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Summary. In this contribution we present two interior-point path-following algorithms that solve the convex optimisation problem that arises in recentred barrier
function model predictive control (MPC), which includes standard MPC as a limiting case. However the optimisation problem that arises in nonlinear MPC may
not be convex. In this case we propose sequential convex programming (SCP) as an
alternative to sequential quadratic programming. The algorithms are appropriate
for the convex program that arises at each iteration of such an SCP.

1 Introduction

It is often the case in nonlinear model predictive control (NMPC) that the system
dynamics are nonlinear in the states and inputs while the constraint sets for both
state and input sequences are assumed to be convex [6]. The nonlinear dynamics
can, and often do, make the associated control optimisation problem non-convex,
and hence more dicult to solve.
One popular strategy for solving non-convex problems is sequential quadratic
programming (SQP) where an iterative search procedure is used and the search
directions are computed via a quadratic program [11]. Speci c adaptations of this
SQP approach have been developed for nonlinear model predictive control (NMPC)
which take advantage of the sparse structure typical to these problems [4].
An emergent alternative approach for solving non-convex optimisation problems,
particularly favoured in topology optimisation, is sequential convex programming
(SCP) [16]. SCP is similar in concept to SQP but the search direction is obtained
by solving a more general convex programme (CP) in place of the less general
quaratic programme (QP). While it has been recognised that this generalisation
pays dividends for some mechanical engineering problems [16], the bene ts of using
SCP for NMPC are as yet undetermined. A thorough evaluation of the relative
merits of SQP and SCP for nonlinear MPC is beyond the scope of this contribution.
Rather, in this contribution we consider two interior-point algorithms useful for
solving quite general convex programming problems, for example, of the type that
arise at each iteration of an SCP approach. These algorithms are almost standard
except that they are geared towards solving convex optimisation problems with a
weighted barrier function appearing in the cost. This slight generalisation allows
a parsimonious treatment of both barrier function based model predictive control
[14] and \standard" model predictive control, which can be identi ed as a special
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limiting case. The bene t of including a weighted barrier function is that iterations
stay strictly inside the boundary and fewer iterations are needed to converge. This
barrier approach is called r-MPC and has been successfully applied to an industrial
edible oil re ning process as discussed in [15].
Note that due to page limitations all proofs have been omitted and can be found
in [13].
2 Nonlinear Model Predictive Control

In what follows we describe NMPC and formulate an optimisation problem which
is convex except for the nonlinear equality constraints that represent the system
dynamics. This motivates a very brief discussion of SCP which leads to the main
theme of this contribution being the two algorithms in Sections 3 and 4. The problem
may be formulated as follows. Consider the following discrete-time system with
integer k representing the current discrete time event,
x(k + 1) = f (x(k);u(k)):
(1)
m
n
In the above, u(k) 2 R is the system input and x(k) 2 R is the system
state. The mapping f is assumed to be di erentiable and to satisfy f (0; 0) = 0.
Given some positive integer N let u denote a sequence of control moves given
by u = fu(0);u(1);: ::;u(N 1)g and let x denote a state sequence given by
x = fx(0);x(1);: ::;x(N )g.
For the purposes of this contribution we require that the input sequence u should
lie within a compact and convex set U while the state sequence x should lie in the
closed and convex set X. Let VN (x; u) denote the objective function associated with
prediction horizon N . We assume that VN is a convex function. The control strategy
for NMPC may be described as follows: at each time interval k, given the state x(k),
compute the following and apply the rst control move to the system.
(MPC ) : min VN (x; u); s.t. x0 = x(k); xi+1 = f (xi ;ui ); x 2 X; u 2 U:
x;u

We can associate with the sets X and U, respectively, gradient recentred selfconcordant barrier functions Bx and Bu [14]. This allows (MPC ) to be expressed
as the limiting case when  ! 0 of the following class of optimisation problems [3].
(MPC  ) : min VN (x; u) + Bx (x) + Bu (u) s.t. x0 = x(k); xi+1 = f (xi ;ui ):
x ;u

