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Abstract

Recent breakthroughs in forward error correction, in the form of low-density parity-check
(LDPC) and turbo codes, have seen the promise of near Shannon limit information trans-
mission realised. The deterministic construction of good codes, for LDPC codes in par-
ticular, is currently the subject of intense interest in the research and development com-
munity. This thesis adds to this field, developing methods and supporting theory for the
design of algebraic LDPC codes using incidence structures from combinatorial designs.
The benefits of this approach are guaranteed code properties, parameter flexibility, ease
of implementation and reduced encoding complexity.

In the first part of this thesis Steiner 2-designs and partial geometries are used to
provide systematic constructions of regular LDPC codes with Tanner graphs free of 4-
cycles and with deterministic code properties. Drawing extensively from existing incidence
structures we present new families of algebraic LDPC codes with benefits over traditional
randomly constructed regular codes, particularly where small-to-medium length codes are
concerned. We focus in particular on exploring the effect of different design properties
on the code parameters by deriving the rate, minimum distance, girth, and stopping set
distribution of LDPC codes from designs.

In the second part of this thesis resolvable designs are employed to create regular
LDPC codes free of 4-cycles with the parameter flexibility and decoding performance of
randomly constructed regular LDPC codes. Employing resolvability greatly extends the
class of LDPC codes that can be algebraically constructed. These codes can offer sig-
nificant implementation advantages due to the deterministic structure of their resolution
classes and in some cases their simple encoding.

A shortcoming of LDPC codes is their potentially high encoding complexity, which
is generally quadratic in the code length. Finding computationally efficient encoders
is therefore critical for LDPC codes to be considered as serious contenders for future
generations of forward error correction devices. As a result the purpose of the last part of
this thesis is to design codes which have the graph-based properties necessary to perform
well with sum-product decoding but which are also cyclic or quasi-cyclic and so can be
encoded simply. The main focus is regular codes but we also extend our construction
of quasi-cyclic codes to produce irregular LDPC codes with simple linear-time encoding
circuits.
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1

Introduction

Error control codes underpin the success of digital communications and storage systems.
Future applications will demand increasingly effective error correction, yet at the same
time traditional forward error correction systems fall well short of fundamental capacity
limits established some fifty years ago. Recent years have witnessed a recognition of
the importance of iterative decoding algorithms operating on codes defined on graphs for
practical error correction close to the fundamental limits. Iteratively decoded block codes,
called low-density parity-check (LDPC) codes, were first presented by Gallager [42] and
recently shown to provide error correction within a fraction of a decibel of the Shannon
limit. These codes are typically constructed pseudo-randomly; however, some work has
shown that good LDPC codes can also be constructed algebraically. In this thesis we
design new algebraic LDPC codes using incidence structures from combinatorial designs
with the aim of producing codes which perform as well as randomly constructed regular
LDPC codes but with deterministic constructions and guaranteed properties.

1.1 Forward error correction

The fundamental performance limits of forward error correction were set down by
Shannon in his 1948 paper, A mathematical theory of communication [93]. Shannon
proved that, by employing forward error correction, arbitrarily reliable communication is
possible through channels which corrupt the data sent over them only if information is
transmitted at a rate less than the capacity of the channel. Furthermore, if the data is
transmitted at a rate less then the channel capacity, Shannon’s theorem also establishes
that an error correction code and decoder must exist for which the number of errors that
can not be corrected goes to zero.

Unfortunately Shannon’s proof is non-constructive. That is, it provides no explicit
guidance as to how such a code can be produced and decoding algorithms which can
be applied in practice are not guaranteed. The challenges to communicating reliably
are therefore twofold: the first is to design suitable codes, and the second is to devise
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methods for decoding the channel output to recover the codeword sent, and to do so
without excessive decoder complexity.

From the very earliest error-correcting codes of Golay and Hamming, through to the
early 1990s, the approach to this problem has been overwhelmingly algebraic in nature.
Codewords are formed from strings of symbols chosen from a finite field and decoding
with the lowest probability of error requires that the codeword which is closest to the
corrupted word received from the channel is chosen, a process called maximum likelihood
decoding.

The downside of this strategy is that for all but the smallest codes the complexity of
explicitly comparing the received word to every codeword in the code becomes infeasible.
The classical strategy for error correction coding is then to design codes with the best
possible distance distribution and enough structure to enable approximate maximum
likelihood decoding with feasible complexity.

The introduction of turbo codes by Berrou, Glavieux and Thitimajshima in 1993 her-
alded a fundamental departure from algebraic approaches to code design [7, 6]. Through
the ingenious use of parallel concatenation of simple constituent codes and a pseudo-
random block interleaver, Berrou et al. devised codes which approached the capacity
limits promised by Shannon, yet which were iteratively decodable with manageable com-
plexity.

The decade since the introduction of turbo codes has seen a radical re-evaluation of
what constitutes “good” codes, how such codes might be designed, and how to decode
them effectively. A central aspect of this re-evaluation has been the recognition of the
importance of iterative decoding algorithms operating on codes defined on graphs [1]. It
was therefore more than a little surprising for researchers in the mid-1990s [73, 71] to
discover that iterative decoding of simple constituent codes had been first presented some
40 years earlier by Elias [37] for product codes and subsequently developed by Gallager
[42, 43] for parity-check codes, and generalized by Tanner [100] who represented the codes
and their decoding on graphs. The codes we consider in this thesis were first presented by
Gallager in his 1963 PhD thesis [43], and were termed “low-density parity-check” codes
to reflect the sparsity of the parity-check matrices from which they are defined.

For high-performance applications, LDPC codes are seen as competitors to turbo
codes. LDPC codes are capable of outperforming turbo codes for block lengths greater
than around 105, and the error floors of LDPC codes at bit error rates below about 10−5

are typically much less pronounced than those of turbo codes. In general turbo codes
require many fewer iterations (although they are of higher complexity) than LDPC codes
to converge. However, the actual number of iterations carried out in a turbo decoding will
depend on the stopping criterion employed as, unlike for LDPC codes, convergence to a
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valid codeword is not readily determined during turbo decoding. Moreover, the inherent
parallelism of the sum-product decoding algorithm is more readily exploited with LDPC
codes than their turbo counterparts, where block interleavers pose formidable challenges
to achieving high throughput [9].

The best known error-correction performance on the additive white Gaussian noise
(AWGN) channel has been achieved with an LDPC code, albeit one with an impractically
long block length and high implementation complexity [25]. The absence of an explicit
interleaver, such as those required by turbo codes, leads to highly parallel (and therefore
low latency) decoder implementations in application-specific integrated circuits [9]. LDPC
codes are also capable of exceptional performance on channels where data is not just
corrupted but may be lost entirely, so-called erasure channels. This opens the way to
new application domains such as reliable Internet multicasting where whole packets of
lost data are reconstructed without the network overhead of retransmission [18]. The
challenge is to devise new LDPC codes with sufficient flexibility to cope with the myriad
of applications opening up in future generation wireless communications, data storage
and the Internet.

1.2 Problem statement and motivation

Traditionally, LDPC codes have been defined pseudo-randomly. This has proven very
effective at producing good decoding performances, particularly for very long codes. How-
ever, a random construction method also means that code properties are not guaranteed
for any individual code, and are thus not easy to control or even determine. As well,
implementation complexity is increased by the need to store, and encode, codes described
by random parity-check matrices.

In particular, their potentially high encoding complexity, which is in general quadratic
in the code length, is a serious shortcoming of LDPC codes and compares poorly with
the linear time encoding of turbo codes. Finding computationally efficient encoders is
therefore important for LDPC codes to be considered as serious contenders for replacing
turbo codes in future generations of forward error correction devices. Several approaches
have been suggested, including the manipulation of the parity-check matrix to establish
that while the complexity is, strictly speaking, quadratic, the actual number of encoding
operations grows essentially linearly with code length [89].

A very different approach to the encoding complexity problem is to employ LDPC
codes with algebraic structure to guarantee linear-time encoding. In [103, 105, 102] Tan-
ner considered binary quasi-cyclic, or more generally group invariant, LDPC codes, which
can be analyzed using his generalized transform methods [101]. An existing family of
cyclic codes, the finite geometry codes, were shown to be very good LDPC codes in the
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work of Lucas et al. and Kou et al. [70, 60] and a small finite geometry code was ear-
lier implemented with sum-product decoding in [56]. The work of Lucas et al. and Kou
et al. demonstrates that as well as providing implementation advantages the algebraic
finite geometry codes can significantly outperform equivalent length and rate randomly
constructed codes when both are decoded with the sum-product algorithm [70, 60]. The
excellent performance of the finite geometry codes was the motivation for this work, by
showing that codes which perform excellently with sum-product decoding can be con-
structed without the need for random interleavers or random parity-check matrices.

With this background in mind the problem considered in this thesis is the design of
algebraic error correction codes for use with sum-product decoding or, more succinctly, the
design of LDPC codes. The central idea of this thesis is to apply combinatorial theory to
the design of new algebraic LDPC codes. The potential benefits of considering codes from
combinatorial designs are guaranteed code properties, parameter flexibility, and ease of
implementation including reduced storage requirements and reduced encoding complexity.
The addition of algebraic structure required to meet these goals must be balanced against
its effect on the decoding performance of the code, and we consider what structure is
beneficial in an LDPC code as well as how to achieve it.

1.3 Thesis overview

We begin in the following chapter by presenting the background material to be used
throughout this thesis. A brief introduction to low-density parity-check codes and combi-
natorial designs is presented, including an overview of specific ways in which designs have
historically been related to error correction codes. The remainder of this thesis can then
be divided into three main parts. In the first part, Chapters 3–5, the incidence structures
of combinatorial designs, with known algebraic constructions, are used to derive algebraic
LDPC codes. In the second part, presented in Chapter 6, a compromise between com-
pletely deterministic codes and parameter flexibility is achieved by constructing LDPC
codes using design resolvability. In the final part of this thesis we focus on linear-time en-
codable LDPC codes by using difference structures to derive new constructions for cyclic
and quasi-cyclic LDPC codes.

More specifically the contents of each chapter are as follows.

In Chapter 3 combinatorial designs are employed to create new error correction codes
for use with sum-product decoding. The problem of constructing LDPC codes with
Tanner graphs free of 4-cycles has a solution in a well studied problem in combinatorics,
that of constructing Steiner 2-designs. In particular, Steiner triple systems are used
to provide systematic constructions of high rate (3,r)-regular LDPC codes with Tanner
graphs free of 4-cycles and with deterministic code properties. We focus also on exploring
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the effect of different Steiner 2-design parameters on the properties of the LDPC codes
constructed using them.

In Chapter 4 the design of LDPC codes using Steiner 2-designs with large block length
is considered. The relationship between the column weight of the parity-check matrix and
the decoding performance of the codes is considered and the role of rank deficient parity-
check matrices examined. Two new classes of LDPC codes are presented, both with
Tanner graphs free of 4-cycles, good minimum distances and a large portion of linearly
dependent rows in their parity-check matrix.

Using Steiner 2-designs a large class of LDPC codes are produced but only for a limited
range of (mostly high) rates. By generalizing to partial geometry designs in Chapter 5, a
wider flexibility in choice of code parameters is achieved. This represents a generalization
to a larger class of LDPC codes which include both the codes from Steiner 2-designs
presented in Chapters 3 and 4 and the codes from generalized quadrangles presented by
Vontobel and Tanner [118]. Furthermore the graph based properties of partial geometries
enable good minimum distance, girth and rate properties to be derived.

In Chapter 6 resolvable designs are employed to create LDPC codes with the parameter
flexibility and decoding performance of the randomly constructed codes. By employing
resolvability we can greatly extend the class of low-density parity-check codes that can
be algebraically constructed. The resulting codes are (3, ρ)-regular or (4, ρ)-regular with
Tanner graphs free of 4-cycles, for any value of ρ and for a flexible choice of code lengths.
Further, cyclically resolvable cyclic designs are used to construct LDPC codes with simple
shift-register encoding circuits.

In Chapter 7 the focus is on designing codes with the structure to enable very low
complexity encoding. Codes which have the graph-based properties necessary to perform
well with the sum-product decoding algorithm but which are also cyclic or quasi-cyclic are
designed. We make extensive use of combinatorial structures such as difference sets and
difference families to design the new codes. The translates of these sets provide us with
the incidence structures necessary for systematic constructions of regular LDPC codes
with Tanner graphs free of 4-cycles and with deterministic code properties. Although
the main focus is regular codes we also extend our construction of quasi-cyclic codes to
produce irregular LDPC codes with simple shift-register encoding circuits.

In each of the Chapters 3–7 the advantages of the LDPC codes presented are demon-
strated by deriving the parameters of the codes, by simulating their decoding performance,
and by considering their implementation, particularly in respect to code description, stor-
age and encoding. For ease of reference the simulation plots have been placed at the end
of each chapter.
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A discussion and future directions is presented in Chapter 8. Finally, Appendix A
presents constructions for the combinatorial designs we use in this thesis, followed by a
glossary and bibliography.

1.4 Thesis contributions

This section outlines the original contributions of this thesis. Some parts of this thesis
have been published in the open literature and this section also serves to identify them,
with the associated citations listed in the following Section 1.4.1.

Chapter 2 is of a background nature and no new results are presented, parts of this
chapter appeared in the book chapter [B1].

Chapter 3 considers the design of LDPC codes using structures from combinatorics.
The original contribution of this chapter is an analysis of the role of Steiner 2-designs
in constructing LDPC codes and the recognition of the link between design structures
such as configurations and LDPC code properties such as stopping set distribution and
minimum distance. An expression for the exact number of 6-cycles in the Tanner graph
of LDPC codes from Steiner 2-designs is also presented. Parts of the material in this
chapter appeared in a less general form in [J2].

Chapter 4 follows on from Chapter 3 to consider LDPC codes with larger block size.
The original contribution of this chapter is the presentation of two new families of LDPC
codes, namely oval codes and unital codes. Chapter 4 represents the combination of
several papers. The material on oval codes was presented in the conference paper [C3]
and subsequently the journal paper [J3]. The material on unital codes is presented in
[C8].

The original contribution presented in Chapter 5 is the generalization to codes from
the field of partial geometries which includes as subclasses the codes from Steiner 2-designs
and codes from generalized quadrangles. An expression for the exact number of minimum
size cycles in the Tanner graphs of LDPC codes from partial geometries is presented, a
lower bound on minimum distance is presented and both lower and upper bounds on
code rate are derived. New LDPC codes from partial geometries, codes from transversal
designs and codes from proper partial geometries, are presented. Chapter 5 is primarily
based on the journal paper [J4] which itself is based on the conference paper [C5].

In Chapter 6 the original contribution is the innovation of employing the resolvability
of combinatorial designs to construct regular LDPC codes free of 4-cycles. New LDPC
codes are presented which compare well with the flexibility of parameter choice and the
decoding performance of the traditional randomly constructed codes. Linear time encod-
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ing circuits are also presented for a subset of these codes. Chapter 6 is based on the
journal paper [J2] which in turn is based on conference papers [C1] and [C2].

In Chapter 7 the original contribution is the design of new cyclic and quasi-cyclic
regular LDPC codes, and the presentation of a simple construction of irregular quasi-
cyclic LDPC codes. The material on cyclic codes is presented in [C7] while the material
on quasi-cyclic LDPC codes is mainly based on [C4]. The extension to irregular quasi-
cyclic LDPC codes was published in [J1].

1.4.1 Related publications

Book chapters

[B1] S. J. Johnson and S. R. Weller. Low-density parity-check codes: Design and de-
coding, in The Wiley Encyclopedia of Telecommunications, J. Proakis (Ed.), John
Wiley & Sons, 2003.

Journal papers

[J1] S. J. Johnson and S. R. Weller. A family of irregular LDPC codes with low encoding
complexity. IEEE Communications Letters. vol. 7(2), pp. 79–81, February 2003.

