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Abstract

In this paper low-density parity-check (LDPC) codes areigiesi for burst erasure channels. Firstly, lower
bounds for the maximum length erasure burst that can alwaysobrected with message-passing decoding are
derived as a function of the parity-check matrix properti#e then show how parity-check matrices for burst erasure
correcting LDPC codes can be constructed using superpositihere the burst erasure correcting performance
of the resulting codes is derived as a property of the stappet size of the base matrices and the choice of
permutation matrices for the superposition. This resuthén used to design both single burst erasure correcting
LDPC codes which are also resilient to the presence of randi@sures in the received bits and LDPC codes

which can correct multiple erasure bursts in the same codkwo

. INTRODUCTION

A low-density parity-check (LDPC) code is a block code defibg@ sparse parity-check matrik,, and
decoded iteratively with message-passing decoding [IPCzodes are well known to provide excellent
decoding performances on memoryless channels (see e)gafi] recent interest has focussed on their
performance on channels with memory [3], [4], [5], [6], [18], [9], [10]. Such channels encompass
many real-world communications systems including fadingirenments, packet based communications
such as internet transmissions, and magnetic storageedewibere the burst errors caused by thermal
asperity and media defects are the dominant error type.

For memoryless channels, the simple binary erasure chdB&&l) has provided a useful framework
to understand the performance of LDPC codes (see e.g. [12]), [and many of the observations made
using the BEC can be usefully applied to more general memssydbannels. In this paper we similarly
employ bursty binary erasure channels as a natural stgrtimg for considering LDPC codes for channels
with memory.

While our motivation in considering burst erasure channelsnbdel channels with memory is their
simplicity, burst erasure channels do occur in some impodaplications. Any system where the receiver
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is able to distinguish deep fades, for example by employiaiging sequences, can treat the fading period
as an erasure burst. As well, packet losses in Internetrtige®ns can be modeled as erasure bursts,
and forward error correction is becoming more attractivetfese channels, particularly in real time or
multicast applications were automatic repeat requestnsebere less practical.

In this work we will use the classical burst erasure chanseflefined in [13]. This channel has two
states; the burst space, in which the channel output caraesformation about the inputs, and the guard
space, in which channel outputs are erasure free or are mapdworrupted with some small background
erasure probability [13]. We will consider both the classical burst erasure degrnwith one erasure burst
per codeword, and the multi-burst channel where multiptsere bursts can occur in the one codeword.

Several previous authors have considered the use of LDP&sdndsingle burst erasure channels. Yang
and Ryan, [3], [4], have developed an efficient exhaustivecbealgorithm for finding the longest string of
erasures guaranteed to be corrected by any given LDPC caltkyj @smaximum resolvable erasure burst
length L., and Song and Cruz in [5] presented a pseudo-random conetrdoti parity-check matrices
with large L,,... Subsequent research has considered the burst erasueeticgyrcapacity of algebraic
LDPC codes [6] or proposed pseudo-random search methodsltpdrity-check matrices with godd,,...

[7], [8]. For codes which correct multiple erasure bursteséla et al. have proposed a pseudo-random
column permutation construction method in [9].

In this paper we build upon these results by presenting tstred LDPC codes which achieve close to
optimal L. for both single and multiple burst erasures. In Section limmduce burst erasure correcting
LDPC codes and present lower bounds for the maximum lengfuez burst that can always be corrected
using iterative message-passing decoding. In Sectiondldescribe superposition for constructing burst
erasure correcting LDPC codes and the burst erasure daggmerformance of the resulting codes is
derived as a property of the stopping set size of the basac@snd the choice of permutation matrices
for the superposition. In Section IV we design LDPC codes daect a single erasure burst and in
Section V we extend our analysis to design LDPC codes whiohcoarect multiple erasure bursts in the

same codeword. Section VI concludes the paper.



II. LOW DENSITY PARITY-CHECK CODES AND BURST ERASURE CORRECTION

A lengthn, rate4/n, code with minimum distancé can correct any— 1 erasures in a single codeword.

Such a code is optimal, and callethximum distance separalRIDS), if it achieves the Singleton bound

d<n-—k+1.

While non-binary codes which meet the Singleton bound exisr @ range of lengths and rates,
such as the Reed Solomon codes, (see e.g. [14]), we are tetkiasbinary codes. Our motivation for
considering binary codes for these channels is twofoldthfjrave consider channels which also include
random erasures, for which binary LDPC codes are known tmpervery well, and secondly we wish to
consider codes with low complexity implementation evenvery long lengths, for which binary LDPC
codes are an ideal choice.

Unfortunately, the only binary MDS codes are trivial [14,72], i.e. the[n, 1, n| repetition codes or the
[n,n —1,2] single parity-check codes. However, for the burst erashameel, the erasures occur together
in a clump and so a code which can correct a burst ef £ erasures need not have minimum distance
n —k+ 1. We will say that a code iburstMDSIf it can correct one or more bursts of erasures with
combined length ofi — £ bits. Our objective in this paper is to design binary LDPCea@vhich are as
close as possible to burstMDS when decoded with iterativesage passing decoding.

We will say that theefficiencyof the code with maximum resolvable erasure burst length,, is

Thus, a single burst erasure correcting code which is bub&Mill have L., equal ton — k& and so
have the maximum efficiency of 1. For multiple burst eraswgeacting codes we define the efficiency
of a code which can correcdY, length . bursts as

Ny L
n—=k

’r]:

A binary LDPC code is defined by a sparse binpgyity-check matrix H. Each bit in the codeword
corresponds to a column df and each parity-check equation satisfied by the codewondsspnnds to
a row of H. The (j,4)-th entry of H is ‘1", if the i-th codeword bit is included in thg-th parity-check

equation. If the(j,:)-th entry of H is ‘1, we say that thej-th row is incident on the&-th column, or,



equivalently, that bit is connected to check Two columns ofH are said to overlap if they both contain
a ‘l’ entry in the same row.

A binary LDPC code is also described by a bipartite graphcalled aTanner graph Each bit in the
codeword corresponds to a bit vertex Bf and each parity-check equation satisfied by the codewords
corresponds to a check vertex Bt An edge joins the-th bit vertex and;j-th check vertex of7, if the
i-th codeword bit is included in thg¢-th parity-check equation. &yclein a Tanner graph is a sequence
of connected vertices which start and end at the same vartéxei graph and contain no other vertices
more than once. The length of the cycle is the number edgemtaims and the size and distribution of
cycles, particularly small cycles, plays an important riolehe decoding performance of the code.

