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Abstract— This paper addresses the problem of estimating
linear time invariant models from observed frequency domain
data. Here an emphasis is placed on deriving numerically robust
and efficient methods that can reliably deal with high order
models over wide bandwidths. This involves a novel application
of the Expectation-Maximisation (EM) algorithm in order to
find Maximum Likelihood estimates of state space structures.
An empirical study using both simulated and real measurement
data is presented to illustrate the efficacy of the EM-based
method derived here.

I. I NTRODUCTION
A widely used approach to the problem of linear dynamic
system identification is to first obtain measurements of a
system’s frequency response, and then take as estimate the
model of given order whose response most closely matches
these measurements [13], [15]. This technique may be employed because the system observations naturally present
themselves in the frequency domain, such as in the area of
vibration analysis [9]. Alternatively, it may be used in order
to obtain some of the natural advantages that flow, such as
ease of combining separate data sets, ability to compress
large data sets, and ease of accommodating continuous time
models [16].
However, the approach is not without difficulties. In most
cases finding the estimate involves solving a non-convex nonlinearly parametrized optimisation problem. This necessitates
some sort of iterative search such as a gradient based
technique [5]. Furthermore, when the observed data is in
the frequency domain, it can have a very wide dynamic
range involving several orders of magnitude, with features
at small magnitudes being as significant from a modelling
viewpoint as features at large magnitudes. Finally, it may
may be required for the estimated model to fit the observed
data over several decades of frequency.
The combined effect of these issues is that solving a
frequency domain estimation problem often implies solving a complex optimisation problem subject to significant
numerical conditioning difficulties. A wide variety of techniques have been developed to cope with these difficulties,
with a commonly used approach being one of Gauss–
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ically parametrized to ameliorate numerical conditioning
issues [16].
This paper explores a new approach of tackling the model
fitting problem via the Expectation-Maximisation (EM) algorithm. As opposed to gradient-based search which applies
to the general class of smooth cost functions, the EM method
was specifically developed to tackle (possibly non-smooth)
Maximum-Likelihood (ML) criteria. It was originally developed in the statistics literature [4], and enjoys a reputation
in that field of providing a particularly robust means for
iteratively computing ML estimates.
However, it has not (to the authors knowledge) previously
been applied to the frequency domain estimation problems
studied here, although the current authors have studied the
method for both linear and non-linear estimation from time
domain data in [6], [7]. In that context, it was found
to provide a method that was particularly robust against
capture in local minima, which enjoyed favourable numerical
conditioning of component calculations, and which implied
reasonable computational load which scaled only modestly
with increasing model complexity.
These advantages in the time domain case motivated the
frequency domain study here, and as will be illustrated,
the same benefits apply in this new setting. Like gradient
based search, the algorithm involved is still iterative in nature
and consists of two key steps. In the first, a smoothed
state estimate based on the current iterate model parameters
are computed. In the second, this state estimate is used to
update the model parameters via solving two maximisation
problem. Unlike the time domain cases studied in [6], [7],
this maximisation step cannot be found in closed form and
a gradient based search is required. However, the problems
involved are convex or close to, and hence simply solved.
The efficacy of the method is illustrated empirically on a
range of simulation studies of varying system dimension, and
on two real world problems involving a cantilevered beam
and a power transformer.
II. M ODEL S TRUCTURE AND AVAILABLE DATA
This paper assumes the availability of a set of measurements {Y (ωk )} of a system’s frequency response at a set
{ωk } of frequencies which need not be regularly spaced,
and addresses the problem of finding matrices A, B, C, D
in a state space model such that the associated frequency
response
G(γk ) = C(γk I − A)−1 B + D;

γk = ejωk or jωk (1)

matches Y (ωk ) as closely as possible. Note that in (1) both
discrete time and continuous time models are considered.
Of course, it is necessary to be precise about how the
quality of fit will be measured. As will presently be detailed,
a Maximum-Likelihood criterion will be employed. This
arises from certain stochastic assumptions, which may be
motivated in several ways. One of these involves employing
an underlying time domain description
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III. M AXIMUM L IKELIHOOD E STIMATION
Given the model structure (9), (10), the work here
supposes measurements Yk , Y (ωk ) at M frequencies
ω1 , · · · , ωM and addresses the problem of using this data
to form an estimate θb of the system parametrization
θ , vec {[β, η, Π]} ,

β , vec {Θ} ,

where
Θ , [A, B],

Γ , [C, D].