[J2] S. J. Johnson and S. R. Weller. Resolvable 2-designs for low-density parity-check
codes. IEEE Transactions on Communications. Vol 51 (9), pp 1413 - 1419, Septem-
ber 2003.

[J3] S. R. Weller and S. J. Johnson, Iterative decoding of codes from oval designs. Euro-
pean Transactions on Telecommunications. Vol 14 (5), pp 399–409, October 2003.

[J4] S. J. Johnson and S. R. Weller, Codes for iterative decoding from partial geometries.
IEEE Transactions on Communications To appear, February 2004.

Conference papers

[C1] S. J. Johnson and S. R. Weller. Regular low-density parity-check codes from combi-
natorial designs. In Proc. IEEE Information Theory Workshop, pp. 90-92, Cairns,
Australia, September 2001.

[C2] S. J. Johnson and S. R. Weller. Construction of low-density parity-check codes
from Kirkman triple systems. In Proc. IEEE Globecom Conf., San Antonio, TX,
November 2001. vol. 2 pp. 970-974.
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[C3] S. R. Weller and S. J Johnson. Iterative decoding of codes from oval designs. In
Defense Applications of Signal Processing (DASP), 2001.

[C4] S. J. Johnson and S. R. Weller. Quasi-cyclic LDPC codes from difference families.
In Proc. 3rd Australian Communications Theory Workshop (AusCTW’2002), pp.
15-17, Canberra, Australia, February 2002.

[C5] S. J. Johnson and S. R. Weller. Codes for iterative decoding from partial geometries.
In Proc. IEEE International Symposium on Information Theory (ISIT), p. 310,
Lausanne, Switzerland, June 30 - July 5, 2002.

[C6] R. A. Brown, S. J. Johnson and S. R. Weller. Performance of space-time block codes
with finite geometry LDPC outer codes. In Proc. 4th Australian Communications
Theory Workshop (AusCTW), pp. 93–98, Melbourne, Australia, February 2003.

[C7] S. J. Johnson and S. R. Weller. Can cyclic codes be useful low-density parity-check
codes? In Proc. 4th Australian Communications Theory Workshop (AusCTW’2003),
pp. 81–86, Melbourne, Australia, February 2003.

[C8] S. J. Johnson and S. R. Weller. High-rate LDPC codes from unital designs. Proc.
IEEE Globecom Conf. San Fransisco, 1 – 5 December 2003.



2

Codes and designs

This chapter presents the background material to be used throughout this thesis. A
brief introduction to the theory of error correction codes is presented before low-
density parity-check codes are introduced. Next the combinatorial designs employed
in this thesis are described before we overview the ways in which combinatorial de-
signs have historically been related to error correction codes.

2.1 Low-density parity-check codes

The essential idea of forward error correction is to deliberately introduce redundancy
into a digital message so that the message can be correctly inferred at the receiver, even
when some of the symbols are corrupted during transmission or storage. More specifically,
a q-ary [n, k, d] block error correction code with rate R = k/n, maps a message of k

symbols into a codeword of n > k symbols where each symbol is one of q possible elements.
The decoder receives a length n vector, which is not necessarily a codeword, and uses the
structure of the code to determine which message was sent. The gains to data reliability
afforded by employing error correction can be used to reduce the required transmission
power or bandwidth, or increase data storage efficiency.

The Hamming distance between two codewords is the number of symbols in which they
differ. The minimum distance of the code, d, is the smallest Hamming distance between
any pair of codewords in the code and is one measure of the error correction capability
of the code. In general, for a code with minimum distance d, t bit errors can always be
corrected by choosing the closest codeword, in Hamming distance, to the received vector
whenever

t ≤ �(d − 1)/2�, (2.1)

where �x� is the largest integer that is at most x.

To illustrate, a simple linear binary code, with elements from the binary Galois field,
GF(2), is defined to have the following structure:

c = c1 c2 c3 c4 c5 c6,
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where each symbol ci is either 0 or 1, and the codeword, c, is constrained by three parity-
check equations:

c1 ⊕ c2 ⊕ c4 = 0
c2 ⊕ c3 ⊕ c5 = 0
c1 ⊕ c2 ⊕ c3 ⊕ c6 = 0

The notation ⊕ represents modulo-2 addition, which is equal to 1 if the ordinary sum is
odd and 0 if the ordinary sum is even. The parity-check equations can be re-written in
matrix form:

⎡
⎢⎣ 1 1 0 1 0 0

0 1 1 0 1 0
1 1 1 0 0 1

⎤
⎥⎦

︸ ︷︷ ︸
H

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c1

c2

c3

c4

c5

c6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎣ 0

0
0

⎤
⎥⎦ (2.2)

where the parity-check matrix, H, represents the parity-check equations which define the
code. Thus a vector r = [r1 r2 r3 r4 r5 r6] is a codeword if and only if it satisfies the
constraint

HrT = 0. (2.3)

To generate the codeword for a given message, the code constraints can be rewritten
in the form

c4 = c1 ⊕ c2

c5 = c2 ⊕ c3

c6 = c1 ⊕ c2 ⊕ c3

(2.4)

where bits c1, c2, and c3 contain the 3-bit message, and the parity-check bits c4, c5 and c6

are a function of this message. Thus, for example, the message 110 produces parity-check
bits c4 = 1 ⊕ 1 = 0, c5 = 1 ⊕ 0 = 1 and c6 = 1 ⊕ 1 ⊕ 0 = 0, and hence the codeword
110010. As the code is linear, matrix notation can again be used,

[
c1 c2 c3 c4 c5 c6

]
=
[

c1 c2 c3

]⎡⎢⎣ 1 0 0 1 0 1
0 1 0 1 1 1
0 0 1 0 1 1

⎤
⎥⎦

︸ ︷︷ ︸
G

, (2.5)

where the generator matrix of the code, G, represents a basis for the one-to-one mapping
of messages onto codewords.

An error correction code can be described by more than one parity-check matrix or
generator matrix. A matrix H is a valid parity-check matrix for a code provided that
(2.3) holds for all codewords in the code. Likewise two matrices generate the same code if
they map every message to the same codeword. Two parity-check matrices for the same
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code need not even have the same number of rows; however the rank over GF(q) of both
must be the same, since the number of message symbols, k, in a q-ary code is

k = n − rankq(H), (2.6)

where rankq(H) is the number of rows in H which are linearly dependent over GF(q).

A parity-check matrix is regular if each code symbol is contained in a fixed number,
wc, of parity checks and each parity-check equation contains a fixed number, wr, of
codeword symbols. If a code is described by a regular parity-check matrix it is called a
(wc,wr)-regular code otherwise it is an irregular code.

A regular parity-check matrix for the binary code of (2.2) with wc = 2, wr = 3 and
rank2(H) = 3 is:

H =

⎡
⎢⎢⎢⎢⎣

1 1 0 1 0 0
0 1 1 0 1 0
1 0 0 0 1 1
0 0 1 1 0 1

⎤
⎥⎥⎥⎥⎦ . (2.7)

An LDPC code is simply a block code with a parity-check matrix which is sparse, that
is, the majority of entries must be zero. What sets LDPC codes apart from traditional
codes is the way in which they are decoded which in turn has implications for which sparse
parity-check matrices make good LDPC codes. In the following sections the sum-product
decoding algorithm is introduced and the properties of a good LDPC code are discussed.

2.1.1 Sum-product decoding

Decoding with the sum-product algorithm make essential use of graphs to represent
codes, passing messages along the edges of the graph. In his work, Gallager used a graph-
ical representation of the bit and parity-check sets of regular LDPC codes, to describe
the application of iterative decoding. However, the systematic study of codes on graphs
due to Tanner who, in 1981 [100], extended the single parity-check constraints of Gal-
lager’s LDPC codes to arbitrary linear code constraints and formalized the use of bipartite
graphs for describing families of codes [100]. The use of codes defined on graphs increased
dramatically with the independent rediscovery of LDPC codes by researchers in the mid-
1990s [73, 71], and graph-based representations of codes are now an integral feature in
the development of both the theoretical understanding and practical implementation of
iterative decoders.

A Tanner graph is a graphical representation of a code representing the interaction
between codeword symbols and code constraints. In the case of binary codes constrained
by parity-check equations the Tanner graph is bipartite consisting of n bit vertices (or



12 2. Codes and designs

check vertices

bit vertices

Figure 2.1: The Tanner graph representation of the parity-check matrix in (2.7).

A 6-cycle is shown in bold.

bit nodes), and m parity-check vertices (or check nodes) where there is a parity-check
vertex for every parity-check equation in H and a bit vertex for every codeword bit. Each
parity-check vertex is connected by an edge to each of the bit vertices which correspond
to the code bits included in that parity-check equation. A code parity-check matrix is
thus uniquely described by a Tanner graph, although translating from a graph back to a
matrix requires an ordering of nodes corresponding to an ordering of rows and columns
in H.

A cycle in a graph is a sequence of connected vertices which start and end at the same
vertex in the graph and contain no other vertices more than once. The length of the cycle
is the number edges it contains and the girth of a graph is the length of its smallest cycle.
The girth of an LDPC code, C, is defined by considering the Tanner graph corresponding
to the parity-check matrix of C. As the Tanner graph is bipartite, the length of a cycle
must be even and at least 4. The Tanner graph of the parity-check matrix (2.7) is shown
in Fig. 2.1 with a 6-cycle highlighted.

The aim of sum-product decoding is to compute the a posteriori probability (APP) for
each codeword bit, Pi = P{ci = 1|N , yi}, which is the probability that the ith codeword
bit is a 1 conditional on the received signal yi and on the event N that all parity-check
constraints are satisfied. The intrinsic or a priori probability, P int

i , is the original bit
probability independent of knowledge of the code constraints, and the extrinsic probability
P ext

i represents what has been learnt from the parity checks. The extrinsic bit information
obtained from a parity-check constraint is calculated independently of the a priori value
for that bit at the start of the iteration. However, the extrinsic information provided
in subsequent iterations remains independent of the original a priori bit probability only
until that information is returned via a cycle. If the Tanner graph of the code is cycle
free the probabilities remain independent and the exact APP value is calculated for each
bit.
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For a binary valued random variable, if p is the probability of a 1, then 1 − p is the
probability of a 0 which is represented as a log-likelihood ratio (LLR) by

LLR(p) = loge

(
1 − p

p

)
. (2.8)

The sign of LLR(p) is the hard decision and the magnitude |LLR(p)| is the reliability of
this decision.

The extrinsic probability that bit i is a 1 from the jth parity-check equation is the
probability that an odd number of the other codeword bits in check j are 1 [43]:

P ext
i,j =

1
2

+
1
2

∏
i′∈Bj ,i′ �=i

(1 − 2P int
i′ ). (2.9)

The set Bj is the set of column locations of the bits in the jth parity-check equation of
the code. Similarly, Ai is the set of row locations of the parity-check equations which
check on the ith bit of the code. Using the result that

tanh
(

1
2

loge

(
1 − p

p

))
= 1 − 2p,

equation (2.9) can be put into log-likelihood notation to give [43]:

LLR(P ext
i,j ) = loge

(
1 +
∏

i′∈Bj ,i′ �=i tanh(LLR(P int
i′ )/2)

1 −∏i′∈Bj , i′ �=i tanh(LLR(P int
i′ )/2)

)
.

The estimated APP of the ith bit at each iteration is then simply the sum of the intrinsic
and extrinsic LLRs for that bit.

More formally, the sum-product algorithm is as follows:

Step 1 (in the first iteration) Initialization: The initial message, Li,j , sent from bit node
i to the check node j is Ri, the LLR of the (soft) received signal yi given knowledge
of the channel properties. For an AWGN channel with signal-to-noise ratio Eb/N0

this is:

Li,j = Ri = 4yi
Eb

N0
. (2.10)

Step 2 Check-to-bit : The extrinsic message from check node j to bit node i is the LLR
of the probability that parity-check j is satisfied if bit i is assumed to be a 1:

Ei,j = loge

(
1 +
∏

i′∈Bj ,i′ �=i tanh(Li′,j/2)

1 −∏i′∈Bj , i′ �=i tanh(Li′,j/2)

)
. (2.11)
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E1,1

L2,1

L4,1

L1,1
E1,3

R1

E1,1 = log
(

1+tanh(L2,1/2)·tanh(L4,1/2)
1−tanh(L2,1/2)·tanh(L4,1/2)

)
L1,1 = E1,3 + R1

Figure 2.2: An example of the messages for sum-product decoding. Calculation of

the extrinsic message sent to bit 1 depends on messages from bits 2 and 4 but not from

bit 1. Similarly, the message sent to check 1 is independent of the message just received

from it.

Step 3 Codeword test : The estimated APP of each bit is the sum of the intrinsic and
extrinsic LLRs:

Li =
∑
j∈Ai

Ei,j + Ri. (2.12)

For each bit a hard decision is made:

zi =

{
1, Li ≤ 0
0, Li > 0.

Then, if z = [z1, . . . , zn] is a valid codeword (HzT = 0), or if the maximum number
of allowed iterations have been completed, the algorithm terminates.

Step 1 (in all iterations after the first) Bit-to-check : For every iteration after the first,
the message Li,j sent by each bit node to the check nodes to which it is connected
is similar to (2.12), except that, to preserve independence, bit i sends to check node
j a LLR calculated without using the information from check node j:

Li,j =
∑

j′∈Ai, j′ �=j

Ei,j′ + Ri. (2.13)

The application of equations (2.11) and (2.13) to the code in (2.7) is demonstrated in
Fig. 2.2.

To illustrate the operation of the sum-product decoder, we take the code of (2.7) and
assume that the codeword c = 001011 is sent. Suppose that the channel is AWGN with
Eb/N0 = 1.25 and the received signal is y = −0.1, 0.5,−0.8, 1.0,−0.7, 0.5. There are
now two bits in error if the hard decision of the signal, r = 101010, is considered: bits
1 and 6. Fig. 2.3 illustrates the operation of the sum-product decoding algorithm, as
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described in equations (2.10)–(2.13), to decode this received signal which terminates in
three iterations. The existence of an exact termination rule for the sum-product algorithm
has two important benefits; the first is that a failure to converge is always detected, and
the second is that unnecessary additional iterations once a solution has been found are
avoided.

There are a rich variety of extensions to the sum-product algorithm. The min-sum
algorithm, for example, simplifies the calculation of (2.11) by recognizing that the term
corresponding to the smallest Li′,j dominates the product term and so the product can
be approximated by a minimum; the resulting algorithm thus requires calculation of only
minimums and additions. An alternative approach, designed to bridge the gap between
the error performance of sum-product decoding and that of maximum-likelihood (ML)
decoding, finishes each iteration of sum-product decoding with ordered statistic decoding,
with the algorithm terminating when a specified number of iterations have returned the
same codeword [41]. However, in this thesis the focus is on code design, and so in the
following we employ only the sum-product decoding algorithm as presented above.

2.1.2 Design and analysis of LDPC codes

Traditionally, LDPC codes have been designed by first choosing the required block
length and node degree distributions, then pseudo-randomly constructing a parity-check
matrix, or Tanner graph with these properties. A generator matrix for the code can then
be found using Gaussian elimination [71]. Gallager, for example, considered the ensemble
of all (wr, wc)-regular matrices with rows divided into wc submatrices, the first containing
wr copies of the identity matrix and with subsequent submatrices being random column
permutations of the first [43].

Analysis is difficult due to the random nature of the construction and so code proper-
ties are generally discussed in terms of the ensemble of all possible matrices with a given
set of row and column weights. Using ensembles of matrices defined in this way Gallager
found the maximum crossover probability of the binary symmetric channel (BSC) for
which LDPC codes can be used to transmit information reliably using a simple iterative
hard decision decoding algorithm.

