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Abstract

The work here explores new numerical methods for supporting a Bayesian approach to parameter estimation of dynamic
systems. This is primarily motivated by the goal of providing accurate quantification of estimation error that is valid for
arbitrary, and hence even very short length data records. The main innovation is the employment of the Metropolis—Hastings
algorithm to construct an ergodic Markov chain with invariant density equal to the required posterior density. Monte—Carlo
analysis of samples from this chain then provide a means for efficiently and accurately computing posteriors for model

parameters and arbitrary functions of them.
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1 Introduction

A dominant force in both the practice and underlying
understanding of modern methods for system identifi-
cation of dynamic systems has been work within the
context of the maximum likelihood and prediction error
frameworks [4,23,44]. In particular, the software devel-
oped as part of this latter effort [24] has become an in-
dustry standard.

A key aspect of these approaches is that any quantifica-
tion of the accuracy of the associated system estimates
relies on employing asymptotic in data length expres-
sions as if they applied for finite data lengths. For ex-
ample, the Gaussian distribution commonly achieved by
estimates in the infinite data limit, is usually assumed
to hold for whatever finite data length is available.

While these techniques enjoy widespread acceptance,
there has arisen a body of work that has sought to
derive methods and supporting theory which apply
for arbitrarily short data records. To give some exam-
ples, the so-called ‘bounded error’, or ‘set estimation’
techniques [31,27,46] were developed to provide non-
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asymptotic error bounds in situations where measure-
ment corruptions were of constrained magnitude.

More recent work has examined how bounds applicable
to finite data situations may be computed for prediction
error methods [47,48], correlation methods [7] and least
squares techniques with model structure linear in the pa-
rameter vector [9], and has also turned to concepts from
machine learning theory [6,5,45], which have originated
largely within the Computer Science community [28].

This paper is directed at the same issue of dynamic sys-
tem identification in a finite data record setting, but
takes a different approach to the problem. In particu-
lar, the perspective here is that especially for very short
data lengths, it is sensible to take a Bayesian approach
to quantifying the manner in which prior knowledge and
data-based information are combined to yield posterior
information about system properties.

For example, if one accepts the Bayesian interpreta-
tion of probability, then the posterior density of sys-
tem parameters given observed data provides a com-
plete and concise description of all knowledge that can
be extracted from the observed data about those param-
eters [18,22]. Furthermore, except in special cases, al-
ternatives approaches such as maximum likelihood and
prediction error methods deliver estimates whose asso-
ciated probability densities cannot be formulated except
via approximate methods involving first order estimates
whose validity depends on data records of substantial
length being available.
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Due to these and other attractive theoretical and philo-
sophical aspects, interest in a Bayesian approach to pa-
rameter estimation has a very long history, stretching at
least as far back as [34]. However, it is not commonly
used (save for the linearly parametrized Gaussian case
where Kalman filter-based Bayesian estimation is rou-
tinely employed), mainly due to the computational dif-
ficulties of computing posterior densities, marginals of
them, and associated functions such as posterior means.
See [20] for a recent discussion of these issues.

However, over the last decade, there has been great
progress made within the statistics community in over-
coming this computational burden and making Bayesian
analysis tractable for a wide range of complicated mod-
els such as those inherent to demographic and popula-
tion studies, image processing, and drug response mod-
eling [14] to name but a few cases. The central tool has
been to construct a Markov chain (i.e. a vector random
number generator) with invariant, and hence stationary
density equal to the desired posterior density of interest.

Monte—Carlo analysis of realisations from this chain then
provides a means for efficiently computing required pos-
teriors of parameters, and also very general functions
of them. The computational load is therefore lessened
by seeking only an approximate answer, with a smooth
tradeoff between accuracy and computation time being
provided by the choice of Markov chain simulation du-
ration.

Despite the widespread success and interest in these so
called ‘Markov chain Monte-Carlo’ (MCMC) methods
in the statistics literature, there appears to have been
no study of their potential for dynamic system param-
eter estimation problems of interest to the control and
signal processing communities, aside from a preliminary
study by the current authors [30]. Indeed, it appears they
were first suggested for control relevant applications at
all only quite recently in [40] where state (but not pa-
rameter) estimation was considered.

There have, however, been previous control relevant con-
tributions using other types of Monte-Carlo analysis.
For example, the recent works [42,3,10] use a ‘boot-
strap’ technique, also having its roots on the statistics
literature[12] to generate random samples of parameter
estimates for subsequent Monte—Carlo analysis. Unlike
the methods considered here, each bootstrap iteration
requires re-calculation of parameter estimates, and the
goal is to compute densities of prediction error estimates
(or in the case of [3], subspace estimates) as opposed to
the posterior densities studied here. Furthermore under-
pinning convergence analysis in these applications is not
straightforward, and hence has not yet been studied.

As another example of Monte—Carlo based methods, the
application of ‘particle filters’ has recently been stud-
ied in several areas of signal processing and state es-
timation [43,8], for which purpose it appears to have

been first introduced in the control literature [15]. How-
ever, particle filtering, or more properly ‘sequential im-
portance resampling’ (SIR) methods are specifically de-
signed to approximate the integrations involved with the
Chapman-Kolmogorov equations for measurement and
time update of optimal state estimates.

As such, they share little with the MCMC methods stud-
ied here, which are designed to compute almost arbi-
trary posterior densities, with no underlying constraint
of a Chapman—Kolmogorov relationship. However, there
appears to be some confusion on this point due to the
fact that MCMC methods are sometimes employed as a
component (the so-called ‘resampling step’) of some SIR
algorithms. Nevertheless, in the specific case of model
structures which are linear in the parameters, so that
the problem of estimating them can be cast as a filtering
problem, SIR techniques have been studied for parame-
ter estimation applications [20,38].

With this as background, this paper studies the appli-
cation of MCMC methods for Bayesian estimation of
parameters and, perhaps more importantly, arbitrary
functions of them. The latter can be the posterior den-
sity of system frequency response, achieved closed loop
gain/phase margin, or achieved sensitivity function in-
finity norm for a given candidate controller, as just three
among an essentially arbitrary number of examples.

Associated with this, the paper is designed to give a self
contained introduction to the Metropolis—Hastings class
of MCMC algorithms and their theoretical foundations
in terms of convergence analysis. Since this depends cru-
cially on techniques and results of Markov chain theory
on non-countable spaces, which many readers may not
be familiar with, a brief overview of this material is pro-
vided in an appendix.

2 Problem Setting

This paper addresses parametric modeling of an ob-

served data record Y £ {y;,---,yny} according to a
stochastic model

Y ~p(Y [ 0) (1)

where § € X C R" is a vector of model parameters, and
p(Y | 6), which is completely described by 6, is the joint
probability density function 2 for the elements of Y.

