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Abstract: This paperestablisheghat when using a leastsquarescriterion to estimatean
output error type model structure,then the measuremenioise inducedvariability of the
frequeng responsesstimatedependson the estimated(and hencealso on the true) pole
positions.This dependenc®n pole positionis perhapscounterto prevailing wisdom that
for ary ‘shift invariant’ model structure the variability dependsonly on model order, data
length,andinput andnoisespectraldensitiesThatis, it is counterto the belief thatvariance

erroris model-structuréndependent.
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1. INTRODUCTION

When consideringthe performanceof predictioner

ror identification methodsusing quadraticcriteria, a
seminalresultis thatthe measurememoiseinduced
variability of the ensuingrequeng responsestimate
may be approximatedas (L.Ljung (1985); L.Ljung

andZ.D.Yuan(1985);Ljung (1987))
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Here &, and &, are respectiely the measurement

noiseandinput spectraldensities,and@N is the pre-
dictionerrorestimatebasedn N obseneddatapoints
of avectord parameterising modelstructureGy(q)
for which (essentiallyyn = dim 6/2d whered is the
numberof denominatompolynomialsto be estimated
in themodelstructure.

Apart from its simplicity, a key reasorunderlyingthe
importanceand popularity of the approximation(1)

is that, accordingto its derivation (L.Ljung (1985);
L.Ljung and Z.D.Yuan (1985); Ljung (1987)),it ap-
pliesfor averywide classof so-calledshift invariant’

model structures.For example, all the well known

FIR, ARX, ARMAX, outputerror and Box—Jenkins
structuresareshift invariant(L.Ljung (1985)).
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In contrast,in a seriesof recentworks (Wahlbeg
(1991,1994); PM.J. VandenHof et al. (1995); Nin-
nesset al. (1999)) it has been establishedthat for
modelstructuresvhich canbe consideredasshift in-
variantgeneralisationsf FIR (in thatthe fixed poles
arenot necessarilyat the origin), thenin the interests
of improvedapproximation(1) shouldbe modifiedto
become

) q)u m—1 . 2
oy B IS
u —

wherethe¢;, arethefixedpolesin themodelstructure,
sothat(2) revertsto (1) for the FIR caseof & = 0.

In (Ninnessetal. (1999))it hasalsobeenshavn that
for ARX model structureswith fixed noise model
zeros, again not necessarilyat points &, -, &1
which areat the origin, thenagain(2) ratherthen(1)
shouldbe usedin the interestsof providing the most
accurateapproximatiorof Va{G _ (e7%)}.

For theseafore—merltioneatasesfor the purposesof
actually calculatingf,y, the processof incorporating
the fixed polesor zerosmay be achieved by first pre-
filtering thedatawith anall-polefilter, andthenfitting
a corventional FIR or ARX structure.As such,the
more generalprinciple of the original approximation
(1) beinginvariantto the particularmodel structure
(but not to the natureof the input and noisespectral
densities)s presered.

The purposeof this paperis to establishthat, in
fact, an accurate approximation for the variance



approximationyhich outperformg(1), beingagainof
theform (2), but this time with points{&y,---,&,-1}
beingthe estimatedgolesof G; (q).

2. MOTIVATIONAL EXAMPLE

In the interestsof motivating the analysisto follow,
it is preludedby anillustrative simulationexamplein
which thefollowing continuougime system

1

G5 = (53 0.91637(s + 0.3567)°(s + 0.2231)°

is considered,and for which input-output samples
are obtainedat 1 secondintervals with zero-order
heldinputs.Thisimpliesadiscretdime representation
with polesat z = 0.8,0.7,0.4 which is estimated
using a 7'th order output error model structureand
on the basisof observinga length N = 5000 sample
input-outputrecordfor which the outputis corrupted
by white Gaussiannoise of variances? = 0.001,
andwith input which is a realisationof a stationary
Gaussiarprocesswith spectraddensity

1

® =\
u() 1.25 — cosw
Thesamplemeansquaresrrorover 500 estimationex-
perimentswith differentinputandnoiserealisationss
usedasanestimateof Var{G; (e’*)} andplottedas
asolid line in figure 1. The ‘classical’ approximation
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Fig. 1. Variability of Output Error Estimate- True
variability vs. new and existing theoetically de-
rived approximations.

(1) is showvn as a dash-dotline in that samefigure,
andis clearly a poor approximationto the estimated
variability. By way of contrastthe modifiedapproxi-
mation(2) (with the{¢, } beingthetruepolesin G(q))
shavn asthedashedinein figure 1 appears$o bequite
anaccuratepproximatiorto the estimatedvariability.