Iterative message-passing decoding of LDPC codes on erabsannels is particularly straightforward
since a transmitted bit is either received correctly or cleteby erased. It is assumed that the receiver
is able to detect an erasure and so deletions are not coedidéronly one of the bits in any given
code parity-check equation is erased, the erased bit caretegnidned by choosing the value which
satisfies that parity-check equation. Message passingtiiterdecoding of an LDPC code is a process
of finding parity-check equations which check on only onesedabit. In a decoding iteration all such
parity-check equations are found and the erased bits ¢edeAfter these bits have been corrected any
new parity-check equations checking on only one erasedithen corrected in the subsequent iteration.
The process is repeated until all the erasures are correctelll the remaining uncorrected parity-check
equations check on two or more erased bits. The latter widlod the erased bits include a set of code
bits, S, called a stopping set.

A stopping setS, is a set of code bits with the property that every parityethequation which checks
on a bit inS checks on at least two bits i [12]. If all of the bits in a stopping set are erased none
of them can be corrected and so the stopping set distribatican LDPC code determines the erasure
patterns for which the message-passing decoding algoxitiinfail [12]. The size of a stopping set is the
number of bits it includes, and the minimum stopping set siza parity-check matrixH, is given by
Smin, @and determines the minimum number of erased bits which aaseca decoding failure. On burst
erasure channels, the location of the stopping set bitsiwttie codeword, rather than just the size of
the stopping sets, will be the important factor in determgnihe code’s performance when using iterative

message-passing decoding.



The spacing between the codeword bits in a stopping set é&rdigted by the spacing of the non-zero
entries in the parity-check matrik/. Indeed, a lower bound on the maximum resolvable burst srasu
length of an LDPC code can be given by it8nimum zero spans, which is the minimum number of
zeros between any two non-zero entries in any row of theypahiéck matrix. Song and Cruz observed
in [5] that for a parity-check matrix with a minimum zero spais, a single burst erasure of length up
to s + 1 bits can always be recovered in one iteration of the mespagsing decoding algorithm. We
repeat this result here with a proof.

Lemma 1. An LDPC code with parity-check matrix/, having all columns with weight greater than
zero and a minimum zero span gfhasL,,.. > s+ 1 and can always correct a burst erasure of length
up to s + 1 bits in one iteration of message-passing decoding.

Proof. Since the column weights are non-zero, every one ofsthel erased bits is checked by
at least one parity-check equation, and, by the definitionhef minimum zero span, no parity-check
equation includes more than one of the- 1 erased bits. Thus each erased bit is included in a parity-
check equation with all other bits known, and so can be ctedewithout knowledge of the other erased
bits, thus requiring only one iteration of the decoder. [ |

For better burst correcting LDPC codes, this bound.gr, can be doubled, for the same minimum zero
span, by avoidingi-cycles. A4-cycle occurs inH if two columns of H contain non-zero entries in the
same two rows. Avoiding 4-cycles can improve the performeapiciterative decoding and, consequently,
low-density parity-check matrices which are free 4tycles are very well studied, with many useful
constructions available (see e.g. [15], [16], [17], [18]).

Lemma 2: A 4-cycle free parity-check matrix with minimum column-weigh> 1 and minimum zero
spans has L., > s+ 2y —11if s >~y —1 and L., > v + 2s otherwise. Furthermore, bursts of length
up to L.« can be corrected in at most two iterations of message-passicoding.

Proof: First we take the case that> v — 1 and suppose that an erasure burst occurred in the set of
bit locationsZ = {i,...,i+s+2y—2}. The bits in the set of locatiorig, = {i+~v—1,...,i+s+~v—1}
can always be corrected in the first iteration; for eachbpin 7, there are at mos{ — 1 bits in Z which
are distance or greater fromb; and hence which can be included in a check withHowever, there are
~ checks on every codeword bit and so there-at®ts, distances or greater fronmb,;, included in a check

with b;. Since4-cycles are not allowed, no two equations fgncan include the same second erased bit,



and so at least one of thechecks orb; contains a bit which is not one of the— 1 erased bits. Thus for
each bitb; in Z; this check can be used to corrégtin the first iteration. Next, suppose that the set of bits
T, ={i,...,i+~y—2} are not corrected in the first iteration. Again each of thagerbust be contained
in v checks, and again there are at mgst 1 bits (the bits in locationg + s+ ~v,...,i + s+ 2y — 2)
of distance more tham away which were not corrected in the first iteration. Thughaut allowing a
4-cycle, there must similarly be one check on each of theibits , i+~ — 2 which can be used to correct
them in the second iteration. By symmetry, the same argummuitea to the remaining erased bits in
the setZ; = {i + s+ ~,...,i + s + 2y — 2}. Secondly, we take the case thak v — 1 and suppose
that an erasure burst occurred in bit locatians ., i + 2s + v — 1. Again, by a similar argument, the
bits in locationsi + s,...,i + v+ s — 1 can always be corrected in the first iteration as not all of the
~ checks on these bits can include a second erased bit witbquiring an minimum zero span of less
thans or allowing a4-cycle. As above it is easy to see that if the remaining bits ¢h...,7:+s—1 and
i1+s+7,...,i+2s+ v — 1) are not corrected in the first iteration they can always heected in the
second. |
These results thd.,.. values which can be achieved by using codes with a partianiarmum
zero spans, but not how to desigri{ to achieve the required. Existing methods use pseudo-random
approaches to find parity-check matrices, either searabwegs or directly searching ovek,,.,.. The aim
of this paper is to define deterministic constructions fouctured parity-check matrices with close to
optimal L,,... In Section Il we describe our superposition constructisethod for burst erasure correcting
LDPC codes and derive some general results. We then desagifisd.DPC codes to correct a single

erasure burst in Section IV and codes to correct multiplswegbursts in Section V.

