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Abstract

This paper describes a Matlab (or Octave) based software package for the estimation of dynamic systems. It has been developed
primarily as a vehicle for profiling novel approaches relative to existing methods within a common software framework in order
to streamline comparisons. Key features of the toolbox include simplicity of use (particularly via automated entry of unspecified
values), the support of a wide range of scalar and multivariable model structures which include certain nonlinear classes such
as bilinear and Hammerstein–Wiener, the ability to handle both time and frequency domain data, the hand optimisation of
certain key routines compiled against ATLAS libraries for optimum speed, the use of non-standard optimisation methods
based on adaptive subspace gradient search and the Expectation-Maximisation method, and the fact that the toolbox is freely
available for non-commercial use.
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1 Introduction

This paper details system identification software devel-
oped to run under either a Matlab [16] or Octave [1]
environment. It offers a suit of methods which have be-
come standard tools within the system identification
community. These principally include least-squares and
subspace-based techniques in combination with shift op-
erator transfer function and state space model struc-
tures. Both time and frequency domain data can be ac-
commodated in these contexts.

More interestingly, the toolbox implements several new
approaches which the authors have found to be effec-
tive. These include the Expectation Maximisation (EM)
algorithm for computation of Maximum Likelihood es-
timates [10,11], the use of an adaptive Jacobian rank
algorithm [26] in gradient based search for least squares
estimates and, in some cases, the use of a delta operator
model [19]. As well, a range of non-linear model struc-
tures including those of bilinear, and Hammerstein–
Wiener type are supported. Orthonormal basis model
parametrizations [21] are also implemented. Finally,
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time domain data at irregularly spaced sampling in-
stants is accommodated via estimation of continuous
time models.

With regard to these non-standard aspects, the initial
impetus for developing the software suite described here
was as a means to efficiently profile the performance of
these new methods relative to existing ones, and also
as a means for effectively disseminating new methods
to other researchers. A purpose of this paper is to an-
nounce its free availability (for non-commercial use) to
other researchers who may wish to use it for similar pur-
poses by incorporating their own algorithms within the
framework it provides [2].

Another key aspect of the toolbox is that while it has
been designed as a platform for algorithm development
and evaluation by researchers, simplicity of use has been
emphasised to provide utility for the non-specialist. For
example, as is detailed later, all estimation methods and
model structures are encapsulated in one command:

g=est(z,m)

with automatic entry (to default values) of unspecified
entries. Here z is data, m determines the chosen model
structure and g is the returned estimate.

A final aspect of interest is that in the case of the Mat-
lab port, several key routines have been hand-coded in C
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and compiled to mex files [16] linked against platform op-
timised ‘Automatically Tuned Linear Algebra Software’
(ATLAS) [3,25] libraries for maximum speed. These li-
braries provide interfaces to basic linear algebra routines
that are optimised to provide performance comparable
with machine-specific hand-tuned libraries. Their use in
the toolbox achieves a roughly two-fold speed increase
in key routines such as Kalman filtering and smoothing.

In order to profile these developments, the paper will
present details of the model structures supported, the
estimation methods implemented, and the algorithms
employed. A demonstration of how the toolbox is used on
some representative examples will conclude the paper.

2 Data Formats

The toolbox is able to perform identification from ei-
ther time domain or frequency domain data. In the time
domain case, the data samples may have been sampled
at regularly spaced time intervals or irregular ones, al-
though in the latter case only a restricted set of con-
tinuous time model structures can then be subsequently
employed in the estimation phase.

In the frequency domain case, the regularity or other-
wise of the frequency response measurements has no im-
plications for subsequent toolbox capability.

In both situations, the data may be either scalar or mul-
tivariable on either or both of measured input and out-
put, and in the time domain case the time series scenario
involving no input measurement is catered for.

3 Model Structures

Depending on the data format, a range of model struc-
tures spanning time invariant and time varying, linear
and non-linear, parametric and non-parametric are all
accommodated as follows.

3.1 Linear Time Invariant Transfer Function

The toolbox supports standard transfer function models
of the following form

yt =

m∑

i=1

Gi(ρ, θ)ui
t + H(ρ, θ)et (1)

where u1
t , · · · , um

t are each scalar measured inputs, yt is
a scalar measured output, et is a scalar zero mean i.i.d.
process of variance E

{
e2

t

}
= σ2 < ∞, and θ ∈ Rn is a

vector specifying the model parameters.

That is, in the transfer function case, multiple input,
single output (MISO) transfer function model structures

are supported, where the elements Gi(ρ, θ) and H(ρ, θ)
are rational according to

Gi(ρ, θ) = q−ki
Bi(ρ, θ)

Ai(ρ, θ)
, H(ρ, θ) =

C(ρ, θ)

D(ρ, θ)
(2)

Ai(ρ, θ) = 1 + ai
1ρ

−1 + ai
2ρ

−2 + · · · + ai
ma

ρ−mi
a , (3)

Bi(ρ, θ) = b0 + bi
1ρ

−1 + bi
2ρ

−2 + · · · + bi
mb

ρ−mi
b , (4)

D(ρ, θ) = 1 + d1ρ
−1 + d2ρ

−2 + · · · + dmd
ρ−md , (5)

C(ρ, θ) = 1 + c1ρ
−1 + c2ρ

−2 + · · · + cmc
ρ−mc , (6)

and ki is a specified (i.e. not estimated) delay acting on
the i’th input.

Since any of the orders mi
a, mi

b, mc, md may be set to
zero, then the toolbox can implement any of the common
FIR, ARX, ARMAX, ARMA, Output-Error and Box–
Jenkins model structures [15].

The symbol ρ above is a time domain operator which
may be set to either

ρ = q (7)

the standard forward shift operator or

ρ = δ ,
q − 1

∆
(8)

the Euler difference “delta” operator (derivative approx-
imation) [20] with ∆ being the underlying sampling pe-
riod. For future reference in what follows, the inverse
operator ρ−1 is then defined as either the backward shift
operator q−1 or the inverse δ (integrator approximation)
operator

δ−1 = ∆

∞∑

k=0

q−k. (9)

In the case of frequency domain data, single-input single-
output (SISO) transfer function structures of the follow-
ing form are supported

Y (ωk) = G(γk, θ) + εk (10)

with G as described in (2)-(4). Here, ωk is the radian per
second value at which the frequency response Y (ωk) has
been measured, and γk is one of

γk = ejωk∆, γk =
ejωk∆ − 1

∆
or γk = jωk (11)

depending on whether the underlying operator ρ is taken
as the shift q−1, Euler difference δ or continuous time
derivative d/dt. The term εk in (10) accounts for mod-
elling errors.
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3.2 Linear Time Invariant State Space

State space model structures are also supported, begin-
ning in the linear time domain case with either of the
forms [

ρxt

yt

]
=

[
A B

C D

][
xt

ut

]
+

[
wt

et

]
, (12)

or [
ρxt

yt

]
=

[
A B

C D

][
xt

ut

]
+

[
K

I

]
εt (13)

Here, both ut ∈ Rm and yt ∈ R` may be vectors so that
the multiple input, multiple output (MIMO) scenario
can be accommodated, and ut need not be specified in
the case of time series modelling, in which case B and
D are not included in the model structure. Also, the
operator ρ may be specified as either the forward shift
operator q or the continuous time derivative d/dt.