Commonly, such a model is employed to form an es-
timate @y of the true parameters 6, via a maximum-

2 Importantly, the form of the density p(6 | Y) may de-
pend on further factors, such as the model structure that 6
parametrizes, or an observed exogenous input sequence. In
the interests of readability, and as is common practice [2,
Equations (3.1), (3.2)], [23, Page 216] this will be taken as
understood and not explicitly acknowledged via notational
embellishment.



likelihood (ML) approach

Oy 2 argmax p(Y | ) = argmaxlogp(Y | 0). (2)
0 0

In many applications of interest, via a Kalman filter or
some other method of solving the associated Chapman—
Kolmogorov equations, the model (1) permits a decom-
position

Ye = Yee—1(0) + &4 (3)

Here %y;—1(0), is a one step ahead predictor (Wiener
filter) of y; based on observations strictly prior to time
t, and €; is a zero mean i.i.d. innovations process that is
independent of %y, (9). To provide a concrete example,
the standard reference [23] considers the model structure

yr = G(q,0)us + H(q,0)e; (4)

as [23, page 45| “the basic description of a linear system
subject to additive random disturbances” where {u; } is an
observed exogenous input, and G(q, 9), H(q, ) are trans-
fer functions, rational in the forward shift operator g,
and completely described by the elements of the param-
eter vector 6. In this case, with H (g, §) being constrained
to be monic, the predictor ¥y, (6) is well known to be
given as

Uje-1(0) = H(q,0)G(q, 0)uy + [1 — H ' (q,0)]y: (5)

under the assumption that both H~!(q,0)G(q,0) and
H~1(q,0) are stable. Returning to the more general case,
via Bayes’ rule, equation (3) implies that p(Y | ) may
be computed according to

N
p(Y | 0) = yo|9H —Jep-1(0))  (6)

where p.(-) is the probability density function for the
stationary innovations {e;} and p(yo | ) encapsulates
assumptions on initial conditions.

In this case, for a very broad variety of model structures,
the widely used Maximum-Likelihood approach (2)
obeys the asymptotic distributional convergence

VN(@by —0.) = N (0, P)

where NV(0, P) denotes a zero mean multivariable Gaus-
sian density with covariance matrix P. The latter is de-
fined by (E{-} denotes expectation)

P12 lim d*
Nooo  dAdOIT N

as N —o0 (7)

E{logp(Y [0y - (®)
0=0,
Typically, in the aAbsence of an alternative, quantifica-
tion of the error 8y — 6, is achieved by assuming the
convergence (7) has effectively occurred for the finite
data length N available. For example, based on this, it is
commonly approximated that (x2 denotes an n-degree

of freedom chi-squared distribution)
Ny —0)TP~ Ox =0T ~xi (9)

as a means of generating ellipsoidal confidence regions
for 0. Furthermore, when necessary to quantify the es-
timation error 6% — 6% in the i’th element of the param-

eter estimate, a further common technique is to assume
from (7) that ([P];; is the 4, j’th element of P)

Gi g Lo
Oy — 0, ~ N (0, N[P]m> (10)

and hence (for example) that a ‘two sigma’ bound
2N~1[P];; is an effective 95% confidence interval for

0%, —6%. Note that using (10) involves a further approxi-
mation of assuming independence between the elements

0% to arrive at the marginal (10).

Often, it is of more interest to quantify the error in a
function f(fx) of the parameter estimate. For example,

the frequency response of a model parametrized by 6.
To address this requirement, a further approximating
step is usually introduced whereby the functional rela-
tionship is reduced to a first order expansion, and Gauss’
approximation formula [21] is then used to estimate that
(-* denotes conjugate transpose)

f(Bx) = 1(6.) ~ N(o %dffi‘;fv) p—ldf(gZN)

(11)
Despite the several approximations in the error quantifi-
cations (9)-(11), they have proved effective and accurate
in many applications when IV is reasonably large and
hence ||6 — 6.]| is small so that first order approxima-

tions to functions of 6 are informative.

Equally, there are many applications where the available
estimation data is limited. In these cases, it is simultane-
ously more important to accurately quantify estimation
error and hence model quality, but also more difficult
to do so as the assumptions underlying (9)-(11) become
problematic [13].

3 A Bayesian Approach to Estimation and Er-
ror Quantification

In order to address the problem of accurate estimation
error quantification for arbitrarily small data lengths,
this paper examines a Bayesian approach. This involves
using the posterior density p(6 | Y') as a means of quan-
tifying all information that can be extracted from a com-
bination of the observed data and prior information.

In principle, the required posterior may be computed
using Bayes’ rule applied to (6) to provide

p(Y | 0)p(6) )

p0 1Y) =P



where p(Y | 0) is computed via (6), p(f) is the a-priori
distribution of 6 and p(Y") is a normalising factor (con-
stant with respect to ) given as

p(Y) = / p(Y | 6)p(6) do. (13)

In this case, a Bayesian maximum a-posterior (MAP)
estimate By may be taken as

By 2 arg maxlogp(f | ¥) (14)

= arg;nax [logp(Y | 0) +logp(8)] . (15)

When there is little prior information on 6, and hence
p(0) is diffuse (constant) over a wide range, then the
point estimates Sy in (15) and Oy in (2) will co-incide.
In other cases, provided p(#) is sufficiently regular (for
example, smooth), then existing algorithms such as gra-
dient based search used to compute the ML estimate (2)
can equally well be applied to compute the MAP esti-
mate (14). These principles and ideas, as mentioned in
the introduction, are old and well known.

However, the further steps of using the posterior p(6 | Y)
as a means of computing estimate accuracy, or using the
alternative Bayesian point estimate

By =E{0]Y} (16)

are not routinely employed due to the associated high
computational burdens.

For example, if the marginal density of only a particular
1’th parameter element 0" is required, then this requires
numerical computation of the multidimensional integral

PO | V) = /p(e | Y)d6? - doi=tdei - dgm. (17)

This is problematic, since if k points on the density
curve p(6° | Y) are required to represent it, then (17)
implies the numerical evaluation of & multidimensional
integrals, and this latter dimension could be relatively
large: a modest fifth order transfer function model would
imply a nine dimensional integral in order to obtain the
marginal on just one parameter.

In situations where the residual e; in (3) has bounded
support on a region A

£t ¢ A = p5<5t) =0 (18)

then one approach to coping with these difficulties is to
seek only the support © of the posterior p(f | Y') which
in the case of uniform and diffuse prior p(f) is clearly
given by (12), (6) as

N
O =) {0:y — Gee—1(0) € A} (19)

This domain © is precisely the ‘feasible parameter set’
that is studied (albeit via different motivation) in the
‘bounded error’ estimation literature, and for which (de-
pending on model structure) numerous efficient methods
for computation have been developed [32,31,27,46].

While this provides a partial solution in cases satisfying
(18), there are further frequent requirements it does not
address. For example, suppose as is common, interest is
centered not on the parameter estimate itself, but on a
function of it such as (for example) system phase margin
¢m (K) for a given closed loop controller K(g). Then,
even ignoring computational load issues, it is not at all
clear how one might tractably compute the posterior
density

p(om(K) [Y). (20)

4 A Markov Chain Monte—Carlo Solution

As a solution to the difficulties just profiled of computing
posterior densities of parameters and functions of them
such as (20), this paper explores a Markov-chain Monte—
Carlo (MCMC) technique.