I1l. BURST ERASURE CORRECTING CODES USING SUPERPOSITION

We propose to design LDPC codes for burst erasure correbtiamsing superposition (see e.g. [19]).
Starting with anM x N base matrixHy,.s., the entries inH,,,.. are replaced withy x v binary matrices,
called the superposition matrices, to createrar n LDPC code parity-check matrid{/, wherem = Mwv
andn = Nwv.! Each zero entry iy, is replaced with they x v all zeros matrix,§, and each non-
zero entry inHy,s. Dy av x v circulant or permutation matrix (which may involve using dfedent

We useN, M, and K = N — ranks(Hyvase) for the dimensions of the base matrices andm, andk = n — ranks(H) for the
dimensions of the resulting parity-check matrices.



superposition matrix for each non-zero entry). The buras@re correcting performance of the resulting
code is a function of both the minimum stopping set size oflikee matrix and the properties of the
superposition matrices. Encoding codes formed from syatienbbase matrices will be straightforward

regardless of which permutation matrices are used to féfmFor the non-systematic base matrices,
however, the use of circulant permutations will ensure goydic codes and thus ease of encoding using
the method from [20].

We have previously used superposition to construct LDP@sdar packet loss channels in [21]. For the
packet loss channel the erasure bursts can only occur wviiteipacket boundaries and so it is sufficient to
use arbitrary permutation matrices for the superpositioproduce codes which can correct afly;, — 1
lost packets [21]. For burst erasure channels however,scadiéch can correct bursts occurring across
the columns of two or more adjacent superposition matricegequired.

Firstly, replacing every non-zero entry f,... with the samev x v permutation matrix is, in practice,
equivalent to independently encodingodewords usind{,,... and interleaving them so that bits from the
same codeword are alwaysbits apart. Interleaving, or interlacing, codewords irstivay is commonly
used in bursty channels and the resulting codes will be DSt if the base matrix is MDS (see e.g.
[22]). However, the resulting LDPC codes are not very effecin the presence of random guard band
erasures since the Tanner graphmbfconsists of disjoint subgraphs and since the repeated patioru
matrices ensure stopping sets of size ZinFurthermore, as the only binary MDS codes are[thé, n]
repetition codes or thér, n — 1, 2] single parity-check codes, burstMDS codes cannot be forimekis
way for many code parameters of interest. In this paper wedesign the superposition matrices so as
to achieve binary LDPC codes which are almost burstMDS eveanwthe base matrices are not MDS.
Lemmas 3 and 4 show how the choice of superposition matrixiggmove the code’s burst erasure
correction capability, and the remainder of this sectioacdbes the three base matrices which will be
used in this paper.

Lemma 3: If Hy.s. has minimum stopping set sizg,;, and superposition with arbitrary x v per-
mutation matrices is used to forifi, then H can correct any Syin/2| — 1 erasure bursts of length
providing that the guard band is erasure free.

Proof: Since arbitrary permutation matrices are chosen for eankzeoo entry inf,,,.. the resulting

parity-check matrix,H, can have adjacent non-zero entries in the same row. Honw&nee permutation



matrices have row weight one, every row Hf has at most two non zero entries in every setof
columns, and so each burst can erase at most two bits in eaityrqgreeck equation. Sincél,,.. has a
minimum stopping set size &f,..;,, and since each bit of the stopping set is in a different qugsstion
matrix in H, at least[S,.;,/2] erasure bursts are required to erase all of the bits in aesstgbping set.
|

At best, i.e. when the base matrix is MDS, Lemma 3 guaranteedfciency of only0.5. Thus, while
choosing the same superposition matrix for each entry meglpoor codes for random erasures, Lemma 3
shows that choosing arbitrary superposition matrices tsnot ideal either - producing poor codes for
correcting burst erasures. In this paper a compromise leetwieese two approaches is suggested, by
using cyclic shifts of a x v permutation matrix for the superposition matrices. In ihésy LDPC codes
are produced which can corre8t,;, — 1 erasure bursts of length slightly less thatits. For any given
permutation matrix4, we defineA®” as the matrix formed by a cyclic shift of left by i columns. The
value ofi is the called theorder of the shift.

Lemma 4: Given a base matrixH,,,., with minimum stopping set siz8,,;,, use superposition with
v X v permutation matrices to form, such that, for any permutation matrikin H the closest non-zero
matrix on its right is eithetd or A, Then, ifr is the maximum shift order across any row Bt any
Smin — 1 €rasure bursts of length—  can be corrected using, provided that the guard band is erasure
free.

Proof: Consider two superposition matrice3, and P,, which replace adjacent entries in the same
rows of Hy,.., with P, to the left of P,. If P, and P, are identical, then each pair of non-zero entries
in each row of H acrossP;, and P, are distance) columns apart. Each cyclic shift left by one column
in P, increases the minimum zero span of the rowfsfwhich was incident on the leftmost column,
but reduces this distance by one for the remaining rowb,inSince every superposition matrix must be
shifted by either the same number of columns, or by one furtiumn, to the matrix on its leftf{
will have a minimum zero span of = v — 2. Thus any erasure burst of length less than 1 bits can
only erase one entry in any one parity-check equation. Hewevsingle burst can still erase two of the
columns of a stopping set iff, if that stopping set corresponds to a stopping sdtjn. which has two
adjacent, but non-overlapping, columns. l.e. the two colsiim / are incident in superposition matrices

which are in different rows off but are part of a bigger stopping set. In this case, a shiroofl; in the



superposition matrix in the column on the right, anth the superposition matrix in the column on the
left, will bring the entries of the stopping sét- j columns closer. The maximum possible difference in
shifts, byr places, will occur if the circulants in the left column aret sbifted at all while the circulants
in the right column are shifted by the maximunshifts. In this case, the columns of the corresponding
stopping set i can be brought up te columns closer. Thus, bursts of length-r or less cannot erase
two columns of the stopping set, and so restricting the Bargjth tov — r bits ensures that at leaSt,;,,
bursts are required to erase a stopping set. [ |
Where the columns off,,,. are re-ordered so that adjacent columns either overlapeon@trinvolved in

a stopping set together, the case of adjacent but non-pyénia stopping set columns is avoided and the
bound can be improved to ardy,;, — 1 bursts of length up t@ — 1 bits can be corrected. In Sections IV
and V we will show that, in certain cases, an even better redu$,,;, bursts corrected can be achieved

by using carefully chosen shifted permutation matrices.