Therefore (12) and (13) differ only in the form of the as-
sumed noise contributions to state update and measure-
ment. In (12) the assumed zero mean i.i.d. state noise wt

and measurement noise et sequences are separate with
joint covariance matrix

Π , Cov

{[
wt

et

]}
=

[
Q S

ST R

]
. (14)

The alternate form (13) is an innovations representation
where εt is an i.i.d. zero mean process with

Cov {εt} = R. (15)

In the Gaussian case, (12) and (13) are related in that K
and R in (13),(15) follow from the solution of the associ-
ated algebraic Riccati equation specified by A, C, Q, S, R
in (12),(14).

These two cases (12) and (13) are parametrized (respec-
tively) in the toolbox according to

θ , vec

{[
A B Q S

C D ST R

]}
(16)

and

θ , vec

{[
A B K

C D R

]}
(17)

where the vec {·} operator is one that forms a vector
from a matrix by stacking the columns of the matrix on
top of one another. That is, the parametrizations in both
cases are full (non minimal) ones in which every element
in every matrix is a parameter to be estimated.

A state space model structure can also be employed
for estimation from frequency domain observations
{Y (ωk)}. In this case the relationship (10) still holds
but G(γk, θ) may be multivariable according to

G(γk, θ) = C(γkI−A)−1B +D, θ , vec

{[
A B

C D

]}
.

(18)

3.3 Nonlinear Models

In addition to the linear model structures just described,
the toolbox also supports important classes of non-linear
model structure.

3.3.1 Hammerstein–Wiener

This model structure involves linear time invariant dy-
namics “sandwiched” between time invariant memory-
less non-linearities [6]. That is, it is an extension of (1)
which can be described by

zt =

m∑

i=1

Gi(ρ, θ)X i(ui
t, θ) (19)

yt = Z(zt, θ) + H(ρ, θ)et (20)

where Gi(ρ, θ) and H(ρ, θ) are as described in (2)-(6),
the operator ρ may be either q or δ, and et satisfies the
same assumptions as profiled following equation (1).

Furthermore, in (19), each of the X i(ui
t, θ) are memory-

less non-linearities, as is Z(zt, θ) in (20), and the param-
eters describing them are included in the vector θ that
is estimated.

If the component of θ containing this description of the
non-linearities is labelled α, then the memory-less func-
tions X(·, α) supported by the toolbox (which are identi-
cal to the supported Z(·, α) functions) may be described
as follows.

Polynomial

X(ut, α) = α1ut+α2u
2
t +· · ·+α`u

`
t ; α = [α1, · · · , α`]

T

(21)
Saturation

X(ut, α) =





α3ut ; ut ∈ [α1, α2]

α2α3 ; ut > α2

α1α3 ; ut < α1

; α = [α1, α2, α3]
T

(22)
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Deadzone

X(ut, α) =





ut − α2 ; ut > α2

ut − α1 ; ut < α1

0 ; ut ∈ [α1, α2]

; α = [α1, α2]
T

(23)
Note that since the linear dynamics in a Hammerstein–
Wiener model can accommodate overall gain, there
is no loss of generality by assuming it to be one in
the linear regions outside the deadzone. However,
this is not the case in the saturation situation, which
explains the need for the α3 component in (22).

Piecewise Linear (Hinging Hyperplane) This
non-linearity is described by a set of “hinge” functions
of the form

Xk(ut, αk) =

{
α1,k + α2,kut ; ut > −α1,k/α2,k

0 ; Otherwise

which are zero up to a “breakpoint”, and linear there-
after. The overall piecewise linear function is then the
superposition of (say ` of) these hinges:

X(ut, α) = α0 + α1ut +
∑̀

k=1

Xk(ut, αk) (24)

α = [α0, α1, α1,1, α2,1, · · · , α1,`, α2,`]
T . (25)

The linear case of X(ut, α) = ut is, of course, a final
(trivial) possibility which is the default used in the tool-
box unless specified otherwise.

3.3.2 Bilinear

A further class of nonlinear models accommodated by
the toolbox are MIMO bilinear ones of the following
form [9]

[
xt+1

yt

]
=

[
A F B

C G D

]



xt

ut ⊗ xt

ut


 +

[
wt

vt

]
,

[
K

I

]
εt

(26)
where ⊗ represents the Kronecker tensor product [7],
the noise modelling may be of either form discussed in
relation to (12) or (13), and the parametrizations are
again full ones according to either

θ , vec

{[
A B F Q S

C D G ST R

]}
(27)

and

θ , vec

{[
A B F K

C D G R

]}
(28)

depending on whether innovations form noise modelling
is selected or not. Note that as indicated in (26), only
the shift operator is supported for this structure.

3.4 Time Varying Models

Time varying parameter vectors θt can be accommo-
dated in situations where the associated model structure
can be placed in the linear regressor form

yt = φT
t θt + et (29)

where the regressor vector φt may be arbitrary. Two very
common cases where this occurs are further supported
by the toolbox via combined generation of φt and sub-
sequent estimation. These are

ARX: This is the model structure (2)-(6) with the
choices D(ρ, θ) = A(ρ, θ), mc = 0 so that

A(ρ, θ)yt = q−kB(ρ, θ)ut + et (30)

which leads to the regressor

φt = [−yt−1, · · · ,−yt−ma
, ut−k, · · · , ut−k−mb

] (31)

when ρ = q and to the regressor

φt =

[
− 1

J(δ)
yt,−

δ

J(δ)
yt, · · · ,− δma

J(δ)
yt,

1

J(δ)
ut−k,

δ

J(δ)
ut−k, · · · ,

δmb

J(δ)
ut−k

]
(32)

when ρ = δ. In the above, J(δ) is a ma order user cho-
sen “observer polynomial”[19]. If not specified other-
wise, the toolbox default is J(δ) = (δ+1/∆)ma which
results in (32) being identical (in terms of vector space
spanned) to (31).

Orthonormal Basis: This model structure is (2)-(6)
with the choices mc = md = 0 and A(ρ, θ) being a
fixed user defined choice A(ρ) =

∏ma

i=1(ρ− ξi) so that

yt = q−k B(ρ, θ)

A(ρ)
ut + et. (33)

Note that in the special case of ρ = q and the choice
ξi = 0, i = 0, · · · , mb this is the finite impulse re-
sponse (FIR) structure. This “fixed denominator”
case is termed orthonormal since the implementation
used in the toolbox parametrizes (33) according to

B(ρ, θ)

A(ρ)
=

ma∑

k=1

θkBk(ρ) (34)
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where, in the case of ρ = q−1

Bk(q) =

√
1 − |ξk|2
q − ξk

k−1∏

i=1

(
1 − ξiq

q − ξi

)
(35)

which implies that {Bk(ejω)} form an orthonormal set
on L2([−π, π]) [21]. When ρ = δ the functions Bk are
simply those in (35) with the substitution q = δ∆+1.

4 Estimation Methods

With the model structures supported by the toolbox now
defined, this section details the range of estimation meth-
ods employing these structures that are implemented
in the toolbox. These include optimisation-based,
projection/realisation-based, and non-parametric ap-
proaches.

The presentation in this section is limited to simply spec-
ifying available estimation techniques. Details on how
they are actually implemented in terms of algorithmic
choices are provided in a following section.

4.1 Quadratic Cost Optimisation

A primary estimation method involves solution of the
following optimisation problem

θ̂N , arg min
θ∈Rn

VN (θ) (36)

where the criterion VN (θ) is of the least-squares sort

VN (θ) , Trace{E(θ)?E(θ)}. (37)

Here, ? denotes conjugate transpose and

ET (θ) , [ε1(θ), · · · , εN(θ)] (38)

is a vector of differences between the observed data and
the response of a model parametrized by θ.