Luby et al. extended the class of LDPC ensembles to those with irregular node degrees
and showed that irregular codes are capable of outperforming regular codes [68, 69]. In
extending Gallager’s analysis to irregular ensembles, Luby et al. introduced tools based on
linear programming to design irregular code ensembles for which the maximum allowed
crossover probability of the binary symmetric channel is optimized. Resulting from this
work are the “tornado codes,” a family of codes that approach the capacity of the erasure
channel and can be encoded and decoded in linear time [18, 68].
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Iteration 1
R =

[ −0.5000 2.5000 −4.0000 5.0000 −3.5000 2.5000
]

[ 1 0 1 0 1 0 ] as a hard decision

E =

⎡
⎢⎢⎣

2.4217 −0.4930 . −0.4217 . .
· 3.0265 −2.1892 . −2.3001 ·

−2.1892 . . . −0.4217 0.4696
· . 2.4217 −2.3001 . −3.6869

⎤
⎥⎥⎦

L =
[ −0.2676 5.0334 −3.7676 2.2783 −6.2217 −0.7173

]
z = [ 1 0 1 0 1 1 ]

HzT = [ 1 0 1 0 ]T ⇒ Continue

L =

⎡
⎢⎢⎣

−2.6892 5.5265 · 2.6999 · ·
· 2.0070 −1.5783 . −3.9217 ·

1.9217 . · · −5.8001 −1.1869
· . −6.1892 4.5783 . 2.9696

⎤
⎥⎥⎦

Iteration 2

E =

⎡
⎢⎢⎣

2.6426 −2.0060 . −2.6326 . .
· 1.4907 −1.8721 . −1.1041 .

1.1779 · · . −0.8388 −1.9016
· . 2.7877 −2.9305 · −4.3963

⎤
⎥⎥⎦

L =
[

3.3206 1.9848 −3.0845 −0.5630 −5.4429 −3.7979
]

z = [ 0 0 1 1 1 1 ]

HzT = [ 1 0 0 1 ]T ⇒ Continue

L =

⎡
⎢⎢⎣

0.6779 3.9907 · 2.0695 . ·
· 0.4940 −1.2123 . −4.3388 ·

2.1426 · · · −4.6041 −1.8963
· · −5.8721 2.3674 · 0.5984

⎤
⎥⎥⎦

Iteration 3

E =

⎡
⎢⎢⎣

1.9352 0.5180 . 0.6515 . ·
· 1.1733 −0.4808 . −0.2637 ·

1.8332 · · · −1.3362 −2.0620
· · 0.4912 −0.5948 · −2.3381

⎤
⎥⎥⎦

L =
[

3.2684 4.1912 −3.9896 5.0567 −5.0999 −1.9001
]

z = [ 0 0 1 0 1 1 ]

HzT = [ 0 0 0 0 ]T ⇒ Terminate

Figure 2.3: Operation of sum-product decoding with the code from (2.7) when

the codeword [001011] is sent through an AWGN channel with Eb/N0 = 1.25
and the vector [-0.1 0.5 -0.8 1.0 -0.7 0.5] is received. The sum-product decoder

converges to the correct codeword after three iterations.
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Richardson and Urbanke extended the work of Luby et al. to any binary-input mem-
oryless channel and to soft decision decoding [88, 85]. They determined the capacity
of iterative decoders applied to LDPC code ensembles by a method called density evo-
lution. For sum-product decoding density evolution makes it possible to determine the
corresponding capacity to any degree of accuracy and hence determine the ensemble with
node degree distribution which gives the best capacity. Once a code ensemble has been
chosen a code from that ensemble is realized pseudo-randomly. By carefully choosing a
code from an optimized ensemble Chung et al. have demonstrated the best performance
to date of LDPC codes in terms of approaching the Shannon limit [25].

The relationship between LDPC codes and their decoding is closely associated with the
graph-based representations of these codes. The most obvious example of this is the link
between the existence of cycles in the Tanner graph of the code to both the analysis and
performance of sum-product decoding of the code [100, 38]. By proving the convergence
of the sum-product algorithm for codes whose graphs are free of cycles, Tanner was the
first to formally recognize the importance of cycle-free graphs in the context of iterative
decoding [100].

The effect of cycles on the practical performance of LDPC codes was demonstrated by
simulation experiments when LDPC codes were rediscovered by MacKay and Neal [73] in
the mid-1990s, and the beneficial effects of using graphs free of short cycles were shown
[71]. Given the detrimental effects of cycles on the convergence of iterative decoders, it
is natural to seek strong codes whose Tanner graphs are free of cycles. An important
negative result in this direction was established by Etzion et al. [38], who showed that
for linear codes of rate k/n ≥ 0.5 which can be represented by a Tanner graph without
cycles, the minimum distance is at most 2. With a small number of exceptions [122],
LDPC codes are constructed in the most part with the object of obtaining Tanner graphs
free of 4-cycles.

As the existence of cycles in a graph makes analysis of the decoding algorithm difficult,
most analysis consider the asymptotic performance of iterative decoding on graphs with
asymptotically unbounded girth. There has been very little analysis regarding the conver-
gence of iterative decoding methods on graphs with cycles. Gallager suggested that the
dependencies introduced by cycles have a relatively minor effect and tend to cancel each
other out somewhat. This “seems to work” philosophy has underlined the performance of
sum-product decoding on graphs with cycles for much of the (short) history of the topic.
It is only recently that exact analysis on the expected performance of codes with cycles
has emerged.

This technique, called finite length analysis [34, 87, 86], has suggested a new measure
of the performance of an LDPC code, namely its stopping set distribution. A stopping
set is a set of bit nodes with the property that every check node connected to a bit node
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Figure 2.4: The Tanner graph of a length 8 code with 6 rows in the parity-check

matrix with column weight 3 and row weight 4. A stopping set of size three is shown in

bold.

in the stopping set is connected to at least two such nodes. Fig. 2.4 shows the Tanner
graph of a length 8 code with 6 parity-check equations and filled bit nodes representing
a stopping set of size 3.

Finite length analysis gives the exact average bit and block error probabilities for any
regular ensemble of LDPC codes over the binary erasure channel (BEC) when decoded
iteratively. The strategy of sum-product decoding on the binary erasure channel is a
simple one. If only one of the bits in a given parity-check equation is erased that bit can
be determined by choosing the value which satisfies the parity-check. However, if more
than one bit in the parity-check equation is erased, no correction can be made. Thus, on
the binary erasure channel, an erased codeword bit can be corrected if and only if it is
the sole erased bit in any parity-check equation. If the set of code bits which are erased
contains a stopping set, none of the bits in the stopping set can be corrected. Conversely,
if there is no stopping set in the set of erased bits they can eventually all be corrected.

More precisely, the probability of bit erasure for a given code C of length n on a binary
erasure channel with erasure probability ε is [34]:

P (C, ε) =
n∑

v=0

(n
v )εv(1 − ε)n−v

(
N(v)
T (v)

)
.

T (v) is the total of number of ways a bit set of size v could be constructed over all possible
codes in the ensemble and N(v) is the number of those ways which result in the v points
being a maximal stopping set. Thus N(v)/T (v) can be considered the probability that a
given set of v points is a stopping set.

Thus the expected performance of an ensemble of LDPC codes on a binary erasure
channel can be enumerated exactly using the average stopping set distribution of all codes
in the ensemble. The girth and minimum distance of a code play a role in its performance
on a binary erasure channel only in so much as they influence the stopping set distribution
of the code.
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The lack of any obvious algebraic structure in pseudo-randomly constructed LDPC
codes makes the calculation of minimum distance infeasible for long codes, and most
analyses focus on the average distance function for an ensemble of LDPC codes. However,
performance results suggest that minimum distance properties are simply not as important
for LDPC codes as for traditional codes. Indeed, it has recently been established, for codes
with full rank parity-check matrices, that to achieve capacity on the binary erasure channel
when using irregular LDPC codes, the codes can not have large minimum distances [35].

The nature of the random LDPC codes means that no bound on minimum distance
can be given for any particular randomly constructed code, however Gallager’s expression
for the average minimum distance of an ensemble of codes [43] gives a good idea of what
minimum distances are achievable. For large n most codes in the ensemble will have a
minimum distance close to δγrn where δγr �= 0 is the value of λ which, for a given row
weight r and column weight γ, gives [43]

Bγr(λ) = (γ − 1)H(λ) − γ

r
(µ(s) + (r − 1) ln 2) + γsλ = 0,

where

λ =
µ′(s)

r
= l/n.

Gallager demonstrated that for large enough n a reasonable proportion of all codes
with a given set of parameters can achieve a minimum distance d = δγrn, and so we
assume that a code with this minimum distance can be constructed without too many
attempts. The smaller the code length, the larger the variation in minimum distance of
individual codes from the ensemble, however for small n a large number of attempts to
construct a “good” code is more reasonable and so we assume that it is possible, without
too much difficulty, to construct a random parity-check matrix with d at least δγrn.

Given this reasoning, Fig. 2.5 shows the minimum distance values which can be
achieved for random, column weight 3, LDPC codes at various rates and for lengths
up to 5000. Column weight 3 codes are shown as these are the randomly constructed
regular LDPC codes generally considered best for use with sum-product decoding [71].

Overall, in designing new LDPC codes the following code properties are generally
considered:

• Girth: Cycles in the Tanner graph affect decoding convergence, and the smaller
the code girth, the larger the effect on decoding performance [100, 77, 71]. However
the avoidance of all cycles is also not desirable since a linear code of rate k/n ≥ 0.5
without any cycles has a minimum distance of at most 2 [38]. The best approach is
then to avoid small cycles in the Tanner graphs of LDPC codes.
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Figure 2.5: Minimum distance estimates for ensembles of LDPC codes with

column weight 3

• Expansion: Sipser and Spielman [96] showed that the expansion of the graph is a
significant factor in the application of iterative decoding. Using only a simple hard
decision decoding algorithm they proved that a fixed fraction of errors in an LDPC
code can be corrected in linear time provided that the Tanner graph of the code is
a good enough expander. That is, any subset S of bit vertices of size m or less is
connected to at least ε|S| constraint vertices, for some defined m and ε [96].

• Stopping set distribution: As described above, the stopping set distribution of
an LDPC code determines its performance on the binary erasure channel, however
the extent to which it affects the performance of the codes on other channels is not
yet determined. Nevertheless, the minimum stopping set size, Smin, is an estimate of
a code’s performance with sum-product decoding in a similar manner as minimum
distance is an estimate of a codes performance with maximum likelihood decoding
[34, 87, 86].

• Minimum distance: The code minimum distance plays less of a role in the perfor-
mance of sum-product decoding than maximum likelihood decoding and is therefore
less important for LDPC codes. However, a poor minimum distance will affect the
performance of LDPC codes at very high signal-to-noise ratios, causing an error
floor.

• Density: A sparse parity-check matrix is essential for the low complexity operation
of a sum-product decoder. However, there is a tradeoff between the density of H

and the code minimum distance and stopping set size.
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While the first five properties presented concern the decoding performance of the
LDPC codes, the following two consider their implementation. Since very long codes are
decoded effectively with sum-product decoding, the extent to which they can be effectively
encoded and stored will be important factors in how widely LDPC codes are employed.

• Encoding: Perhaps the biggest deterrent to the implementation of LDPC codes
is the lack of an efficient encoding algorithm for them. While applying Gaussian
elimination to transform the parity-check matrix into upper triangular form and
using back substitution is effective, the new matrix is no longer sparse and the
computational complexity of encoding is O(n2). The requirement then is to produce
codes with the structure to enable linear encoding complexity, either by enabling a
sparse generator matrix to be constructed using only row and column swaps as in [89]
or by employing the shift invariance of cyclic codes or, more generally, constructing
group invariant codes as in [101].

• Implementation: Where randomly constructed LDPC codes are employed the
entire matrix must be stored, with repercussions for the system implementation
requirements. There are two main ways that the implementation complexity can be
improved. If hard-wiring of the Tanner graph is employed, as in [9], regularity of
the LDPC codes will translate directly into regularity in the VLSI layout, improving
parallelization. Alternatively, where on-line construction of the codes is employed,
deterministic codes that can be completely described by only a small number of
parameters will prove very beneficial.

Since their introduction by Gallager, LDPC codes have for the most part been con-
structed pseudo-randomly with modifications made to Gallager’s original construction to
improve code properties such as girth or expansion [52, 71, 73, 96, 97, 78]. This is done in
one of two ways: either by pseudo-randomly assigning entries in a sparse binary parity-
check matrix or by randomly assigning edges in a bipartite graph, the code Tanner graph.
In this thesis the traditional pseudo-random LDPC codes constructed by MacKay and
Neal [71, 73, 81] will be used as a point of comparison to the new algebraic LDPC codes
we construct. MacKay and Neal’s construction of a length n, rate ≈ R LDPC code, with
column weight γ and as close to regular as possible is as follows:

Step 1 an all zero n(1 − R) × n matrix is constructed

Step 2 γ ones are placed in each column of H with an attempt made to keep the number
of ones in each row approximately the same

Step 3 extra ones are randomly added so that the weight of each row is greater than one
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Step 4 to remove 4-cycles, ones are moved randomly within columns involved in the
cycle.

While random constructions of LDPC codes have produced very good codes, par-
ticularly for quite long lengths, it is sometimes difficult to construct 4-cycle free codes
randomly, particularly for high rate codes. As well, there is a trade off between removing
code cycles and obtaining code regularity, as the process of removing 4-cycles can cause
the row weights in particular to be less regular. Finally, randomly constructed codes also
have implementation disadvantages stemming from the difficulty associated with storing
and encoding codes described by random parity-check matrices.

Algebraic constructions of LDPC codes have received much less attention but have pro-
duced some very good LDPC codes with simple encoding and decoding. Tanner founded
the topic of algebraic methods for constructing graphs suitable for sum-product decoding
in [100], and more recently examined bipartite graphs defining binary quasi-cyclic codes
[106, 103, 105] which can be analyzed using his generalized transform methods [101].
Other authors have looked at existing algebraic structures to produce LDPC codes free
of 4-cycles, such as the array codes considered in [39, 40] and the finite geometry codes
shown to make excellent LDPC codes by Lucas et al. and Kou et al. in [70, 60]. The
length 73 finite geometry code has also been implemented on an integrated circuit using
iterative decoding by Karplus and Krit [56].

Graph-based constructions for codes with good girth have been presented by Mar-
gulis [74], and extended by Rosenthal and Vontobel [90] and Lafferty and Rockmore [62].
Vontobel and Tanner have also used finite generalized polygons to construct LDPC codes
which give the maximum possible girth for a graph with given diameter [118]. Other
constructions for LDPC codes have been presented which have a mixture of algebraic and
randomly constructed portions [10].

An important outcome of the work with algebraic codes was the demonstration that
highly redundant parity-check matrices can lead to very good iterative decoding perfor-
mances without the need for very long block lengths [70, 118]. While the probability of
a random graph having a highly redundant parity-check matrix is vanishingly small, the
field of combinatorial designs offers a rich source of algebraic constructions for matrices
which are both sparse and redundant.

The premise of this thesis is that combinatorial constructions of LDPC codes can
provide significant improvements to randomly constructed LDPC codes, particularly when
small to medium code lengths are concerned. A background to these combinatorial designs
is presented in the remainder of this chapter.
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2.2 Combinatorial designs

A combinatorial design is an assignment of a set of objects into subsets subject to
some defined condition on the size, structure or incidence of the subsets. A simple com-
binatorial problem for example would be to arrange a set of seven academics into seven
committees with three academics in each committee, every academic on the same number
of committees, and each pair of academics serving together in exactly one committee.

Formally, an incidence structure (P,B, I) consists of a finite non-empty set P of
points (academics) and a finite non-empty set B of subsets of those points called blocks
(committees), together with an incidence relation I ⊆ P × B. A point P and block B are
incident, denoted P ∈ B, if and only if (P, B) ∈ I. A design D is an incidence structure
with a constant number of points per block and no repeated blocks. A design is regular,
if the number of points in each block, and the number of blocks which contain each point,
designated γ and r respectively, are the same for every point and block in the design.
In the field of combinatorial designs the block size is usually denoted by the symbol k,
however we use γ in this thesis to avoid confusion with the use of k for the number of
message symbols in the code, and with Gallager’s use of k to denote the row weight of
his LDPC codes.