A. Base matrices

In Lemmas 3 and 4 we saw that the burst erasure correctiorbitipaf the code is a function of
the minimum stopping set size of the base matrix. It is imgoarto note that the existence of a binary
t-erasure correcting code is not sufficient; we require ag that the base code can be represented by
a parity-check matrix withS,;, = t + 1 so that thet bursts can be corrected using iterative message
passing decoding. While any base matrix with a gi¥gn, can be used to correét,;, — 1 bursts using
Lemma 4, we will use three base matrices with;,, close toN — K so as to produce burst correcting
codes with efficiency as high as possible.

Firstly, an optimal base matrix will havs,;, = N — K + 1, i.e. it will be MDS. As mentioned
earlier, such codes are limited, however, {#& N — 1,2] single parity-check codes provide the MDS

base matrices:

Hpe=[1 1 1 ... 1]. (1)
It is easy to see that the codes in (1) havg, = 2. Indeed, all binary base matrices hayvg,, at least

2 since any stopping set requires two columns. We will alsotbeematrices [21]:

1 11 ...
Hbase— 1 1 1 1 Y (2)
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as base matrices for our constructions. These matricescaf@lDS sinceS,;,, = N — K = 2, however
the extra parity-check equation in these base matricesbailused to construct double burst correcting
codes in Section V, where the superposition matrices willesigned to overcome the fact thgt;, is
only 2.

Lastly, for codes with largef,,;, we will use the base matrices:

0 0 0 1 17
0 00 0 1
0 01 1 0
Hbase 010 0 0 (3)
1 01 0 0
L1 1 0 0 0]

Lemma 5 proves that these lengthparity-check matrices have a minimum stopping set siz&/ oOf
course codes using (3) as the base matrix will produce cotdshvinave very low rate. However, in the
following sections we will show how concatenations of nplti copies of (3) can be used to construct
single and multiple burst erasure correcting codes by alyethoosing the superposition matrices.

Lemma 5: The LDPC codes described by parity-check matrices in thea fof (3) haveS,,, = N.

Proof: Start with any column off,..., which we label the-th column. SinceH,.,. has weight
2 rows, to form a stopping se§, requires that each row dff,,... incident on thei-th column has the
second column on which it is incident is also includedSinThusS must include thei(— 2)-th, i-th and
(z + 2)-th columns ofH. The same is then true for the extra rows incident on the2)-th and { + 2)-th
columns (which are not incident on thieéh column) and so on until the ¢ [)-th and ¢ + [)-th columns
of Hy.se, for all [ even, are included i5. The two end columns however include adjacent checks and so
are incident on one check in the get/, [ even, and one in the set-/, [ odd. The process of completing
the stopping set is thus repeated to include the )-th and ¢ + [)-th columns, for alll odd. Therefore,

a stopping set can be formed only by including all of the calarm Hy,.s., and thusS,,;, = N. [ ]

IV. SINGLE BURST ERASURE CORRECTINGADPC CODES

In this Section two different types of burst erasure comgctodes will be considered. The first, row-
circulant codes, correspond to using the single parityekloedes, (1), for the base matrices and applying
superposition with circulant matrices. The second typeooies are more general quasi-cyclic codes which

are constructed using the base matrices of (3) and applyipgrgosition with permutation matrices.
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A. Row-circulant LDPC codes

Row-circulant LDPC codes offer low complexity encoding ateges and for this reason have previ-
ously been designed for memoryless channels by choosioglaits which improve the code’s distance
properties (see e.g. [23], [24]). Here we will choose thewant matrices to instead maximize the burst
erasure correcting performance of the codes.

A v x v circulant, A, is defined by the polynomial

a(x) = ay + agx + azz® + - a7,

where a; is the entry in thei-th row of the first column ofA and can have a value ob“or ‘1'.
Lemmas 6 and 7 give the properties of the circulants we w# s Constructions 1 and 2. By some
abuse of terminology we will talk about the burst erasureazion performance of a binary matrix,
using the assumption that is the parity-check matrix of an LDPC code, even though a ceitle such
a parity-check matrix may have zero rate.

Lemma 6: An LDPC code with parity-check matrid, where A is a column-weight 2 circulant with
a(z) =1+ 2% andb < v/2, has L., > max{2b,v — b}.

Proof: Consider the leftmost columhin any given stopping sef§, in A (see e.g. Fig. 2). Since this
is the leftmost column of the rows incident on this column must have their second ewotthe right
in order to completeS. Since A is circulant one of these rows is incident on a second colurstarntce
b away and the other is incident on a second column distaneé away. Thus for both rows incident
on column! to include two columns in the stopping set requires that, > max{v — b,b} = v —b. If
v — b = b the stopping set is completed ang,.. = b. However, ifv — b # b, which is the case foA
defined above sinck < v/2, the second rows incident on each of these new columns mustbwih of
their incident columns included in the stopping set. Consitie column which is distance away from
column/. The second check on this column is a cyclic shift of the finstblplaces making its second
column distance a furthér columns to the right. Note that if the second entry wasoblumns to the
right it would beb — v columns to the left violating our requirement that coluimwas the left most
column in the stopping set. Thus, for this second entry tanbkided in the stopping set givés,., > 2b
and the proof follows. ]

The first part of Lemma 6 can alternatively be proven by notimat settingb < v/2 avoids4-cycles
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and substitutingy = 2 ands = b — 1 into Lemma 2. Ifb > v/2 the analogous result is thdt,., >
max{2(v — b),b}, however these matrices are not used in this paper.

Extending this result to column-weigBt v x v circulants, the three possible zero spans are labeled by
s1, S9 and sz, wheres; < sy < s3 ands; + s + 83 +3 = 0.

Lemma 7: An LDPC code with parity-check matrid, where A is a column-weight 3 circulant with
maximum zero span of;, can always correct a burst erasure of length up.tQ. > s3 + 1 bits.

Proof: Suppose that a burst of lengfh= s3 + 1 occurs across any subset of theits. Take the
parity-check equation which includes theth erased bit and no other erased bits. By the definition of
the circulant such a parity-check equation must exist. Tierotwo bits included in this parity-check
equation are the last bit before the burst and a bit distaheel past the burst, wherg is eithers; or
so. Now, this parity-check equation, and the parity-checkagigms corresponding to thé rows above
it in the circulant, contain only one erased bit. Thus thé€se 1 erased bits can be corrected in the first
decoding iteration. Since thel — s’)-th to L-th bits are now known, the next equations above the
previouss’ in the circulant only contain one erased bit, and thus(the- 2s’ — 1)-th to (L — s’ — 1)-th
erased bits can be corrected. This process can be repediedlluf the erased bits in a burst of length
up to ss + 1 bits are corrected, using at mo(sgf%ﬂ iterations. [ |

In Construction 1, burst erasure correcting parity-checkioes without repeated columns are achieved
while maximizing the resulting. ..