In the case of time domain data, the elements of (38) are
defined by

εt(θ) , yt − ŷt|t−1(θ) (39)

where yt|t−1(θ) is the (mean square optimal) one step
ahead prediction of yt conditional on experimental ob-
servations up to and including time t − 1 and based on
a model parametrized by θ.

In the case of state-space modelling (including the bi-
linear case) ŷt|t−1(θ) is computed by (a square root im-
plementation of) a Kalman filter, while in the transfer

function case ŷt|t−1(θ) is computed via the steady state
Kalman filter in transfer function form; viz.

ŷt|t−1(θ) = H−1(ρ, θ)Z(zt, θ) +
[
1 − H−1(ρ, θ)

]
yt

zt =

m∑

i=1

Gi(ρ, θ)X i(ui
t, θ).

(40)

In the situation of estimation from frequency domain
data, the elements E(θ) are defined via (10) as

εk(θ) , Y (ωk) − G(γk, θ) (41)

with G(γk, θ) given by (2)-(4) in the case of transfer
function modelling, and by (18) in the case of state space
descriptions.

In relation to this, it is widely recognised that estima-
tion of continuous time operator γk = jωk models from
frequency domain data is fraught with numerical diffi-
culties. This is due to the often high dynamic ranges of
quantities, particularly the measured frequency values
ωk which may vary over several decades.

In the state space modelling case, the toolbox addresses
this problem using an effective method proposed in [17]
wherein the desired continuous time estimate G(s, θ) is
linked to a discrete time one G(q, θ). This is achieved

via the bilinear transform T (q) , λ(q − 1)/(q + 1) ac-
cording to G(q, θ) = G(T (q), θ) where λ is a user defined

constant. Moreover an estimate G(s, θ̂) is obtained by in

fact first finding a discrete time estimate G(q, θ̂) (which
avoids the afore-mentioned dynamic range problems) us-
ing a warped frequency scale in that the measurement
Y (ωk) is mapped according to

Y (ωk) 7→ Y (ω̃k), ω̃k =
2

∆
tan−1 ωk

λ
. (42)

Since

T (ejω̃k∆) = jλ tan
ω̃k∆

2
= jωk (43)

then the discrete time model estimate G(ejω̃k∆, θ̂) will
have identical frequency response as an associated con-

tinuous time estimate G(jωk, θ̂) if the latter is formed as

G(s, θ̂) = G(T−1(q), θ̂). (44)

In the case of state space modelling, this inverse mapping
is very simply achieved by substituting q = T−1(q) =
(λ + s)/(λ − s) to derive a mapping from discrete time
to continuous time model estimates as

Â := λ(Â + I)−1(Â − I), B̂ :=
√

2λ(Â + I)−1B̂ (45)

Ĉ :=
√

2λĈ(Â + I)−1, D̂ := D̂ − Ĉ(Â + I)−1B̂. (46)
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4.2 Maximum Likelihood

In the situation of Gaussian distributed noise, the tool-
box supports estimation according to the Maximum-
Likelihood criterion

θ̂N , argmin
θ∈Rn

L(θ) (47)

where L(θ) is the log-probability of the observed data.
Therefore, in the case of time domain measurements

L(θ) , log p(y1, · · · , yN | θ) (48)

where p(y1, · · · , yN | θ) is the joint probability density
functions of the observations y1, · · · , yN . Via Bayes’ rule,
this depends on the model structure defined by the pa-
rameters θ according to

p(y1, · · · , yN | θ) = p(y0 | θ)

N∏

t=1

p(yt, | yt−1, · · · , y0, θ)

(49)
In the case of transfer function model structures where
the steady state Kalman filter (40) is used this implies

L(θ) = log p(y0 | θ) +
N∑

t=1

log pe(εt(θ)) (50)

where εt(θ) is given by (39) and pe(·) is the probability
density function (pdf) of et. When a state space model
and hence a time varying Kalman filter is used to com-
pute ŷt|t−1(θ), equation (49) leads to

L(θ) = log p(x0 | θ) +

N∑

t=1

log pε(εt(θ)) (51)

where now pε(·) is the (non time stationary) pdf of the
innovations εt(θ) and the effect of initial conditions has
been encompassed by a pdf on the initial state vector x0.

Finally, suppose the available measurements {Y (ωk)}
are in the frequency domain. Then via discrete Fourier
transform (DFT) of measurements from the state space
model structure (12), and under mild assumptions, the
joint log-likelihood of Y (ω1), · · · , Y (ωN ) is [28]

L(θ) =
N∑

k=1

log |Pk| +
∥∥∥P

−1/2
k (Yk − G(γk)

∥∥∥
2

(52)

where

Pk , CA−1
k QA−?

k CT + R, Ak , γkI − A. (53)

4.3 Subspace-Based Projection/Realisation

Subspace-based estimation methods, in which the final
estimates do not minimise a (known) criterion are also
implemented in the toolbox. In the case of time domain
data, these techniques use the state space model struc-
ture (13) which implies that for any r ≥ 0

ρryt = CArxt + Dρrut +
r∑

k=1

CAk−1Bρr−kut

+ Rρrεt +

r∑

k=1

CAk−1Kρr−kεt.

(54)

Here, and in what follows in this section, ρ may taken as
either the forward shift operator q or the delta divided
difference operator δ.

The relationship (54) may then be expressed for r =
0, 1, · · · , f − 1 for some forward horizon length f ≥ 1 in
matrix-vector form as

Y +
t,f = Ofxt + UfU+

t,f + EfE+
t,f . (55)

where

Of ,




C

CA
...

CAf−1




, Uf ,




D 0 · · · 0

CB D · · · 0
...

. . .
...

CAf−2B · · · · · · D




,

(56)

Ef ,




R 0 · · · 0

CK R · · · 0
...

. . .
...

CAf−2K · · · · · · R




Y +
t,f ,




yt

ρyt

· · ·
ρf−1yt




, U+
t,f ,




ut

ρut

· · ·
ρf−1ut




E+
t,f ,




εt

ρεt

· · ·
ρf−1εt




.

(57)
Furthermore, again using the state space model (13), for
any backward (past) horizon length p ≥ 0

ρpxt = Ãpxt +

p∑

k=1

Ãk−1
[
B̃ρp−kut + KR−1ρp−kyt

]

where
Ã , A − KC, B̃ , B − KD,
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Therefore, by further defining

Kp ,

[
B̃, ÃB̃, · · · , Ãp−1B̃, K, ÃK, · · · , Ãp−1K

]
,

and

Z−
t,p ,

[
ρ−1uT

t , · · · , ρ−puT
t , ρ−1yT

t , · · · , ρ−pyT
t

]T

xt may be expressed as

xt = Ãpρ−pxt + KpZ
−
t,p. (58)

Substituting (58) into (55) provides

Y +
t,f = OfKpZ

−
t,p + UfU+

t,f + EfE+
t,fOf Ãpxt−p. (59)

Provided that |λmax(Ã)| < 1 (the noise model is min-

imum phase) then ‖Ã‖p ≈ 0 for large enough p, and
hence the first term in (58) in combination with the last
term in (59) can be taken as a “small” error term Vt,f

leading to the following linear regression in β, Uf

Y +
t,f = βZ−

t,p + UfU+
t,f + Vt,f

where

β , OfKp. (60)

Expressing this relationship at all observed data points
t, t + 1, · · · , t + N − 1 is then achieved by the matrix
equation

Yf = βZp + UfUf + Vf (61)

where

Yf ,

[
Y +

t,f , Y +
t+1,f , · · · , Y +

t+N−1,f

]
,

Zp ,

[
Z−

t,p, Z
−
t+1,p, · · · , Z−

t+N−1,p

]
,

and Uf , Vf are defined (respectively) from U+
t,f , Vt,f in

a manner identical to how Yf is formed.