Every design can be represented by a v×b binary matrix N , v = |P|, b = |B| called an
incidence matrix, where each column in N represents a block Bj of the design and each
row a point Pi with the (i, j)th entry of N a 1 if point i is contained in block j otherwise
it is 0. Thus

Ni,j =

{
1 if Pi ∈ Bj ,

0 otherwise.
(2.14)

The incidence graph of D has vertex set P ⋃ B, with two vertices x and y connected if
and only if x ∈ P, y ∈ B and x ∈ y, or x ∈ B, y ∈ P and y ∈ x, and is thus a bipartite
graph.

In this section two classes of designs, Steiner 2-designs and partial geometries, will be
considered further before the links between designs and codes are discussed.

2.2.1 Steiner 2-designs

For a t-design every set of t points are incident in a constant number, λ, of blocks
together and thus for 2-designs, every pair of points occur in λ blocks together. 2-
designs are also called balanced incomplete block designs (BIBDs), and are denoted as
2-(v, b, r, γ, λ) or 2-(v, γ, λ) designs. The designs of interest in this thesis are the 2-designs
with λ equal to 1, called Steiner 2-designs, in which every pair of points occur together
in exactly one block and so each pair of blocks intersect in at most one position.
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N =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 1 1 0 0
0 1 0 0 1 0 1
1 1 0 0 0 1 0
0 0 1 0 1 1 0
1 0 1 0 0 0 1
0 0 0 1 0 1 1
0 1 1 1 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Figure 2.6: An incidence matrix and incidence graph of the 2-(7, 3, 1) design in

Example 2.2.1. The graph nodes are numbered to indicate the ordering of point

nodes into rows and block nodes into columns of N .

The parameters of a 2-(v, b, r, γ, λ) design are constrained by

vr = bγ, (2.15)

as vr and bγ are each the number of non-zero entries in the incidence matrix. Further,
any given point P is in a pair with γ − 1 points in each of the r blocks containing it and
so there are r(γ− 1) pairs involving P . However, P must be paired with each of the v− 1
other points exactly λ times and so

λ(v − 1) = r(γ − 1). (2.16)

Thus the choice of any three of the parameters completely specifies the design with the
remaining two parameters determined by (2.16) and (2.15).

Example 2.2.1 As a solution to our problem of organizing academics, the set of points

(academics)

P = {1, 2, 3, 4, 5, 6, 7}

can be formed into a design with blocks (committees),

B = {[1, 3, 5], [2, 3, 7], [4, 5, 7], [1, 6, 7], [1, 2, 4], [3, 4, 6], [2, 5, 6]}. (2.17)

This design can easily be seen to satisfy the regularity constraint with γ = 3 points
in every block (3 academics in every committee) and each point in exactly r = 3 blocks
(each academic on exactly three committees). Each pair of points (academics) occurs in
one block (committee) together thus the blocks in B form a t-design or, more precisely,
a 2-design with parameters 2-(7, 7, 3, 3, 1). An incidence matrix and incidence graph for
this design are shown in Fig 2.6 using an arbitrary numbering of blocks 1–7 respectively
from left to right.
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Three types of designs in particular will be applied to LDPC code construction in the
following chapters:

• Resolvable designs: A design is resolvable if the blocks of the design can be
arranged into r groups, called resolution classes, such that the v

γ blocks of each
resolution class are disjoint, and each class contains every point precisely once. Not
all designs are resolvable, those that can be are restricted to designs with parameters
v ≡ 0 (mod γ). Design resolvability plays a key role in the LDPC codes constructed
in Chapter 6.

• Configurations: A (vk, bρ)-configuration is a set of b lines on v points such that
each line contains γ points and each point is in ρ lines [26, page 253]. A configuration
differs from a design in that each pair of points are connected in at most one line
together. Alternatively, an n-line configuration can be defined as any subset of n

blocks of a design [51]. In this case the requirement that each point is contained in
a fixed number of lines (blocks) will not necessarily hold. The number and type of
these n-line configurations in STS designs will be useful in this work to analyze the
distance and stopping set distributions of LDPC codes from the designs.

• Difference families: Designs from difference families will prove very useful in

Chapter 7 for the design of cyclic and quasi-cyclic LDPC codes.

Definition 2.2.1 [3] The t γ-element subsets of an Abelian group G, D1, . . . , Dt

with Di = {di,1, di,2, . . . , di,γ} form a (v, γ, λ) difference family if the differences

di,x − di,y, (i = 1, . . . t; x, y = 1, . . . , γ, x �= y) give each non-zero element of G

exactly λ times.

The set D+g = {d1+g, d2+g, ..., dk+g}, g ∈ G, is a translate of D and the translates
D, D+g1, ..., D+gv−1 of the sets of a difference family make up the blocks of a design.
Difference families defined on any group isomorphic to Zv = {0, 1, 2, · · · , v − 1}
produce cyclic designs. As in this case a translate is a cyclic shift of D. Where the
difference family consists of just one set, called a difference set, the design incidence
matrix consists of a single circulant matrix.

An extension to the method of difference families, called mixed difference systems,

allows several copies of each element of an Abelian group to be used. For G an Abelian

group of order v let H = G ×Zt. Then H consists of tv elements, t copies of each element

of G. An element (a, i) ∈ H represents the ith copy of the element a in G.
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Definition 2.2.2 [3] For H = G ×Zt, the k-subsets D1, . . . , Ds ∈ H form a mixed dif-

ference system if there exists an integer λ such that for every i ∈ {1, 2, ..., t}, every

element g ∈ G occurs λ times as the difference (x, i) − (y, i) where g = x − y and

(x, i), (y, i) ∈ D1, . . . , Ds.

As for difference families the translates of the set Dl are the sets Dl +g := {(x+g, i) :
(x, i) ∈ Dl} for all g ∈ G. The translates of the sets of a mixed difference system form
the blocks of a 2-(tv, sv, sk/t, k, λ) design with point set the elements of H [3, Theorem
2.4.1]. The resolvable Steiner 2-(v,3,1)-designs we employ in Chapter 6 are constructed
using these mixed difference families.

An area closely related to designs is that of finite geometries (see e.g. [4]). The finite
projective geometry of a vector space V of dimension m + 1, PG(V ), has as elements the
subspaces of V . The points of PG(V ) are the 1-dimensional subspaces of V , the lines
are 2-dimensional subspaces of V , the planes are 3-dimensional subspaces of V and so
on to hyperplanes the m-dimensional subspaces of V . The incidence between elements of
PG(V ) corresponds to containment between subspaces of V . Thus a point P is incident
with a line L in PG(V ) if the 1-dimensional subspace corresponding to P is contained in
the 2-dimensional subspace corresponding to L. For V a vector space of dimension m+1
over the field F = GF(q), the projective geometry is often written PG(m, q). A Euclidean
geometry EG(V ) has as elements the cosets x + U of the subspaces U of V where x is
any vector in V and incidence is again given by containment.

The projective and Euclidean geometries are an important source of designs. These
designs can be formed by taking as points of the design the points of the geometries
and as blocks the lines, planes or hyperplanes of the geometry with the incidence of the
geometry carried into the design. Of interest in this thesis are the designs consisting of
the points and lines of PG(2, q) which are finite projective planes of order q. PG(2, q) is
a set of q2 + q + 1 lines and q2 + q + 1 points such that every line passes through exactly
q + 1 points and every point is incident on exactly q + 1 lines. Further, any pair of points
in the plane must be incident together in exactly one line. With these properties, the
points and lines of a projective plane are the points and blocks of a 2-(q2 + q + 1, q + 1, 1)
design with the incidence of the design given by the incidence of the plane. Fig. 2.7 shows
the typical representation of the finite projective plane of order 3. Many of the designs
considered in Chapter 4 are derived using a finite projective plane as the starting point.
The designs of points and lines of PG(m, 2) will also be important in this thesis. These
designs are the classical Steiner triple systems or 2-(v, 3, 1) designs.
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Figure 2.7: The finite projective plane of order 3 consists of 13 points on 13
lines

2.2.2 Partial geometries

Partial geometries, first presented in [12], are a set of points, and subsets of those
points, called blocks or lines, completely specified by three parameters, s, t, and α. That
is, a partial geometry, denoted pg(s, t, α), satisfies the following properties [19, p. 33]:

P1. Each point P is incident with t + 1 blocks and each block B is incident with s + 1
points.

P2. Any two blocks have at most one point in common.

P3. For any non-incident point-block pair (P, B) the number of blocks incident with P

and intersecting B equals some constant α.

Partial geometries differ most noticeably from finite geometries in that a pair of points
in the geometry need not have a line defined through them, a property contrary to the
traditional definition of a geometry, and the reason for their name. However, the subset
of the partial geometries with α = s + 1 are exactly Steiner 2-designs since if a point P is
not incident in a block B, every block incident with P must intersect B and thus every
pair of points must appear in a block together.

Our use of partial geometries, in Chapter 5, makes essential use of the graphs defined
by geometries. Any design can be described by a point graph G which has vertex set V
= P and v = |V| vertices. An edge connects two vertices if the corresponding points are
incident with the same block B ∈ B, and it is said that the vertices (and corresponding
points) are connected. The adjacency matrix of G is then a v × v matrix A, indexed by
the vertices of G, and defined by
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(a)

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 1 0 1 1 0
1 0 1 0 0 1
0 1 0 1 1 0
1 0 1 0 0 1
1 0 1 0 0 1
0 1 0 1 1 0

⎤
⎥⎥⎥⎥⎥⎥⎦
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(c)

N =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 1 1 0 0 0 0 0 0
1 0 0 1 0 0 1 0 0
0 0 0 1 1 1 0 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
0 0 0 0 0 0 1 1 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(d)

Figure 2.8: The partial geometry pg(1,2,1). Part (a) shows the incidence of

points and lines of the partial geometry and can also be thought of as the vertices

and edges of the graph which is the point graph of the geometry. Taking an

arbitrary numbering of points as shown, the adjacency matrix is given in part (b).

In parts (c) and (d) an incidence graph and incidence matrix are given for the

arbitrary ordering of the lines of the geometry into blocks of the design as shown.

Ai,j =

{
1 if Pi, Pj ∈ B for some B ∈ B, i �= j

0 otherwise.
(2.18)

Fig 2.8 shows the incidence matrix, incidence graph, adjacency graph and adjacency
matrix of a pg(1,2,1) design.

A graph G is said to be regular if each vertex is connected to exactly n1 other vertices.
If further, any two connected vertices of G are both connected together to exactly p1

other vertices, and any two unconnected vertices are both connected to exactly p2 vertices
together, the graph is strongly regular [114].
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The point graph of a partial geometry pg(s, t, α) is strongly regular with parameters
[26]:

n1 = s(t + 1), p1 = s − 1 + t(α − 1), p2 = α(t + 1),

|P| =
(s + 1)(st + α)

α
and |B| =

(t + 1)(st + α)
α

. (2.19)

To see this, note that a point, Pi, of the partial geometry is incident in t + 1 blocks,
and in each of these blocks connected to s other points. There can be no overlap of
these s(t + 1) points, since the point Pi is in every block and property P2 of partial
geometries must hold. Thus we have that each vertex of the graph is connected to exactly
n1 = (t+1)s other vertices. A pair of connected points (Pi, Pj) are each connected to the
s − 1 other points on the same block in which they are connected, and, by property P3
of partial geometries, in each of the t other blocks incident on point Pi there are α − 1
points connected to the point Pj and so Pi and Pj are connected together to exactly
p1 = s − 1 + t(α − 1) other vertices. Finally, consider an unconnected pair of points
(Pi, Pj). The point Pi is incident with t + 1 blocks each of which is not incident with
the point Pj . Again by property P3 each of these blocks is incident with α points which
are also connected to Pj and so two unconnected points are both connected together to
exactly p2 = (t + 1)α other vertices.

For a given set of parameters that define a design there may be more than one way
to arrange the point set into blocks which satisfy the requirements of the design. Two
designs are defined as being isomorphic if there is a bijection which maps points to points
such that every block in the original design is a block in the new design. Much of the
work in the field of combinatorial designs, including that relating to codes, is aimed at
proving the existence or non existence of designs with a specified parameter set and in
counting the number of non-isomorphic designs if they exist.

2.2.3 Codes from designs

There are two main focuses of previous work linking codes and designs. Firstly, the
properties of the codes defined by designs are employed to characterise the designs. Sec-
ondly, designs are used to give a combinatorial description for existing algebraic codes
such as the Reed Muller codes (see e.g. [4, 110]). The monograph by Assmus and Key
[4] gives an excellent treatment of this topic.

From a coding theory perspective, the blocks of a design can be associated with the
codewords of a code. The codes defined in this way using the designs from projective
and Euclidean geometries, are called geometric codes, and are particularly important in
coding theory. The minimum weight codewords of the geometric codes are exactly the
incidence vectors of the blocks of a projective or Euclidean geometry design [32, 33].
The designs of the geometries PG(m, 2) have as blocks the minimum weight codewords
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of Reed-Muller and punctured Reed Muller codes. While the generalized Reed-Muller
codes have as minimum weight codewords the blocks of the geometries PG(m, q) [4]. The
geometric point of view can achieve simplifications for the analysis of the Reed-Muller
and generalized Reed-Muller codes (see [4, Chapter 5] for a detailed description).

From a combinatorial perspective, a design is generally associated with a code of
length v defined as the column space of the design incidence matrix N , called its block
code. The block code of a design can be thought of as the code with generator matrix
given by NT . Most of the general results about designs in codes including the celebrated
Assmus–Mattson theorem [5] consider these block codes (see e.g. [4]). However, the codes
spanned by the row space of N , called point codes, have also been used to provide useful
information about the design structure (see e.g. [109] and [110]).

Less well known are the dual codes of the block and point codes. The dual of the
block codes have as their dual space the column space of NT . Thus the transpose of the
incidence matrix of the design is the parity-check matrix of the code. The dual of the point
code, using the incidence matrix of a design as the parity-check matrix of the code, are
more rarely considered. However these are the codes which have the properties required
to perform well with sum-product decoding and so the codes from designs considered in
this thesis are defined in this way.

Designs have also played a role in defining new codes such as in the case of the
difference set cyclic codes first presented by Rudolph and Weldon [91, 119] (see e.g. [65]
for a detailed description). In this case the codes were defined using the transpose of
the incidence matrix of the projective geometry design PG(2, q) as the code parity-check
matrix. The properties of these projective geometry designs are well suited to the majority
logic decoding algorithm. More recently these codes have had an important impact on
the field of iterative decoding when it was shown by Lucas et al. and Kou et al. that
the properties that make them majority logic decodable also make them excellent LDPC
codes [70, 60]. The success of the finite geometry codes as LDPC codes are the motivation
for our work in designing error correction codes using combinatorial designs with the aim
of devising powerful new algebraic LDPC codes.



3

LDPC codes from Steiner

systems

In this chapter combinatorial designs are employed to create new error correction
codes for use with sum-product decoding. Steiner 2-designs are used to provide sys-
tematic constructions for regular LDPC codes with Tanner graphs free of 4-cycles
and with deterministic code properties. The success of employing Steiner 2-designs
to create (3,r)-regular LDPC codes is demonstrated by deriving the code properties
such as minimum distance, girth, and stopping set distribution, and by simulating
their decoding performance. We focus also on exploring the effect of different design
properties on the LDPC codes derived from them. In particular, we see that design
configurations play an important role in determining the distance and stopping set
distributions of the LDPC codes from designs.