This approach involves numerically computing the re-
quired densities by a strategy of first generating a ran-
dom sequence of realisations {0} with each individual
element 0, € X C R™ and with limiting distribution
equal to the desired posterior density; viz.

lim p(0=600) =p(0]Y) Ve X CR"

(21)
The simulated realisation {6y } is then used as if it were a
random sample from p(6 | Y'). Provided (as will be shown
presently) that the required distributional convergence
holds, then via a law of large numbers based argument,
this will lead to consistent estimates of various quanti-
ties. For example, it allows the numerical computation
and consistent estimation of the conditional expectation

E{f(0) Y} as
E{/(0) Y}

/X fOpO V)  (22)

1 X .
~ap 2 )2 e (23)
k=1

where f is an arbitrary Borel measurable function. It
also allows the computation of rather arbitrary posterior
densities via sample histograms:

M

IO €AIY) %53 I (). (24)
k=1

Here, Ix (&) is the indicator function for £ € X defined

as
1;6e X
1 = 25
x(&) {O ; Otherwise (25)



and A is any f-measurable set.

While, this may seem like a reasonable approach in prin-
ciple, it may also appear to be practically infeasible due
to the implied requirement of a vector random number
generator with given joint density p(6 | V).

Perhaps surprisingly, this difficulty can be overcome
quite straightforwardly by recognising that the related
task of simply evaluating the function p(6 | Y) for a
given 6 is usually straightforward.

For example, in the common situation where the general
model structure (4) is employed, then via (12) and (6),
the evaluation of p(6 | Y) for a given 6 reduces to com-
puting the prediction error €4(6) = y; — Yj¢—1(0) using
the standard formula (5) and then evaluating the den-
sity pe(+) for the innovations ; in (4) at this point. Use
of this process is illustrated in section 8.

This leads to a process which first simulates an arbitrary
Markov chain with convenient transition density (0 |
0r—1), and then appropriately modifying the resulting
samples via function evaluations p(6 | Y) in order to
yield vector realisations distributed, upon convergence,
according to p(f | V). The details of this process are
provided by the following algorithm.

Algorithm 4.1 (Markov Chain Monte
Sampler)

Carlo

(1) Initialise Oy at some value such that p(6p | Y) > 0
and setk =1;

(2) At iteration k, consider a candidate value & for
Ok which is drawn from a proposal density (& |
0x—1). That is, find a possible realisation for 0y as

&k ~ (| Ok—1); (26)
(3) Compute the acceptance probability

P&k 1Y) 7Ok | ﬁk)}
T POk 1Y) (G | 91@712)7

(&g | Ok—1) = min {1

(4) Accept the proposed &, and set 0y, = & with proba-
bility a(&x | Ok—1), otherwise leave 0y, unchanged by
setting O, = Op_1;

(5) Increment k and return to step 2. O

Note that step 4 may be simply implemented by drawing
a random variable z ~ Ul 1)(+) from a uniform distribu-
tion on [0, 1] and setting 0, = & if z < (& | Ok—1)-

Algorithm 4.1 is, in fact, an instance of the so-called
‘Metropolis—Hastings’ algorithm, which was developed
in [25] and generalised in [16] to the form specified above.
Although the introduction to this paper mentioned the
use of ideas currently popular in the statistics commu-
nity, this algorithm is in fact also widely used in physics,
chemistry and biology, as profiled in [17] where it is listed
at first place in a survey of great algorithms of scientific

computing.

An important specialisation of this method occurs when
the ‘proposal density’ 7 is symmetric in that (¢ | §) =
v(0] £). In this situation

V(-1 | &k)
V(& | Ok—1)

and hence the acceptance probability (27) simplifies to

P&k | Y)
En It

In this case, Algorithm 4.1 is known as the Metropolis
Algorithm. To see how this symmetric proposal scenario
might occur, consider the obvious ‘random walk’ pro-
posal density implied by

=01+ (30)

with v being a random perturbation. In the special, but
common, case in which the mean of v is zero so that
the probability density p,(-) governing vy is symmetric
(pu(x) = pu(_x))a then Clearly

YE0) =p(E—0)=p,(0—&) =~(01&. (31

1, (28)

ok | Ok-1) = min{l

The Metropolis specialisation (29) most clearly exposes
an intuitive explanation of Algorithm 4.1. Namely, re-
alisations 6y convergent (in a distributional sense) to a
target distribution p(6 | Y) are obtained by first draw-
ing a random proposal &. In the Metropolis case (29),
if it so happens that & is more likely to be a realisa-
tion drawn from the density p(- | Y) than the previous
iteration 051, in that p(§, | Y) > p(0k—1 | Y), then &
is definitely used as a new realisation 6 = &;. On the
other hand, if the randomly drawn proposal & is less
likely, then it is not necessarily thrown away. Instead,
even though it is less likely, it may be retained. Whether
or not this happens is randomly decided. More specifi-
cally, a proposed & less likely than _1 is retained (in
that 0 = &) with probability a(&x | Ok—1) = p(&k |
Y)/p(0r1 | Y).

For readers wishing a more detailed discussion of the
Metropolis—Hastings algorithm complete with its his-
tory, tutorial examples, and application to state estima-
tion, the authors recommend the survey [40]. For those
wishing to explore the underlying theory and extensions
of MCMC methods in more depth, the seminal work [41]
and the monograph [35] are recommended.

5 Convergence Analysis

A particularly attractive feature of the MCMC ideas em-
bodied in Algorithm 4.1 is that they implement a Markov
chain, for which an extensive theory is available [26,33].
This facilitates a rigorous convergence analysis to estab-
lish the validity of the approach.



Balancing this advantage is the fact that the details of
this theory and its application are scattered in the liter-
ature, and somewhat inaccessible to the non-specialist.
What follows here and in Appendix A is designed to re-
dress this by providing a streamlined and self contained
convergence analysis of Algorithm 4.1 applied to the pos-
terior p(6 | Y).

To proceed with this, it is fundamental to observe that
according to Algorithm 4.1, the mechanism of generating
a new sample 6 is a time-homogeneous Markov chain
with transition density K (0 | 6x—1) given as the prod-
uct of the probability v(¢ | 0) of proposing a move &,
times the probability (€ | ) of accepting it:

KO =& | Ok—1) =a(&k | Ok—1)7(Ek | 91@—1)[2(9,%1 (€x)+
5(6x — O 1)r(B 1) (32)
where Xy, , = {§ eEX:{# Gk—l} and

F(Bhy) =1 - / (€ | B (€ | Brr) dE

k—1

is the probability of no change in the value of ) from
one iteration to another. In (32) the delta function is of
the Dirac type. Where necessary

P(A|6) = /A K(€ | ) p(de) (33)

will denote the associated transition distribution with p
being Lebesgue measure, and A being any p-measurable
set. Furthermore, in what follows, for brevity u(d€) will
be shortened to simply d¢ (or equivalent).

Now, suppose that €;_; is drawn randomly according
to a probability density function 7;_1(6). Then clearly,
the probability density function 7 (f) for an ensuing
element 6y in this Markov chain is given by the law of
total probability as

Wk(ek) = /XK(Ok | (9]@,1)7'%,1(9;9,1) d@kfl. (34)

Therefore, if the realisations {6y} generated by Algo-
rithm 4.1 are to converge in a distributional sense to re-
alisations having some constant density 7 (), then that
density must satisfy

- /X K0 &)m(e) de (35)

in which case w() is termed an invariant (or station-
ary) density with respect to the transition kernel K (6} |
Or—1).