This providesclear evidencethat the true variability
is in fact not model structureinvariant, and hence
accurateapproximationof it may needto take that

to the systembeing estimated and which have been
discussedn somedetail in (Ninnessand Gustafsson
(1997);Ninnessetal. (1998b)).

3. PROBLEM SETTING

This paperaddressemodelstructuresvhich describe
therelationshipbetweeraninputdatarecord{u; } and
anoutputdatarecord{y; } accordingo

v = Go(q)us + Ho(q)es

where{e,} is a zero-mearwhite noisesequenceuch
thatE{e?} = o2, E{|es|*™¢} < oo for somee > 0
and Gy(q), Hy(q) are transferfunctions, rational in
the forward shift operatorg, and parameterisethy a
vectord € R™. The mean-squar®ptimal one-step
aheadpredictiony;(d) basedon this modelstructure
is (Ljung (1987))

5:(0) = [1 = Hy ' (@)lye + Hy ' (0)Go(a)ue
with associategredictionerror
e1(0) = ye — e = H ' (@) [y — Go(q)ud]

involvedwith the quadraticestimationcriterion
1 N
_ § : 2
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usedto definethe predictionerrorestimate@\N of § as

Oy 2 argmin Vy (9).
§ERN

As hasbeenestablishedn (L.Ljung (1978); Ljung
(1987)),underthe assumptiorthat the input {u;} is

quasi-stationaryLjung (1987)), then @y corverges
with increasingV andwith probabilityoneaccording
to

lim Oy =6, £ argmin lim E{Vy(6)},
N—o0 gernr N—oo

As well, it alsoholdsthatas NV increaseshe estimate
0 tendsto be Normally distributedaboutf, accord-
ing to (L.Ljung andP.E.Caineg1979);Caineq1988);
Ljung (1987))

VN@y - 0.) = N(0, P,), ©)

P, 2 R;'Q.R;"

wherewith the definition of predictionerror gradient
() as(-' denotedifferentiationwith respecto 6)

¥e(8) £ 5,(0) = Hy '(a) [Gy(@)ue + Hp(a)ee(6))(4)



While an asymptoticdistributional resultlike (3) is
very satisfyingtheoreticallyfor practicalapplications
it is ratherless appealing,mainly due to the (just
presented)ntricate definition of P, via @,,, R,, and
¥e(6).

This was recognisedin (L.Ljung (1985); L.Ljung
andZ.D.Yuan(1985);Ljung (1987))which proposed
the solution of investigatinghow (3) manifestedit-
self in the variability of the frequeny responses
Gy (e7°), Hy (e7*),theresultbeingapproximations
suchas(1).

4. SYNOPSISOFOUTPUTERROR CASE

To seehow this strateyy of evaluatingtheimplications
of (3) in thefrequeny domain,andin suchaway as
to exposethe genesiwf the inaccuray illustratedin
figure 1 of theapproximation(1), this sectionfocuses
on the caseof the modelstructurebeingof the output
errorform

By(q)
Ay(q)

yr = Go(Q)us + e = Uug + e

where the numeratorand denominatorpolynomials
areof theform
Ap(q) = q™ + am—1q™ " + -+ a1q + ao,

By(q) = bm—1¢™ " + -+ + b1g + by,

andd € R™ (with n = 2m) is definedas

T
(9 = [ao, bo,al, b1, .- -,amfl,bmfl].

In thiscase

A2(q) " Ag(q)]

1
=[An(q) ® [2)Zy(q) ——

[Am(a) ® I2]Z5(q) yWE)
where® is the Kronecler tensorproductof matrices,
I, is a2 x 2 identity matrix, and

Anl@ 2 a0 z0(0) 2 [~ 0

Thereforeusing(4) andnotingthatthereis no param-
eterisechoisemodel Hy(q), leadsto anexpressiorfor

thegradientof thepredictionerrorasafilteredversion
of theinput {u; }

$1(0) = [Am(q) ® I5]Zo(q) Ut

1
Ag(q)

Now, assumingthat the true systemis in the model
structuresothatatrueparametevectord, exists,then
e¢(0,) = e; sothatuseof Parseval’'s Formulaleadsto
(thee?* dependencwill notbe madeexplicit in what
follows in orderto improve readability and-* will be
usedto denote‘conjugat&ranspose’)

1
Ry = lim — ; E {4(6)07 (6)}

- % [Am(ejw) ® Iy]