3.1 Introduction

The idea of designing LDPC codes using combinatorial designs derives from the ob-
servation that the incidence matrix of a combinatorial design is reminiscent of the parity-
check matrix of a regular LDPC code. Both are sparse binary matrices with constant
row and column weights and, more significantly, the desire for LDPC codes with Tanner
graphs free of 4-cycles is analogous to a well studied problem in combinatorics, that of
constructing Steiner 2-designs.1

1While we made this observation independently, several other researchers made the same connection at

a similar time. This connection was perhaps first made by MacKay in his 2000 paper using the incidence

matrix of Steiner triple system (STS) designs for high-rate LDPC codes [72]. That same year Mittelholzer,

in an IBM research report [80], demonstrated the link between projective geometry LDPC codes [70] and

balanced incomplete block designs, and generated new LDPC codes from further BIBDs, extending the

work of [72]. The use of Steiner triple systems as LDPC codes was also the central theme in a presentation

by Vasic in September of 2001 at the Cairns Information Theory Workshop, and later published in [115].

In this work the cyclic nature of certain STS designs was suggested as a means to produce quasi-cyclic
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A Steiner 2-design is a balanced incomplete block design with the property that every
pair of points in the design is incident in exactly one block together and so the incidence
graph of a Steiner 2-design has girth greater than 4 (see section 2.2.1). When we use
the incidence matrix of a Steiner 2-design as the parity-check matrix of an LDPC code,
the design incidence graph is the Tanner graph of the code. Thus existing algebraic
constructions for Steiner 2-designs yield algebraic constructions for LDPC codes which
are both regular and have Tanner graphs free of 4-cycles. These LDPC codes are in
combinatorial design terminology the dual of the point codes.

The properties of combinatorial designs will also enable us to derive expressions for the
code properties as a function of the design parameters and an important part of this work
will be to determine which designs have the best structure for LDPC codes. This requires
first determining the design properties that translate into the required code properties
before secondly finding specific designs with these properties.

The focus of this chapter then is to define the properties of codes derived from com-
binatorial designs, and subsequently evaluate their decoding performance. Firstly, Sec-
tion 3.2 presents expressions for the properties of LDPC codes from Steiner 2-designs as
a function of the design parameters. Following this, Steiner triple systems in particular
are considered in Section 3.3 and we see that they provide a construction for excellent
(3,r)-regular LDPC codes. Lastly, we conclude with a discussion in Section 3.4.

3.2 LDPC codes from Steiner 2-designs

As an example of the role of a Steiner 2-design in defining an LDPC code, Fig. 3.1
shows an LDPC code created from the 2-(v, 3, 1) design shown in Fig. 2.6, taking the
incidence matrix of the design as the parity-check matrix of the code. At first glance the
code presented may seem trivial, due to the equal number of rows and columns in H,
however, the rank over GF(2) of H is 4 and thus the code has a dimension of 3. A valid
generator matrix for this code, constructed using Gaussian elimination, is given by:

G =

⎡
⎢⎣ 1 1 1 0 1 0 0

1 0 1 1 0 1 0
1 1 0 1 0 0 1

⎤
⎥⎦ .

The incidence matrix, N , of any t-design, t-(v, b, r, γ, λ) has v rows, length b and

LDPC codes. At the same workshop, in the paper [53], we exploited a different family of STS designs,

called Kirkman triple systems which have the property of resolvability, allowing construction of LDPC

codes with a wider range of lengths and rates but which are still regular. Finally, the concluding remarks

of the paper by Kou et al. [60], published in November of 2001, make reference to the possible use of

BIBDs to construct LDPC codes, and there has been much subsequent work in this area.
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H =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 . . 1 1 . .
. 1 . . 1 . 1
1 1 . . . 1 .
. . 1 . 1 1 .
1 . 1 . . . 1
. . . 1 . 1 1
. 1 1 1 . . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Figure 3.1: The parity-check matrix and Tanner graph of a [7,3,4] code from

the 2-(7, 3, 1) design in Example 2.2.1. Zero entries in the parity-check matrix are

represented by dots.

constant column and row weights, γ and r respectively. Further, the incidence matrix
will be sparse if t-designs with γ small relative to v are chosen. A 4-cycle is a pair of
code bits which occur together in the same two checks. So in order to avoid 4-cycles
in the LDPC codes from designs, we require that no pair of points in the design occur
together in more than one block. The incidence between points and blocks in a t-design
are controlled by the choices of t and λ; every set of t points occurs together in λ blocks.
So to avoid a pair of points together in two blocks requires t = 2 and λ = 1, so that
two points occur in exactly one block together. The designs with t = 2 are 2-designs
and 2-designs with λ = 1 are Steiner 2-designs. Thus the LDPC codes defined using the
incidence matrix of a Steiner 2-design as the code parity-check matrix are regular with
Tanner graphs free of 4-cycles.

Note that it is possible to define a 4-cycle free regular LDPC code with parity-check
matrix given by either the incidence matrix of a Steiner 2-design or its transpose. However,
Steiner 2-designs generally have more blocks than points and so N and not NT is used
as the parity-check matrix of the code to ensure a non-zero number of code message bits.
Using H = N , a Steiner 2-design with parameters (v, b, r, γ, 1) will produce a code with
a (γ, r)-regular parity-check matrix with v parity-check equations and length n = b.

We have narrowed our consideration of t-designs to only those designs with t = 2 and
λ = 1. In the following sections the impact on the LDPC code properties of each choice of
the remaining t-design parameters; v, b, r and γ, are considered. First though we consider
the possible design parameters.

If a 2-(v, γ, 1) design exists then the requirements (2.15) and (2.16) must be satisfied
and thus the parameters of a Steiner 2-designs are constrained by:

(v − 1) ≡ 0 mod (γ − 1) (3.1)

and
v(v − 1) ≡ 0 mod (γ(γ − 1)). (3.2)
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Different families of Steiner 2-designs are classified by the relationship between the pa-
rameters v and γ. (The parameters r and b are dependent on the choices of v and γ by
(2.16) and (2.15)). The families of Steiner 2-designs considered in this thesis are:

• oval designs, which are specified by v = (γ − 1)(γ − 2)/2 for all integers γ,

• unital designs, which are specified by v = γ3 − 3γ2 + 3γ for all integers γ,

• Steiner triple systems (STS), which have constant γ = 3,

• Steiner 2-designs with fixed γ ≥ 4,

• projective planes, or projective geometry (PG) designs, which are specified by v =
(γ − 1)2 + γ for all γ − 1 a prime power, and finally

• affine planes, or affine (Euclidean) geometry designs, which are specified by v =
(γ − 1)2 for all γ − 1 a prime power.

The projective planes are 2-(q2+q+1, q+1, 1) designs defined by the points and lines of
projective geometries, and the affine (Euclidean) planes are 2-(q2, q2+q, q+1, q, 1) designs
derived from Euclidean geometries. The projective planes have been widely considered
as error correction codes, firstly as one step majority logic decodable codes [91, 119], and
more recently as LDPC codes [70, 59, 60]. Further, the finite Euclidean geometry codes
presented in [60, 67] are closely related to affine planes. We will not present more on
Euclidean geometry or projective geometry LDPC codes in this thesis, other than as a
point of comparison, as they are well represented in the LDPC coding theory literature
[70, 59, 60, 66, 67, 61, 122].

There is often more than one arrangement of v points into size γ blocks that gives
a Steiner 2-design. For example, there are exactly 2 non-isomorphic STS designs on 13
points, 80 non-isomorphic STS designs on 15 points and 11,084,874,829 non-isomorphic
STS designs on 19 points [57]. Non-isomorphic Steiner 2-designs with the same parameters
can be differentiated by, among other things, the rank of their incidence matrices, the
number of configurations in the design and the properties of their automorphism group.
Each of which will be important in determining the performance of the codes derived
from the different Steiner 2-designs.

Where the particular 2-(v, γ, 1) design is not important we will denote by C(v, γ) an
LDPC code defined as the dual of the point code of a Steiner 2-design with parameters v

and γ.
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3.2.1 The rate of codes from Steiner 2-designs

The incidence matrices of Steiner 2-designs have the maximum number of columns
possible in a binary matrix with v rows, column weight γ and column intersection at most
1. This implies that the LDPC codes from Steiner 2-designs are the highest rate possible
for 4-cycle free codes with a column weight γ and v parity-check equations. The one
caveat is that rank deficient parity-check matrices will increase the code rate and indeed
many of the codes from Steiner 2-designs do have higher rates than b−v

b .

As there may be linearly dependent rows in N , the dimension of the code is given
by k = n − rank2(N). The rank of an incidence matrix is trivially at most v and so the
dimension of the codes, C(v, γ), is at least b − v. Thus using (2.15) and (2.16) the code
rate, R, is lower bounded by:

R ≥ b − v

b
≥ 1 − vγ(γ − 1)

v(v − 1)
≥ 1 − γ(γ − 1)

v − 1
. (3.3)

LDPC codes from Steiner 2-designs with smaller column weight will be higher rate and
similarly the rate will increase with code length for a given column weight.

A lower bound on the 2-rank of the incidence matrix of a Steiner 2-(v, b, r, γ, 1) design
is [16, Theorem 4.2]

Rank2(N) ≥ (γ − 1)
√

(r − 1)r/γ,

and so an upper bound on the rate of the LDPC codes from Steiner 2-designs is

R ≤ 1 − γ(γ − 1)
√

(v − 1)(v − γ)/γ

v(v − 1)
.

3.2.2 The girth of codes from Steiner 2-designs

The Tanner graph of the codes, C(v, γ) is the incidence graph of the Steiner 2-(v, γ, 1)
designs which defines them. The girth of the incidence graph of a design is not a focus
of combinatorics, however the design properties allow us to determine some of the graph
properties.

As no two points in a Steiner 2-design can be incident in two blocks together, 4-cycles
are automatically avoided in the Tanner graph of all LDPC codes obtained in this way.
However the requirement that every pair of points occur in exactly one block together
guarantees the existence of 6-cycles in the Tanner graph of the codes. Consider any
choice of three points P1, P2, P3 not all in the same block in a Steiner 2-design. Every
pair of points must occur in a block together so there is a block containing P1 and P2 and
similarly a block containing P2 and P3 and a block containing P1 and P3. These three
blocks form a 6-cycle in the incidence graph of the design, as shown in Fig 3.2.
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Figure 3.2: A 6-cycle through points (checks) P1,P2 and P3.

To extend this argument to counting the exact number of 6-cycles requires only to
consider how many times such a combination occurs in a given design.

Lemma 3.2.1 The exact number of 6-cycles, N6, in the Tanner graph of a code with

parity-check matrix the incidence matrix of a 2-(v, b, r, γ, 1) design is:

N6 =
b

3

(
γ

2

)
(r − 1)(γ − 1).

Proof. Every pair of points is incident together in exactly one block of the design.
Take one pair (P1, P2) of points in a block B. The point P1 is incident in r − 1 blocks
other than the block B, none of which contain the point P2. Similarly, the point P2 is
incident in r − 1 blocks other than B none of which contain the point P1. Since every
pair of points must be incident in a block together, all the (r − 1)(γ − 1) points other
than P1 incident in the first set of blocks must be incident in the second set of blocks so
as to be incident with the point P2. Likewise all the (r − 1)(γ − 1) points other than P2

incident in the second set of blocks must be incident in the first set of blocks so as to be
incident with the point P1. Thus for each one of these (r− 1)(γ − 1) points, Pi, there is a
6-cycle from P1 to P2 to Pi which includes block B and the block in each set containing
Pi. For each of the points Pi the pair of blocks that complete the 6-cycle will be unique,
otherwise the two points with a common pair of blocks will form a 4-cycle. In a block of
the design there are

(
γ
2

)
different pairs of points. There are b blocks in total, and given a

single 6-cycle includes 3 blocks, the result follows. �

Lemma 3.2.1 can be re-written by substituting for b and r using (2.15) and (2.16) to
give the number of 6-cycles in a Steiner 2-design in terms of only the parameters v and γ:

N6(C(v, γ)) =
(

γ

2

)
v(v − 1)(v − γ)

3γ(γ − 1)
. (3.4)

This result is true of all the Steiner 2-designs regardless of the structure of the design.
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As would be expected, the larger the column weight, and the more rows, in the design
the more 6-cycles.

3.2.3 The stopping set distribution of codes from Steiner 2-designs

A stopping set is a set of codeword bits with the property that every parity-check
equation connected to a codeword bit in the stopping set is connected to at least two
codeword bits in the set. Recently, it was shown in [83] that for codes which are free of
4-cycles, the size of the smallest stopping set is at least one greater than the minimum
column weight of H and thus the codes presented in this chapter have minimum stopping
set size

Smin ≥ γ + 1. (3.5)

More generally, a stopping set of size S will require a set of S columns in H such that
every row which intersects a column in the set intersects at least two columns in the set.

Recall from Section 2.2.1 that a subset of the columns of the incidence matrix of a

t-design is called a configuration, and so the type and distribution of configurations in

the Steiner 2-designs will determine the stopping sets distribution in the LDPC codes.

Some configurations, called constant configurations, occur the same number of times

in every possible design, other configurations vary in number in across different, non-

isomorphic designs. In the terminology of configurations a block is often called a line and

so a configuration of l blocks is called an l-line configuration. A (k, l)-configuration in a

Steiner 2-design is simply a set of l blocks whose union contains precisely k points. The

degree of a point is the number of configuration blocks which contain it.

Lemma 3.2.2 An LDPC code C(v, γ) with minimum stopping set size Smin requires a

2-(v, γ, 1) design without any l-line configurations, 2 ≤ l < Smin, which have all point

degrees at least 2.

Proof. The proof is simply that these configurations are exactly the stopping sets in the
LDPC codes. The lines of the configuration are a set of codeword bits and the points of
the configuration the set of code parity-check equations through those bits. If all points
in the configuration have degree at least 2, the resulting checks in the code are connected
to at least two of the codeword bits in the set and it is thus a stopping set. �
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3.2.4 The minimum distance of codes from Steiner 2-designs

Massey’s lower bound on minimum distance can be applied to LDPC codes from
Steiner 2-designs. Define a set of parity-check sums as orthogonal on a codeword bit e if e

is involved in every parity-check equation in the set and no other codeword bit is checked
by more than one of the parity-check equations in the set.

Lemma 3.2.3 [75] If in a linear code there are at least d − 1 check sums orthogonal on

each digit, then the code has minimum distance at least d.

By definition no two points in a Steiner 2-design share more than one block in common
and so no two parity-check equations in an LDPC code, C(v, γ), will share more than one
codeword bit in common. Thus the set of γ parity-check sums on each codeword bit in the
code must be orthogonal and Massey’s bound gives the minimum distance of the LDPC
codes from Steiner 2-designs as:

d ≥ γ + 1. (3.6)

To increase this bound on the minimum distance we observe that the distribution of
configurations in a Steiner 2-design exactly determine the LDPC code distance distribu-
tion.

Lemma 3.2.4 An LDPC code C(v, γ) with minimum distance d requires a 2-(v, γ, 1)

design without any l-line configurations, 2 ≤ l < d, which have all point degrees even.

Proof. As for Lemma 3.2.2 the proof is simply that a weight d codeword will occur
if there are d columns of H which sum together to give zero modulo 2 and so an d-line
configuration will result in codeword of weight d if each point in the configuration has
even degree. �

We will use this strategy in later sections to bound the minimum distance of certain
families of LDPC codes from designs.

The nature of the random LDPC codes means that no bound on minimum distance
can be given for a particular randomly constructed code, however Gallager’s expression
for the average minimum distance of an ensemble of codes [43] gives a good idea of what
minimum distances are achievable and so serves as a reasonable comparison point (see
Fig. 2.5). For example, a length 1000, rate-1/2 code requires a Steiner 2-design with
γ = 23 to guarantee a better minimum distance than that possible using a (3, r)-regular
random construction, whereas for a rate 7/10 code of the same length a better minimum
distance can be achieved by a code from a Steiner 2-design with only γ = 3. In general,
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the higher the code rate the smaller the minimum distances that are possible for randomly
constructed codes.

