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Abstract: This paperestablishesthat when using a leastsquarescriterion to estimatean
output error type model structure,then the measurementnoise inducedvariability of the
frequency responseestimatedependson the estimated(and hencealso on the true) pole
positions.This dependenceon pole position is perhapscounterto prevailing wisdom that
for any ‘shift invariant’ modelstructure,the variability dependsonly on modelorder, data
length,andinput andnoisespectraldensities.That is, it is counterto thebelief thatvariance
erroris model-structureindependent.
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1. INTRODUCTION

When consideringthe performanceof predictioner-
ror identificationmethodsusing quadraticcriteria, a
seminalresult is that the measurementnoiseinduced
variability of theensuingfrequency responseestimate
may be approximatedas (L.Ljung (1985); L.Ljung
andZ.D.Yuan(1985);Ljung (1987))

Var
���
	�
��������������������! �#"$��&% �#"$�(' (1)

Here �  and �&% are respectively the measurement
noiseandinput spectraldensities,and )*,+ is the pre-
dictionerrorestimatebasedon

�
observeddatapoints

of a vector
*

parameterisinga modelstructure
� � �.-/�

for which (essentially)�10325476 *98/:<; where
;

is the
numberof denominatorpolynomialsto be estimated
in themodelstructure.

Apart from its simplicity, a key reasonunderlyingthe
importanceand popularity of the approximation(1)
is that, accordingto its derivation (L.Ljung (1985);
L.Ljung andZ.D.Yuan(1985);Ljung (1987)), it ap-
pliesfor averywideclassof so-called‘shift invariant’
model structures.For example, all the well known
FIR, ARX, ARMAX, output error and Box–Jenkins
structuresareshift invariant(L.Ljung (1985)).=
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In contrast,in a seriesof recent works (Wahlberg
(1991,1994);P.M.J. Van denHof et al. (1995);Nin-
nesset al. (1999)) it has beenestablishedthat for
modelstructureswhich canbeconsideredasshift in-
variantgeneralisationsof FIR (in that the fixed poles
arenot necessarilyat theorigin), thenin the interests
of improvedapproximation(1) shouldbemodifiedto
become

Var
�>� 	��� ��� ��� �����@?� �  �#"$�� % �A"$� BDC �EF�GIH ?KJML N F L OL � ��� JPN F L O (2)

wherethe N F arethefixedpolesin themodelstructure,
sothat(2) revertsto (1) for theFIR caseof N F 0RQ .
In (Ninnesset al. (1999))it hasalsobeenshown that
for ARX model structureswith fixed noise model
zeros, again not necessarilyat points N H9SUTVTUTVS NUW C �
which areat the origin, thenagain(2) ratherthen(1)
shouldbe usedin the interestsof providing the most
accurateapproximationof Var

��� 	� ����� ��� ��� .
For theseafore-mentionedcases,for the purposesof
actuallycalculating )*,+ , the processof incorporating
thefixedpolesor zerosmaybeachievedby first pre-
filtering thedatawith anall-polefilter, andthenfitting
a conventionalFIR or ARX structure.As such, the
moregeneralprinciple of the original approximation
(1) being invariant to the particularmodel structure
(but not to the natureof the input andnoisespectral
densities)is preserved.

The purposeof this paper is to establishthat, in
fact, an accurate approximation for the variance



Var is not model structureinvariant.To
establishthis, thestrategy employedhereis to usethe
outputerrormodelstructureto illustratethepoint.The
lack of invarianceto modelstructurestemsfrom the
approximation,whichoutperforms(1), beingagainof
the
X

form (2), but this time with points
� N H SUTVTUTVS N W C � �

beingtheestimatedpolesof
�
	�
�Y��-/� .