—T

7P, Z*
———A* ® ] dw.
[y ey om @ T2l
In this case,with a 2m x 2m block-Toeplitz matrix
beingdefinedby a2 x 2 positive definitematrix valued
function F(w) as

™

T.(F) 2 5 [[An @ BIF@IA; 9 LIdo @

-

then

(2o By () 25
R"‘T"( A (€722 )

Also, againundertheassumptiorof £,(6,) = e;

2 N
Qn 2 Jim TS E {600 (6)}) = o,
t=1

sothatthe matLix P,, quantifyingthe parametespace
variability of 8y via (3) is in fact expressibleas
a block Toeplitz matrix associatedvith a particular
spectradensityasfollows

_ or 1 [ ZoPu(w)Zx
2 p—1 27n—1 u o
P,=0"R," =0T, (7| e ) (7)

This formulation of P,, is a key ingredientunder
lying the methodsof (L.Ljung (1985); L.Ljung and



accordingto

Gn(w) £ Gy, () = Go(e™)

aGy
deg 0=0,

= A1 ZT[AT @ L)(@n — 60) + o([|8n — 80]/X8)

T
(@ — 65) + o(||8n — 6o]l)

so that using (3) and the previous Toeplitz matrix
formulationof P,

VNG (w) 25 N (0, Ap(w)) 9)

where(with obvious compactificatiorof notationin-
volving é,,) using(7)

1
An = 2L @ BIPAn ® BIZ:
0_2 Zo@uZ:
= WZ:[A; ® L]T,* ( 4,2 ) [Am ® Ir]Zo.

A potential difficulty in continuing the analysisof
this expressionis that althoughthe Toeplitz matrix
involved is non-singulay the matrix valuedfunction
Z,®, 2% is itself, by definition, singularwhenevalu-
atedat ary onefrequeng. To circumwentthis, define
aperturbedmatrix

0.2
|42

Zo®, () Z
(T(T"’) + 55) [Am © L] Z,

An(wa 6) é Z:[Afn ® I2] X

T71

n

sothatsincematrix inversionis continuous

An(w) = lim An(w,).

Thefinal principleunderlyingtheanalysiof (L.Ljung
(1985))is thatthatthequadratidorm definingA ,, (w),
by virtue of beingformulatedin termsof inversesof
Toeplitz matricesparameterisetly spectraldensities,
it canbe viewed asann’th orderFourier reconstruc-
tion of theinverseof the spectraldensity Specifically
by LemmaA.1

1 N
Tr}gnoo EAZm(wv 5) - A(wv 6)
-1

2 *
o o | Zo®y(w)Z2 L6,

= Z
[ Ao 1 [Aqf?

Z.. (10)

Therefore usingthe matrixinversionlemmaprovides

o2 Z* 7| Ao|?
A #4235 70 + 0| Ao

A(w, )

andhence

1
lim lim —Ay,(w,d) =
§—0m—o0 M

T M

Consequentlyassuminghatthe cornvergencehasap-
proximatelyoccurredfor finite m leadsto theapprox-
imation

Ao (w) & m (12)

(I)U(w)

andin asimilarvein,assuminghatcorvergenceof (9)
hasapproximatelyoccurredfor finite N providesthe
approximation

E{IGn @I} ~ %Azm(w).

Combiningtheseexpressionghenfurnishesthe over-
all approximation

m o2

E{(Gy, (£7) = Gole™)? | ~ N, ¥

whichis, asmentionecdearlier aspecialcaseof (1) for
the output-errormodelstructurecaseof @, = o2.

4.1 Genesiof Impaired Approximation

The point of the precedingsynopsisof the methods
originatingin (L.Ljung (1985))is to isolatewhy, asil-
lustratedn figure 1, the phenomenowf (1) providing
poorapproximatioroccurs.

Put simply, it arisessince (1) is predicatedon the
corvergencein (11) having approximatelyoccurred
for finite modelorderm sothat(12) canbeconcluded
andin fact, it is problematicasto whetherthe Fourier
seriescorvergenceunderlyingthis hasin factapprox-
imately corverged.

In more detail, the corvergenceof (11) was high-
lightedto beoneof Fourierseriesconvergencen (10)
of amatrix valuedfunction
Zo (7)o (w) Z3 (/)
| 4o (e7¢)[?