3.3 LDPC codes from Steiner triple systems

The focus of most randomly constructed regular LDPC codes is centered on codes
with column weights of 3 and so Steiner 2-designs with γ = 3, Steiner triple systems
(STS) or 2-(v, b, r, 3, 1) designs, seem a natural source for algebraic LDPC codes. The
origin of Steiner triple systems is a prize problem in the Lady’s and Gentleman’s Diary in
1844 which asked for a system of γ-subsets of a v-set such that no t-subset occurs more
than once in any of the γ-subsets. The case t = 2, γ = 3, of course being a 2-(v, 3, 1)
design. The Rev. T. Kirkman showed in 1847 that a 2-(v, 3, 1) design could exist only
when v ≡ 1, 3 (mod 6) and constructed these designs in all possible cases. Kirkman’s
work was generally overlooked and six years later Steiner, after whom the designs are
named, posed the existence of STS designs but did not give a proof [3].

The requirement that v ≡ 1, 3 (mod 6) for Steiner triple systems follows easily from
(3.1) and (3.2). From (2.15) there are

b =
λv(v − 1)
γ(γ − 1)

=
v(v − 1)

6
(3.7)

blocks in the design and from (2.16) the row weight of the design is

r =
3b

v
=

3v(v − 1)
6v

=
v − 1

2
. (3.8)

Steiner triple systems have previously been considered as LDPC codes by MacKay in
[72] where a small upper bound on minimum distance of 10 was proved. As well, LDPC
codes from STS designs which are cyclic were later presented by Vasic in [115] and the
LDPC code from the length 1044 cyclic Steiner triple system was presented by Ammar
et al. in [2] where simulation results show a decoding performance within 1.6 dB of the
Shannon limit at a bit error rate (BER) of 10−4.

Here we show that the upper bound on minimum distance presented by MacKay is
not a significant hindrance to code performance and we look more closely at the structure
of Steiner triple systems to determine which of the many different types of STS designs
will make the best LDPC codes. An LDPC code with parity-check matrix the incidence
matrix of an STS design we call an STS LDPC code.

3.3.1 Bounding the rate of STS LDPC codes

The incidence matrices of Steiner triple systems have the maximum number of columns
possible in a binary matrix with v rows, column weight 3 and column intersection at most
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1. Thus the maximum length, Nm, of an LDPC code with column weight 3 and m

parity-check equations is called the Steiner bound (see e.g. [52])

Nm = m(m − 1)/6.

This implies that the LDPC codes from Steiner triple systems are the highest rate
possible for 4-cycle free codes with a column weight γ and v parity-check equations [72].
Thus the rate (assuming a full rank parity-check matrix),

R =
b − v

b
=

v(v − 1)/6 − v

v(v − 1)/6
=

v − 7
v − 1

is considered the upper bound for LDPC codes with length v(v − 1)/6, column weight 3,
and no 4-cycles (see e.g. [52, Fig. 1]).

However, this is not necessarily the case as the rank of the STS LDPC parity-check
matrix plays an important role in increasing the code rate. As we will see in Section 3.3.4,
LDPC codes from carefully chosen Steiner triple systems have higher rates than b−v

b .
Moreover it is not impossible that there exists a binary parity-check matrix with column
weight 3 and no 4-cycles, which is not the incidence matrix of a Steiner triple system (and
perhaps has more rows), but which has a lower rank then the equivalent length Steiner
triple system incidence matrix and so has a higher rate.

In general, full rank incidence matrices are guaranteed for all choices of v ≡ 1 or
9 (mod 12) while for v ≡ 3 or 7 (mod 12) the 2-rank of N depends on the structure of
the STS design (and hence its construction) and is bounded by [4]

rank2(N) ≥ v − log2(v + 1). (3.9)

Thus, the rate of STS LDPC codes can be given exactly

R =
v − 7
v − 1

(3.10)

for STS LDPC codes with v ≡ 1 or 9 (mod 12) parity-check equations and bounded by

v − 7
v − 1

≤ R ≤ v(v − 7) + log2(v + 1)
v(v − 1)

(3.11)

for STS LDPC codes with v ≡ 3 or 7 (mod 12) parity-check equations.

Fig. 3.3 shows the lengths and rates of the available codes from STS designs for all
lengths up to 2000. For simplicity the points plotted correspond to full rank designs, the
designs not considered will add codes at slightly higher rates. We can see that as longer
STS designs are considered the STS LDPC codes quickly become high rate.
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Figure 3.3: Rates and lengths of LDPC codes from Steiner triple systems
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Figure 3.4: A Pasch configuration. The typical point-line representation and

the resulting non zero entries in the incidence matrix. (Zero entries omitted for

clarity)

3.3.2 Configurations and the minimum distance of STS LDPC codes

The column weight of the parity-check matrix of codes from STS designs is 3 and so
a lower bound on minimum distance is 4, from (3.6). This bound can be increased to 6
by considering configurations in Steiner triple systems. In the following it will be shown
that there is only one collection of blocks in a Steiner triple system which cause a weight
4 codeword; this configuration of blocks is called a Pasch configuration. Fig. 3.4 shows a
point-line representation of a Pasch configuration and the portion of the incidence matrix
corresponding to the Pasch configuration.

Lemma 3.3.1 STS LDPC codes with no weight 4 codewords can be constructed from STS
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Figure 3.5: All the 4-line configurations possible in an STS design. The config-

urations all involve four blocks however the number of points in the configuration

depends on how many points are common to more than one block. The configu-

rations are ordered by the number of points they contain, ending with the Pasch

configuration with the minimum possible six points, all of them included in more

than one configuration block.

designs without Pasch configurations. These codes will have a minimum distance of at

least 6.

Proof. To show that a Pasch configuration results in a weight four codeword is trivial,
simply sum the columns of Pasch configuration in the incidence (parity-check) matrix in
Fig 3.4. The positions of the four columns in the Pasch configuration are the codeword
bit positions of the non-zero bits in the resulting weight four codeword. To show that by
removing Pasch configurations the code minimum distance is at least 6 requires that no
other configuration will give a weight-4 codeword and that a weight-5 codeword can not
exist. Fig. 3.5 shows all the possible 4-line configurations in an STS design (see e.g. [50]);
it is easy to see that only the Pasch configuration includes each point in an even number
of lines. Lastly, five columns of an STS incidence matrix will contain 15 non-zero entries,
and there is no way to divide 15 entries amongst a set of points so that each contains an
even number. �
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Figure 3.6: The two 6-line configurations in an STS design that will lead to

weight 6 codewords in an STS LDPC code.

The Steiner triple systems free of Pasch configurations are termed anti-Pasch STS
designs. These designs will generate STS LDPC codes with minimum distance at least
6. The minority of STS designs are anti-Pasch, for example, of the 11,084,874,829 non-
isomorphic Steiner triple systems on 19 points exactly 2,591 are anti-Pasch [57]. For-
tunately, it has recently been proven that anti-Pasch STS designs do exist for all v for
which STS exist [46]. We propose that by using these STS designs the resulting STS
LDPC codes will produce better decoding performances due to the absence of weight 4
codewords.

An examination of the five possible 6-line configurations having all points in at least
two lines (see e.g. [51]) shows that only two of them involve each point in an even number
of lines. Thus there are only two possible configurations of blocks in an STS design
which will result in a weight 6 codeword in the STS LDPC code. Fig 3.6 shows these
two configurations. Unfortunately there is as yet no known construction for STS designs
which lack these configurations.

At the opposite end of the spectrum are the STS LDPC codes with the maximum
number of weight four codewords, or equivalently the STS designs with the maximum
number of Pasch configurations, which is given by [98]:

v(v − 1)
12

(
v − 1

2
− 1
)

.

MacKay in [72] upper bounded the minimum distance of STS LDPC codes to 10 by
counting the number of a particular arrangements of the blocks in an STS design which
he called (5,1)-near codewords. The near codewords have the property that of the points
contained in the five blocks all but one has degree 2. The two particular configurations
which correspond to MacKay’s (5,1)-near codewords are shown in Fig. 3.7, one of which is
called the mitre configuration and the other we will call the near-codeword configuration.
The point with odd degree is labelled point 1. If two of these configurations are aligned
so that both share point 1 in common a 10-line configuration that leads to a weight 10
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1

1

near-codeword mitre

Figure 3.7: The two 5-line configurations in an STS design which are (5,1)-near

codewords.

codeword is formed. To prove that codewords of Hamming weight at least 10 must occur
in an STS LDPC code MacKay counted the number of these (5,1)-near codewords. He
showed that there are more mitre and near-codeword configurations in an STS design
than there are points and so there must be at least one point in the design where the
odd degree points of two of the configurations are aligned, forming a weight 10 codeword
in the STS LDPC code. We will give a slightly different proof of the number of near
codewords in an STS design in the following section once basis configurations have been
defined.

STS LDPC codes thus have minimum distances between 6 and 10, however, given the
extremely high rates of the STS LDPC codes this minimum distance bound compares
very favorably to the minimum distances achievable by random LDPC codes. In fact we
will see in the following section that STS LDPC codes significantly outperform randomly
constructed LDPC codes for all the lengths for which we have constructed LDPC codes,
which is up to code lengths of 10, 292.

3.3.3 The stopping set distribution of STS LDPC codes

Configurations play a further role in STS LDPC codes due to their relationship to
stopping sets. An S-stopping set free STS code requires an STS design which contains no
configurations of S or fewer blocks that have all point degrees of at least 2 (Lemma 3.2.2).
Of the possible 4-line configurations in an STS design, Fig 3.5, the Pasch configuration is
the only one with all point degrees of at least two. The 4-stopping set free designs are then
simply the anti-Pasch STS designs considered earlier. Of the 5-line configurations only
one, the mitre configuration, is a stopping set. Thus 5-stopping set free designs require
that the design is both anti-Pasch and anti-mitre. Such an STS design is called 5-sparse
in design terminology. This terminology stems from the work of Erdős who conjectured
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mitre mia

Figure 3.8: The two five line Erdős configurations, mitre and mia. The mitre

configuration is the only possible configuration of points (checks) and lines (bits)

that results in a stopping set of size 5 in an STS LDPC code.

in 1976 that for every r there is an integer v0(r) so that for every v > v0(r) there is
an STS(v) with the property that for 2 ≤ j ≤ r no j + 2 points carry j triples. Such
an STS(v) is r-sparse, and a configuration of j triples on just j + 2 points is an Erdős
configuration.

An r-sparse design will not necessarily provide an LDPC code free of stopping sets
on r bits. For example the 6-line configurations in Fig 3.6 will both lead to stopping sets
while neither is an Erdős configuration. Similarly not all Erdős configurations lead to
stopping sets, the 5-line mia configuration for example (Fig 3.8) will not result in a 5-bit
stopping set in the STS LDPC code. However in the case of 5-sparse STS designs the two
requirements do overlap. This is because the mia configuration can be obtained from the
Pasch configuration by adding a line and so designs free of Pasch configurations are also
free of mia configurations.

The Netto triple systems of orders congruent to 19 (mod 24) are anti-Pasch [28] and
all Netto triple systems are anti-mitre [27] thus there is an infinite class of 5-sparse triple
systems in the Netto triple systems with v ≡ 19 (mod 24). As well many 5-sparse STS
designs with small v have been found and are presented in [27]. We will use some of the
known 5-sparse STS designs to simulate the performance of STS LDPC codes without
small stopping sets in the following section. There are five 6-line configurations that need
to be removed from a 6-stopping set free design and unfortunately there is again at present
no such STS design known.

Interestingly, the configurations that are important for stopping sets are also impor-
tant for counting the frequencies of all the configurations in a design. Any constant
n-configuration together with all m-line configurations, m ≤ n, having all vertices of
degree at least 2, form a generating set for the n-line configurations [51]. For the STS
LDPC codes this means that in theory the process of finite length analysis can be applied
directly to an individual STS LDPC code once the generating set is known. Unfortu-
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nately, however, determining the generating set in practice is not easy, and has only been
accomplished for small n (≤ 6).

The generating set for all 5-line configurations in STS designs is given in [29]. The
number of each 5-line configuration is given as a function of the number of Pasch and
mitre configurations in the design, np and nm respectively. For example, the number of
5-line near-codeword configurations in an STS design on v points is:

nM =
v(v − 1)(v − 3)

4
− 6np − 3nm.

To lower bound the minimum distance of STS LDPC codes using this result, note that
if the STS design has Pasch configurations the minimum distance is 6 so the interesting
designs are those which are anti-Pasch, in which case the number of configurations which
give (5,1)-near codewords is

nM + 3nm =
v(v − 1)(v − 3)

4
.

Thus for all v for which anti-Pasch STS designs exists there are more (5,1)-near codewords
in the design than there are points (v) and so a subset of blocks must exist which produces
a weight 10 codeword in the LDPC code from the STS design.

3.3.4 STS LDPC codes from low rank STS designs

It is conjectured that highly redundant parity-check matrices can lead to very good
iterative decoding performances without the need for long codes [70, 118]. This encourages
the consideration of STS designs with minimum rank incidence matrices.

From (3.9) the maximum number of linearly dependent rows in the incidence matrix of
an STS design is log2(v +1). The STS designs with this rank are derived from the points
and lines of PG(m, 2) and called classical STS designs [4]. The classical STS designs are
the designs of points and lines of PG(m, 2) and so exist for all v ≡ 2m − 1, m an integer.

The LDPC codes from classical STS designs are possibly the highest rate LDPC
codes with column weight 3 and no 4-cycles. Unfortunately however the classical STS
designs also have a very high number of Pasch configurations and thus a large number of
minimum weight (four) codewords are present in the STS LDPC codes from the classical
STS designs. For example, an examination of the 80 Steiner triple systems on 15 points
reveals that the classical STS designs are the designs with the largest number of Pasch
configurations (105) of all the STS designs and this is true of all classical STS designs
[98].



3.3 LDPC codes from Steiner triple systems 47

3.3.5 The decoding performance of STS LDPC codes

A few STS designs have been selected to simulate the performance of STS LDPC
codes when decoded using the sum-product decoding algorithm on an additive white
Gaussian noise (AWGN) channel, Figs. 3.9–3.15. In each simulation a maximum number
of iterations has been set and the standard stopping criterion for LDPC codes, zH ′ = 0,
is applied to terminate the decoding early if the hard decision of the bit probabilities, z,
is a valid codeword.

The STS LDPC codes have been compared to regular randomly generated codes of
the same rate and length constructed using the method of [71, 73] (see Section 2.1) using
source code from [81]. For these high rate codes it is not possible to remove all 4-cycles
from the LDPC codes using the random construction and in fact the process of moving
ones within columns serves to produce poorer performing LDPC codes at these very high
rates. Thus in this section the randomly constructed codes we simulate have regular
parity-check matrices without repeated blocks and all contain 4-cycles. The decoding
complexity of the STS and random LDPC codes is similar as the density of the parity-
check matrix is the same for both and so the number of operations per iteration for each
code will be equal.

The STS codes outperform the equivalent length and rate randomly constructed codes
for all the code lengths we have simulated. There are two explanations for this, the first
is that at these rates it is practically impossible to construct 4-cycle free LDPC codes
randomly. Secondly, randomly constructed LDPC codes at these rates have poor expected
minimum distance values, certainly much less than the upper bound on STS LDPC codes
at these lengths. For the smallest STS code the union bound is also shown, in Fig. 3.9,
demonstrating that the algebraic structure of the STS design does give a “better” code
than the random code, in terms of maximum likelihood decoding performance, but at the
same time this structure also gives a better sum-product decoding performance.

An examination of the expected minimum distance for ensembles of (3,r)-regular ran-
dom LDPC codes with the same length and rate as the STS LDPC codes demonstrates
this. Table 3.1 gives Gallager’s expected minimum distance (see Section 2.1.2) for LDPC
ensembles with parameters corresponding to the STS LDPC codes simulated in this thesis.
We see that for the high rate LDPC codes only very small minimum distances (certainly
less than 6) are expected. Thus for LDPC codes with the rates and lengths of the STS
LDPC codes the linear increase of minimum distance with code length expected of ran-
domly constructed LDPC codes is outweighed by the corresponding increase in code rate
with length.