2. MOTIVATIONAL EXAMPLE

In the interestsof motivating the analysisto follow,
it is preludedby an illustrative simulationexamplein
which thefollowing continuoustimesystem� ��Z>� 0 ?��Z![ Q ' \ ?V]<^ � O �_Z&[ Q ' ^a`<]9b � O ��Z![ Q ' :a: ^c? �ed
is considered,and for which input-output samples
are obtainedat 1 secondintervals with zero-order-
heldinputs.Thisimpliesadiscretetimerepresentation
with poles at f 0gQ ' h S Q ' b S Q ' i which is estimated
using a b ’ th order output error model structureand
on thebasisof observinga length

� 0j`<Q<QaQ sample
input-outputrecordfor which the outputis corrupted
by white Gaussiannoise of variance k Oj0gQ ' Q<Q(? ,
andwith input which is a realisationof a stationary
Gaussianprocesswith spectraldensity� % �#"$� 0 ?? ' : `DJPlUman "o'
Thesamplemeansquareerrorover `<Q<Q estimationex-
perimentswith differentinputandnoiserealisationsis
usedasanestimateof Var

��� 	� �Y�.� ��� ��� andplottedas
a solid line in figure1. The ‘classical’approximation
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Fig. 1. Variability of Output Error Estimate- True
variability vs.new andexisting theoretically de-
rivedapproximations.

(1) is shown as a dash-dotline in that samefigure,
and is clearly a poor approximationto the estimated
variability. By way of contrast,themodifiedapproxi-
mation(2) (with the

� N F � beingthetruepolesin
� �.-/� )

shown asthedashedline in figure1 appearsto bequite
anaccurateapproximationto theestimatedvariability.

This providesclearevidencethat the true variability
is in fact not model structureinvariant, and hence
accurateapproximationof it may needto take that

phenomenoninto account.Theremainderof thepaper
is devoted to supplying theoreticalanalysisof this
issue.A key tool in thisis theemploymentof aclassof
rationalorthonormalbasisfunctionsthatareadaptable
to the systembeingestimated,andwhich have been
discussedin somedetail in (NinnessandGustafsson
(1997);Ninnesset al. (1998b)).

3. PROBLEM SETTING

This paperaddressesmodelstructureswhich describe
therelationshipbetweenaninputdatarecord

�Vprq � and
anoutputdatarecord

��s/q � accordingtos q 0 � � ��-/� p q [ut � �.-/��� q
where

� � q � is a zero-meanwhite noisesequencesuch
that E

� � Oq � 0 k O S E � L � q L v�wyx �Pz|{ for some }�~ Q
and

� � ��-/� S t � �.-/� are transferfunctions, rational in
the forward shift operator- , andparameterisedby a
vector

*���� W . The mean-squareoptimal one-step
aheadprediction )s q � * � basedon this modelstructure
is (Ljung (1987)))s/q � * � 0���?KJ t C �� ��-/��� s/q [�t C �� ��-/� � � �.-/� p�q
with associatedpredictionerror� q � * � 0 s/q J )s/q 0 t C � ��-/� � s<q J � � ��-/� prq �
involvedwith thequadraticestimationcriterion� + � * � 0 ?: � +E q G � � Oq � * �
usedto definethepredictionerrorestimate)* + of

*
as)* +��R�/��� 6�4���U�<��� � + � * � '

As has beenestablishedin (L.Ljung (1978); Ljung
(1987)),underthe assumptionthat the input

��p q � is
quasi-stationary(Ljung (1987)), then )* + converges
with increasing

�
andwith probabilityoneaccording

to � 476+K��� )*,+ 0 *,� ���<�
� 6�47����<� � � 4�6+!��� E
� � + � * ��� S

As well, it alsoholdsthatas
�

increasestheestimate)*>+ tendsto beNormally distributedabout
*/�

accord-
ing to (L.Ljung andP.E.Caines(1979);Caines(1988);
Ljung (1987))� � � )*,+ J */� � �J¢¡|£ � Q S
¤ W � S (3)¤ W �¦¥ C �W3§ W ¥ C �W
wherewith the definition of predictionerror gradient¨ q � * � as( T © denotesdifferentiationwith respectto

*
)¨ q � * � � )s ©q � * � 0 t C �� ��-/� � � © � ��-/� p q [ut ©� ��-/� � q � * �ª� (4)



sothatmoresuccinctly

where« � ��-/� � � � � �.-/� S t � ��-/��� S « © � ��-/� � � � © � �.-/� S t ©� ��-/��� S¬ q � * � �®­ prq� q � * �c¯ '
Therefore,¥ W � � 476+K��� ?� +E q G �±° E ² ¨ q � */� � ¨$³q � */� �U´ J