Note that in (61), all information (A, B, C, D) parametriz-
ing the dynamics of the state space model (13) is con-
tained in the matrices β,Uf .

Recognising this, all subspace-based system identifica-
tion methods supported in the toolbox (and indeed the
very great majority of methods existing in the literature)

function in a two stage manner in which an estimate β̂
of β is obtained by linear projection, and the estimates

of system matrices A, B, C, D are extracted via β̂ in a
second step, which will be examined in the following sec-
tion since it is considered an algorithmic detail.

Additionally, a feature common to all methods in the
toolbox, and almost all in the literature, is that in recog-
nition of the linear regression formulation (61), a joint
estimate of [β,Up] is found via a least squares criterion

[β̂, Ûf ] = argmin
β,Uf

‖Yf − (βZp + UfUf)‖F (62)

from which β̂ is extracted. Here ‖A‖F denotes Frobenius
norm [12].

In case of frequency domain data, the toolbox imple-
ments the subspace based algorithm presented and anal-
ysed in [17] wherein taking the DFT at frequency ωk of
both sides of the state space model (13) implies

Ω1,fY = OfX + UfΩm,f + V. (63)

with m being the number of inputs (columns of B) in the

model (13), and with the definitions (53) and X(ωk) ,

A−1
k B

Y , diag
1≤k≤N

Y (ωk), X , [X(ω1), · · · , X(ωN)] (64)

Ωm,f ,




Im Im Im Im

γ1Im γ2Im · · · γMIm

...
...

. . .
...

γf−1
1 Im γf−1

2 Im · · · γf−1
M Im




(65)

where Im and m×m identity matrix. Finally, V depends
on the DFT of the innovations εt. As per the time do-
main case, (63) is a linear regression, with all informa-
tion parametrizing dynamics contained in OfX and Uf .

Using the over-bar notation X = [Re{X}, Im{X}] to
denote splitting into real and imaginary components,
real valued estimates of β , OfX and Uf are obtained
as

[β̂, Ûf ] = argmin
β,Uf

∥∥Ω1,fY −
(
β + UfΩm,f

)∥∥
F

. (66)

As in the time domain case β̂ is extracted from the out-
come of (66) and subsequently estimates of the system
matrices are formed from it via methods explained in
the following section.

4.4 Non-Parametric

This class of methods, as their title implies, do not in-
volve estimation of a parameter vector θ or indeed an as-
sumption of a particular type of model structure. Rather,

a frequency response estimate Ĝ(ω) at specified frequen-
cies {ωk} is the deliverable. The toolbox implements two
well known methods for achieving this.
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4.4.1 Empirical Transfer Function Estimate

The discrete Fourier transform (DFT) at frequency ω
rad/s based on N data points u1, · · · , uN collected at
sampling period ∆ is defined here as

UN (ω) ,

N∑

t=1

wtute
−jωt∆ (67)

where {wt} is an arbitrary windowing sequence. Using
this, the non-parametric empirical transfer function es-
timate (ETFE) [15] is implemented in the toolbox as

Ĝ(ω) = YN (ω)/UN (ω) (68)

where the default window {wt} is of Hamming type, with
Bartlett, Hanning and Boxcar together with arbitrary
window length being supported.

4.4.2 Blackman-Tukey Estimate

Define (respectively) the sample auto-covariance of the
observed input ut and the sample cross-covariance be-
tween ut and observed output yt as

R̂u(τ) ,

N∑

t=1

utut−τ , R̂yu(τ) ,

N∑

t=1

ytut−τ (69)

where quantities are periodically extended (e.g. uτ =
uτ−N for τ < 1 ) to accommodate negative indices.
These allow the formation of estimated auto and cross
spectral densities as

Φ̂u(ω) =

N∑

τ=−N

wτ R̂u(τ)e−jωτ∆, (70)

Φ̂yu(ω) =

N∑

τ=−N

wτ R̂yu(τ)e−jωτ∆ (71)

where again, {wt} is an arbitrary window sequence and
extension of quantities, but this time symmetric (e.g.

R̂u(−τ) = R̂u(τ)) is used in the case of negative indices.
The so-called “Blackman–Tukey” estimate implemented
in the toolbox is provided as

Ĝ(ω) = Φ̂yu(ω)/Φ̂u(ω) (72)

with again, a Hamming window as the default. In the
time series case of no observed input, the toolbox returns

the estimated power spectral density Ĝ(ω) = Φ̂y(ω) with

the last term defined commensurate with how Φ̂u(ω) is
defined via (70),(69).

5 Algorithms

In order to implement the estimation methods profiled
in the previous section, the toolbox employs a variety of
algorithms which will now be described.

5.1 Gradient Based Search

For the purposes of computing an estimate θ̂N satisfying
the least squares criterion (36), the toolbox implements
a variety of gradient based search methods. The default
technique employing adaptive modulation of Jacobian
rank has been developed by the authors [26], but sev-
eral more standard techniques including Gauss–Newton
search, Levenberg–Marquardt regularisation and data
driven local co-ordinates (DDLC) are also supported.

In order to profile these methods, let

J(θ) =
∂

∂θ
vec {E(θ)} (73)

be the Jacobian Matrix associated with the estimation
error vector (38). The standard Gauss–Newton based

search for θ̂N satisfying (36) implemented in the toolbox
is a set of iterations {θk} starting from an initial guess
θ0 which is then refined according to

θk+1 = θk + µ p (74)

where the search direction p is a solution of

[
J(θk)T J(θk) + λI

]
p = −J(θk)T E(θk). (75)

Here λ > 0 implies a Levenberg–Marquardt method,
while λ = 0 (the default in the toolbox) leads to a Gauss–
Newton update strategy. In both cases, µ is a step length,
that while illustrated in (74) as fixed for simplicity of
notation, in fact is not. At each iteration k, an initiali-
sation of µ = 1 is set. Then

VN (θk+1) < VN (θk) (76)

is tested. If this test fails, µ := µ/2 is reset and the
update (74) is recomputed followed by the test (76) until
this test succeeds, or a maximum number of bisections
is reached and the search terminates.

Note that in the case of state-space modelling with full
parametrizations, the ensuing over-parametrization im-
plies rank deficiency of the Jacobian J(θ) so that the
solution to (75) is not unique in the Gauss–Newton case
of λ = 0.

In this situation the toolbox first employs a Data Driven
Local Co-Ordinate [18] re-parametrization in which at
iteration k, via singular value decomposition, a ma-
trix Pk with columns orthogonal to the null space of
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J(θ) is found, and used to define a reduced dimension
parametrization θ according to

θ = Pkθ. (77)

This implies a reduced dimension search direction p as
a solution of

[
J(θk)T J(θk)

]
p = −J(θk)T E(θk) (78)

where
J(θk) , J(θk)Pk (79)

is the Jacobian associated with the new parametriza-
tion (77). This defines a modified Gauss–Newton update
strategy of

θk+1 = θk + µ Pkp. (80)

However, in cases of poor input excitation, once again,
the solution to (78) may not be unique. Indeed, due to
this reason or (for example) due to over-modelling, this
problem may also occur in the case of transfer function
model structures, even though (for the given model or-
der) the parametrizations employed there are minimal.