(5)

where X(ω), W (ω), E(ω) are the DFT’s of {xt }, {wt },
e
{et } and X(ω)
is the DFT of {xt+1 }:
N
1 X
√
xt+1 e−jωt ,
N t=1

1 
= ejω X(ω) + √
xN +1 e−jωN − x1 . (6)
N
e
Therefore, as N increases X(ω) → ejω X(ω) and the
distributional convergence


W (ω)
D
−→ Nc (0, Π)
(7)
E(ω)

e
X(ω)
,

occurs [3]. Also E(ω) is asymptotically independent of E(λ)
for ω 6= λ and similarly for W (ω). Here Nc denotes the
complex Normal distribution which is defined such that if
Z ∼ Nc (µ, P ) for a vector Z ∈ Cn then Z has probability
density function

1
p(Z) = n
exp −(Z − µ)? P −1 (Z − µ) .
(8)
π |P |
This leads to the following model for observed frequency
domain data which will be used in the remainder of this
paper.
 jω
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with E(ω) and W (ω) being i.i.d


W (ω)
∼ Nc (0, Π).
(10)
E(ω)
Note that while (9), (10) have been motivated here via (2) and
assumptions of DFT employment, this is just one example
of how its utility can be argued [16].

(12)

For this purpose, the paper employs the well-known maximum likelihood criterion
θb , arg max pθ (Y1 , · · · , YM )
θ

which has well known properties of statistical optimality [16]. This requires the computation of the likelihood
pθ (Y1 , · · · , YM ). To achieve this, note that via (5)
Yk = Y (ωk ) = G(ejωk ) + T (ejωk )W (ωk ) + E(ωk )
where
T (z) , C(zI − A)−1 ,



η , vec {Γ} (11)

G(z) , T (z)B + D.

(13)

Now assume, according to the motivation of the previous
section, that W (ω) and E(ω) have complex Normal distributions given by (10). Then

Yk ∼ Nc G(ejωk ), Pk
(14)
where
−? T
Pk , CA−1
k QAk C + R,

Ak , ejωk I − A.

(15)

Therefore, by the independence of W (ωk ) and W (ω` ) for
k 6= `, and similarly for E(ωk ), E(ω` )
pθ (Y1 , · · ·, YM ) =

M
Y

pθ (Yk ) =

k=1
M
Y


1
−1/2
exp − Pk
(Yk − G(ωk )
π n |Pk |

k=1

2


.
(16)

Actually, since log x is monotonic in x, then the maximum
likelihood estimate can be equivalently defined as
θb = arg max L(θ)

(17)

θ

where L(θ) is the log-likelihood function:
L(θ) = log pθ (Y1 , · · · , YM ).

(18)

In this frequency domain case, equation (16) makes it clear
that (after dropping terms independent of θ)
L(θ) =

M
X

−1/2

log |Pk | + Pk

2

(Yk − G(ωk )

.

(19)

k=1

The essential difficulty now is that L(θ) is parametrized in
quite a complicated way by θ via the formulation of G(z),
T (z) and Pk . As such, the computation of θb via minimisation

of L(θ) is not straightforward, and certainly it requires some
sort of iterative search procedure to be used.
Previous work has addressed this via the employment
of a gradient-based search method such as Gauss–Newton
iteration or a variant thereof [12], [16]. This paper explores an alternative approach of employing the so-called
‘Expectation-Maximisation’ (EM) algorithm.
IV. EM A LGORITHM
To explain and motivate the EM Algorithm it will be
convenient to define the full output and full state information
sequences as
Ȳ , {Y1 , . . . , YM },

X̄ , {X1 , . . . , XM },

Xk , X(ωk ).
(20)
Employing this, an essential ingredient in the understanding
of the EM Algorithm is the recognition that via Bayes’ rule
p(Ȳ ) = p(X̄, Ȳ )/p(X̄ | Ȳ ) and hence the log likelihood
L(θ) can be decomposed as
L(θ) = log pθ (Ȳ ) = log pθ (X̄, Ȳ ) − log pθ (X̄|Ȳ ).