+0L,. (14)

Asiswell known (Edwards(1979)) therateof Fourier
seriescorvergenceis governedby the smoothness
of the function beingreconstructedFurthermorethe
variation (andhencesmoothnesspf (14) is degraded
by the division by |4, (e/*)|? term since,supposing
for simplicity thatall the zeroesof A,(z) arein the
left half plane,then (seefigure 2) |4, (e’%)| < n™
for somen < 1 and|4,(e’™)| > ™ for some
v > 1 sothatdivision of afunctionby | A, (e?“)|? can
magnify the maximumand minimum valuesof that
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Fig. 2. Graphical illustration of how magnitude of
Ao (e?%) dependonw.

functionby factorsof 1/7?™ and1/y?™ respectiely.
Therefore,asthe modelorderm grows, the function
(14) being implicitly Fourier reconstructedn (10)
develops greatervariation, which necessitatesnore
termsin it's Fourier expansionbefore approximate
corvergencecanbe assumedn the step(12) leading
to (1). But thenumberof termsin theimplicit Fourier
reconstructior{10) is alsogivenby the quantitym.

The netresultis thatit is problematicasto whether
Fourier corvergencecanbe assumedo hold in such
a way thatthe approximation(13) canbe concluded.
Thisappearsatatheoreticalevel, to bethegenesiof

theapproximatiordiscrepang shavn in figure 1.

5. RESOLUTION

As pre-cursedvia the plot of the modified expres-
sion (2) in figure 1, theseFourier seriescorvergence
difficulties are not insurmountablethe solution be-
ing to changethe orthonormalbasisinvolved in the
Fourier seriesto one that is adaptecdto the function
(14) beingreconstructedThatis, the problemmay be
re-parameterisetth termsof a new orthonormalbasis
thatis ‘adapted’to Ay, (z) in the sensehatthis poly-
nomialis incorporatednto the basis.A basissuitable
for thishasbeendiscussedh (NinnessandGustafsson
(1997)),analysedn (Ninnesset al. (1998b)),applied
to FIR and ARX model structuresn (Ninnesset al.
(1999)),andis formulatedas a sequencef rational
functions{By(z), - - -, Bm—1(2) } definedby a choice
of poles{&, - - -, &m—1} all containedn the openunit
diskD = {z€ C: |z| <1} by

Ba(2) 2 \/1—|§n|2 H ( sz>_ (15)

z_é.n

Thesefunctionsare orthonormalwith respectto the
innerproduct

™

(£9) = 5 [ F@ig@)do

—7

el e £

m—1
Km(w7/‘t) = Bk(ejw)Bk(e]H)a
k=0
m—1
1-1&
Kp(w,w) 2
( ) = |e]w _ £k|2

will be important(it happengo be the reproducing
kernelassociatesvith thespaceSpar{ By } 7', hence
thenotation).

The useof this basisto obtainthe approximation(2)

appearingastheimproveddashedine approximation
in figure1 now involvestheanalysisusedin (L.Ljung

(1985)) up until (8) being retained.However, if the
poles{¢,} of the baseq15) are chosenthe sameas
thezerosof Ay, (z), thenwith thedefinition

T 2 [Bo(2), Bi(2), -, Bm-1(2)]"

it holdsthat for somenon-singularn x n matrix J,
the matrix A, (z) appearingn (8), anddefinedin (5)
in termsof a trigonometricbasis,is expressibleas
AgalAm = JT,,. Therefore

A ®DL)Ay' = Il @ L =(J L) (T @ L)
so that with the further (generalisedblock Toeplitz
matrix) definition

M,(F) 2 % / [ ® L]F(W)[T} ® L]dw (16)

—m

thenthe block Toeplitz matrix formulation (7) is ex-
pressibleas

Ta(F/|A3]) = (J ® L) Mo (F)(JT © L)
andhencethe quantity A, (w, §) previously analysed
via Fourier theory with respectto the trigonometric

basisbecomes

2
| 4o[?
M7 (Zo®,ZF + 6| Ao’ L) [Ty ® L] Zo.

In (Ninnessetal. (1998b,1999))a generalisedrourier
theory involving the generalisedasis(15) is devel-
oped,for which the most pertinentresultin the cur-
rentcontext is the corvergenceonereproducedn the
appendixas LemmaA.2. Applying it provides the
conclusion

Ap(w,0) =

ZAI* ® L] x

-1

lim S2m_ 9 g (Zo®,ZF + 8|4’ D)™ Zo

myco Ky |A |2
o273 7,

B, (W) 257, + 0| Ao L.




A vital point hereis thatthe implicit Fourier recon-
struction operatinghere, by virtue of the useof the
basis (15), is of a function Z,(e*)®,, (w)Z*(e/*)
whosesmoothnesss constanwith respecto Fourier
reconstructiodengthm.