With this in mind, we now establish that Algorithm 4.1
is targeted at the posterior p(6 | Y) of interest.

Lemma 5.1 The posterior density p(0 | Y') defined by
(12) is an invariant density of the Markov chain realised
by Algorithm 4.1.

PROOF. Assume first that £ # 6. Then according to
the formulation (32) for the transition density of the
Markov chain realised by Algorithm 4.1, and using the
expression (27)

p(0 | Y)K

min{l,

(€160)=p(0] Y)v(E | 0)x
p(E]Y) (0 |s}
p(0]Y) AE]0)

=min {p(0 [ Y)y(£ | 0),p(§ | Y)v(O[}.  (36)
Similarly,
pEIY)K(O | €) =p(& [ Y)y(0]£)x
win {1,2010). 2610
pE]Y) (018

5
1):p(@ [ Y)(E10)}.  (37)

Therefore, comparing (36) and (37) and noting that
the min{-, -} operation is symmetric implies that algo-
rithm 4.1 yields a Markov chain for which the so-called
‘reversibility condition’

p(O | Y)K(E|0)=p(E|Y)K(O]E) (38)
holds when & # 6. Similarly, considering now the case of
¢ = 0, then (38) trivially holds simply by substitution
of £ = 6 into the left hand side of (38).

)
)
= min {p(§ | Y)v(0
(

Therefore, (38) holds for all possible transitions. Substi-
tuting p(- | V) for 7(-) into the right hand side of (35)
and using (38) then implies

/X K0 &)p(e | V) de = /X K(€] 6)p(6 | V) de

=p<e|Y>/XK<s|e>dg
=p(0Y) (39)

where the transition to the last line follows since K (£ | )
is a probability density function and hence integrates to
one. O

Therefore, the desired posterior density p(f | Y) is a can-
didate for any density that realisations of Algorithm 4.1
might converge to. In fact, under further mild assump-
tioms, it is the only candidate. To establish this and fur-
ther results related to convergence, it is useful to define
the associated invariant distribution

o) = [ w1 V)t (40)

A
and also define the supports ©, T of p(8 | Y), v(£ | 0) as
O2{cXx:p0]|Y)>0}, (41)
Fr2{ecX:y(¢1]0)>0,V0c0O}. (42)

This allows the definition of certain assumptions that
will be required in the results to follow, which are now
collected together for convenience of reference.



Assumptions 5.1

(1) The supportT' of the proposal v(§ | 0) contains the
support © of the posterior p(0 | Y') (required in all
following results):

©CT; (43)

(2) The target posterior is bounded and its support is
connected (required in all following results):

p(0|Y) <k < o0, O is a connected set; (44)

(3) The proposal density is bounded (required for Theo-
rem 5.2 and all results following it):

Y(E|0) <k <o, VOE€O; (45)

(4) There exists some € > 0 such that (required for The-
orems 6.1,6.2)

Y(E10)>ep]Y)

The first three of these assumptions can be considered
quite mild restrictions. For example, regarding the as-
sumption (43), it is intuitively clear that any sensible im-
plementation of Algorithm 4.1 must incorporate a den-
sity v(€ | ) that can generate proposals {{x} through-
out the entire support ©. Assuming boundedness of pos-
terior and proposal densities is also relatively unrestric-
tive. The final assumption (46) is only required to gener-
ate overbounds on convergence rate, and is not required
for convergence itself to occur. It will be commented on
further when it is employed in section 6.

Voeo.  (46)

Using the first two of these assumptions, the uniqueness
of p(6 | Y) as a candidate for what Algorithm 4.1 might
converge to is established as follows.

Lemma 5.2 Suppose that assumptions (43) and (44)
hold. Then the invariant density p(6 | Y') of the Markov
chain realised by Algorithm 4.1 is unique. That is, it is
the only density satisfying (35).

PROOF. According to (32), for £ # 6

(610 =ale 0610
min {+(¢ | )2 @?ws}

Therefore under the assumption (43), K( § 6) > 0 for
any £,60 € © and hence via (33), (40) and (41), for any
e

w(A)>0= P(4]0)>0. (49)

Therefore, the Markov chain realised by Algorithm 4.1
is g-irreducible. Therefore, by Proposition 10.1.1 of [26]
the chain is recurrent, and hence by Theorem 10.2.1
of [26], the invariant measure ¢, and hence (by bound-
edness) the density p(6 | Y') are unique. O

Therefore, if the realisations from the Markov chain im-
plemented by Algorithm 4.1 converge to having a sta-
tionary density, the only possibility for that density is
the desired posterior p(6 | Y).

To address the issue of actual convergence, recall the
definition (33) of the transition distribution P(A | ) of
the associated Markov chain. Further define by P"(A |
o) the distribution of the n’th iteration of the chain
when started at 6y and note that it can be computed
recursively according to [26, Theorem 3.4.2]

P"(A | 6y) = / P L(A| OP(dE | B).  (50)
PI(A|€) £ P(4]). (51)

With this formulation of P™ in place, its convergence
to the invariant distribution ¢ defined by (40) can be
established as follows.

Theorem 5.1 Under the assumptions of Lemma 5.2

lm sup [PU(A|60) — p(A) =0 (52)
=0 Aco(X)

for ¢ almost all 8y € © where ¢ is defined by (40) and
o(X) is the Borel sigma algebra of sets on X.
PROOF. See Appendix B. O R
However, this paper proposes the use an estimate f; of
the form (23), (24), so while convergence in distribution
is of interest, it is equally important to consider conver-
gence of sample averages.

Theorem 5.2 Under the assumptions of Lemma 5.2
and the further conditions that (45) holds and that
f: X — R satisfies

/X FO)]p(0]Y)do < ox, (53)

then for the sequence {0y} generated by Algorithm 4.1

im0 = [ rone Va0 (s

with probability one.

PROOF. See Appendix C. O

Therefore, with the choice f(#) = Iy-1(4)(0) being the
indicator function for f(6) € A with A being an arbitrary
(measurable) subset of the range of f, the above theorem
establishes that the sample histogram is a strongly con-
sistent estimator of the underlying true posterior den-
sity. That is

lim 721f vy (Ok) =p(f(0) € AlY)  (55)

M—oo M

with probability one. In particular, if f(8) = Ipic 4(0) so
that f determines the presence of only the i’th element
of f in a set A, then (55) can be used to compute the
posterior marginal density p(6° | Y') which, as explained
in section 3, is generally intractable by any other means.

Furthermore if a point estimate of 8 is required, then
since the posterior expectation E {6 | Y} is the minimum
variance estimate [1, Theorem 3.2, page 30],[4, Theorem



1.2, page 124], it is a reasonable choice. Again, via The-
orem 5.2, this can be estimated in a strongly consistent
fashion with the choice f(6) = 6 to provide

lim —Zek_E{H\Y} (56)
with probability one.

6 Convergence Rate

Having established mild conditions sufficient for conver-
gence of Algorithm 4.1, this section turns to the ques-
tion of convergence rate, which is of important practical
interest.