The above class of optimisation problems (MPC  ) have, by construction, a convex
cost function and nonlinear equality constraints. If these equality constraints are
modelled locally by a linear approximation, then the resulting problem is convex
and more readily soluble. This is the impetus for using SCP; at each iteration of the
method a local linear approximation to the nonlinear equality constraints is formed
and the corresponding CP is solved and the solution provides a search direction,
which is then used in a simple line-search method to reduce a merit function. It
is beyond the scope of this contribution to provide a detailed SCP algorithm, but
standard texts on SQP o er the main themes (see e.g. Chapter 18 from [11]).
We turn our attention to solving (MPC  ) where the nonlinear equalities have
been linearised, thus resulting in a convex optimisation problem. To this end we
present two algorithms in Sections 3 and 4, based on path-following interior-point
methods. The rst algorithm is a two stage long-step path-following algorithm for
the case where the convex constraint set is closed and bounded with non-empty
interior. The second algorithm is based on a primal-dual path-following method
which is less general but more ecient since it is suitable for the case where the
convex constraint set is a self-scaled cone with non-empty interior.

Interior-point algorithms for nonlinear model predictive control

3

3 Barrier generated path-following algorithm

Disregarding previous notation, consider the following convex optimisation problem
(P ) and its closely related class of barrier generated problems (P ).
min f (x) s.t.

(P ) :

x

x 2 G;

( P ) :

min 1 f (x) + F (x):
x

In the above, f
! R is assumed to be a twice continuously di erentiable convex
function, G is a closed and bounded convex subset in Rn with non-empty relative
interior denoted Go , and F is a  -self-concordant barrier function for G [7].
Restricting the feasible domain G to be closed and bounded means that the
barrier function F is strictly convex and attains its unique minimum over the interior
of G (see Proposition 2.3.2 in [7]). Hence (P ) has a unique minimiser for all  > 0,
which we denote by x(), and the set C , fx() :  > 0g of solutions to (P )
is known as the central-path of (P ). In fact, the solution x() coincides with the
solution to (P ) in the limit as  ! 0.
However, we are interested in solving (P ) for the case where  may be chosen
as a xed and relatively large positive number (e.g. for  = 0:1). This means that
standard interior-point algorithms are not directly applicable since they are geared
towards solving (P ) for  ! 0. Nevertheless, as demonstrated in this section,
straightforward generalisations of standard algorithms allow for the case of solving
(P ) with   0.
In terms of the algorithm structure itself, the intuition is as follows. At the
k'th iteration, given a point xk and value k > 0 such that xk is close to x(k ) the
algorithm selects k+1 < k and generates a new point xk+1 that is close to x(k+1 ).
This process is repeated until the barrier weighting k converges to some prescribed
constant value c > 0 with the corresponding xk 's converging to the point x(c ). A
damped Newton method is used to generate the new point xk+1 , and, we employ
a long-step approach, so that aggressive reductions in k are allowed. This has the
consequence of increasing theoretical complexity bounds but tends to be favoured
for practical algorithms since these bounds are usually conservative.
With this in mind, it remains to nd an initial point x0 and value 0 such that x0
is close to x(0 ). This is the subject of Section 3.1 which discusses an initialisation
algorithm.
Further to this, however, is a minor technical issue. The algorithm presented in
this section requires that the objective function f is linear, but we are interested in
a more general choice of f (typically quadratic). Nevertheless, it is straightforward
to embed problem (P ) into a slightly larger formulation which does have a linear
objective. In fact, we do this now using the epigraphic form [2].
: Rn

(A) :

min
(

t;x)

t

s.t. f (x)  t;

x 2 G;

(A ) :

min 1 t ln(t
(t;x)

f (x))+F (x);

where t 2 R and ln(t f (x)) is assumed to be a f -self-concordant barrier function
for f (x)  t (e.g. in the case where f is quadratic then this assumption is satis ed
with f = 2). Note that (A ) has a unique minimiser, denoted by (t();x()). The
following lemma shows that if (t();x()) minimises (A ) then x() minimises (P )
and it therefore appears reasonable to solve problem (A ) and obtain the minimiser
for problem (P ) directly.

Let (t();x()) denote the unique minimiser of problem (A ) for some
 > 0, then x() also minimises problem (P ) for the same value of .