As can be seen in Figs. 3.16 and 3.17 the relative performance of the STS LDPC
codes on the AWGN channel is reflected in their performance on the BEC channel. The
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(γ, r) Length (n) Rate δγ,r Expected minimum

distance (δγ,rn)

(3,6) 26 0.5000 0.0227 0.5902

(3,7) 35 0.5714 0.0130 0.455

(3,9) 57 0.6667 0.0054 0.3078

(3,10) 70 0.7000 0.0038 0.2660

(3,15) 155 0.8000 9.9718 × 10−4 0.1546

(3,19) 247 0.8421 4.6807 × 10−4 0.1156

(3,31) 651 0.8571 1.0085 × 10−4 0.0657

(3,40) 1080 0.8800 4.5898 × 10−5 0.0496

(3,87) 5075 0.8800 4.2705 × 10−6 0.0217

(3,124) 10292 0.8750 1.4617e × 10−6 0.0150

Table 3.1: The expected minimum distance of random LDPC ensembles with

the same rate, length, column weight and row weight as the STS LDPC codes

simulated in this section.

STS LDPC codes show a large improvement in decoding performance over the randomly
constructed codes and the 5-sparse STS LDPC codes perform slightly better than the
codes from STS designs which contain mitre configurations.

Fig. 3.16 shows the decoding performance of the length 57 STS and random LDPC
codes simulated on a BEC channel. Also shown is the average performance of the relevant
code ensembles calculated using finite length analysis (see Section 2.1.2). Using finite
length analysis allows us to compare the performance of individual codes to the expected
average performance of all LDPC codes with the same parameters. The ensemble of all
possible m×n parity-check matrices with column weight γ and row weight r is denoted by
(m, n, γ, r). An ensemble with parameter Smin �= 1 is the subset of the original ensemble
which contains only those matrices with no stopping sets of size smaller than Smin.

Both the randomly constructed and STS codes in Fig. 3.16 come from the (19,57,3,9)
ensemble. Also shown is the expected performance of the subset of this ensemble with
minimum stopping set size 5 and minimum stopping set size 6. As would be expected the
anti-Pasch STS code performs close the average of the ensemble with minimum stopping
set size 5 and the 5-sparse STS code performs close to the average of the ensemble with
minimum stopping set size 6. The randomly constructed code is not free of 4-cycles,
but has no repeated blocks and so is free only of stopping sets of size 1 and 2, and its
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performance is not as good as that of the STS codes.

Similarly, Fig. 3.17 shows the decoding performance of the length 247 STS and random
LDPC codes simulated on a BEC channel along with the expected average performance
of the (39,247,3,19) code ensemble. Again, due to their better minimum stopping set
size, the STS LDPC codes out-perform the randomly constructed LDPC codes. The
results indicate that the excellent performance of the STS LDPC codes in general is due
to the fact that the STS designs allow us to obtain 4-cycle free LDPC codes. Indeed,
the closeness in the performance between the different STS codes and their respective
ensemble averages suggests that, at least at these lengths, the algebraic structure of the
codes is not a hinderance to code performance.

3.4 Discussion

In this chapter we have examined the use of Steiner 2-designs to construct algebraic
LDPC codes. Firstly, the structure of Steiner 2-designs was used to derive lower bounds
for minimum distance, minimum stopping set size and code rate and an expression for
the exact number of minimum weight cycles in LDPC codes from designs.

We then looked in particular at Steiner triple systems to construct (3,r)-regular LDPC
codes. These STS LDPC codes give excellent decoding performances, significantly better
than those achievable for randomly constructed codes of the same lengths and rates. The
STS LDPC codes demonstrate that algebraic LDPC codes constructed using combinato-
rial designs can significantly outperform random LDPC codes for a wide range of code
lengths. This is despite the results of [72] showing that the minimum distance of STS
LDPC codes is at most 10. At the high rates of the STS LDPC codes a minimum distance
of 10 is also improbable for randomly constructed codes. In fact it is difficult to randomly
construct LDPC codes with minimum distances as good as the lower bound for the STS
LDPC codes.

Further, there is additional performance benefit to be gained by considering the struc-
ture of the many non-isomorphic Steiner 2-designs available for a given choice of design
parameters. In particular, the recognition of the link between design configurations and
stopping sets in LDPC codes enabled us to design STS LDPC codes with improved min-
imum distance and minimum stopping set size. By choosing STS LDPC codes from
anti-Pasch and 5-sparse STS designs, improved decoding performances are achieved.

Lastly, we considered designs with lower rank incidence matrices to obtain better
LDPC codes. Unfortunately, however the STS designs with minimum rank incidence ma-
trices also contain the maximum number of Pasch configurations and hence the maximum
number of low weight (four) codewords in the resulting codes. Thus, for STS designs, the
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performance benefits of linearly dependent rows in H are quickly eroded as the signal-
to-noise ratio of the channel decreases. However, in the following chapter, we consider
Steiner 2-designs with larger block size that produce incidence matrices with many more
linearly dependent rows and no low weight codewords.
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Figure 3.9: The decoding performance of the length-26 anti-Pasch STS LDPC
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product decoding are compared to the union bound for both codes.
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AWGN channel using sum-product decoding with a maximum of 10 iterations.

2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

Signal−to−noise ratio E
b
/N

0
 (dB)

B
it 

er
ro

r 
ra

te

Uncoded BPSK                    
Random LDPC [5075,4900, ≥ 2] 
STS175 LDPC [5075,4900, ≥ 4] 
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AWGN channel using sum-product decoding with a maximum of 10 iterations.



54 3. LDPC codes from Steiner systems

3 3.5 4 4.5 5 5.5 6 6.5 7
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

Signal−to−noise ratio E
b
/N

0
 (dB)

B
it 

er
ro

r 
ra

te

Uncoded BPSK                      
Random LDPC [10292,10043, ≥ 2] 
STS249 LDPC [10292,10043, ≥ 4] 

Figure 3.15: The decoding performance of length-10292 STS LDPC codes on

an AWGN channel using sum-product decoding with a maximum of 10 iterations.
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4

LDPC codes from designs with

large block size

In this chapter we extend upon the results of the previous chapter to explore the
use of Steiner 2-designs with column weight greater than 3 to provide systematic
constructions of regular LDPC codes. Increasing column weight improves code prop-
erties such as minimum distance, and stopping set distribution, but also increases
the density of the code parity-check matrix. This yields excellent decoding perfor-
mances in high signal-to-noise ratio channels but poorer decoding performances at
low signal-to-noise ratios. Motivated by the success of the LDPC codes from finite
geometries we focus on LDPC codes whose parity-check matrices include a large
portion of linearly dependent rows. Two new families of LDPC codes with rank de-
ficient parity-check matrices are presented, both with Tanner graphs free of 4-cycles
and with deterministic code properties.

4.1 Introduction

The motivation for considering designs with larger block size to construct LDPC codes
is that codes with larger minimum distances can be achieved. Codes from Steiner 2-designs
with block size γ, that is 2-(v, γ, 1) designs, will have a minimum distance d ≥ γ + 1 as
well as a minimum stopping set size Smin ≥ γ + 1.

For the most part randomly constructed regular LDPC codes are considered best with
column weight 3. MacKay found that decoding results became steadily worse as column
weight was increased above 3 [71]. However, the Euclidean and projective geometry LDPC
codes have large column weights yet produce excellent LDPC codes [60].

Most results suggest that the benefits of larger column weight depend on both the
channel and the code rate. For example, in [36] it was shown that at very high rates array
codes with column weight 4 performed well with sum-product decoding, and in [8] it was
shown that at low signal-to-noise ratios on a partial response channel LDPC codes with
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column weight 2 outperformed the LDPC codes with column weight 3.

In the following section we examine the role of column weight in determine code perfor-
mance before looking at some specific classes of combinatorial designs in Sections 4.3–4.5.
We find that some very good (γ, r)-regular LDPC codes can be produced for values of
γ > 3 which outperform the existing (3,r)-regular LDPC codes.

4.2 Column weight versus decoding performance

In this section we seek to determine the role of column weight in determining the
decoding performance of regular LDPC codes to demonstrate the usefulness, or otherwise,
of Steiner 2-designs with larger γ for designing LDPC codes.

An examination of Gallager’s expected minimum distance for LDPC ensembles (see
Section 2.1.2) shows that the expected minimum distance of LDPC code ensembles in-
creases with the column weight of H. Thus for maximum-likelihood decoding LDPC codes
with larger column weight will give better decoding performances. For sum-product de-
coding however, larger column weights can be detrimental as the code density increases
with γ.

To consider the effect of LDPC code column weight on sum-product decoding perfor-
mance we use density evolution [88, 85] to determine the performance threshold of regular
LDPC ensembles with varying column weight. Density evolution determines, in the case
of very long codes, the column weights which give the best decoding thresholds (see Sec-
tion 2.1.2). The threshold represents the value of the channel noise standard deviation
below which it is possible to decode with zero error using the sum-product algorithm given
enough iterations and a long enough code. There are however limitations to this analysis
for our purpose. In particular, only infinite length codes are considered, while we are
interested in the performance of short-to-medium length codes, and further the analysis
assumes codes which are free of cycles and have full rank parity-check matrices; neither of
which is necessarily true of algebraic LDPC codes. These considerations aside we present
the trends observed using density evolution for an understanding of the performance of
LDPC codes in the limit of infinite code length.

For a range of rates the threshold performance of regular LDPC codes on an AWGN
channel, calculated using the ldpcOpt program at [112], is shown in Fig. 4.1. For most
code rates a column weight of 3 gives the lowest threshold value for regular LDPC codes
with the exception of rates ≥ 0.95 for which the threshold for column weight 4 regular
codes is slightly higher than the threshold for column weight 3 regular codes.

On a binary erasure channel the results are similar. For a range of rates the threshold
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Figure 4.1: The threshold of regular LDPC codes on an AWGN channel calcu-

lated using density evolution at [112].

performance of regular LDPC codes on a binary erasure channel, calculated using the ldp-
cOpt program at [112], is shown in Fig. 4.2. The threshold represents the channel erasure
probability below which it is possible to decode with zero error using the sum-product
algorithm given enough iterations and a long enough code. Again the best thresholds
achieved by regular LDPC codes are for codes with column weight 3.

Thus analysis in the limit of code length indicates that for regular codes on a BEC
or AWGN channel a column weight of 3 will give the best decoding performance in most
situations with the exception being very high rate codes where columns of weight 4 can
be beneficial.

In considering finite length codes however, it is often codes with large column weight
which perform best in low noise channels, particularly where the absence of 4-cycles
can guarantee these codes a much larger minimum distance than for the same length
codes with column weight 3 (see e.g. [60]). While there is as yet no general analysis of
the performance of finite length LDPC code ensembles on an AWGN channel, for the
binary erasure channel at least, an indication of the effects of increasing column weight
on finite length codes containing cycles can be determined by using finite length analysis
[34, 87, 86] (see Section 2.1.2). Finite length analysis provides the expected performance
on the binary erasure channel of the ensemble of all LDPC codes with a given length,
rate, and column weight. One of the major benefits of this analysis is that the effects
of changing a code parameter averaged over all codes in an ensemble is now possible to
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Figure 4.2: The threshold of regular LDPC codes on a binary erasure channel

calculated using density evolution at [112].

observe for ensembles with finite length.

Fig 4.3 shows the expected performance of ensembles of length 100 rate-1
2 regular

LDPC codes on a binary erasure channel calculated using finite length analysis. In this
case the ensembles of column weight 3 codes do not always perform better than the
ensembles of codes with larger column weights. In fact at smaller erasure probabilities
the longer column weight codes may well give the best performance. This is even more
apparent when the effect of removing small cycles is considered, as shown in Fig 4.4. The
difference between the trends observed using density evolution and using finite length
analysis is most likely due to the large effect of cycles, through stopping sets, on the
performance of sum-product decoding on the binary erasure channel.

The negative effect of larger column weights in high noise channels can be explained
by observing that if any two code bits in a given parity-check are in error (or erased)
it is more difficult (impossible) to determine and correct the erroneous bit using that
parity-check equation. In codes with large column weight each bit is connected to more
parity checks, increasing the likelihood that two bits in any given parity checks are in
error. This is less of a problem in high signal-to-noise ratio channels where there are only
very few code bits affected by the noise. Indeed in these channels a large column weight
can improve decoding convergence due to the larger number of parity-check equations on
each code bit.

Overall, analysis of LDPC codes on both the AWGN and binary erasure channel
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Figure 4.3: The expected performance of ensembles of length 100, rate half,

regular LDPC codes on a BEC calculated using finite length analysis.

indicate that there may be benefit in considering high rate LDPC codes with column
weight greater than 3. For the Steiner 2-designs in particular, the absence of 4-cycles
guarantees a better minimum distance and minimum stopping set size for codes with
larger column weight and we consider codes from Steiner 2-(v, γ, 1) designs with γ > 3 in
the remainder of this chapter.

4.3 LDPC codes with column weights > 3

We begin with Steiner 2-designs with structure similar to the STS designs but with
column weights greater than 3. The encouraging performance of column weight 4 array
codes [36] means that 2-(v, 4, 1) designs in particular may provide us with good LDPC
codes.

The necessary conditions for the existence of 2-(v, 4, 1) designs are that (3.1)

(v − 1) ≡ 0 (mod 3)

and that (3.2)
v(v − 1) ≡ 0 (mod 12),

which are satisfied for any v ≡ 1 or 4 (mod 12). This condition was shown to be sufficient
by Hanani [48] in 1960 and so a 2-(v, 4, 1) design exists for all v ≡ 1 or 4 (mod 12).

The terminology Steiner quadruple systems (SQS) is already in use in combinatorics
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Figure 4.4: The expected performance of ensembles of length 100, rate half,

regular LDPC codes with minimum stopping set size γ + 1 on a BEC calculated

using finite length analysis.

to apply to designs derived from Steiner triple systems and is not applied to 2-(v, 4, 1)
designs. We will thus use the notation SFS in the following to refer to Steiner 2-designs
with block size four. From (2.15) there are

b =
λv(v − 1)
γ(γ − 1)

=
v(v − 1)

12
(4.1)

blocks in an SFS design and from (2.16) each point of an SFS design is in

r =
4b

v
=

4v(v − 1)
12v

=
v − 1

3
, (4.2)

blocks.

Like the STS designs, SFS designs achieve the upper bound on the number of columns
in a binary matrix with column weight 4 and column intersection at most 1 and so most
likely give the highest rate 4-cycle free LDPC codes with column weight 4. The SFS
codes will have a minimum distance of at least 5 (Lemma 3.2.3) and minimum stopping
set size of at least 5 also. Using the results of Section 3.2 the parameters of the LDPC
codes constructed from SFS designs are:
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Number of parity-check equations: v

Length: v(v − 1)/12
Rate: R ≈ (v − 13)/(v − 1)
Minimum distance: d ≥ 5
Row weight of the parity-check matrix: (v − 1)/3
Column weight of the parity-check matrix: 4
Density of the parity-check matrix: 4/v

Fig. 4.5 shows the lengths and rates of the codes from SFS designs for all lengths up
to 2000 assuming a full rank incidence matrix.

The performance of SFS LDPC codes on the AWGN channel, when decoded using the
sum-product decoding algorithm [71], have been compared to that of randomly generated
codes of the same rate and length with results shown in Figs. 4.9–4.11. In each simulation
a maximum number of iterations has been set and the standard stopping criterion for
LDPC codes, zH ′ = 0, is applied to terminate the decoding early if the hard decision of
the bit probabilities, z, is a valid codeword.

For the random LDPC codes we have used the construction method from [71, 73]
using source code from [81]. At the signal-to-noise ratios we consider the regular randomly
constructed codes perform best with column weight 3 and so we have constructed random
LDPC codes with this column weight as well. Further, in an attempt to get the best
random LDPC codes we have generated random LDPC codes with as few 4-cycles as
possible when the removal of 4-cycles produces a better performing LDPC code. However,
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there is a trade off between removing code cycles and obtaining code regularity as the
process of removing 4-cycles causes the row weight to be more variable in the random
codes.