E µ � q � * � �I� ¨ ©q � * ��� ³!¶c·
and§ W � � 476+K��� ?� +Eq � ¸ G � E ² ¨ q � * � � ¨ ³¸ � * � � � q � * � � � ¸ � * � �U´ '
While an asymptoticdistributional result like (3) is
verysatisfyingtheoretically, for practicalapplications
it is rather less appealing,mainly due to the (just
presented)intricatedefinition of ¤ W via § W S ¥ W and¨ q � * � .
This was recognisedin (L.Ljung (1985); L.Ljung
andZ.D.Yuan(1985);Ljung (1987))which proposed
the solution of investigatinghow (3) manifestedit-
self in the variability of the frequency responses� 	� �Y�.� ��� � S t 	� �Y��� ��� � , theresultbeingapproximations
suchas(1).

4. SYNOPSISOFOUTPUTERRORCASE

To seehow thisstrategy of evaluatingtheimplications
of (3) in the frequency domain,andin sucha way as
to exposethe genesisof the inaccuracy illustratedin
figure1 of theapproximation(1), this sectionfocuses
on thecaseof themodelstructurebeingof theoutput
errorform s q 0 � � ��-/� p q [u� q 0º¹ � �.-/�» � �.-/� p q [�� q
where the numeratorand denominatorpolynomials
areof theform» � �.-/� 0 - B [u¼ BYC � - BDC � [ TUTVT [u¼ � -�[�¼ H<S¹ � �.-/� 0�½ BDC � - BYC � [ TVTUT [ ½ � -K[ ½ HaS
and

*���� W (with ¾ 0 : � ) is definedas* ³ 03� ¼ H<S ½ H<S ¼ � S ½ � SUTUTVTUS ¼ BDC � S ½ BYC � � '
In this case

J » O � �.-/� S » � �.-/� ¯0M� ¿ B �.-/�yÀuÁ O �AÂ � �.-/� ?» � �.-/�
where À is theKronecker tensorproductof matrices,Á O is a

:ÄÃÅ:
identity matrix,and¿ B ��-/� � ��? S - SUTVTUT�S - BYC � � ³ S Â � �.-/� �®­ J � � �.-/�? ¯ (5)

Therefore,using(4) andnotingthatthereis noparam-
eterisednoisemodel t � ��-/� , leadsto anexpressionfor
thegradientof thepredictionerrorasafilteredversion
of theinput

��p q �¨ q � * � 0�� ¿ BÄ�.-/�yÀuÁ O �AÂ � ��-/� ?» � �.-/� prq '
Now, assumingthat the true systemis in the model
structuresothata trueparametervector

* �
exists,then� q � * � � 0 � q sothatuseof Parseval’sFormulaleadsto

(the � ��� dependencewill notbemadeexplicit in what
follows in orderto improvereadability, and T Æ will be
usedto denote‘conjugatetranspose’)¥ W 0 � 476+K��� ?� +E q G � E ² ¨ q � */� � ¨ ³q � */� � ´

0 ?:,ÇÉÈÊC È � ¿ BË���������yÀuÁ O �
Â � � % Â Æ�L » � �.� ��� � L O � ¿ Æ B À�Á O � 2 " '

In this case,with a
: � Ãu: � block-Toeplitz matrix

beingdefinedby a
:ÌÃY:

positivedefinitematrixvalued
function Í �#"$� asÎ W � Í � � ?:,Ç ÈÊC È � ¿ BÏÀuÁ O � Í �#"$� � ¿ Æ B ÀuÁ O � 2 " (6)

then ¥ W�0 Î WÑÐ Â � �.� ��� � � % �#"$��Â Æ� �.� ��� �L » � �.� ��� � L O Ò '
Also, againundertheassumptionof � q � * � � 0 � q
§ W � � 4�6+K��� k O� +E q G � E ² ¨ q � * � � ¨ ³q � * � �U´ 0 k O ¥ W

sothatthematrix ¤ W quantifyingtheparameterspace
variability of )* + via (3) is in fact expressibleas
a block Toeplitz matrix associatedwith a particular
spectraldensityasfollows¤ WÓ0 k O ¥ËC �W 0 k O Î C �W Ð Â � �&% �#"$�
Â Æ�L » � L O Ò ' (7)

This formulation of ¤ W is a key ingredient under-
lying the methodsof (L.Ljung (1985); L.Ljung and