V. C OMPUTATION OF Q(θ, θbk )
To implement the EM Algorithm for frequency domain
estimation using the missing data choice X̄ given by (20) it is
clearly necessary to derive a method for computing Q(θ, θbk ).
This may be simply achieved via the results of the following
two Lemmas.
Lemma 5.1: The function Q(θ, θbk ) defined via (22) may
be expressed as
Q(θ, θbk ) = −QΓ (η, R, θbk ) − QΘ (β, Q, θbk )

(21)

Note that in general, the component X̄ is termed the ‘missing
data’ and its choice is the main design variable in the
deployment of the EM method. The selection here of it being
the DFT of the states in an underlying state space model is
therefore part of the adaptation of an EM approach to the
specific frequency domain estimation setting.
A second essential point is that the expectation of L(θ)
given the output measurements Ȳ and with respect to a
probability density function implied by parameters θ0 is
Z

Eθ0 L(θ)|Ȳ
=
log pθ (Ȳ )pθ0 (Ȳ |Ȳ )dȲ = log pθ (Ȳ ),
so that via (21)


L(θ) = Eθ0 log pθ (X̄, Ȳ )|Ȳ − Eθ0 log pθ (X̄|Ȳ )|Ȳ .
{z
} |
{z
}
|
Q(θ,θ 0 )

Like gradient based search, a single iteration is unlikely to
find the optimiser θb and hence the above steps are iterated
multiple times to produce a sequence {θb0 , θb1 , θb2 , . . .} of
b The iterations are
increasingly good approximations to θ.
usually terminated using a standard criterion[5] such as
the relative decrease of L(θ) falling below a pre-defined
threshold.

where
QΓ (η,R, θbk ) , M log |R|



+ Tr R−1 Φ − ΓΨ? − ΨΓT + ΓΣΓT
QΘ (β,Q, θbk ) , M log |Q| − 2

with An has been defined in (15) and
Φ,

(23)
where the indicated positivity arises since the term involved
is easily established via the definition in (22) as the KullbackLeibler divergence metric between pθ (X̄|Ȳ ) and pθ0 (X̄|Ȳ ).
It follows immediately that if Q(θ, θ0 ) > Q(θ0 , θ0 ) then
L(θ) > L(θ0 ) which naturally suggests what is known as
the EM algorithm which takes an approximation θbk of the
Maximum Likelihood estimate θb given by (17) and updates
it to a better one θbk+1 according to:
1) E Step
Calculate:
Q(θ, θbk );
(24)

M
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n=1

Eθbk {Yn Zn? | Yn } ,
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N
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Eθbk {Xn Xn? |Yn } ,

n=1

n=1
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Re {log |An |}




+ Tr Q−1 Λ − ΘΩ? − ΩΘT + ΘΣΘT

(22)
L(θ) − L(θ0 ) = Q(θ, θ0 ) − Q(θ0 , θ0 ) + V(θ0 , θ0 ) − V(θ, θ0 ),
|
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X
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The final key component is that via (22)

(26)

Eθbk {Zn Zn? | Yn } ,

n=1

»
Zn ,

Xn
I

–
.

Proof: See [1] for details, which are not presented here
due to space restrictions.
This reduces the problem of computing Q(θ, θbk ) to one
of computing a smoothed state estimate and its covariance,
which itself may be achieved by the results of the following
Lemma.
Lemma 5.2: Assume that observed data Yn = Y (ωn )
obeys the model (9),(10) which is parametrised by a given
vector θ according to (11),(12). Then
−1
−1
bn , Eθ {Xn |Yn } = A−1
X
n B + Sn Rn (Yn − CAn B − D),

bn X
bn? + Qn − Sn Rn−1 Sn?
Eθ {Xn Xn? |Yn } = X
where An has been defined in (15) and

2) M Step
Compute:

θbk+1 = arg max Q(θ, θbk ).
θ∈Θ

(25)

−?
Qn , A−1
Sn , Qn C T , Rn , CQn C T + R.
n QAn ,
Proof: See [1] for details, which are not presented here
due to space restrictions.