To deal with these situations, the toolbox employs the
update strategy (80) with search direction p given by

p = −J
†
(θk)E(θk) (81)

where J
†
(θk) is a pseudo-inverse defined as

J
†
(θk) = V1S

−1
1 UT

1 (82)

which depends on the singular value decomposition

J(θ) = USV T = [U1, U2]

[
S1 ∅

∅ ∅

][
V T

1

V T
2

]
. (83)

The toolbox then chooses the dimension of S1 adaptively,
and in a manner which is coupled to the choice of step
length µ. The details cannot be described here due to
space restrictions, but are fully profiled in [27].

5.2 Expectation-Maximisation Search

To address the Maximum-Likelihood estimation cri-
terion (47), the toolbox employs the Expectation-
Maximisation (EM) algorithm [8] due to its robustness
against trapping in local minima, and its modest com-
putational requirements, especially for models of high
input-output and/or state dimension [10,11].

An essential aspect of the EM algorithm is the postulate
of a so-called complete data set Z = (Y, X), which con-
sists not only of the actual observations Y = y1, · · · , yN ,
but also another set of data X , termed ‘missing data’,

that was not observed, and is a key design variable cho-
sen by the user.

In the toolbox, the EM algorithm is only available for the
state-space model structure (12), and the missing data
X is chosen as the unobserved state history x1, · · · , xN .
The EM algorithm proceeds from this choice by first
applying Bayes’ rule to the joint density p(Z | θ) to
obtain

p(Z | θ) = p(Z|Y, θ)p(Y | θ),

and therefore

L(θ) , log p(Y | θ) = log p(X, Y | θ) − log p(X |Y, θ).
(84)

In this case, with Eθ′{· | Y } denoting expectation with
respect to a probability density function determined by
the parameters θ′, and conditional upon data Y , then
operating on both sides of (84) with Eθ′{· | Y } leads to

L(θ) , log p(Y | θ) = Eθ′{log p(Y | θ) | Y }
=Q(θ, θ′) − V(θ, θ′), (85)

where
Q(θ, θ′) , Eθ′{log p(X, Y | θ) | Y } (86)

and
V(θ, θ′) , Eθ′{log p(X | Y, θ) | Y }. (87)

Consequently, the difference between the likelihoods as-

sociated with any two elements θ and θ̂k, can be written

L(θ) − L(θ̂k) =
[
Q(θ, θ̂k) −Q(θ̂k, θ̂k)

]
+

[
V(θ̂k, θ̂k) − V(θ, θ̂k)

]
. (88)

where the last difference is the Kullback-Leibler diver-
gence between p(X |Y, θ) and p(X | Y, θ̂k). This has the
property [8]

V(θ̂k, θ̂k) − V(θ, θ̂k) ≥ 0

with equality if and only if log p(X | Y, θ) = log p(X |
Y, θ̂k) almost everywhere [10]. Therefore, any value of

θ for which Q(θ, θ̂k) > Q(θ̂k, θ̂k) implies that L(θ) >

L(θ̂k).

This suggests a strategy of maximising Q(θ, θ̂k), which

must increase L(θ) via (88), and then setting θ̂k+1 equal
to this maximiser and repeating the process. That is, the
EM algorithm proceeds via repeated application of the

following two steps which start from an estimate θ̂k of a

solution to (47) and updates to a better one θ̂k+1 via

(1) E Step

Calculate: Q(θ, θ̂k); (89)
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(2) M Step

Compute: θ̂k+1 = arg max
θ

Q(θ, θ̂k). (90)

In the case of Gaussian noise (modulo initial condition
effects) the estimation methods (36) and (47) coincide
so that this EM algorithm offers an alternative to gra-
dient based search for the computation of (36) which,
as examined in detail in [10],[11] offers a particularly ro-
bust and reliable alternative, hence the inclusion of the
method in the toolbox.

When implementing either of the steps (89) or (90) it
is vital to ensure symmetry and non-negative definite-
ness of any covariance matrices, be they smoothed state
covariances involved in computing (89) or estimating Π
(recall (14)) in (90). For this purpose, the toolbox em-
ploys a square-root update algorithm for the Kalman
Smoother associated with (89) and uses a QR decom-
position to compute the square root of a Schur comple-
ment associated with implementing (90). Full details are
available in [10,11].

5.3 Subspace-Based Algorithms

As is well known [12], the optimisation problem (62) has
closed form solution

[
β̂, Ûp

]
= Yf [ZT

p , UT
f ]

[
ZpZ

T
p ZpU

T
f

UfZT
p UfUT

f

]−1

(91)

and hence via the formula for the inverse of a partitioned
matrix [13]

β̂ = YfΠUf
ZT

p (ZpΠUf
ZT

p )† (92)

where ·† denotes Moore-Penrose pseudo-inverse (see
(82)) and

ΠUf
, I − UT

f (UfUT
f )−1Uf . (93)

In the interests of numerical efficiency and robustness,
the toolbox performs the computation (92) with respect
to an orthonormal basis by first computing the QR de-
composition [12]

[
UT

f , ZT
p , Y T

f

]
= [Q1, Q2, Q3]




R11 R12 R13

0 R22 R23

0 0 R33


 (94)

where Q = [Q1, Q2, Q3] is an N ×N orthogonal matrix,
R11, R22 and R33 are all upper triangular matrices with

dimensions conformal to those of Uf , Zp and Yf , and Q1,
Q2, Q3 are also chosen conformally. This allows (92) to
be efficiently computed as

β̂ = RT
23R22[R

T
22R22]

†. (95)

It then remains to derive system parameter estimates.
For this purpose all subspace-based methods imple-
mented in the toolbox employ a factorisation using the
singular value decomposition

Wf β̂Wp = [U1, U2]

[
S1 ∅

∅ S2

∅

] [
V T

1

V T
2

]
≈ U1S1V

T
1

(96)
where in forming the approximation it has been assumed
that the singular values in S1 dominate those in S2. This
implies via (60), estimates of Of and Kp given as

Ôf , W−1
f U1(S1)

1/2, K̂p , (S1)
1/2V T

1 W−1
p . (97)

The matrices Wf and Wp are user chosen weightings with
the following options corresponding to two well known
subspace algorithms supported in the toolbox.

N4SID This refers to the “subspace based system iden-
tification” (4SID) methods proposed in [24,23] where
the choice of

Wf = I, Wp = Zp

is made.
CCA Canonical Correlation Analysis is an idea hav-

ing roots in Mathematical Statistics [5,4] and being
principally introduced in a subspace-based estimation
context by Larimore [14]. This involves the weightings

Wf =
(
YfΠUf

Y T
f

)−1/2
, Wp ,

(
ZpΠUf

ZT
p

)1/2
.

(98)

In a final stage, estimates of system matrices A, B, C, D,

K, R are derived from Ôf and (possibly also) K̂p. Again,
there are two distinct methods used in the toolbox de-
pending on whether the N4SID or CCA variant is cho-
sen.

In the N4SID case, since via (58) xt = KpZ
−
t,p and

via (60) β = OfKp then βZp = OfXt where Xt ,
[xt, · · · , xt+N−1], and hence the state sequence may be
estimated as

X̂t = arg min
Xt

∥∥∥β̂Zp −OfXt

∥∥∥
F

. (99)

This can be efficiently solved via QR factorisation as
detailed via (94). Using the model structure (13), this

10



allows estimates of system matrices to be formed as

Â, B̂, Ĉ, D̂ = argmin
A,B,C,D

∥∥∥∥∥

[
ρX̂t

Yt

]
−

[
A B

C D

][
X̂t

Ut

]∥∥∥∥∥
F

(100)
which again has obvious closed form solution due to the
linear regression involved.