Lemma 1.
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3.1 Initialisation stage

The purpose of an initialisation stage is to generate a point (t0 ;x0 ) and a value 0
such that (t0 ;x0 ) is close to (t(0 );x(0 )) (the minimiser of (A )), which enables
the main stage algorithm to progress as described above. The usual approach is
to minimise the barrier function FA (t;x) , ln(t f (x)) + F (x), which in turn
provides a point at the \centre" of the constraint set and close to the central-path
of (A) for  large enough.
However, by construction FA (t;x) is unbounded below as t ! 1. Thiss problem
is overcome, in the literature, by including a further barrier on the maximum value
of t resulting in the combined barrier function

FB (t;x) ,

ln(R

t) + FA (x);

FA (t;x) , ln(t f (x)) + F (x): (2)
The unique minimiser of the barrier function FB and the central path of problem

(A) are related in the following important way.

Let (t ;x ) denote the unique minimiser of FB (t;x). Then (t ;x ) coincides with a point on the central path of problem (A) identi ed by  = R t .

Lemma 2.

Therefore, minimising the barrier function FB actually provides a point on the
central path of (A), which is precisely the goal of the initialisation stage. Furthermore, Nesterov and Nemirovskii's initialisation algorithm (with associated complexity bounds { see Section 3.2.3 in [7]) is directly applicable in this case. Their approach
may be described as follows.
Let (h;z ) denote the Newton decrement for a 1-strongly self-concordant nondegenerate function h at the point z de ned as (see Section 2.2.1 in [7]),
”1=2

(h;z) = rT h(z) ˆr h(z)˜ rh(z)
“

2

1

:

Given x 2 Go and f (x) < t < R, let z0 = (t;x) and choose  2 (0; 1),
2 (0; 1) and 2 (2 31=2 ; 1). De ne the function  (z) , h rFB (z0 );zi + FB (z).
Let  = 1 and iterate the following steps.

Algorithm 1

1. If (FB ;z )  then let z  = z and stop.
2. If ( ;z )  then update  via   .
3. Update z according to damped Newton step z

z

  ;z) [r

1
1+ (

2

 (z)] r (z).
1

The following proposition shows that (t ;x ) combined with a careful choice of
initial weighting parameter provide suitable initial conditions for the main stage
algorithm.

Let (t0 ;x0 ) = (t ;x ) and 0 = (eT Pe)=(eT Pg ) where g ,
P , ˆr2 fA (z )˜ 1 and e , [1; 0;: ::; 0]T 2 Rn+1 . Then (t0 ;x0 )
are suitable initial conditions for the main stage algorithm.

Proposition 1.

rFA (z ) and
and



0

3.2 Main stage

Consider the point on the central path of (A) corresponding to some 0 > 0, denoted as usual by (t(0 );x(0 )). Given some pair (t0 ;x0 ) close to (t(0 );x(0 )), the
main stage algorithm follows (t();x()) towards the point (t(c );x(c )), where the
constant c > 0 is pre-speci ed by the user.
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Given (t0 ;x0 ) and 0 such that (f0 ; (t0 ;x0 ))  (where is chosen in Algorithm 1), then choose  2 (0; 2 31=2 ) and  2 (0; 1) and let  = 0 and
z = (t0 ;x0 ) and iterate the following steps.

Algorithm 2

1.
2.
3.
4.

If  = c and (f ;z )   then stop.
If c   then let  maxfc ;g, otherwise let  minfc ;=g.
If  = c then let = .
Iterate z z 1+(1f ;z) [r2 f (z )] 1 rf (z ) until (f ;z )  .

We are interested in the total number of Newton iterations taken in Step 4 in the
above algorithm. In the following proposition we bound this number using results
from [7].
The total number of Newton iterations required in Algorithm 2 is
bounded from above by
Proposition 2.