For this purpose, it is necessary to strengthen the as-
sumption of © C I" to be being the final condition (46)
of Assumption set 5.1 holding. Again, this is not consid-
ered a strong requirement.

For example, it is common that due to considerations of
what is physically reasonable for the problem at hand, a
prior p(#) is imposed that limits the range of feasible 8
to a bounded set. Since p(d | V) x p(Y | )p(8) by (12),
this implies that commonly, the posterior p(f | V) will be
a truncated version of p(Y | §). Due to the normalising
constant p(Y) (again recall (12)), this further implies
that in many practical applications, the posterior p(6 |
Y') is bounded away from zero on its support ©, making
(46) feasible for sufficiently small € > 0.

While this common situation of p( | Y) having bounded
support is sufficient (46) to hold, it is not necessary. For
example, in the simple scalar case where p(f | V) =
N(0,05) and y(¢ | 6) = N(0,67), then a straightforward

calculation establishes that when ag > og, the choice of
\/05/0¢ leads to (46) holding even though p(6 | V)

has unbounded support.

With this in mind, in situations where the strengthened

requirement (46) does hold, an exponential bound on

the distributional convergence first addressed in Theo-
rem 5.1 can be established.

Theorem 6.1 Under the assumptions of Theorem 5.2,
and the further condition (46)

sup [P"(A [ 6o) —
Aco(X)

p(A)) < (1 —-¢e" (57)

for any 6y € ©.
PROOF. See Appendix D. O

Note that due to the constraint that both v(¢ | 0) and
p(€ | Y) are unit area, then as € is increased away from
zero, the condition (46) can only be satisfied if the func-
tional form of (¢ | §) becomes close to that of p(¢ | V).
Therefore, (57) indicates that the closer the proposal
~v(€ | 0) is to the desired posterior p(¢ | Y), then the

faster the exponential convergence of the distribution of
realisations {0;} generated by Algorithm 4.1.

While the rapid exponential distributional convergence
(57) is reassuring, it does not imply fast convergence of a

sample averages f; such as (23), (24) which are the main
focus of this paper. This is because the latter depends
additionally on the correlation between samples.

To address this, denote a centered (i.e. zero mean) ver-
sion fi of f(0) as

Je 2 f(0) —E(f(Or) | Y) (58)

where f : X — R is a function satisfying the conditions
of Theorem 5.2 together with |f| < co. Associated with
this, define the conditional asymptotic variance 0]% of the

estimate fy; (see (23)) as
1 M\
24 Z s

A quantification of the rate of convergence of ]?M to
E{f(0) | Y} is then possible via the following result.

Theorem 6.2 Under the conditions of Theorem 6.1, the
limit in (59) exists and is finite and for any A < 1/2

A}EHOOMHZ 760~ E(/O1 Y} =0 (60)

with probability one. Furthermore, if (7]20 defined by (59)
is non-zero, then

(M > J(6:) — E{f(0] Y)}) = N(0,0%)

(61)
as M — oo.

PROOF. The convergence of (59) and the asymptotic
distributional result (61) follows by direct application of
the result (57) and thence Theorem A.3. Furthermore,
since (59) holds, then for some C < oo

M 2
E <ka> Y » <CM. (62)
k=1

The result (60) is then obtained by the application of
Theorem 2.1 of [29]. O

Therefore, with the definition (23) for the sample average

estimate fM, the result (60) provides the convergence
rate bound

Fu-€0) V=05 ). A<12 (@)

which applies with probability one. This M ~'/2 bound
on the convergence rate is further sharpened by the dis-



tributional result (61). In particular, while (63) shows
that the convergence rate is at least (arbitrarily close to)
M~1/2 the convergence (61) indicates (with respect to
weak convergence of distributions) it is no faster than
M~

7 Choice of Proposal Distribution

The main design variable in the implementation of Al-
gorithm 4.1 is the choice of the proposal density (¢ | 6).
This involves a tradeoff between convergence rate and
complexity. For example, as the correlation between the
realisations {6} decreases, the convergence rate of the

sample average fy; to E{f(0) | Y} increases.

However, as correlation is minimised, algorithm com-
plexity may increase. At one end of the scale, substi-
tuting the choice ¥(§ | §) = p(8 | Y) into (27) implies
an acceptance probability a(€ | §) = 1, so that realisa-
tions of Algorithm 4.1 are independent realisations from

p(0 1Y), and hence fys converges maximally fast.

This is clearly infeasible, since the entire premise of
Markov chain Monte—Carlo method is that they are em-
ployed because sampling from p(# | Y) is computation-
ally impossible. Therefore, it is necessary to consider
suboptimal choices for y(£ | §) that are reasonable while
not overly sacrificing convergence rate.

One of the simplest proposal choices is the random walk
(30) with v ~ N(0,02I), which leaves the variance
o2 as a single design variable. If chosen too small, then
almost all proposals will be accepted, and the correlation
between samples will be very high. This will manifest in
realisations {6y} very slowly trawling the range where
p(0 | Y) is non-zero, resulting in very slow convergence.
Vice versa, if 02 is chosen too high, then overly large
jumps in 6 will be proposed that are rarely in regions
where p(0 | Y) is significant, and hence rarely accepted.
Again, the correlation between samples will be very high
(realisations 6 will remain the same over long periods
of rejected proposals) and convergence will be slow.

In consideration of this, the authors have found it effec-
tive to adaptively modulate o2 in order for an observed
acceptance rate ay, to achieve a given target a,. Here,
the rate «, is defined as the sample average proportion
of acceptances over a window of width L (below ¢ is the
Kronecker delta):

L
ar, £ 2;5(‘%—&)- (64)

There are many ways to implement this principle, and
one found to be successful is to initialise 02 and L at
some small values (say 107% and 10 respectively) and
then for some A > 1 (say, 1.2) perform the following
steps

k=1
while £ < maxvalue do
if kmod L = 0 then
if a; < a, then
0% \o?
else
o2 o2/).
end if
Lw— 2L
end if
k—k+1
end while
Clearly, this is quite heuristic, but has been found ef-
fective in practice (as illustrated in the following sec-
tion 8) with a choice of o, € [0.2,0.4]. Note that under
the strong simplifying assumption of the components §*
of 6 being conditionally (on Y') independent, theoreti-
cal analysis is available [37] to conclude that o, = 0.234
provides the fastest convergence rate in the sense given
by the left hand side of (57).

8 Simulation Study

To illustrate the application of these ideas, this section
considers the case of a linear and time invariant system
model of the output error (OE) form

B(q,0)

Yt = G(Q7 e)ut + Et, A(q, 0) 9

G(q,0) =

(65)
where

Alg,0) =1+ a1g"" +a2q >+ +am,g ™,  (66)
B(q,0) =bo +big” " +bag™* 4+ bpu,g ™, (67)
eT:[ala"'7ama7b07"',bmb]' (68)
In this case, to evaluate the likelihood (6) the required
predictor is given by (5) as simply gy;—1(0) = G(q, 0)us
so that via (12) and (6) the posterior p(f | Y) can be
evaluated for any value of 0 as

N
pO0|Y) =k -p0) ][ p (v — Glg,0)u).  (69)

Here k is a constant independent of 6, that will not be
required an any subsequent calculations (since it will
cancel), but is included in (69) to ensure it has unit total
probability.