In the CCA case, given the definition (56) of the ex-

tended observability matrix Of , an estimate Ĉ of C is

taken as the first ` (recall, yt ∈ R`) rows of Ôf . That is,

Ĉ = [I`, ∅] Ôf . (101)

By further defining O+
f and O−

f as (respectively) Of

with the first and last ` rows removed:

O+
f , [∅, I(f−l)`]Of , O−

f , [I(f−1)`, ∅]Of (102)

then O−
f A = O+

f which suggests the estimate

Â , arg min
A

∥∥∥Ôf

+ − Ôf

−
A

∥∥∥
F

=
[
Ôf

−]†
Ôf

+
. (103)

Finally, a simple consequence of the state space repre-
sentation (13) is that for any r ≥ 0 and assuming zero
initial conditions (xt−r = 0)

yt = Dut +

r∑

k=1

CAk−1Bρ−kut + ρ−rvt (104)

where vt depends on εt and is zero if εt = 0. Therefore,
using the identities vecAB = (I ⊗ A) vecB = (BT ⊗
I) vecA

yt = Mtθ + vt (105)

where θ = vec{[B, D]} and

Mt ,

[
uT

t ⊗ I`,

r∑

k=1

[ρ−kut]
T ⊗ CAk−1

]
. (106)

In the CCA case this leads to the estimates for B and D
being computed in the toolbox via the linear regression
problem

B̂, D̂ = arg min
B,D

N∑

t=1

‖yt − Mtθ‖2
2 (107)

which again has well known closed form solution [12].

In both the N4SID and CCA cases, estimates Q̂ and R̂

and Ŝ of the covariance matrices in (14) are obtained

as the sample covariances obtained when X̂t given by

(99) together with estimates of A, B, C, D are substi-

tuted into the model (12). Estimates K̂ of the Kalman

gain and R̂ of the innovations variance associated with
the model structure (13) are then found by solution of
an algebraic Riccati equation based on these estimates
of A, C, Q, S, R.

Finally, in the case of frequency domain data, an almost
identical procedure as for the time domain CCA case is
employed. Namely, via the QR factorisation [12]

[Ωm,f
T
, Ω1,fY

T
] = [Q1, Q2]

[
R11 R12

∅ R22

]
(108)

the estimate β̂ = RT
22 has the same column range space

as β̂ defined by (66), and hence is used in the subsequent
steps (96), (97) with Wf = Wp = I to produce an es-

timate Ôf of the extended observability matrix defined

in (56). From this, estimates Ĉ and Â in the state space
model (13) are found via (101) and (103).

Finally, estimates B̂ and D̂ are formed by solving the
linear regression problem

B̂, D̂ = arg min
B,D

N∑

k=1

∥∥∥Y (ωk) − [D + Ĉ(γkI − Â)−1B]
∥∥∥

2

F
.

(109)

5.4 Recursive Techniques

When employing time varying models in the linear re-
gression form (29), the toolbox provides an associated

time varying parameter estimate θ̂t according to

θ̂t+1 = θ̂t + Lt(yt − φT
t θ̂t) (110)

where Lt is a gain vector that may be computed in var-
ious ways. One possibility is

Lt = µφt, µ ∈ (0, 1) (111)

so that (110) becomes a ‘least mean square’ (LMS) algo-
rithm [22]. Another possibility supported by the toolbox
is

Lt = Ptφt (112)

where Pt satisfies the Riccati equation

Pt =
1

µ

{
Pt−1 −

Pt−1φtφ
T
t Pt−1

µ + φT
t Pt−1φt

}
; µ ∈ (0, 1) (113)

initialised with some positive definite P0 and with the
ensuing algorithm being known as ‘Recursive Least
Squares’ (RLS) with forgetting factor µ. Finally, for
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cases in which the time variation of the parameters θt

are believed to follow the random walk

θt+1 = θt + µ wt (114)

where wt is a stationary zero mean white noise process
with E{wtw

T
t } = Q, then the update law

Lt =
µPt−1φt

σ2 + µφT
t Pt−1φt

(115)

where Pt satisfies the Riccati equation

Pt = Pt−1 − µ
Pt−1φtφ

T
t Pt−1

σ2 + µφT
t Pt−1φt

+ µQ (116)

is supported by the toolbox. It is an instance of the
Kalman filter and hence mean-square optimal under
Gaussian assumptions.

6 Software Description and Illustration

For the purposes of finding a system estimate from avail-
able data, a user of the toolbox need know only one com-
mand:

g=est(z,m,opt);

All arguments, and the returned output g are structure
variables, which (typically) contain individual elements
of mixed type.

To be more specific, the structure z defines the observed
data. It must have element z.y and may have element
z.u which (respectively) are matrices of output and in-
put data, with each column representing a different in-
put or output, and each row a different time sample.

The structure m defines the model structure to be used.
At a minimum, it must contain the entry m.A which, if
an integer, defines a model order, and if a matrix/vector
defines an estimate. The structure opt, defines op-
tional specifications pertaining to the algorithm being
used. If there are none the user wishes to dictate, then
g=est(z,m) is a legal command.

To make this concrete, consider the data set shown in fig-
ure 1 with measured input stored in vector u and output
in vector y. Then the following sequence of commands
will estimate a fifth order model from the data.

>> z.y=y; z.u=u; m.A=5; g=est(z,m);

As mentioned, g is a structure, and in the above example
it will contain 30 elements. In order to extract a summary
of the properties of the estimate, the details command
provides

0 200 400 600 800 1000 1200 1400 1600 1800 2000
−1

−0.5

0

0.5

1
Output

0 200 400 600 800 1000 1200 1400 1600 1800 2000
−4

−2

0

2

4
Input

Fig. 1. Observed Input/Output Data.

>> details(g)

-------------------------------------

Details for Estimated Model Structure

-------------------------------------

Operator used in model = q

Sampling Period = 1.000000 seconds

Estimated Innovations Variance = 5.873686e-03

Model Structure Used = Output Error

Estimation algorithm = Gauss-Newton search

Input #1 block type = linear

Output block type = linear

-------------------------------------

----------------------------------------------------------

Input #1 to Output #1 Estimated T/F model + standard devs:

----------------------------------------------------------

1 q^-1 q^-2 q^-3 q^-4 q^-5

B = 0.0037 -0.0097 0.0065 0.0067 -0.0107 0.0077

SD= 0.0035 0.0114 0.0217 0.0229 0.0232 0.0233

1 q^-1 q^-2 q^-3 q^-4 q^-5

A = 1.0000 -2.2342 1.2688 0.3107 -0.3970 0.0558

SD= 0 0.0046 0.0277 0.1196 0.2630 0.2638

delay = 0 samples

Poles at 0.8247*exp(+-j0.1085), -0.5015, 0.1782, 0.9178.

This illustrates a main point. A philosophy underlying
the toolbox is that, in order to maximise utility for the
inexperienced, defaults are used as opposed to issuing
error messages. In particular, the above indicates that
since only an order was specified, the operator type (q),
sampling period (∆ = 1), and model order type (Output
Error) have all been set as defaults.