Z.D.Yuan (1985); Ljung (1987)) that arrive at the
approximation(1). A secondfundamentalidea is to
relate this parameterspacevariability to frequency
domainvariability of ���Y� � via Taylor expansion
accordingtoÔ� + �A"$� � �Õ	�
�Y��� ��� � J � � �.� ��� �
0×Ö 2 � �2 *jØØØØ � G ��Ù�Ú

³ � )* + J * � �y[�Û5��Ü )* + J * � ÜV�0 » C �� Ù Â ³� � ¿ ³B ÀuÁ O �ª� )* + J * � �Ý[�Û5��Ü )* + J * � ÜV� (8)

so that using (3) and the previous Toeplitz matrix
formulationof ¤ W� � Ô� + �A"$�Þ�Jr¡|£ � Q S�ß W �A"$��� (9)

where(with obviouscompactificationof notationin-
volving

*,�
) using(7)ß W 0 ?L »�� L O Â Æ� � ¿ Æ B ÀuÁ O � ¤ W � ¿ BÏÀuÁ O �AÂ �0 k OL » � L O Â Æ� � ¿ Æ B ÀuÁ O � Î C �W Ð Â � �&% Â Æ�L » � L OàÒ � ¿ B ÀuÁ O �AÂ � '

A potential difficulty in continuing the analysisof
this expressionis that althoughthe Toeplitz matrix
involved is non-singular, the matrix valuedfunctionÂ � �&% Â Æ� is itself, by definition,singularwhenevalu-
atedat any onefrequency. To circumvent this, define
a perturbedmatrixß W �#" S�á � � k OL » � L O Â Æ� � ¿ Æ B ÀuÁ O � ÃÎ C �W Ð Â � �&% �A"$�
Â Æ�L »D� L O [ á Á O Ò � ¿ BâÀ�Á O �.Â �
sothatsincematrix inversionis continuousß W �#"$� 0 � 476ã � H ß W �#" S�á � '
Thefinal principleunderlyingtheanalysisof (L.Ljung
(1985))is thatthatthequadraticform defining ß W �#"$� ,
by virtue of beingformulatedin termsof inversesof
Toeplitzmatricesparameterisedby spectraldensities,
it canbe viewedasan ¾ ’ th orderFourier reconstruc-
tion of theinverseof thespectraldensity. Specifically,
by LemmaA.1� 476B ��� ?� ß O B �#" S
á � � ß �#" S
á �0 k OL »D� L O Â Æ� ­ Â � �&% �A"$�
Â Æ�L »D� L O [ á Á O ¯ C � Â � ' (10)

Therefore,usingthematrix inversionlemmaprovidesß �A" S
á � 0 k OL » � L O Â Æ� Â � L »D� L O� % Â Æ� Â � [ á L » � L O '

Therefore

andhence� 476ã � H � 476B ��� ?� ß O B �#" S�á � 0 k O� % �#"$� ' (11)

Consequently, assumingthat theconvergencehasap-
proximatelyoccurredfor finite � leadsto theapprox-
imation ß O B �A"$��� � k O�&% �A"$� (12)

andin asimilarvein,assumingthatconvergenceof (9)
hasapproximatelyoccurredfor finite

�
providesthe

approximation

E µ L Ô� + �#"$� L O ¶ �@?� ß O B �#"$� '
Combiningtheseexpressionsthenfurnishestheover-
all approximation

E µ L � 	� �D�.� ��� � J � � ��� ��� � L O ¶ � �� k O� % �#"$� (13)

which is,asmentionedearlier, aspecialcaseof (1) for
theoutput-errormodelstructurecaseof �! �0 k O .
4.1 Genesisof ImpairedApproximation

The point of the precedingsynopsisof the methods
originatingin (L.Ljung (1985))is to isolatewhy, asil-
lustratedin figure1, thephenomenonof (1) providing
poorapproximationoccurs.

Put simply, it arisessince (1) is predicatedon the
convergencein (11) having approximatelyoccurred
for finite modelorder � sothat(12)canbeconcluded
andin fact,it is problematicasto whethertheFourier
seriesconvergenceunderlyingthis hasin factapprox-
imatelyconverged.