Furthermore, in the example to follow, e; of variance
Var{e;} = o2 will have a uniform distribution &; ~
U[-1.50%/3,1.50%/%] so that p.(-) will be the indicator
function I;_; 5,2/3 1 552/5](-) and hence the product term
in (69) will be either one or zero. Similarly, in what is to
follow, the prior p(#) will be uniform and hence zero or
not.

A further specialisation in the example presented in this



section is the employment (in the MCMC Algorithm 4.1)
of the random walk proposal (30)

&k = Ok—1 + vk, v ~ N(0,021)

whereby the previous iteration 0;_1 is perturbed by a
Gaussian distributed random amount vy. Recall, that
as explained via (31), in this situation the acceptance
probability a(€ | 6) simplifies to the Metropolis form
(29). As a result, in the example we present here, the
MCMC Algorithm 4.1 is implemented as follows.

(70)

Algorithm 8.1 (MCMC for OF Model)

(1) Initialise 8y at some value such that according to
(69) the probability p(6p | Y) > 0, and set k = 1;

(2) At iteration k, generate a candidate value & com-
puted according to the random walk proposal (70);

(3) Substitute the &y, obtained in step 2 and the 01 from
the previous iteration into (69) in order to compute
the acceptance probability; viz.

a(é | p_1) = min {1, M} . (T1)

(4) Generate a realisation z ~ U[0, 1], whereU[0, 1] rep-
resents a uniform distribution on the interval [0, 1].

(5) Set b = & if
z < ok | Op—1),

otherwise set 0, = 05_1.
(6) Increment k and return to step 2.

(72)

O

Within this setting, the case studied here is the simplest
possible first order one of

me=1, mp=0, a; =-08, b =02

(73)

with {e;} a zero mean i.i.d. process of variance o? =

E{c?} = 0.01. It is then supposed that the available data
from this system consists of only N = 20 samples of
{y:} and {u:} being a sampled step response transiting
1 — 0 at the data record midpoint. This is illustrated in
Figure 1, where the solid line is the noise free response,
and the samples around this line are the noise corrupted
data assumed to be available.

In the case where the density pe(-) governing e; is uni-
form, and with prior distribution on 6 = [a1, bg] being
one that assigns zero weight to by < 0 and |a1| > 1, then
the posterior distributions for these parameters given
the data realisation shown in Figure 1 are illustrated in
Figure 2.

There, the solid line shows the marginal posterior den-
sity for by and a; computed via Algorithm 4.1 with the
random walk proposal (30) using perturbations {vy}
which are i.i.d. zero mean Gaussian with variance tuned
via the algorithm of the preceding section to deliver an
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a, = 0.3 acceptance rate. These marginals were pro-
duced from histograms based on 10° iterations of Al-
gorithm 4.1, which were then smoothed using standard
kernel density estimation methods [39].

By way of comparison, the marginals obtained by nu-
merical integration using Simpson’s rule over 220 bins to
evaluate (17) by ‘brute force’ are shown as a dashed line
in Figure 2. They are virtually indistinguishable from
the solid line, indicating the accuracy of the MCMC ap-
proach in this example.

As further comparison, the error quantification (10) as-
sociated with a least squares estimate obtained from
the data in Figure 1 is shown as the dash-dot Gaussian
curves in Figure 2. While these quantifications are not
strictly comparable to the posterior densities, since they
evaluate different quantities, it would still seem inter-
esting to compare the two in terms of their utility for
informing a user of what system information can be ex-
tracted from the available data, particularly in view of
the very widespread use of the least squares method and
(asymptotic based) associated error quantification.

In relation to this, note that since p.(-) is uniform in
this example, then via (6) the likelihood is constant on
the region © defined in (19), and hence has no uniquely
defined maximum, so that a maximum likelihood esti-
mator cannot be profiled.

To illustrate further potential uses of the Markov chain
methods proposed here, suppose that it is necessary to
design a closed loop PI controller K (gq) for the system
responsible for the observations in Figure 1 and under
the hypothesis that the system is first order.

The choice
K(qg) =2+ ——
() =2+ p—
achieves a phase margin ¢, = 99.3° and gain margin
gm = 5.56 on the afore-mentioned least squares esti-
mate.

(74)

However, it is of course important to gauge the likely
performance of the controller (74) on the real system.
As argued in this paper, a Bayesian approach addresses
this question by computing the posteriors

P(om |Y),  plgm |Y).

Due to the implicit way in which ¢,, and g,, are defined
(i.e. they do not obey a closed form formula) this would
be a daunting (if not impossible) task if approached from
an analytical point of view, or via standard asymptotic
approximation methods such as (10), (11).

(75)

In contrast, it is straightforward to compute the re-
quired marginals (75) using the Monte—Carlo approach
of this paper. Each realisation of {03} provided by Al-
gorithm 4.1, implies an associated ¢,,, and g,, which is
straightforward to compute. Furthermore, they (or his-



o0,

tograms of their values) may each be thought of as aris-
ing from a bounded mapping f : © — R so that Theo-
rem 5.2 assures convergence of associated sample aver-
ages.

The results of this approach are shown in Figure 3. Their
accuracy is ensured by the demonstrated accuracy of the
distribution of the marginals of p(f | Y) in Figure 2.
Clearly, there seems to be good evidence from the data
that the the controller (74) will achieve a phase margin
greater than 95° and a gain margin greater than 3.7.

noise free and noisy corrupted response
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Fig. 1. First order system response: Solid line is noise free,
sampled dots are the noise corrupted measurements available.

probabity

(a) Posterior p(bo | Y) (b) Posterior p(a1 | Y)
Fig. 2. Posterior marginal densities of parameters computed
via Algorithm 4.1 shown as a solid line together with (dashed
line) another evaluation of the posterior marginals computed
via numerical integration of the joint posterior, and (dash-dot
line), the parameter information that would be inferred from
the data via a least squares approach with the asymptotic in
N distribution approzimation (10).

(a) Gain Margin Posterior

Fig. 3. Posterior distributions for phase margin ¢, and gain
margin gm for a given PI controller.

(b) Phase Margin Posterior
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9 Discussion

While the Bayesian/MCMC approach presented here
has some attractive aspects, such the ability to compute
otherwise intractable quantities, it has limitations which
are important to recognise.

The Bayesian approach itself (independent of a MCMC
or other computational solution) has the disadvantage
of requiring more prior information than some other ap-
proaches, such as maximum-likelihood (ML) or predic-
tion error (PE). For example, Bayesian and ML solutions
require knowledge of the probability density function of
the measurement noise.

Furthermore, neither the PE or ML methods require
specification of a prior density p(f) on the parameters
as the Bayesian approach does. Of course, in some situa-
tions, the ability to incorporate prior knowledge (for ex-
ample, system stability, or positivity of physical quanti-
ties) is actually a strength. Nevertheless, this also raises
the important consideration of the sensitivity of the en-
suing Bayesian estimate (either the MAP or conditional
mean) to the prior. This, and indeed the idea of a prior
itself, has been at the heart of strong debate between so-
called frequentist and Bayesian schools within the statis-
tics community for at least a century; see [18,36,11] for
recent perspectives and comments on the past, and in
particular see [34] for a discussion relevant to system
identification. The debate seems far from settled, and
this paper does not pretend to make a contribution on
these fundamentals.