VI. M AXIMISATION OF Q(θ, θbk )
Together, Lemmas 5.1 and 5.2 provide a simple means
for the ‘expectation step’ (24) of computing Q(θ, θbk ). This
leads to consideration of the ‘maximisation step’ (25). Unfortunately, this is not so straightforward since it cannot be
achieved by closed form expressions as was just possible in
the expectation step.
In order to address this, recall that via (26), Q(θ, θbk )
can be decomposed into two components QΓ (η, R, θbk )
and QΘ (β, Q, θbk ) which depend in a non-coupled fashion on particular elements of the state space description A, B, C, D, Q, R as defined via the parametrization
in (11),(12).
This allows the optimisation problem (25) to be decomposed into smaller ones. The first of these involves maximisation (minimisation of QΓ (η, R, θbk ) and QΘ (β, Q, θbk ))
with respect to the noise parametrizations R and Q, which
does have a closed form solution.
Lemma 6.1: For any η = vec {[C, D]}

1 
b
Φ − ΓΨ? − ΨΓT + ΓΣΓT
(27)
R(η)
,
M
is a stationary point of QΓ (η, R). Likewise, for any β =
vec {[A, B]}

1 
b
Q(β)
,
Λ − ΘΩ? − ΩΘT + ΘΠΘT
(28)
M
is a stationary point of QΘ (β, Q).
Proof: See [1] for details, which are not presented here
due to space restrictions.
Substitution of these minimisers for the Q and R terms in
QΓ (η, R, θbk ) and QΘ (β, Q, θbk )) then leads to ‘concentrated’
versions that depend only on the system parameters β =
vec {Θ} = vec {[A, B]} and η = vec {Γ} = vec {[C, D]}
according to
˛
i˛˛
˛ 1 h
b
Φ − ΓΨ? − ΨΓT + ΓΣΓT ˛˛ + M p,
QΓ (η, R(η))
= M log ˛˛
M
(29)

and
˛
i˛˛
˛ 1 h
b
QΘ (β, Q(β))
=M log ˛˛
Λ − ΘΩ? − ΩΘT + ΘΠΘT ˛˛ +
M
Mn − 2

M
X

To address this, a Newton-type gradient based search, of
the form
ηbk+1 = ηbk − HΓ−1 (b
ηk )gΓ (b
ηk )
(33)
 
−1
initialised at ηb0 = vec Re ΨΣ
is proposed where
gΓ (η) and HΓ (η) are (respectively) the gradient and Hessian
b
b
of QΓ (η, R(η)).
The rationale is that since QΓ (η, R(η))
is real valued, and hence its gradient and Hessian are
real valued, then the search (33) automatically respects the
realness constraint on ηb. Furthermore, since (29) is convex
in η, then the Newton based search (33) can be expected to
b
rapidly converge to a global minimiser of QΓ (η, R(η))
[5].
An identical argument and approach applies to deriving a
real valued minimiser βb of QΘ (β, Q, θbk ). Furthermore, the
associated gradients and Hessians necessary to implement the
Newton based search for ηb and βb may be straightforwardly
computed via the results of the following Lemmas.
b
Lemma 6.2: The gradients for QΓ (η, R(η))
and
b
QΘ (β, Q(β)) are given by
gΓ (η)

,
=

gΘ (β)

,
=

k=1

b
∂ 2 QΓ (η, R(η))
T
∂η∂η

=

b
∂ 2 QΘ (β, Q(β))
T
∂β∂β

=

Re {log |An |} .

where

Considering (29), since

n
o
b
∂vec R(η)

T

Φ − ΓΨ − ΨΓ + ΓΣΓ =
−1

(Γ − ΨΣ

n
o
b −1
2Re Σ ⊗ R(η)
h
i
b −1 ⊗ R(η)
b −T JΓC (η)
−M JΓT (η) R(η)

n
o
b −1
2Re Π ⊗ Q(β)
h
i
T
C
b −1 ⊗ Q(β)
b −T JΘ
−M JΘ
(β) Q(β)
(β)
"
#
“P
”
M
2Re
A−1
⊗ A−T
K ∅n2 ×nm
k
k
k=1
+
∅nm×n2
∅nm×nm

(30)

T

b
∂QΘ (β, Q(β))
∂β
(
˘
¯–)
M »
n
o X
vec A−T
−1
b
k
,
2Re vec Q(β) [ΘΠ − Ω] +
∅nm

respectively.
Proof: See [1] for details, which are not presented here
due to space restrictions.7
b
Lemma 6.3: The Hessian matrices for QΓ (η, R(η))
and
b
QΘ (β, Q(β)) are given by

n=1

?

b
∂QΓ (η, R(η))
∂η
n
n
oo
b −1 [ΓΣ − Ψ]
2Re vec R(η)
,

−1 ?