Construction 1: Construct a lengttiVv, rate~ (N —1)/N, 4-cycle free parity-check matrix, using
superposition into the length- base matrix from (1), replacing theth entry of Hy,.,. with the v x v
circulant A;, where

ai(z) =1+ 2% and b; = %W — 1. ]
Construction 1 provideg-cycle free, column-weight 2 parity-check matrices witbsd to optimall,,,.y,
but which can also correct a small number of random erasures.

Lemma 8: The parity-check matrices of Construction 1 hdvg,, > 2 [g} — 2N.

Proof: From Lemma 6/L,,., > 2b; within the i-th circulant, thus a burst of length less thzin, can
not erase a stopping set within a circulant. Next, considaurat across thel;-th and A;,,-th circulants.
Sinceb; = (g] — i the b;-th row of H has a zero span df between thed;-th and A;,-th circulants in

H. However, the rows ofi above they;-th row are cyclic shifts of the first, all with a zero spanwof 1
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acrossA; and A;.; and, similarly, the rows off below theb;-th row are cyclic shifts of theb{ + 1)-th
row, all with a zero span of — 2 acrossA; and A, . Therefore, if the last column in thé;-th circulant
is not involved in the stopping set, Lemma 1 dictates that laumgt of lengthv — 1 across theA; and
A;4q circulants can be corrected. Consequently, any stoppingsessA; and A;,; with a width less
than2by must include the-th column of theA;-th circulant. Considering the stopping sets acrdsand
A;+1 which include thev-th column of A; we see that the second entry in this column, which is in the
last row of H, has a zero span af— 2 to the right orb; — 1 to the left, and so a stopping set with width
less thanv — 2 must include thdv — b;)-th column of A;. However, the(v — b;)-th column of A; has, in
turn, its second entry in a row with zero spansvef 2 on the right and); — 1 on the left. Whichever of
these columns is chosen, the columns of the stopping sebwitlistance at leagh; columns apart and
the proof follows. [ |

For example, settingv = 5 andv = 300 produces the parity-check matrix
H = [Ay, Ay, A3, Ay, As),
of the length1500, rate4/5, LDPC code shown in Fig. 4, where the circulants, to As, are
ap =142 a=1+2"% a3=1+2", ay=1+2"  a5=1+2'.

Applying Lemma 8, this code hds,., = 291 and so has an efficiency 6f97.

Since, in general, performance improvements can be olotdiye considering LDPC parity-check
matrices with weight-3, rather than weight-2, columns [2f second construction will use weight-3
circulants. Using substitution into base matrices of thenfehown in (1), by replacing theth entry of
Hyase With the circulanta; (z) = 1+2% + %, whereb; = i+1 andc; = b;+ N +1, guarantees parity-check
matrices withZ,,., = v — 3 by applying Lemma 7. However, these parity-check matricésnot be 4-
cycle free. To obtain column-weight 3 parity-check matieathout 4-cycles requires that each circulant
has unique zero spans, not just unique minimum zero span. mst@ction 2 column-weight 3, 4-cycle
free burst erasure correcting codes are designed.

Construction 2: Construct a lengttiVv, rate~ (N —1)/N, 4-cycle free parity-check matrixi, using

superposition into the length- base matrix from (1), replacing theth entry with thev x v, circulant
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A;, wherev > 8N and

3
ai(x) =1+2% 4+ 2% b; =2, and ¢ = "—U—‘ + 1. (4)

For example, settingv = 2 andv = 250 produces the parity-check matrix
H = [Ay, As),
of the length-500, rate-1/2, LDPC code shown in Fig. 3, witleudants
a=14+22+2", ay=1+z2"+2",

having L..., = 220 and an efficiency of).88.
Lemma 9: The parity-check matrices from Construction 2 are 4-cycbe fr
Proof: A 4-cycle will be formed if two rows offf are incident in more than one column together.
In av x v circulanta = 1 + 2 + 2¢ every pair of rows which aré, ¢ — b or v — ¢ rows apart will be
incident in a column together. Thus, for the codes in Constm to be 4-cycle free requires that the
sets[by,...,by], [c1 —b1,...,cxy —by] @nd[v — ¢y, ..., v —cy] dO nOt contain any common entries. From

(4):

bi,....by = 2,4,6,... 2N

3v 3v 3v
V—=Cy...,U—CN = U— [g-‘ —1,v— [E—‘ —2,...,0— {g-‘ — N.

Sincev > 8N, [2] — N > 2N andv — [%] — N > [22] — 1 the proof follows. |

B. Quasi-cyclic LDPC codes

In general, the minimum stopping set size of row-circulavdes is upper bounded 2y, where~ is
the column weight of the circulants. Due to this limitatiooyw-circulant LDPC codes are outperformed
by randomly constructed LDPC codes when sufficiently largéeclengths are considered. To construct

burst erasure correcting LDPC codes without this limitatiee consider base matrices in the form of (3).
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Although these base matrices are not MDS, we show in thewoilp that, by judiciously selecting the
superposition matrices, codes with close to burstMDS perdmce can still be obtained.

Firstly, we show in Lemmas 10 and 11 that for some choices pémaosition matrices, up t6.,
corrected burst erasures can be obtained. This is achieyezhreful positioning of the superposition
matrices into the entries of the smallest stopping set&jn.. These results will be used to construct
single burst erasure correcting in Constructions 3 and 4,again in Section V when multiple burst
erasure correcting codes are constructed.

Lemma 10: Consider a stopping se&i, in the base matrix{,,.., which contains weight-2 columns
such that each parity-check equationff,,. is connected to either zero or two stopping set bitsSin
Suppose that the parity-check matfikis formed fromH,,,. using superposition with x v permutation
matrices.H (S) is defined as the columns éf corresponding to the columns éf,,,. which are involved
in S. Suppose that to fornt{ every entry ofS is replaced by the same permutation matrix except
for the entries in the bottom most row involved &) where the entry in thé-th column is replaced by
AW If r is the maximum difference in shift order between two entiieany row of S, then if all butr
consecutive bits i/ (S) are erased, and no other codeword bits are erased, all ofabedebits can be
corrected.