In more detail, the convergenceof (11) was high-
lightedto beoneof Fourierseriesconvergencein (10)
of amatrix valuedfunctionÂ � �.� ��� � � % �A"$�
Â Æ� ��� ��� �L »�� ��� ��� � L O [ á Á O ' (14)

As iswell known(Edwards(1979)),therateof Fourier
seriesconvergenceis governed by the smoothness
of the functionbeingreconstructed.Furthermore,the
variation(andhencesmoothness)of (14) is degraded
by the division by L »D� �.� ��� � L O term since,supposing
for simplicity that all the zeroesof

»D� � f � are in the
left half plane,then (seefigure 2) L »D� �.� � H � L�ä1å B
for some å z ? and L »D� �.� � È � Lçægè B for someè ~ ? sothatdivisionof a functionby L »D� �.� ��� � L O can
magnify the maximumand minimum valuesof that
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functionby factorsof ? 8 å5O B and ? 8 èIO B respectively.
Therefore,asthe modelorder � grows, the function
(14) being implicitly Fourier reconstructedin (10)
develops greatervariation, which necessitatesmore
terms in it’s Fourier expansionbefore approximate
convergencecanbe assumedin the step(12) leading
to (1). But thenumberof termsin theimplicit Fourier
reconstruction(10) is alsogivenby thequantity � .

The net result is that it is problematicas to whether
Fourier convergencecanbe assumedto hold in such
a way that the approximation(13) canbe concluded.
Thisappears,ata theoreticallevel, to bethegenesisof
theapproximationdiscrepancy shown in figure1.

5. RESOLUTION

As pre-cursedvia the plot of the modified expres-
sion (2) in figure 1, theseFourier seriesconvergence
difficulties are not insurmountable,the solution be-
ing to changethe orthonormalbasisinvolved in the
Fourier seriesto one that is adaptedto the function
(14)beingreconstructed.Thatis, theproblemmaybe
re-parameterisedin termsof a new orthonormalbasis
that is ‘adapted’to

» � Ù � f � in thesensethat this poly-
nomial is incorporatedinto thebasis.A basissuitable
for thishasbeendiscussedin (NinnessandGustafsson
(1997)),analysedin (Ninnesset al. (1998b)),applied
to FIR andARX model structuresin (Ninnesset al.
(1999)),and is formulatedas a sequenceof rational
functions

�Vü H � f � SUTVTUT�S ü BYC � � f ��� definedby a choice
of poles

� N HaSUTUTVTUS N BDC � � all containedin theopenunit
disk ý 0 � f �ÕþÞÿ L f L z ? � byü W � f � ��� ?KJ¦L NUW�L Of JPNUW W C �øF�GIH Ð ?KJ N F ff JPN F Ò ' (15)

Thesefunctionsare orthonormalwith respectto the
innerproduct

��� S���� 0 ?:,ÇÉÈÊC È
� �#"$� � �A"$� 2 "

andtheusualtrigonometricbasis
(which is the one used in the previous analysisof
expressionslike (10) ) is obtainedasa specialcaseofN H N � N BDC � Q . In thesequelthefunction	 B �A" S�
 � definedas

	 B��A" S�
 � 0 BDC �EF�G�H ü F ��� ��� � ü F �.� �
� � S
	 B �A" S "$� � BDC �EF�GIH ?KJ¦L N F L OL � ��� JPN F L O

will be important (it happensto be the reproducing
kernelassociatedwith thespaceSpan

�Vü F � BDC �F�GIH , hence
thenotation).

The useof this basisto obtainthe approximation(2)
appearingastheimproveddashedline approximation
in figure1 now involvestheanalysisusedin (L.Ljung
(1985)) up until (8) being retained.However, if the
poles

� N F � of the bases(15) arechosenthe sameas
thezerosof

» �
Ù � f � , thenwith thedefinition� B � � ü H � f � S ü � � f � SVTUTVT�S ü BDC � � f ��� ³
it holds that for somenon-singular¾ Ã ¾ matrix � ,
thematrix ¿ BÄ� f � appearingin (8), anddefinedin (5)
in terms of a trigonometricbasis,is expressibleas» C ��
Ù ¿ B 0 � � B . Therefore� ¿ BÏÀuÁ O � » C �� 0 � � BMÀ�Á O 0 � � ÀuÁ O ��� � BâÀuÁ O �
so that with the further (generalisedblock Toeplitz
matrix)definition