)Σ(Γ − ΨΣ

−1

) + Φ − ΨΣ

?

Ψ

(31)

then it is tempting to conclude via Minkowski’s inequality
for determinants of positive definite matrices [8] that
n o
b , Γ
b = ΨΣ−1
ηb = vec Γ
(32)
globally minimises (29). Unfortunately, this overlooks the
constraint that ηb must be real valued, and it is not clear how
it can be simply accommodated while retaining a closed form
solution. As well, (30) has P
an additional complicating factor
M
due to the presence of the n=1 Re {log |An |} term.

JΓ (η)

,
=

JΘ (β)

∂η T
“h
i
”
1
ΓΣT − ΨC ⊗ Ip + (Ip ⊗ [ΓΣ − Ψ]) K ,
M n
o
b
∂vec Q(β)

,

∂β T
i
”
1 “h
=
ΘΠT − ΩC ⊗ In + (In ⊗ [ΘΠ − Ω]) K ,
M
and K is a commutation matrix (see p46 of [11]), which satisfies
n o
Kvec {·} = vec ·T .

Proof: See [1] for details, which are not presented here
due to space restrictions.

VII. A LGORITHM
The preceding arguments and derivations are summarised
here via a formal specification of the EM-based algorithm
proposed in this paper.
Given an initial guess θb0 and initialisation k = 0 perform
the following steps.
1) E-STEP
a) Compute Eθbk {Xn |Yn } and Eθbk {Xn Xn? |Yn }
for n = 1, . . . , M via Lemma 5.2;
b) Compute Φ, Ψ, Σ, Λ and Ω via Lemma 5.1;
2) M-STEP
a) Determine a value η = ηbk+1 that reduces
b
QΓ (η, R(η),
θbk ) defined in (29) using the gradient and Hessian information from Lemmas 6.2
and 6.3 to implement the Newton search (33);
b) Determine a value β = βbk+1 that reduces
b
QΘ (β, Q(β),
θbk ) defined in (30) using the gradient and Hessian information from Lemmas 6.2
and 6.3 to implement the Newton search (33);
b ηk+1 ) and Q(
b βbk+1 ) from (27) and
c) Determine R(b
(28), respectively;
d) Set
oo
o
n
n
n
b ηk+1 ) .
b βbk+1 ) , vec R(b
θbk+1 = βbk+1 , ηbk+1 , vec Q(
3) If converged, then stop. Otherwise set k = k + 1 and
repeat.
VIII. S IMULATION
In this section we demonstrate the potential utility of
the EM algorithm by profiling it against state-of-the-art and
widely accepted gradient-based methods. To achieve this
we consider a number of Monte-Carlo simulations with
systems ranging from sixth-order, single-input single-output
to 18th-order, three-input three-output. More precisely, three
algorithms were considered, namely:
• The Expectation-Maximisation algorithm from section IV - this is denoted EM throughout;
• A standard implementation of the Levenberg-Marquardt
algorithm for non-linear least squares , where the objective is to minimise a prediction error defined presently.
This is denoted as LM throughout.
• Matlab’s System Identification Toolbox [10] implementation of the Levenberg-Marquardt algorithm, where the
objective is also to minimise the prediction error. The
is denoted as SIT throughout.
The first example we consider is a single-input single-output
(SISO) system, whose transfer function is given by
G(s)

=

2.021 × 10−3
(s + 0.1)(s + 0.2)

(34)

1
(s + 0.01 + 0.1j)(s + 0.01 − 0.1j)
1
×
.
(s + 0.02 + j)(s + 0.02 − j)
×

This system was discretised using a zero-order-hold function
with one-second sample time resulting in system Ḡ(z).

Output measurements {Y1 , . . . , YM }, where M = 500, were
obtained via
Yk
Vk

= Ḡ(ejωk ) + Vk , ωk , 10−3+
∼ Nc (0, 0.01), k = 1, . . . , M.