Thereforefollowing the sameine of agumentestab-
lishedin (Ljung (1987))thatledto (13) provides

) . K,

€ {16y, () Guler) P} » T 2l
UJ m—1 1— |£k
@ & e - &P

1
= =3 )
k=0

whichis thenew approximation(2).

6. CONCLUSION

Themainthemeof this papemwasto highlightthatthe
variability of quadraticcostpredictionerrorestimates
is not invariantto the choice of model structure,nor
is it necessarilynvariantto the dynamicsof theactual
systembeingestimated.

This is perhapscounterto previous thoughtthat has
arguedthat sinceonly shift invarianceis requiredof
the model structurefor (1) to hold, then since this
dependnly on modelorder, datalengthandsignal-
to-noiseratio, thenin factthe precisechoiceof model
structureor the dynamicsof the estimatedsystemare
irrelevantto thevarianceerror.

As illustratedhere,this argumentcanfail sincecon-
vergenceof a certainFourier seriesis centralto the
approximation(1) beingaccurateandthis caneasily
be upsetin the output error model structurecase.A

stratgy circumventingthis wasshawn to involve re-

parameterisationvith a certainrational orthonormal
basis,which leadto anextension(2) of (1) which can
offer improved accuray by explicitly accountingfor

factors (such as estimatedpole positions)that may
otherwisedestry corvergenceandhenceapproxima-
tion.

AppendixA. TECHNICAL LEMMATA

In thefollowing lemmatathe definitions(6) and(16)
needto berecalled.

LemmaA.l. Provided F(w) of dimensionp x p is
positive definiteand (componentwisegontinuousfor
allw € [—m, 7], then

lim —[A* ® LT,

m—o0 M

p(F)Am ® L] = F ()

componentwis@anduniformly onw € [, 7].

3o Ko (0, )

positve aetnniteanacomponentwiselipschitzcon-
tinuousof ordera: > 0 for all w € [—m, 7], then
p(F)Cm @ ] = F~(w)

lim Ty, @ I,)M,,

componentwis@anduniformly onw € [, 7].

Proof: See(Ninnessetal. (1999)). ]

References

P.E. Caines.Lin. Stod. Sys. Wiley 1988.

R.E.Edwards.Fourier Ser, Spring.V, 1979.

E.J. Hannanand B. Wahlbeg. Corvergencerates
for inverseToeplitz matrix forms. J. Multivariate
Anal, 31(1):127-1351989.

L.Ljung. Systemdentification: Theoryfor the User.
Prentice-Hall 1987.

L.Ljung. Corvergenceanalysisof parametriddenti-
fication methods.|EEE Trans.Auto. Cont, AC-23
(5):770-783,1978.

L.Ljung. Asymptotic varianceexpressiondor iden-
tified black-box transferfunction models. IEEE
Trans.Auto. Cont, AC-30(9):834—-8441985.

L.Ljung and PE.Caines. Asymptotic normality of
predictionerror estimatorsor approximatesystem
models.Stodastics 3:29-46,1979.

L.Ljung and Z.D.Yuan. Asymptotic propertiesof
black-boxidentificationof transferfunctions.|EEE
Trans.Auto. Cont, 30(6):514-5301985.

B.Ninnessand F.Gustafsson. A unifying construc-
tion of orthonormabasedor systemidentification.
IEEE Trans.Auto. Cont, 42(4):515-5211997.

B.Ninness, H.Hjalmarsson, and F.Gustafsson.
Asymptotic varianceexpressionsfor output error
model structures. Tech. Rep. EE9817, Dept. of
Elec.& Comp.Eng Uni. of Newcastle Australia.,
1998a.

B.Ninness,H.Hjalmarssonand F.Gustafsson. Gen-
eralised Fourier and Toeplitz results for rational
orthonormalbases. To appearin SIAM J. Cont.
&Optim., 1999a.

B.Ninness,H.Hjalmarsson,and F.Gustafsson. The
fundamentalrole of generalorthonormalbasesin
systemidentification.To appear IEEE Trans.Auto.
Cont, 1999.

PM.J. VandenHof, P.S.C.Heubeger,andJ. Bokor.
Systemidentificationwith generalizesrthonormal
basisfunctions. Automaticg 31(12):1821-1834
1995.

B. Wahlbeg. Systemidentificationusing Laguerre
models. IEEE Trans. Auto. Cont, AC-36(5):551—
562,1991.

B.Wahlbeg. SystemidentificationusingKautz mod-
els.IEEETrans.Auto.Cont, AC-39(6):1276-1282
1994.