Rather, the scope here is to suggest that since MCMC
methods now provide a tool for computing Bayesian es-
timates, it is worth considering and evaluating their util-
ity for addressing system identification problems.

Turning to limitations of the MCMC-based solution, the
most obvious one is the computational burden involved
in generating a sufficiently large number of realisations
{6k} for the sample average approximation (24) to be
an accurate evaluation of a required posterior density.
This is undeniably a key weakness, but there are aspects
mitigating it.

First, while a number of realisations are required, the
computation involved with each one is modest, since it
is dominated by evaluating p(¢ | Y) which is almost
identical to computing the cost Vi (6) associated with a
prediction error approach.

Second, the MCMC approach is eminently parallelisable.
Five MCMC runs initialised independently an run for
ten thousand iterations will take 20% of the time of one
run of fifty thousand iterations but can provide results
of equivalent accuracy.

Finally, and related to the above issues of convergence,
an important limitation of the MCMC approach is that



it computes only an approximation to the desired pos-
terior p(f | V). This approximation can be made arbi-
trarily accurate by increasing the simulation length M
(without, it must be stressed, requiring any increase in
the length N of the observed data record Y'). While this
approximation can be very accurate, as illustrated in
Figure 2, it will never be formally exact.

10 Conclusion

This paper has presented new Monte—Carlo based tech-
niques to support a Bayesian approach to dynamic sys-
tem estimation, with particular emphasis on the po-
tential for accurate estimation error quantification from
short data records. While both theoretical and empir-
ical analysis has been presented to establish algorithm
capabilities, there remain many issues worthy of further
study.

A Markov Chains on Non-countable Spaces

The theoretical analysis of this paper relies on ideas and
results pertaining to Markov chains on non-countable
spaces. Since these tools are unlikely to be familiar to
the general reader, this section gives a brief synopsis of
the necessary material.

Let {0} € X C R" be a sequence of random variables
where the collection has a joint probability density func-
tion p(fp, - - - ,0n) which can be decomposed according
to Bayes’ rule as

p(01, - ,0n) =pON | ON-1, - ,00)P(ON_1, - ,00).

(A1)

This sequence {0y} is termed a Markov chain if the

conditional probability density p(On | On—1,--+ ,6p) in
(A.1) satisfies

p(ON [ On-1,---,00) = p(On | On-1). (A.2)

Associated with any such Markovian density, is its distri-
bution measure P(- | -) defined for any A € o(X) (where
o(X) is the Borel sigma algebra) and any 6 € X as

PALO) = [ eloaue) (a3
where p denotes Lebesgue measure. This distribution,
also called a transition probability kernel, completely
characterises the Markov chain.

Now consider an arbitrary measure ¢ on X. A Markov
chain P(A | 6) is then termed t-irreducible if for each
0 € X and each A € o(X) such that (A) > 0, there
exists a k < oo such that [26, Page 88]

P*(A|6) > 0. (A.4)

That is, for any set that is non-trivial with respect to the
measure 1, there is a non-zero probability of eventually
entering that set.
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Furthermore, a v-irreducible Markov chain P(A
termed recurrent if for any set A € o(X) with (A
the conditions [41, Section 3.1],[33, Definition 3.5]

| 6) is
) >0,

Py{6,, € A infinitely often} >0 forall 6, (A.5)

and

Po{0, € A infinitely often} =1 for ) almost all 6,
(A.6)
are both satisfied, where the notation Py denotes ‘the
probability of events conditional on the chain beginning

with 9() =0.

An important point is that any irreducible chain that is
capable of converging to a stationary distribution is re-
current. To state this precisely, suppose that a particular
state 0y has distribution function @k(+), and that we seek
the distribution function ¢41() of 0x41. Then clearly

pen(4) = [P O (A)
Therefore, if the chain is to have any hope of converging
in the sense of the distribution functions {¢x(-)} con-
verging, say to the distribution ¢(+), then this latter dis-
tribution must satisfy

o(A) = / P(A | £)p(de).

A distribution which satisfies (A.8) is termed an invari-
ant distribution for the chain [26, Page 235].

(A.8)

If a chain P(A | 0) is ¢-irreducible for some measure 1),
and also admits an invariant probability measure ¢, then
P(A | 0) is called a positive chain [26, Page 235]. Two
important results are that a positive chain is necessarily
recurrent [26, Proposition 10.1.1], and that the invariant
measure ¢ is unique [26, Theorem 10.2.1],[41].

A strengthened version of (A.5) (A.6) leads to a stronger
version of recurrence. Namely, if a 1-irreducible recur-

rent chain P(A | 6) also satisfies [26, Page 204]

Po{0, € A infinitely often} =1 forallf. (A.9)

then it is termed Harris recurrent. This definition is im-
portant as a necessary condition for a key ergodic result.

Theorem A.1 (Law of Large Numbers) Suppose
that {0k} is a realisation of a positive Harris recur-
rent chain with invariant distribution p. Suppose that
f: X — R is such that

[17@leta9) < . (A.10)

N
fim 5" F60) = [ £€)elde), Voo X (A1)
k=1



with probability one.
PROOF. Follows by Theorem 17.1.7 of [26]. O

Establishing Harris recurrence, and hence ergodicity
is achieved in this paper by consideration of what
are termed harmonic functions. Namely, a function
h: X — R satisfying

[reopaio. voex

h(0) = (A.12)

is termed harmonic with respect to the measure P(A |
0). If P(A | 0) is recurrent then necessarily h(xz) = h
a constant, for ¢ almost all = [33, Proposition 3.13].
Furthermore, P(A | 6) is Harris recurrent if, and only if,

every bounded harmonic function with respect to P(A |
0) is a constant everywhere [41, Theorem 2].

Finally, a ¢)-irreducible Markov chain P(A4 | ) is termed
aperiodic if there exists a set C' € X and a sequence of
positive measures v(+) such that for any § € C' and for
any set A € X [26, Page 121]

g.c.d. {k >1:PHA|0) > uk(A)} =1  (A.13)
where g.c.d. stands for ‘greatest common denominator’.
That is, if the chain is initialised at 6y € C, then it can
visit any other state at any time. Via a non-trivial argu-
ment [26, Page 120], the aperiodicity of a t-irreducible
chain is invariant to the initial set C chosen, except pos-
sibly for ones which differ on a set which is measure zero
with respect to 1.

The importance of aperiodicity is that when it holds
in addition to recurrence, then a chain converges to a
stationary distribution which is its invariant measure.

Theorem A.2 Suppose that P(A | 0) is a 1-irreducible
and aperiodic recurrent chain with invariant measure .
Then for ¢ almost all 0

lim sup |[P"(4]0) -

N—=0 Aco(X)

o(A)| = 0. (A.14)

Furthermore, if the chain is Harris recurrent, then (A.14)
holds for any initial condition § € X.

PROOF. The first part not requiring Harris recur-
rence, is Theorem 1 of [41]. The latter part requiring
Harris recurrence is established via [26, Proposition
13.0.1]. O

Finally, if the distributional convergence in (A.14) is suf-
ficiently rapid, then sample averages of realisations {6}
from the Markov chain P(A | 6) obey a Central Limit
Theorem.