(k−1)(log10 (π)+3)
M −1

,
(35)

We performed 100 simulations, where the noise and initial
guess at parameter values were regenerated at the beginning
of each run. In particular, the initial guess was randomly
generated, but then ensured to correspond to a stable system.
To measure the success of each algorithm, we compute
b denoted e(θ),
b via
the prediction error of the final estimate θ,
!
M
1 X
?
b
b
b
, Ek (θ) Ek (θ) , (36)
e(θ) , Trace
M
k=1

b , Yk − G(e
b jωk ),
Ek (θ)
b jωk ) , C(e
b jωk I − A)
b −1 B
b + D,
b
G(e
and compare it with the 2-norm of the sample variance
!
M
1 X ?
v , Trace
Vk V k .
(37)
M
k=1

b ≈ v.
From (35) we note that if θb is a good estimate then e(θ)
With this in mind, a failure is determined if
b > 1.3v.
e(θ)

(38)

Using this criteria, the number of failures for the first
simulation are recorded in Table I under the epithet s1 .
Note that both the EM and LM approaches proved robustly
successful, despite all starting from initialisations which were
‘failures’ according the the criterion (38).
In consideration of these initial encouraging results, further Monte–Carlo simulations of increased system dimension
were conducted as follows (as before n denotes number of
states, m inputs and p outputs)
• n = 2, m = 1 and p = 1 - denoted s2 ;
• n = 3, m = 1 and p = 1 - denoted s3 ;
• n = 8, m = 2 and p = 2 - denoted s4 ;
• n = 18, m = 3 and p = 3 - denoted s5 .
For each of the above Monte–Carlo simulations, 100 systems
were randomly generated. Different noise realisations and
randomly chosen initial guesses for the parameters were
selected for each run. The number of failures are recorded in
Table I under the columns labelled with epithets s2 − s5 . For
the lower order systems we see that EM performs slightly
better than LM and both perform substantially better than
SIT. As the system order is increased, the gap (in terms of
number of failures) begins to grow between EM and LM
indicating a clear performance advantage offered by the EM
approach developed here for the case of higher dimension
problems.
While the above simulations indicate the potential utility
of the EM algorithm, it is of course interesting to assess
performance on a real physical system. For this purpose, a
2 × 2 MIMO case arising from an aluminium cantilevered

EM
LM
SIT

s1
0
0
27

s2
2
5
23

s3
4
7
42

s4
8
12
57

s5
13
28
65

TABLE I

Number of failures for different algorithms (rows) and for
different simulations (columns).

IX. C ONCLUSIONS
Still to be written.
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Frequency response functions for cantilevered beam example.
Error Magnitude Plot for Cantilevered Beam Example
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beam with piezoelectric actuators and sensors as shown in
Figure 1 is considered.
Frequency domain measurements of the response of this
apparatus at M = 6337 non-uniformly spaced frequency
points between 5Hz and 500Hz were obtained by DFT
analysis of experiments involving a periodic chirp signal
excitation. For this experiment, the most natural model
structure is continuous rather than discrete. However, this
is handled by first applying a bilinear transform and then
fitting a discrete model – see e.g. [14].
Figure 2 shows the measured frequency response for one
of the transfer functions from this two-input, two-output
system (the others are omitted for brevity). Figure 2 also
shows the model fit for each algorithm and Figure 3 shows
its associated error plot. In each case the system order
was selected as n = 12, with m = 2 and p = 2.
Furthermore, each algorithm was initialised with the same
parameter values as determined using a frequency-domain
subspace algorithm [14]. Note that the EM algorithm clearly
outperforms the gradient-based algorithms in this case in that
according to Figure 3, the modelling error is between 10
and 30 dB smaller when employing the EM approach. In
particular, note from Figure 2 how the EM method is able
to accurately model two lightly damped zeros between 40
and 80 rad/s that are completely missed by both gradient
search based implementations considered here. Note that
not capturing these modelling aspects can have significant
implications for the success of subsequent feedback control
design.
As a final test, again using data from a real physical
system, but of higher state dimension and with estimation
to be performed over a wider bandwidth, the modelling of a
132/66/11kV, 30MVA transformer was considered [2]. The
frequency range used in the experiment was from 50Hz
to 200kHz and M = 123 measurements were obtained.
Figure 4 shows the measured data combined with two 31st
order models. One is obtained via a frequency domain
subspace algorithm [14], and the other is obtained via the
EM algorithm in Section VII (starting from the subspace
estimate). Again, despite the high model order, wide bandwidth over which a fit is required, and white dynamic range
of measurements, a very close fit is achieved which is almost
indistinguishable from the measurements.
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Frequency response functions for cantilevered beam example.

the cantilevered beam experimental data and for their
insights into aspects of its modelling.
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