In order to assess the quality of this model, a standard
model validation test may be performed

validate(z,g);

This provides the sample-correlation of the error resid-
uals as shown in figure 2(a) and (not shown) sample

cross correlation R̂uε(τ) between input and residuals.
Clearly, from figure 2(a) there appears to be some un-
dermodelling. In order to illustrate the specification of
a Box–Jenkins structure, the following commands spec-
ify that a first order noise model should be added to the
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model structure (m.D=1), that the progress of the Gauss–
Newton iterations should be displayed (opt.dsp=1) and
that this new model should also be validated

>> m.D=1; opt.dsp=1; g1=est(z,m,opt);

========================================================================

START ESTIMATION PROCESS:

Estimating parameters for "BJ" model structure using "q" operator.

INITIALISATION:

Finding initial dynamics model via Steiglitz-McBride...

Best results achieved using 5 iteration(s)

Finding initial noise Model by Hannan-Rissanen...

MAIN SEARCH:

Algorithm: Gradient Based Search

------------------------------------------------------------------------

Iter# Cost G-N Norm Bisec# SV#(/13) SV Tol Dir

------------------------------------------------------------------------

0 5.040e-03 - - - 2.500e-05 -

1 5.036e-03 1.804e-03 0 11 2.500e-05 rGN

2 5.036e-03 2.108e-04 0 12 6.250e-06 rGN

3 5.035e-03 2.819e-04 1 13 6.250e-06 rGN

4 5.035e-03 1.068e-04 1 13 6.250e-06 rGN

5 5.035e-03 2.554e-05 1 13 6.250e-06 rGN

6 5.035e-03 8.922e-06 1 13 6.250e-06 rGN

7 5.035e-03 2.848e-06 1 13 6.250e-06 rGN

8 5.035e-03 1.056e-06 0 13 1.563e-06 rGN

9 5.035e-03 2.466e-06 1 13 1.563e-06 rGN

10 5.035e-03 7.715e-07 1 13 1.563e-06 rGN

11 5.035e-03 2.328e-07 1 13 1.563e-06 rGN

12 5.035e-03 7.417e-08 1 13 1.563e-06 rGN

13 5.035e-03 2.415e-08 1 13 1.563e-06 rGN

14 5.035e-03 8.349e-09 1 13 1.563e-06 rGN

15 5.035e-03 3.067e-09 0 13 3.906e-07 rGN

16 5.035e-03 7.458e-09 1 13 3.906e-07 rGN

17 5.035e-03 2.266e-09 1 13 3.906e-07 rGN

18 5.035e-03 7.019e-10 1 13 3.906e-07 rGN

19 5.035e-03 2.228e-10 1 13 3.906e-07 rGN

20 5.035e-03 7.361e-11 1 13 3.906e-07 rGN

21 5.035e-03 2.565e-11 1 13 3.906e-07 rGN

22 5.035e-03 9.554e-12 0 13 9.766e-08 rGN

23 5.035e-03 2.237e-11 1 13 9.766e-08 rGN

24 5.035e-03 6.826e-12 1 13 9.766e-08 rGN

25 5.035e-03 2.120e-12 1 13 9.766e-08 rGN

26 5.035e-03 6.774e-13 1 13 9.766e-08 rGN

27 5.035e-03 2.255e-13 1 13 9.766e-08 rGN

28 5.035e-03 7.943e-14 1 13 9.766e-08 rGN

29 5.035e-03 2.995e-14 0 13 2.441e-08 rGN

30 5.035e-03 6.725e-14 1 13 2.441e-08 rGN

31 5.035e-03 2.057e-14 1 13 2.441e-08 rGN

------------------------------------------------------------------------

Termination due to gradient norm less than OPT.tol

------------------------------------------------------------------------

END ESTIMATION PROCESS

========================================================================

>> validate(z,g1);
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Fig. 2. Model Validation

The ensuing validation results are shown in figure 2(b).
Of course, in practise, data other than that used for esti-
mation should be employed for this validation purpose,

but we ignore this in order to streamline the presen-
tation. Note in passing, that if M.C = 1 had been spec-
ified the toolbox would have assumed that M.A = M.D
and hence an ARMAX structure was implied. This, in
turn could have been overridden by the specification
M.type=’bj’ to ensure a Box–Jenkins structure with
first order noise model. Other legal options for M.type
are fir,arx,armax,oe and ss (state space).

To illustrate a more complex example, consider the
MISO data shown in figure 3. This comes from a system
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Fig. 3. Observed MISO Input/Output Data from Hammer-
stein System.

with saturation and dead-zone non-linearities on inputs
1 and 2 respectively, that then pass through linear sys-
tems of order 4 and 3 respectively with the output then
passing through a further dead-zone non-linearity.

In order to estimate a model structure of this form we
proceed as follows

>> z.y=y; z.u=u;
>> m.A=[4;3]; m.B=[3;2]; m.delay=[1;1];
>> m.in(1).type=’hinge’;
>> m.in(2).type=’deadzone’;
>> m.out.type=’deadzone’;
>> m.out.upper=0.1; m.out.lower=-0.1;
>> g=est(z,m);

Note that now two model orders m1
a = 4, m2

a = 3 are
specified, which are different, for the two linear compo-
nents associated with the two inputs. It is important that
the different orders are specified as a column vector. If
they had been a row vector, the toolbox would interpret
them not as orders, but an initial estimate of a polyno-
mial denominator and/or numerator in a SISO model.

In the above, a time delay of one sample is specified for
both of the inputs. Furthermore, it is specified that a
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piecewise linear (hinging plane) structure should be used
to model the non-linearity on the first input, while for
the second, prior knowledge that it is of dead-zone type
is employed. Finally, a dead-zone non-linearity is speci-
fied for the output, with initial estimates for the dead-
zone region as [−0.1, 0.1]. If only one of m.out.upper
and m.out.lowerwere specified, the toolbox would have
assumed that one was the negative of the other so that
a symmetric non-linearity was implied.

As before, the results of this estimation experiment can
be summarised via use of the details command.

>> details(g)

-------------------------------------

Details for Estimated Model Structure

-------------------------------------

Operator used in model = q

Sampling Period = 1.000000 seconds

Estimated Innovations Variance = 6.260299e-05

Model Structure Used = Not Specified

Estimation algorithm = Gauss-Newton search

Input #1 block type = saturation

Input #2 block type = deadzone

Output block type = deadzone

-------------------------------------

----------------------------------------------------------

Input #1 to Output #1 Estimated T/F model + standard devs:

----------------------------------------------------------

1 q^-1 q^-2 q^-3 q^-4

B = -0.0001 0.0049 -0.0045 0.0023 -0.0025

SD= 0.0001 0.0005 0.0015 0.0024 0.0026

1 q^-1 q^-2 q^-3 q^-4

A = 1.0000 -3.3660 4.2352 -2.3630 0.4939

SD= 0 0.0002 0.0016 0.0059 0.0172

delay = 1 samples

Poles at 0.7430*exp(+-j0.1324), 0.9124, 0.9806.

----------------------------------------------------------

Input #2 to Output #1 Estimated T/F model + standard devs:

----------------------------------------------------------

1 q^-1 q^-2 q^-3

B = 0.0022 0.0038 0.0024 0.0023

SD= 0.0006 0.0016 0.0024 0.0025

1 q^-1 q^-2 q^-3

A = 1.0000 -2.1180 1.4118 -0.2839

SD= 0 0.0008 0.0049 0.0279

delay = 1 samples

Poles at 0.3732, 0.8527, 0.8921.