Proof: Suppose that we wish to locate a stopping Setithin H(S). We startS’ with the i-th
column of one of the permutation matrices withth(S). Since S’ will include a column from every
superposition matrix which replaced an entrySfand since each column &fwas replaced with at least
one copy ofA, thei-th column of each of thel matrices must be included if (see e.g. the highlighted
entries in Fig. 1). The final permutation matrix in theh row of S, P,, was shifted left byr columns
relative to the first,P,, and so thei — r)-th column in P, will also need to be included i§’ so that the
check on the-th bit in P, checks on a second stopping set bit. Then(the r)-th column of the other
permutation matrix in the same column Bs which must beA, is also erased. As above, the— r)-th
column of every permutation matrix must now be includedSinto complete the stopping set on the
checks ofS’. Again, the(i —r mod v)-th column in the last permutation matrix will subsequemtéed
to be included inS’ so that the check on thg — r)-th bit in the first permutation matrix in thgth row
checks on a second bit i§" and so on until every-th column in H(S) must be included to form a

stopping set. Thus if any one of these columns is receive@thged bits do not form a stopping set and
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the proof follows. [ |

Lemma 10 can be extended to the case where more than one réw efdpping set includes shifted
permutation matrices. The spacing between the columnseofdbulting stopping se¥’ will depend on
the difference in column shifts between the entriesSobn the same row. We will use the result for
stopping sets of size three in our constructions and so prréskere.

Lemma 11: Consider a stopping sé&, in the base matriX{,,.., which contains three weight-2 columns
such that each parity-check equationffy,.. is connected to either zero or two stopping set bitsSin
Suppose that the parity-check matrikis formed fromH,,,. using superposition with x v permutation
matrices. Suppose that both entrié%,and P, in the first row of H,.. which is incident on the columns
of S, are replaced with the same permutation matrix,and the second entries in these two columns,
entriesP; and P, are replaced byl and A® respectively. Further, the two entries of the third column
of S, entriesP; and P;, whereP; is the entry on the same row @f,,.. as P;, are replaced byl(® and
A respectively. Then, if all but = |a — ¢+ d — b| > 0 consecutive bits in(S) are erased, and no
other codeword bits are erased, all of the erased bits camrpected.

Proof: We wish to find a stopping s&@’ within the columns off (S). To begin, the-th column of
Py is included inS’. Since P, is the on the same row and contains the same permutationxnaati?;
the i-th column of P is also inS’. This requires thgi — (¢ — a))-th column in P; to be included inS’
so that the corresponding check i includes two stopping set bits. Then the— (¢ — a) — (b — d))-th
column in P, must now be included 5’ so that the corresponding check iy includes two stopping
set bits. A stopping set will occur if—(c —a) — (b — d)) = 0, otherwise the process begins again with
the (i — (¢ — a) — (b — d))-th column of P, and the proof follows in the same manner as for Lemma 10.
|

In a column-weight 2 code, a 6-cycle translates directly iat stopping set of size 3 and so the
requirement on the allowed circulants for the quasi-cyctides in Lemma 11 is related to the restriction
on the allowed circulants for quasi-cyclic codes to avoidy6les in [25].

Using Lemma 11 burst erasure correcting codes can now beraotesi for a wide range of code
lengths and rates:

Construction 3: Construct the3 x 3p base matrixH,,... from the concatenation gf copies of the

3 x 3 base matrices from (3). Then construct a lengjth, rate~ (p — 1)/p, parity-check matrix,H,
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using superposition. The last nonzero entry in the coluningQ,. corresponding to théth copy of (3),

ie{l1,...,p}, is replaced with/{"™"

. Every other non-zero entry dfl,,... is replaced byl,, and every
zero entry byf. O
Lemma 12: The codes from Construction 3 havg,., = 3v —p — 1.

Proof: The base matrices from (3) have minimum stopping setSize= 3. Although concatenating
multiple copies of these matrices reduces the minimum stgpget size ofH,,... to 2, any adjacent set
of 3 columns does not contain a stopping set of size less $hdarom Lemma 11 a burst across any
one of these size 3 stopping sets can be correctgd-it consecutive bits are received correctly and the

proof follows. L

For example, the rate-4/5 burst erasure correction coddspw 5:

1] 1, 1, 0 1, 1, 1] 1, 1, 0 I 1, 1,
o0 o0 o0 1 n, 0 11, 0 10| @®
DS SN N AT A B Y A S £SO N Ao A | D A AN AU

S
e/—\@'\{
=

H =

have L., = 3v — 6. The entryLSi) in (5) represents superposition with a permutation matrat is the
cyclic shift of thev x v identity matrix by: columns left, and the entrf) represents superposition with a
v x v all zeros matrix. Setting = 100 gives the parity-check matrix of the lengtho0, rate4/5, LDPC
code, with L., = 294 and efficiency0.98, with performance shown in Fig. 4.

Construction 3 can be generalized to all of the base matricéisel form of (3), where the codes can
correct bursts of length close taV bits if the sum of shifts in the entries allocated to any siogset,
which occurs within/V adjacent columns off,,,.., do not add to zero mod/'.

Construction 4: Construct theN x pN base matrixH,,.s. from the concatenation qgf copies of the
N x N base matrices from (3). Then construct a lengthv, rate~ (p — 1)/p, parity-check matrix,
H, using superposition where every zero entry in Hhg,. is replaced byj, first non-zero entry of each
column of H,,,.. is replaced by the x v identity matrix, /,, and the second non-zero entry of each column
of Hy.s IS replaced by[é’”, with the orderd; chosen so that the sum of the shift orders in any adjacent
set of N columns is non-zero mod/. O

For example, the raté/2 burst erasure correction codes wjih= 2 and N = 5:
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o 0 0 I, I, ¢ O 0 I, I,
o o 1, 01, 0 ¢ I, ¢ IO

H=|0 1, 0 1, 0 o 1, 0 IP 0 (6)
I, 0 I, 0 o 1, o 1Y 0 0
LYoo 0 P 0 0 0

have L,,.. = 5v— 2. Settingv = 50 gives the parity-check matrix of the lengiho, rated /2 LDPC code,
with L., = 248 and efficiency0.992, with performance shown in Fig. 3.