NT = blog (c =0 )cN ( ) + N ( ) + dlog2 ((2 31=2 )=)e:
1=2
where N ( ) , dO(1)(1 + j 1jA
+ A ( 1 ln ))e and A ,  + f

depends on

only.

and

O(1)

4 Self-scaled Cones

The conic form optimisation problem introduced by [7] involves minimisation of a
linear objective function over the intersection of an ane subspace and a closed
and pointed convex cone. [8] de ne a class of cones and associated barrier functions
which are called self-scaled. This class has special properties which allow for ecient
interior-point algorithms to be developed [9, 10, 12]. In this section, three types of
self-scaled cones are treated, namely the standard non-negative orthant, the secondorder cone, and the cone of positive semi-de nite symmetric matrices.
The primal-dual path-following algorithm presented below in Section 4.3 is based
on [8, 9]. The algorithm nds the point on the primal-dual central path corresponding
to the positive real number c . The sections preceding this (namely Sections 4.1 and
4.2) give background material and de nitions used in association with the algorithm
and notation is as follows. Euclidean space with inner product h; i and let K denote
a self-scaled cone in E . The standard primal and dual conic form optimisation
problems considered in the remainder of this section are given by
(PC ) : min hc;xi; s.t. Ax = b;
x

x 2 K;

(DC ) : max hb;y i; s.t. A y+s = c;
y;s

s 2 K :

In the above, c 2 E , b 2 Rm and A : E ! Rm is a surjective linear operator and K
denotes the cone dual to K (which is K itself). Let K o denote the interior of K .
We are interested in nding the point on the central path of (PC ) corresponding
to the positive scalar c . This may be achieved by solving the following primal-dual
central path minimisation problem for  = c .
(PD ) :

min 1 hs;xi + F (x) + F (s); s.t.
x;y;s 

Ax = b; A y + s = c

In the above, F is a  -self-scaled barrier function for the cone K and F is a sign
modi ed Fenchel conjugate of F for the cone K { see [8]. Denote the set of minimisers of (PD ) for  2 (0; 1) by CPD ; this set is typically called the primal-dual
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central path. Let S o (PD) denote the set of strictly feasible primal-dual points for
(PD) given by
S o (PD) = f(x;s; y) 2 E  E  Rm : Ax = b; A y + s = c; x 2 K o ; s 2 K o g :
The algorithm presented in section 4.3 uses a predictor-corrector path-following
strategy. Such strategies typically start from a point close to the primal-dual central
path and take a predictor step which aims for  = 0. This direction is followed until
the new points violate some proximity measure of the central path, at which time
a series of centring steps are taken. These steps aim for the \closest" point on the
central path and cease when suitable proximity is restored.
There exist many proximity measures for the central path, but [9] use a socalled functional proximity measure which is a global measure in the sense that it
has meaning everywhere on S o (PD), and is de ned as
(x;s) = F (x) + F (s) +  ln((x;s)) + ;
(x;s) = 1 hs;xi:
A region of the central path, denoted F ( ), that uses this measure is de ned by
F ( ) = f(x;y; s) 2 S o (PD) : (x;s)  g:

4.1 Centring direction

Given a strictly feasible point (x;s; y) 2 S o (PD) and ! 2 K o such that r2 F (!)x =
s, the centring direction (dx ;ds ;dy ) is de ned as the solution to the following.
1
r2 F (!)dx + ds = (s;x
s rF (x); Adx = 0; A dy + ds = 0: (3)
)
Let u 2 E and v 2 K o . De ne v (u) = 1 , where > 0 is the maximum possible
value such that v + u 2 K . It is convenient to de ne a centring algorithm [9].
Given a strictly feasible initial point (x0 ;s0 ;y0 ) 2 S o (PD), let
(x;s; y) = (x0 ;s0 ;y0 ) and de ne the Newton iterates as follows.
1. If termination conditions are satis ed then stop.
2. Form (dx ;dy ;ds ) by solving (3) with (x;y; s).
3. Update (x;y;s) according to x
x + dx ; s s + ds ; y y +1 dy ,
where
is given at each iteration by
= ((x;s) s (rF (x)) +  ) and
 , maxfx (dx ); s (ds )g.