----------------------------------------------------------

Input Non-linearity Parameters and standard deviations:

----------------------------------------------------------

Input block #1 of type saturation has estimates and standard dev:

upper limit = 0.8412, sd = 0.0035

lower limit = -0.7523, sd = 0.0065

Input block #2 of type deadzone has estimates and standard dev:

upper limit = 0.5730, sd = 0.0055

lower limit = -0.4649, sd = 0.0063

----------------------------------------------------------

Output Non-linearity Parameters and standard deviations:

----------------------------------------------------------

Output block of type deadzone has estimates and standard dev:

upper limit = 0.1291, sd = 0.0033

lower limit = -0.1218, sd = 0.0037

By way of information, the true noise variance was σ2 =
10−4, the true dead-zone region on input 2 was (lower,
then upper limit) [−0.5, 0.6]. Furthermore, the above
hinge parametrization corresponds to a dead-zone with

limits [−0.49, 0.59] while the underlying true one was
[−0.8, 0.9]. The true dead-zone on the output had limits
of [−0.12, 0.13].

As a final example, we consider a MIMO bilinear state-
space model, where the true underlying system has order
n = 2, m = 2 inputs and p = 2 outputs, and is given by
the structure (26)–(27) with the choices made in [9] of

A =

[
0.5 0

0 0.3

]
, B =

[
0 1

−1 0

]
, C =

[
1 0

0 2

]
, (117)

D = I2, F =

[
0.6 0 0.2 0

0 0.4 0 0.5

]
, G = 0. (118)

This system was simulated with input {ut}, state
noise ωt and measurement corruption {vt} being
white random processes distributed as ωt ∼ N (0, 0),
vt ∼ N (0, 0.01×I), ut ∼ N (0, I) together with N = 500
ensuing data samples being used for identification.
For this structure and data combination we employed
an Expectation-Maximisation (EM) algorithm set via
(opt.alg=’em’) to estimate the parameter values as
follows:

>> m.A=2; m.type=’bilinear’; opt.dsp=1; opt.alg=’em’;

>> g=est(z,m,opt);

=========================================================================

START ESTIMATION PROCESS:

Estimating parameters for "BILINEAR" model structure using "q" operator.

INITIALISATION:

Finding initialisation for estimate of Dynamics via Subspace ID...

MAIN SEARCH:

Algorithm: Expectation-Maximisation

-------------------------------------------------------------

Iter# PE-Cost Log Likelihood

-------------------------------------------------------------

1 3.750e+00 -1.484e+03

2 3.623e+00 -1.438e+03

3 3.526e+00 -1.403e+03

4 3.426e+00 -1.364e+03

5 3.325e+00 -1.324e+03

6 3.221e+00 -1.279e+03

7 3.115e+00 -1.231e+03

8 3.006e+00 -1.177e+03

9 2.894e+00 -1.117e+03

10 2.778e+00 -1.048e+03

.

.

.

190 1.998e-02 3.608e+03

191 1.998e-02 3.608e+03

192 1.998e-02 3.608e+03

193 1.998e-02 3.608e+03

194 1.998e-02 3.608e+03

195 1.997e-02 3.608e+03

196 1.997e-02 3.608e+03

197 1.997e-02 3.608e+03

198 1.997e-02 3.608e+03

199 1.997e-02 3.608e+03

200 1.997e-02 3.608e+03

-------------------------------------------------------------

Termination due to iteration count > OPT.maxit

-------------------------------------------------------------

END ESTIMATION PROCESS

=========================================================================

>> validate(z,g);

As indicated in the output listed above, the algorithm
begins with a subspace estimate and then proceeds with
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the EM algorithm, which updates the display with pre-
diction error and log-likelihood values for each iteration.
The validation results are shown in Figure 4 and indi-
cate that the residuals appear to be relatively uncorre-
lated. Note that a specification (opt.alg=’gn’) would
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Fig. 4. Validation test for 2-state bilinear example.

have accommodated this same bilinear model structure
but forced the employment of a Gauss-Newton derived
gradient-based search.

Further features of the toolbox that are not profiled here
in the interests of brevity, but are nevertheless worth
mentioning are:

• An estimated model structure g may be used to spec-
ify the model structure m in cascaded estimation ex-
periments;

• Frequency domain plots, complete with error bounds
may be simply generated via the showbode(g) and
shownyq(g) commands;

• A delta operator parametrization may be specified by
setting m.op=’d’;

• Finally, online help for all functions is available. In
particular help est gives a catalogue of all options
available.

7 Conclusion

This paper has detailed the model structures, identifica-
tion methods, and numerical algorithms employed in a
system identification toolbox developed as a platform for
evaluating new approaches relative to existing methods.

It is freely available (for non-commercial purposes)
via [2] for use by other researchers in streamlining algo-
rithm development and profiling.

Time Domain Data

Model Algorithm Operator

Type GN EM SID q δ s

Linear
TF X × × X X ×

SS X X X X X X

Non-
Linear

H/W TF X × × X X ×

Bilin. SS X X × X × ×

Frequency Domain Data

Linear
TF X × × X X X

SS X X X X X X

Table 1
Summary of supported model structures and employed al-
gorithms. NB. TF=Transfer Function, SS=State Space,
H/W=Hammerstein–Wiener, GN=Gradient Based Search,
SID= Subspace Identification.

While, as described here, the toolbox currently provides
a relatively comprehensive list of features, further work is
planned to address the model structure/algorithm com-
binations shown as currently unsupported in Table 1. In
most cases (eg. EM for transfer function models) this
will involve developing new underlying theory and algo-
rithm design.

References

[1] www.octave.org.

[2] www.sigpromu.org/staff/idtoolbox.

[3] Automatically tuned linear algebra software (atlas),
http://math-atlas.sourceforge.net, (2006).

[4] H. Akaike, Markovian representation of stochastic processes
by canonical variables, SIAM Journal of Control, 13 (1975),
pp. 162–173.

[5] H. Akaike, Stochastic theory of minimal realisation, IEEE
Transactions on Automatic Control, AC-19 (1974), pp. 667–
674.

[6] E.-W. Bai, An optimal two stage identification algorithm
for hammerstein–wiener nonlinear systems, Automatica, 34
(1998), pp. 333–338.

[7] J. W. Brewer, Kronecker products and matrix calculus in
system theory, IEEE Transactions on Circuits and Systems,
25 (1978), pp. 772–781.

[8] A. Dempster, N. Laird, and D. Rubin, Maximum likelihood
from incomplete data via the EM algorithm, Journal of the
Royal Statistical Society, Series B, 39 (1977), pp. 1–38.

[9] W. Favoreel, B. De Moor, and P. Van Overschee,
Subspace identification of bilinear systems subject to white
inputs, IEEE Trans. Automat. Control, 44 (1999), pp. 1157–
1165.

[10] S. Gibson and B. Ninness, Robust maximum-likelihood
estimation of multivariable dynamic systems, Automatica,
41 (2005), pp. 1667–1682.

[11] S. Gibson, A. Wills, and B. Ninness, Maximum-likelihood
parameter estimation of bilinear systems, IEEE Transactions
on Automatic Control, 50 (2005), pp. 1581–1596.

15



[12] G. Golub and C. V. Loan, Matrix Computations, Johns
Hopkins University Press, 1989.

[13] G. Goodwin and R. Payne, Dynamic System Identification,
Academic Press, 1977.

[14] W. Larimore, Canonical variate analysis in identification,
filtering and adaptive control, in Proceedings of the 29th
IEEE Conference on Decision and Control, Hawaii, 1990,
pp. 596–604.

[15] L. Ljung, System Identification: Theory for the User, (2nd
edition), Prentice-Hall, Inc., New Jersey, 1999.

[16] Mathworks, MATLAB Users Guide, Version 7, The
Mathworks, 2004.
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