Table | shows the parameters of codes from Constructions dmpared to recently published results
for burst erasure correcting LDPC codes, and Figs. 3 and w dair erasure correction performance on
the burst erasure channel with one randomly located erésuse. Fig. 3 shows lengthio, rated /2 codes
and Fig. 4 shows length500, rate4/5 codes. The base matrices of the codes from Construction 3 and 4
are from (5) withv = 100 and (6) withv = 50 respectively. Also shown is the performance of interleaved
codes from the MDS base matrices in (1) with= 2, v = 250 and N = 5, v = 300 respectively.

The codes from Construction 1 perform similarly to the triadil interleaved MDS codes, performing
well in the channel with no guard band erasures but poorlye gandom erasures are admitted into the
guard band. The codes from Construction 2 perform very wehifscantly outperforming the MDS
codes over channels with random erasures in the guard baradsbuproviding a good level of protection
from erasure bursts. The erasure correcting codes of Catistta 3 and 4 provide an excellent trade off
between the two, providing burst erasure protection almsesgood as that of the MDS codes, but with

significantly better erasure correction performances astiannel becomes more random.

V. LDPC CODES FOR CORRECTING MULTIPLE ERASURE BURSTS

The classic bursty channel provides a reasonable modelrst etasure channels under the assumption
of widely spaced bursts, however, it does not include thesipdiy of two or more bursts occurring
in quick succession. Here we extend our design of structuf2C codes to codes for channels with
multiple randomly placed bursts per codeword. The chanmet@ansider is an extension to the classical
burst erasure channel where multiple erasure bursts ademap located in the same codeword and the
guard band is erasure free.

Hosoya et al in [9] have extended the method of [4] to defineaugs-random construction for low-
density parity-check matrices which can correct multipl@sare bursts by searching over all of the zero

spans in a parity-check matrix and pseudo-randomly pengutdlumns involved in a short zero span.
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Using this method the average zero span of the resultingypelveck matrix is optimized. Here we
treat the problem differently, concentrating on designagity-check matrices which can correct a fixed
number, NV, of bursts of lengthl, bits or less with as high an efficiency as possible regardiefise zero
span ofH.

Given an M x N base matrix,Hyp.s., With minimum stopping set sizé,,;,, parity-check matrices
which can correctS,,;, — 1 erasure bursts of length can be constructed using superposition with
for every non-zero entry off,..., which is equivalent to code interleaving. Alternativalging the same
base matrix, Lemma 4 showed that LDPC codes which produceected Tanner graphs, and can correct
Smin — N + 1 erasure bursts of length almasbits, can be constructed using superposition with cydlical
shifted permutation matrices. This is made possible byngirg the columns of théd/ x N base matrix
such that the columns with final non-zero entry in thieth row are first, followed by the columns with
final non-zero entry in the¢)/ — 1)-th row and so on. The last non-zero entry in thi column,; > 1,
of Hy.. IS replaced byLEH) and every other non-zero entry éf, ... is replaced byr,.

For example, using the length-7, rate-4/7 Hamming codeypehieck matrix as the base matrix, and
applying superposition withh = 100 shifted permutation matrices, gives parity-check masriaich can
correct any two erasure bursts of length up to 94 bits witltiefficy 2 « 94 /300 = 0.627. However, codes
constructed in this way will only achieve a high efficiencye(iapproach burstMDS performances) for
those rates for which binary MDS base matrices exist, i@.cthdes can be burstMDS fav, > 1 bursts
only if the code rate id/(N, + 1).

Thus 2-burst correcting codes are only burstMD3jf,.. has only two rows, and, unfortunately, the
only binary base matrix with two rows ant},;, = 3 is the ratet /3 repetition code. To construct parity-
check matrices which are close to burstMDS fgy > 1 and rate> 1/2 requires that more thafi,;, — 1
bursts can be corrected. We propose to achieve this usingxh®¥ base matrices from (2) and carefully
choosing the superposition matrices. Lemmas 10 and 1ledenivthe previous section are now applied
to these multiple burst correcting codes.

Firstly, using Lemma 102-burst correcting codes can now be constructed for a widgerari code
lengths and rates:

Construction 5: Construct H using superposition on the lengih-base matrix from (2). The zero
entries of Hy,... are replaced byj, the (2,4)-th entry,i > 2, of Hy,,. is replaced byLSH) and all other

non-zero entries offy,,,. are replaced by,,. O
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Lemma 13: The codes from Construction 5 can correct any two erasurdsbafdengthv — N + 2,
provided that the guard band is erasure free.

Proof: Applying Lemma 10 gives that any stopping set in the columing/ccorresponding to the
weight-2 columns ofH,.s. must include at least everyyN — 2)-th column of two of the permutation
matrices. With only two erasure bursts of length- N + 2 it is not possible to erase all of the columns
in these stopping sets. Alternatively, the weight-1 colsmohH,,,,. are involved in stopping sets of size
3 in Hy.., however, applying Lemma 4, gives that any two bursts oftleng- N + 2 also cannot erase
the corresponding stopping sets ih [ |

For example, raté/4, length8v LDPC codes, which can correct any two erasure bursts of teagt

to v — 4 bits each, with efficiencg(v — 4)/2v, are constructed by:

I, 0 I, I, I, I,
o o1, 1, TO 1@ ¥ |- (7)

Settingv = 502 and N = 2 gives the parity-check matrix of the leng2ho8, rated/2, LDPC code

H

shown in Fig. 5, which can correct any two erasure burstsrggtie up to500 bits, with efficiency0.996.
Settingv = 504 and N = 6 gives the parity-check matrix of the lengdh24, rate2/3, LDPC code shown
in Fig. 7, which can correct any two erasure bursts of lengthiob00 bits, with efficiency0.992.

