTLTW

e
f(.)

X

+
X0

U
-K

B

S

A

x^

Observer

y

0 0 ...
.
A 0 ..
.. . . . .
. .
.

0 0 0

Fig. 5. Block Diagram of Model Predictive Control with Soft
State Constraints

Sparse Structure Formulation

(53)

A 0

−1

CB

X̃k = ΓX̃k + CB Ũk

(54)

(55)

Also note, that after some algebraic manipulations, it is
possible to show that subject to the constraint (55), the
earlier cost function in (13) can be re-written as:
T 
 


Jk” x̂k+1 , Ûk , X̂k = Ûk − Ūk R Ûk − Ūk
T 


+ X̂k − X̄k Q X̂k − X̄k
(56)
and the input constrained MPC problem is equivalent
to:
o
n 
Uk =
argmin
Jk” x̂k+1 , Ûk , X̂k
(
)
Ûk ∈ U N
X̃k = ΓX̃k + CB Ũk

We first introduce some new stacked state variables. The
first of these, X̄k is the state predictions assuming no
control saturations occur, defined as:

(57)
We thenh introduce additional
Lagrange multipliers,
i
T
T
T
T
M = µ1 µ2 . . . µN associated with the equality constraints in (55). The KKT conditions for this
problem are then:

(51)

where X0 is as defined in (7) and Ūk is the unconstrained
controls as defined in (10). We now define the difference
between the saturated and unsaturated state predictions
as:
X̃k = X̂k − X̄k


= B Ûk − Ūk = B Ũk


0

.. 

.


0


and

Therefore, (52) can be re-written in the sparse form:

Note that in the forms suggested above in Figures 1 to 3,
the complexity of the diagram is somewhat hidden due
to the block nature of various signals and matrices. In
fact, in the forms presented, since in general S is a full
matrix of dimension
 (N m) × (N m) and this multiplies a
vector, Uk − Ūk of
 dimension (N m) the overall com3 3
plexity is O N m , that is, it is cubic in the horizon of
the MPC scheme and in the control dimension. However,
it turns out that alternate formulations can be derived
that exploit some sparsity properties of the underlying
problem. In some cases, particularly if the control dimension and horizon are large, and the state dimension
is not large, these sparse formulations yield improved
complexity properties. This formulation closely parallels
that of [15] where more efficient MPC formulation may
be obtained for some classes of problems by retaining an
over parametrised form with equality constraints, rather
than eliminating intermediate variables immediately.

X̄k = X0 + B Ūk



o

then it can be shown that
B = (I − Γ)

4.3

B B ... B

0 0 ... ... 0


A



Γ=0

 ..
 .


P(z)
+

^

n


T
M =0
R Uk − Ūk − (Λ− − Λ+ ) + CB

T
Q Xk − X̄k − M + Γ M = 0
ΛT+ (Uk − I) = 0

ΛT− (−Uk − I) = 0
(52)


− Xk − X̄k + Γ Xk − X̄k + CB

The definition of B in (7) is not sparse. However, note
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Λ+ , Λ − ≥ 0
I ≥ Uk ≥ −I

Uk − Ūk = 0

insights into the nature of the feedback control, which
is often obscured in the receding horizon optimisation
framework. In addition, they inspire extension of antiwindup schemes (including LMI based designs) to predictive antiwindup schemes. The block diagram forms
give rise to nonlinear multivariable algebraic loops, and
therefore do not necessarily give direct implementations
for the scheme, however, several algorithms for iteratively solving these loops have been proposed (see for
example [18]). Such algorithms, typically exhibit a very
low complexity in terms of coding, at a cost in terms of
the number of iterations required for solution.

It further follows that these equations can be represented
in block diagram form as shown in Figure 6 where for
simplicity we have suppressed the calculation through
straightforward linear algebra of the unconstrained control inputs, ū1 , ū2 . . . ūN .
uN

u2

u1

YN

Y2

+

+

+

Y1

T

- -B

R

Q

R

Q

P

-

u1

u2

u~2

A

+

+
+

B

x~2
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+

A

+

+

mN

...

x~1
u~1

AT

m2

...

-

T

+

AT

R

- -B

T

m1

...

B
- -

B

-

u~N

B

x~N
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