� W � Í � � ?:/Ç ÈÊC È �
� BâÀuÁ O � Í �#"$� � � Æ B ÀuÁ O � 2 " (16)

thenthe block Toeplitz matrix formulation(7) is ex-
pressibleasÎ W � Í 8 L » O � L � 0 � � ÀuÁ O � � W � Í ��� � ³ ÀuÁ O �
andhencethe quantity ß W �#" S�á � previously analysed
via Fourier theory with respectto the trigonometric
basisbecomesß W �A" S
á � 0 k OL »D� L O Â Æ� � � Æ B ÀuÁ O � Ã� C �W�� Â � �&% Â Æ� [ á L »D� L O Á O � � � B À�Á O �.Â � '
In (Ninnessetal. (1998b,1999))ageneralisedFourier
theory involving the generalisedbasis(15) is devel-
oped,for which the mostpertinentresult in the cur-
rentcontext is theconvergenceonereproducedin the
appendixas Lemma A.2. Applying it provides the
conclusion� 4�6B ��� ß O B	 B 0 k OL » � L O Â Æ� � Â � �&% Â Æ� [ á L »�� L O Á O � C � Â �0 k O Â Æ� Â �� % �#"$��Â Æ� Â � [ á L » � L O Á O '



sothat

A vital point hereis that the implicit Fourier recon-
structionoperatinghere,by virtue of the useof the
basis (15), is of a function Â � �.� ��� � �&% �A"$�
Â Æ� ��� ��� �
whosesmoothnessis constantwith respectto Fourier
reconstructionlength � .

Therefore,following thesameline of argumentestab-
lishedin (Ljung (1987))thatled to (13)provides

E µ L � 	� �Y�.� ��� � J � � ��� ��� � L O ¶ � k O� 	 BË�A" S "$��&% �A"$�0 ?� �  �#"$�� % �#"$� BYC �EF�GIH ?KJML N F L OL � ��� J N F L O ' (17)

which is thenew approximation(2).

6. CONCLUSION

Themainthemeof thispaperwasto highlight thatthe
variability of quadraticcostpredictionerrorestimates
is not invariant to the choiceof modelstructure,nor
is it necessarilyinvariantto thedynamicsof theactual
systembeingestimated.

This is perhapscounterto previous thoughtthat has
arguedthat sinceonly shift invarianceis requiredof
the model structurefor (1) to hold, then since this
dependsonly on modelorder, datalengthandsignal-
to-noiseratio, thenin facttheprecisechoiceof model
structureor thedynamicsof theestimatedsystemare
irrelevantto thevarianceerror.

As illustratedhere,this argumentcan fail sincecon-
vergenceof a certainFourier seriesis central to the
approximation(1) beingaccurate,andthis caneasily
be upsetin the output error model structurecase.A
strategy circumventingthis wasshown to involve re-
parameterisationwith a certainrational orthonormal
basis,which leadto anextension(2) of (1) which can
offer improvedaccuracy by explicitly accountingfor
factors(such as estimatedpole positions) that may
otherwisedestroy convergence,andhenceapproxima-
tion.

AppendixA. TECHNICAL LEMMATA

In thefollowing lemmata,thedefinitions(6) and(16)
needto berecalled.

LemmaA.1. Provided Í �A"$� of dimension � Ã � is
positive definiteand(componentwise)continuousfor
all " � ��J Ç S Ç � , then� 476B ��� ?� � ¿ Æ B ÀuÁ��,� Î C �B � � Í � � ¿ B À�Á��,� 0 Í C � �#"$�
componentwiseanduniformly on " � ��J Ç S Ç � .

Proof: See(HannanandWahlberg (1989)).

LemmaA.2. Provided of dimension is
positive definiteand(componentwise)Lipschitzcon-
tinuousof order ��~ Q for all " � � J Ç S Ç � , then� 4�6B ��� ?	 B �A" S "$� � � Æ B À�Á � � � C �B � � Í � � � BMÀ�Á � � 0 Í C � �#"$�
componentwiseanduniformly on " � � J Ç S Ç � .
Proof: See(Ninnesset al. (1999)).
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