Where more than two bursts occur per codeword we also use laseen with)M equal to the number
of bursts and withS,,;, less thanM + 1. LDPC codes to correct three erasure bursts can be corestruct
similarly to Construction 4, by using = 2, but now to satisfy Lemma 11 the shifts must be chosen to
ensure that the sum of the shifts for all size two or threestapsets inH,,.,. is greater than zero, rather
than just those stopping sets with adjacent columns. Hawévie constraint alone does not guarantee a
good burst erasure correction performance since threasbcas erase codeword bits which correspond
to columns inH from as many as six different,... columns. For example, using

o o 1, I, I I,

H=\|1, 1, o 0 19 1|, (8)
I, 1V 1P B g g

and superposition withy x v circulants, three bursts of length up to- 5 bits can be guaranteed to be
corrected only if each burst is restricted to erase codewisdwhich correspond to columns éf within

the boundaries of a single column of superposition matrigéghout this restriction, three short bursts
can erase a stopping set of size 4. For example, the stoppingpsesponding to th&v + 1)-th, 4v-th,

(4v + 1)-th, and6o-th columns of H can be erased by three bursts of length 2 bits each. While these
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stopping sets will always exist whichever way the columng8)fare permuted, the situation that two of
the columns of the stopping set are adjacent, and so erasttk lsame burst, can be avoided by instead

choosing:

L, O I, 1, 0 1,
g=\|1, 1, 0 0 1, 1|, (9)
o 1, IV 1 19 9

In this case, there is the problem that three adjacent bofstength 2v/3 or greater, across bits
corresponding to the third and fourth superposition masriof (9), will erase a stopping set i from
the two adjacent copies of the same columrHig,.. Nevertheless, a single received bit between any two
of the bursts will allow the correction of all of the erasedsbiAny other set of three bursts with length
up tov — 6 bits can always be corrected using the parity-check matrigd). Since the event of three
consecutive bursts has a low probability of occurring therage decoder performance is not significantly
effected by this single case.

The same principles can be extended to other base matritlesSwi, = 3.

Construction 6: ConstructHy,,s. from the concatenation af copies of an LDPC base matrix with
Smin > 3. Order the columns offy,... to avoid small stopping sets in adjacent columns. Féfnusing

superposition where the final entry of each columnihf,. is replaced by the permutation matrig,

with the shifts/ chosen so that the sum of the shifts in any stopping set iszeom- O
For example,
L I, L, L, 0 0 I, I,
H=1|1, I, ¢ o 1, 1, 19 157, (10)

Lo 1P ® 9 g g
gives rate5/8 3-burst correcting LDPC codes. Setting= 506 and N = 6 gives the parity-check matrix
of the length3036, rated/2, LDPC code with performance shown in Fig. 6, which can cdrtacee
erasure bursts of length up 500 bits each. Setting = 506 and NV = 9 gives the parity-check matrix of
the length4554, rate2/3, LDPC code with performance shown in Fig. 7, which can cdrileee erasure
bursts of length up t&600 bits each.

Figs. 5 to 8 show the performance of LDPC codes on burst exashannels with multiple length 500
bursts and varying burst erasure probabilities. Any givahegvord can be effected by zero, one, or multiple
bursts; with the probability of many bursts occurring in agé codeword increasing with increasing burst

erasure probability. The lengt2008 and 3024 burst correction codes are from Construction 5 and the
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length 3036 and 4554 burst correction codes are from Construction 6. Also showthésperformance
of typical LDPC codes constructed pseudo-randomly to aveaycles, from [26], and codes formed
by interleaving 500 codewords from the rate-1/2 and raBef2petition codes respectively. Lastly the
performance of codes with the same parameters and desigireglthe method from [9] are also shown.
For these codes, the average zero span in the parity-cheicik isdabeledD,,, [9]. Although the codes
from [9] perform equivalently to randomly constructed cede these channels, they will out-perform
random codes when smaller bursts are considered [9].

Figs. 5 to 8 clearly demonstrate the benefit of consideringcgired LDPC codes for burst erasure
correction. That the structured LDPC codes outperformdhedom LDPC codes on a channel with memory
should be unsurprising since, unlike for the random codws,structure of the channel has been taken
into account in their design. More significantly they carogierform much better than traditional binary
burst erasure correction schemes. Although the intertkawdes are burstMDS for one burst, since single
erasure correcting binary MDS base matrices exist, theyalaaohieve the performance improvements

gained by the structured LDPC codes which can correct nilbprsts occurring in close proximity.

VI. CONCLUSION

For memoryless channels it is well established that longigggeandom LDPC codes provide capacity
approaching performances. However, for channels with nmgnmothe form of burst erasures, we have
shown that structured LDPC codes are certainly the bestehMoreover, the ease of implementation of
message-passing decoding on erasure channels, and thaf easeding provided by the proposed codes,
suggests that structured LDPC codes represent a promiaimdjdate for applications which suffer from
burst erasures and face low complexity or high throughpustaints.

Future work will focus on multiple burst erasure correcticmdes which are more robust to random

erasures and the application of these codes to more genemabryless channels.
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Fig. 1.

the right is the shorthand notation féf. In this caseA is the5 x 5 identity matrix, I.
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Hyase are replaced bys and the two entries in the final row dfy.s. are replaced b)[él and Ié3) respectively.)
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Minimum stopping sets in a column-weight 2 circulant.
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Construction of an LDPC code via superpositiéfi.s. is shown on the left andi in the center. Zero entries are not shown. On
he two entries in the first and middle rows of
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TABLE |
BURST CORRECTIONPROPERTIES OFSELECTED LDPC CoDEs.
| Code type | Length| Rate | Lyax | Liax/(n — k) |
[6, Example 1] 3066 | 0.504| 1021 0.671
[6, Example 4] 3060 | 0.503| 1155 0.759

elRA (col weights 2,3,7,8) [7] 4000 | 0.5 | 1787 0.894
Construction 1 {V = 2, v = 1500) 3000 | 0.5 | 1496 0.997
Construction 2 § = 2,v = 1500) 3000 | 0.5 | 1468 0.978

Construction 46 =2, N =5,v=300) | 3000 | 0.5 | 1498 0.999

EG (col weight 64) 4095 | 0.82 | 376 0.51

elRA (col weights 2,5) [27] 4095 | 0.82 | 507 0.688
PG (col weight 65) 4161 | 0.82 | 303 0.405

elRA (col weights 2,3,7,8) [7] 4161 | 0.824| 602 0.822
Construction 1 {V = 6,v = 693) 4158 | 0.833| 682 0.927
Construction 2 V = 6,v = 693) 4158 | 0.833| 613 0.833
Construction 3 = 6,v = 231) 4158 | 0.833| 686 0.932
[6, Example 1] 16352 | 0.877| 1021 0.469

[6, Example 2] 16513 | 0.903| 509 0.318

Construction 1 § = 10, v = 1650) 16500 | 0.9 | 1648 0.999
Construction 3% = 10, v = 550) 16500 | 0.9 | 1639 0.993
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