Algorithm 3

4.2 Ane scaling direction

Given a strictly feasible point (x;s; y) 2 S o (PD) and ! 2 K o such that r2 F (!)x =
s, the ane scaling direction (px ;ps ;py ) is de ned as the solution to the following.
r2 F (!)px + ps = s; Apx = 0; A py + ps = 0:
(4)
Note that hps ;px i = 0 from the last two equations of (4). Furthermore, hs;px i +
hps ;xi = hs;xi since from the rst equation in (4),
hs;xi = hr2 F (!)px + ps ;xi = hs;px i + hps ;xi:
Thus,
hs + ps ; x + px i = hs;xi + (hs;px i + hps ;xi) + 2 hps ;px i; = (1 )hs;xi:
Therefore, can be chosen such that hs + ps ;x + px i = c , i.e. = 1 c =(s;x).
In general, it is not always possible to take a step in direction (px ;ps ;py ) with step
size calculated here, since this may result in an infeasible point. However, if it is
possible to take the full step of size then the duality gap is equal to c .
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4.3 Path-following algorithm
The structure of the algorithm is described as follows: starting from a strictly feasible
initial point (x0 ;s0 ;y0 ) 2 S o (PD), then rstly a predictor step is computed which
aims at reducing the distance between (x;s) and c . The step size is computed in
order to maintain iterates within a certain region of the central path If it is possible
to take a step that reduces the gap j(x;s) c j to zero, whilst remaining inside the
allowed region of the central path, then this step will be taken. After computing the
intermediate predictor point, the algorithm proceeds to correct the iterates towards
the central path until they are suciently close. This process sets the scene for a new
predictor step in which further reduction of the gap j(x;s) c j may be achieved.
Choose , and  such that  > 0;
0 < < 1 ln(2);
<
 < 1. Given a problem in the form of (PD), an initial point (x ;s ;y ) 2 F ( )
and a value c > 0, let (x;s; y ) = (x ;s ;y ) and iterate the following steps.
1. While (s;x) 6= c and (s;x) > iterate the following steps.
a) Compute the ane scaling direction (px ;ps ;py ) by solving (4).
b) Update  with 
1 c =(x;s). If  > 0 then nd  > 0 such that
(x + px ;s + ps ) =  and update with
minf;g.
Otherwise nd  < 0 such that (x + px ;s + ps ) =  and
maxf;g.
c) Update the predictor point (x ;s ;y ) using x
x + px ; s s +
ps ; y y + py .
d) Update the iterate (x;s; y ) using the Newton process 3 starting from (x ;s ;y
and stopping as soon as a point in F ( ) is found.
2. Update the iterate (x;s; y ) using Algorithm 3 starting from (x;s; y ) and stopping
as soon as a point in F () is found.
Algorithm 4

0

0

0

+

0

0

0

+

+

+

+

+

+

+

+

From Theorem 7.1 in [9], the number of corrector steps nc in each iteration is
bounded by

nc   (

ln(1 +  ));

 = 0:5 (3 =(1 +

))1=2 :

(5)

The number of nal corrector steps nfc is given by the same relation but with = .
Also from Theorem 7.1 in [9], if 0  c , then the number of predictor steps
np;1 is bounded from above by

np; 

‰

1

ln(0 =c )
ln(1=(1 1 ))

ı

;

1
c(; )+ 12
2



1 =

„

1

 c(;

«2

)

+4

1

 c(;

!1=2

)

(6)
where c(; ) is a positive constant that depends on  and only. Furthermore, in
[10] it is noted that Theorem 7.1 from [9] holds for negative values of . Hence, if
0  c , then the number of predictor steps np;2 is bounded from above by

np; 
2

‰

ln(c =0 )
ln(1 2 )

ı

; 

2

1
c(; )
2

=

1
2

„

1

 c(;

)

«2

+4

1

 c(;

!1=2

)

:

(7)
Proposition 3. The total number of predictor and corrector steps npc in the above
algorithm is bounded from above by

npc  nnp;p; nncc ++ nnfcfc


1

2

if 0  c ;
if 0  c :

(8)

;

)
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5 Conclusion

The two algorithms presented in this contribution are useful for solving convex programming problems where the solution is generalised to be a speci c point on the
central-path. This nds immediate application to r-MPC which employs a gradient recentred self-concordant barrier function directly into the cost. More generally
however, it would appear that these algorithms are useful within a sequential convex programming approach for solving nonlinear model predictive control problems.
This latter point is the subject of further research activity.
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