Theorem A.3 Suppose that P(A | 0) is a y-irreducible
aperiodic Harris recurrent chain with invariant measure
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¢ and suppose that for some M < oo, r € (0,1)

sup [P"(A|6)—p(A)] < Mr™.

Aco(X)

Let f : X — R be such that |f]| < k < 00 on X. Then
the limit

(A.15)

N 2
UJ% = ]\}EHOO %Ew LZ_I f0r) — Eso{f}] (A.16)

exists and is finite, where E,{-} denotes expectation with
respect to the measure . Furthermore, if O'J% > 0 then

1 ol D
VN <N;f(9k)—E@{f}> — N(0,0%) (A17)

as N — oo.
PROOF. See Theorem 17.0.1 of [26]. O

B Proof of Theorem 5.1

PROOF. In the proof of Lemma 5.2 the Markov chain
P(A | ) has been established as positive recurrent with
invariant measure ¢ given by (40). Furthermore, via
(49), (50) P"(A | 8) > 0 for any set A satisfying p(A4) >
0 and hence the chain P(A | 6) is aperiodic for any start-
ing 0y € ©. Application of Theorem A.2 then completes
the proof. O

C Proof of Theorem 5.2

PROOF. The proof which follows is due to Tier-
ney [41]. However, it is presented there in a very com-
pact form with many details and steps obvious only
to a specialist. In order to provide a self contained
treatment of the theory underlying and justifying a
Markov-chain Monte-Carlo approach, what follows is
the authors interpretation of the method of Tierney [41],
with the arguments expanded so as to be explicit for a
non-specialist in Markov chain theory.

Firstly, as established in Lemma 5.1,

o(4) = /A p(0]Y)do

is an invariant distribution of the Markov chain P(A4 | )
realised by Algorithm 4.1, and hence P(A | ) is positive
recurrent and ¢ irreducible. Therefore, if there exists a
bounded function h : & — R that is harmonic with
respect to P(A | 0) in that

/ h(e
then it must hold that h() = h a constant for ¢ almost
all 8. Now, define

T2{0:p(0|Y) >0},

P(d¢ | 0) (C.1)

F2{0:h(0)#h}
(C.2)



so that p(F)=0 and h(§) = h ¥V € F¢. Furthermore,
by (38)

a(§ [0 (E10)p(0 1Y) = a® | )v(0 | Ep(S | Y()C 3)
Therefore, by the boundedness of v and since by deﬁﬁi-
tion a(- | -) < 1, it holds that for § € AT

[atc1onte 1 9aue)
F
1
T L1201 90t | V) auce)

SW/FP(SIY)OW(&):

K

p(@|Y)

p(F)=0
(C.4)

where the restriction of § € A™ is necessary due to the
division by p(f | Y') above. Therefore, since h is bounded
and since a(€ | 0),v(£]0) > 0, then V0 € AT

/F a(€ | O4(€ | ORE) du(€) =0.  (C.5)

Furthermore, via (32)

K(§10) = a& ] 0)v(& [ 0)Ix, (&) +7(0)0(§ —0) (C.6)

so that by the defining property (A.12) of a harmonic
function, for § ¢ AT,

h6) = /X K(€ | 0)h(€) du(€)
- /F (€ | 0)1(E | 6)Ix, (E)h(E) du(e) +
/F (€ 81(€ | 0)Tx, (D) du(€) + r{O)A(0)
0T [ ale 10)2(€16)dul) + rO(6)
Xy
:E[l —r(0)] + r(0)h(9).
Therefore

[1—r(0)[h—h(0)] =0, VocA" (C.7)

and hence since P(A | 0) is g-irreducible, then r(0) <

1V60 € X, so that
h(@) =hV6ec A", (C.8)

Finally, by the design of the algorithm, it is initialised
with # € At and all accepted proposals lie in AT. There-
fore, the transition distribution must satisfy

1:/A+P(d§|9), 0:/A+CP(d§\9) (C.9)

for any 6. Therefore, for § ¢ A" and again by the bound-

14

edness of h

noy= [ b

P(d¢ | 0) + /h P(d¢ | 6) = To +0.
(C.10)

Therefore, if h(£) is harmonic to P(d¢ | #), then it is
a constant h(€) = h for all £ € X. Hence as discussed
in Appendix A, by [41, Theorem 2], the Markov chain
P(¢ | 6) is Harris recurrent. Application of Theorems A.1
and A.2 then completes the proof. O

D Proof of Theorem 6.1

PROOF. The proof which follows is drawn from origi-
nal arguments in [19,35] which are below adapted to the
specific problem settings and assumptions of this paper.
To begin with, define the sets

< 1},

. pE]Y) 4(61) .
R ‘{’5” p0Y) AE]0) ’z]\ff)

Then for any 6 € ©, and with I denoting the indicator
function (25)

K(E] 6) >a(€ | 0)1(¢ | )
EZ 2010, +2(€1 0) 11, 6)
Dl | V)T, (€) + epl€ | V)T (6) = eple] V).
Therefore,

is a bona-fide probability density function. Making the
transition density K (¢ | #) the subject of the above equa-
tion allows it to be written in ‘split’ form as

K(E10)=ep€|Y)+ (1 —er(]0).

This provides an alternate means for drawing realisa-
tions from the Markov chain with transition probability
K(£|0). Namely
if 9, ~ Ber(e) = 0 then
Or1 ~ (- | Ok)
else
Ot ~ p(- | V).
end if

(D.2)

where Ber(¢€) denotes a Bernoulli density that delivers a 1
with probability €, and 0 with probability 1 —e. Consider
now an additional chain {8}, which is initialised by
drawing from the stationary distribution of the chain

Bo~p(-]Y) (D.3)
and is propagated by the above alternate means for re-
alising K (¢ | 8) according to

if 9, ~ Ber(e) = 0 then
Oks1 ~7( 1 0k),  Brt1 ~r( | Br)

else
Or+1 = Brg1 ~p(-|Y) .



end if

and once the algorithm reaches 011 = Bg+1 ~ p(- | Y),
then all all future draws are made so that 6, = (3 is
preserved.

The essential point is that since the chain {3} is ini-
tialised from the stationary distribution, then for any
set A€ X and any k > 0

pBeA) = [ pEIVIaE=oa) (D)

and hence, since the drawings of 0,41 and (i1 from
r(- | -) above are independent

IP"(A00) — p(A)| = [p(6n € A) — p(Bn € A)|
= |p(0n € A, 0 = Bn) +p(0n € A, 0, # Bn)
—p(Bn € A, 0, = Brn) —p(Bn € A, 0, # ﬁn)‘

= |p(On € A, 0, # Bn) — p(Brn € A, 00 # Bn)]

< max {p(Gn € A0, F# /Bn)ap(ﬁn €A 0, # 5n)}
< p(On # Bn) < p(T' > n)

where T is the ‘coupling time’ which is defined to be
the random time at which {0} and {5} come together.
However, since the drawings of §; are independently
Ber(e), then p(T' = n) = e¢(1—¢)" ! so that P(T > n) =
(1—e)™ O
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