The SFS LDPC codes significantly outperform randomly constructed codes at the
lengths simulated and so are promising LDPC codes for high-rate applications. However
there is a small decrease in decoding performance at small signal-to-noise ratios demon-
strated by the SFS codes compared to the random LDPC codes.

Ammar et al. in [2] presented simulation results for two LDPC codes from 2-(v,5,1)
designs for lengths 3498 and 6700 and showed that these codes perform within 1.09 dB
and 0.73 dB of the Shannon limit at a BER of 10−4 respectively. However the performance
of the equivalent size random codes is not given in [2] and so it is not clear whether these
codes outperform the random codes at these lengths.1

We see though in simulation results for 2-(v, 5, 1) designs that the trend of improved
performance in low noise channels but a decrease in performance in high noise channels,
becomes more evident as the column weight is increased. Fig 4.12 for example shows
the performance on a binary erasure channel of a length 82 rate-1

2 LDPC code from a
2-(41, 5, 1) design. The Steiner LDPC code is compared to randomly constructed LDPC
codes with column weights 3 and 5. The random code with column weight 3 is free of
4-cycles and the random code with column weight 5 has as many 4-cycles removed as
possible. The Steiner LDPC code performs as expected and outperforms the column
weight 3 LDPC code at small erasure probabilities, with a performance degradation in
channels with high erasure probabilities.

Already at column weights of 5, it is difficult to simulate these codes at small enough
error probabilities to see an improvement in error correction performance for the longer
code. Thus, for practical purposes, the observation that randomly constructed codes will
perform best with column weight 3 seems reasonable. However, for implementations of
LDPC codes in low noise channels, codes with larger column weights should be considered,
particularly if high rate codes are employed.

Thus, whether or not LDPC codes from Steiner 2-designs with larger column weight
will prove beneficial will depend on the channels under consideration. The higher the
signal-to-noise ratio the more likely a larger column weight code will give the best per-
formance. If LDPC codes are employed on binary erasure channels with low erasure
probabilities, the Steiner 2-designs offer promise over randomly constructed codes due to
both their regularity and guaranteed girth. The larger the column weight required, the
more difficult it will be to randomly construct the LDPC codes without 4-cycles, which in

1It has been pointed out by an examiner of this thesis that a significantly extended version of [2] has

been accepted for publication in IEEE Transactions on Information Theory.
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contrast is guaranteed by the codes from Steiner 2-designs regardless of column weight.

The codes from Euclidean and projective geometries, which have very high column
weights, outperformed the randomly constructed codes at much lower error probabilities
then we see with the 2-(v, 4, 1) and 2-(v, 5, 1) designs. The excellent performance of these
codes on AWGN channels can not be due solely to their good minimum distances, but
rather to the many linearly dependent rows in their parity-check matrices. With this in
mind we consider in the following further Steiner 2-designs with both large column weight
and many linearly dependent rows in N , of which there are two main families, the oval
and unital designs.

4.4 LDPC codes from oval designs

In the search for algebraic LDPC codes two main observations have become apparent.
Firstly, large column weight will provide a good minimum distance but will have an
adverse effect on the decoding performance of the sum-product algorithm at low signal-
to-noise ratios. Secondly, if there are a significant proportion of linearly dependent rows
in the parity-check matrix of an LDPC code this may improve its performance to the
extent that the benefit of the larger minimum distance can also be realized. With these
observations in mind a promising source of LDPC codes presents itself in the form of oval
designs, which are Steiner 2-designs with large column weight and a significant proportion
of linearly dependent rows.

Oval designs are constructed from finite projective planes which were introduced in
Section 2.2.1. An example, PG(2, 4), is constructed in Appendix A.1.1. Briefly, a pro-
jective plane of order q, PG(2, q), is a set of q2 + q + 1 lines and q2 + q + 1 points such
that every line passes through exactly q + 1 points and every point is incident on exactly
q + 1 lines with any pair of points in the plane incident together in exactly one line. An
oval in a projective plane is a set of q + 2 points that meet each line of the plane in 0
or 2 points. The oval design is the incidence structure having for points the lines of the
plane exterior to O, and for blocks the points of the plane not on the oval O, called the
retained points. Incidence is given by the incidence of the projective plane; that is, in an
oval design, a point is considered to belong to a block if the corresponding point and line
in PG(2, q) are incident. Thus oval designs are Steiner 2-(q(q − 1)/2, q/2, 1) designs with
q + 1 blocks through each point and q2 − 1 blocks (see e.g. [4, Chapter 8]). The family of
oval designs constructed in this way have the parameters:

v = q(q − 1)/2, b = q2 − 1, r = q + 1, γ = q/2, λ = 1.

As an example, the oval on 6 points from the projective plane of order 4 is constructed
in Appendix A.1.2. It produces a 2-(6, 2, 1) oval design with incidence matrix shown in
Fig. 4.6.
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⎡
⎢⎢⎢⎢⎢⎢⎣

. . 1 . . 1 1 . . . . 1 . 1 .
1 . . . 1 . . . 1 1 . . . 1 .
. 1 . 1 . . . . 1 . . 1 1 . .
. 1 . . 1 . 1 . . . 1 . . . 1
1 . . . . 1 . 1 . . 1 . 1 . .
. . 1 1 . . . 1 . 1 . . . . 1

⎤
⎥⎥⎥⎥⎥⎥⎦

Figure 4.6: The incidence matrix of the 2-(6, 2, 1) oval design from the oval on

the plane PG(2, 22).

The well known extended Hamming codes can also be described from ovals in projec-
tive planes although they are defined in a different manner to oval designs. The points of
the projective plane that form the oval become the columns of the parity-check matrix of
the Hamming code. By definition no three points on an oval are collinear, and so no three
columns of the extended Hamming code are linearly dependent, and thus a minimum
distance of 4 is assured. For example the oval defined on PG(2, 22) gives the extended
Hamming [6,3,4] code:

H =

⎡
⎢⎣ 1 1 1 1 0 0

0 1 α β 0 1
0 1 β α 1 0

⎤
⎥⎦ .

The LDPC codes from oval designs are constructed differently. The incidence matrix
of the design is taken as the parity-check matrix of the code. For an oval on a projective
plane of order q, the code will be binary, have length q2 − 1, with q(q− 1)/2 parity checks
and is (q/2, q + 1)-regular. Since there are q + 1 ones per row of H and q2 − 1 rows, H

has a density of
q + 1
q2 − 1

=
1

q − 1
. (4.3)

Unlike for the STS and SFS LDPC codes the minimum distance bound from Massey
for the oval codes (Lemma 3.2.3),

d ≥ q/2 + 1,

increases with the length of the code as

d ≥ 1
2
(
√

n + 1 + 1).

However, this also means that the density of the parity-check matrix (r/n) decreases only
with the square root of the code length as opposed to decreasing proportionally to the
code length, which is the case if the column and row weights are fixed and the length of
the code is increased.

Aside from increasing minimum distances, an important property of oval designs is
the large number of linearly dependent rows in their incidence matrix. The 2-rank of the
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m (v, b, r, γ) rank2(H) [n, k, d]

2 (6, 15, 5, 2) 5 [15, 10, 3]

3 (28, 63, 9, 4) 19 [63, 44, 5]

4 (120, 255, 17, 8) 65 [255, 190, 9–10]

5 (496, 1023, 33, 16) 211 [1023, 812, 17–36]

6 (2016, 4095, 65, 32) 665 [4095, 3430, 33–78]

Table 4.1: Parameters of the first five codes from oval designs

incidence matrix of a regular oval design is [20]

rank2(N) = 3m − 2m, where q = 2m (4.4)

which yields the number of linearly dependent rows in H:

22m−1 − 2m−1 − 3m + 2m, (4.5)

and hence the number of code message bits

k = (2m)2 + 2m − 3m − 1. (4.6)

Using the results of Section 3.2 and the above, the LDPC codes derived from oval
designs, oval LDPC codes, have the following parameters:

Number of parity checks: 2m−1(2m − 1)
Length: 22m − 1
Rate: (22m − 1 + 2m − 3m)/(22m − 1)
Minimum distance: d ≥ 2m−1 + 1
Row weight of the parity-check matrix: 2m + 1
Column weight of the parity-check matrix: 2m−1

Density: 1/(2m − 1)

Table 4.1 shows the parameters of the oval designs and the corresponding oval LDPC
codes for m = 2, . . . , 6. For the two shortest codes, the minimum distance has been
obtained by exhaustive computation. For the longer codes, corresponding to m ≥ 4 in
Table 4.1, the range of minimum distances has been obtained using Magma [14] for an
upper bound, and Massey’s lower bound applied to oval LDPC codes.

4.4.1 Simulation results for oval LDPC codes

The performance of oval LDPC codes on the AWGN channel, when decoded using
the sum-product decoding algorithm [71, 73], have been compared to that of randomly
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generated codes of the same rate and length and existing algebraic LDPC codes from
Steiner triple systems and Euclidean geometry (EG) codes [59, 60]. The results are
shown in Figs. 4.13–4.19. In each simulation a maximum number of iterations has been
set and the standard stopping criterion for LDPC codes, zH ′ = 0, is applied to terminate
the decoding early if the hard decision of the bit probabilities, z, is a valid codeword.

For the random LDPC codes we have used the construction method from [71, 73] using
source code from [81]. At the signal-to-noise ratios we consider the regular randomly
constructed LDPC codes perform best with column weight 3 and so we have constructed
random LDPC codes with this column weight rather than constructing random codes
with the column weight of the oval codes. Further, in an attempt to get the best random
LDPC codes we have generated random LDPC codes with as few 4-cycles as possible
in the cases where the removal of 4-cycles produces a better performing LDPC code.
However, there is a tradeoff between removing code cycles and obtaining code regularity
as the process of removing 4-cycles causes the row weight to be more variable.

The more parity checks per bit there are in H, the more calculations that are required
to perform an iteration of the sum-product decoding algorithm. The effect this has on
decoding complexity at various signal-to-noise ratios is also shown in this section. The
average number of multiplication floating point operations (flops) required to decode a
codeword can be calculated by estimating the number of multiplication flops for one
iteration of the sum-product algorithm as 6nγ [71] and counting the number of iterations
required to decode each codeword. As the decoding complexity is used solely to give a
comparison between LDPC codes with different column weights, we do not employ the
more precise estimates of decoding complexity, such as in [41], which include operations
other than multiplication.

Fig. 4.13 shows the performance of the oval-[63, 44, 5] code compared to that of a
randomly generated length 63 rate-0.7 LDPC code on an AWGN channel. The oval code
is (4, 9)-regular and the randomly generated LDPC code has column weights of 3 and row
weights of 9 and 10. The same rate STS LDPC code from the STS(21) is also shown.
The oval code out-performs the STS code, even though it is slightly shorter, which is
attributed to its many extra parity-check equations caused by the low rank of the oval
incidence matrix. Fig. 4.14 shows the decoding complexity of the oval and STS codes.
Despite its larger column weight the oval LDPC code has a lower decoding complexity at
some signal-to-noise ratios due to its faster convergence.

Fig. 4.15 shows the performance of the oval [255, 190,≥ 9] code compared to that of
a randomly generated LDPC code in the AWGN channel. The oval code is an (8, 17)-
regular code, and the randomly generated LDPC code has column weight 3 and row
weights between 7 and 18. The variable row weights in the randomly constructed LDPC
codes is the by-product of removing all 4-cycles from the code. The oval code has a
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higher column weight than the random code and so has a higher decoding complexity per
iteration. However, in some cases the faster convergence of the oval code gives the two
codes a similar decoding complexity overall, Fig. 4.16. Also shown is the same length, but
lower rate, (16,16)-regular Euclidean geometry code compared to a randomly constructed
code of the same rate and length. The oval code provides the same gain in performance
as the EG code but at a higher rate. It also does this with a much lower computational
complexity gain over the random LDPC codes.

Fig. 4.17 shows the decoding performance over an AWGN channel of the oval
[1023, 812, 17] code compared with a randomly generated LDPC code. Also shown is the
[1023, 781, 33] Euclidean geometry code [59, 60]. The oval code is (16, 33)-regular, the EG
code is (32, 32)-regular, and the randomly generated LDPC codes have a column weight
of 3 and row weights between 11 and 19. Again, the number of parity checks in H has
a significant effect on decoding complexity as shown in Fig. 4.18. Like the EG code the
oval code outperforms the equivalent length and rate randomly constructed code only
at the higher signal-to noise ratios. The results for the EG code are the same as those
presented in [60]. The effects of the longer column weights at low signal-to-noise ratios
can be clearly seen with the random codes outperforming the EG and oval codes in high
noise channels.

Finally, Fig. 4.19 shows the BER performance over an AWGN channel of the oval-
[4095, 3430,≥ 33] code compared with a randomly generated LDPC code. The oval code
is (32, 65)-regular and the randomly generated LDPC code has a column weight of 3 and
row weights between 16 and 22. Also shown is the equivalent length EG code compared
with a randomly generated code. The EG code is (64,64)-regular while the random code
has a column weight of 3 and row weights between 14 and 21. At these column weights,
32 and 64, the density of the parity-check matrix, 32

2016 and 64
4095 respectively, are very high

and so, at the signal-to-noise ratios considered, the EG and oval codes are outperformed
by equivalent length and rate randomly constructed column weight 3 codes.

The parameters of the codes from oval designs seem particularly promising for LDPC
codes. They have sparse matrices, excellent minimum distances and many linearly depen-
dent rows in their parity-check matrices. However, at longer lengths the performance of
the oval codes, as for the Euclidean geometry codes, grows significantly worse relative to
the random codes due to the increasing density of their parity-check matrix. The longer
oval and EG codes have significantly better minimum distances than that possible with
randomly constructed codes and so their disappointing performance is direct evidence
of the limitations of comparing LDPC codes by minimum distance alone. The increase
in column weight which provides this minimum distance gain also serves to greatly in-
crease the density of H causing the poorer decoding performances at all but very high
signal-to-noise ratios.
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However, the oval codes do show promise at short lengths with codes from oval designs
significantly outperforming the randomly constructed codes on an AWGN channel with
sum-product decoding. The linearly dependent rows in the incidence matrices of the oval
designs improves the performance of the shorter oval codes compared to equivalent length
and rate codes with the same column weight.

Overall, oval designs provide very promising short LDPC codes which perform well
on an AWGN channel at all signal-to-noise ratios while the longer oval codes are only
useful in channels with very high signal-to-noise ratios. The oval codes may offer an
advantage over the existing Euclidean geometry codes due to their higher rate and their
lower column weights.

4.5 LDPC codes from unital designs

The final family of Steiner 2-designs we consider have similar properties to the oval
designs but with different parameters and so produce new algebraic LDPC codes for more
lengths and rates. Unital designs are similar to oval designs in that they are derived from
projective planes, have incidence matrices with linearly dependent rows, and column
weights that increase with the matrix length. The parameters of the family of unital
designs were presented in [116, Table II] where it was assumed that the code rates would
be (b−v)/b if codes were constructed from the incidence matrices of unital designs on v =
m3 +1 points. However, for odd m the corresponding incidence matrices are significantly
rank deficient for small m and conjectured to be so for larger m [58]. Consequently, LDPC
codes from unital designs with odd m benefit from both higher rates and the decoding
advantages attributed to a large number of linearly dependent rows in the parity-check
matrix.

The construction of unital designs from projective planes is described in Appendix A.1.4.
Briefly, a unitary polarity in a projective plane of even order q = m2 is a set of points of
the plane with cardinality m3 + 1 and the property that every line of the plane meets the
set in 1 or m + 1 points. A unital design has as points the point set of a unitary polarity
and for blocks those lines in the projective plane that meet the point set of the unitary
polarity in m + 1 points [4]. The points and blocks of the design retain the incidence
of the points and lines of the plane. By definition the design consists of m3 + 1 points
with each block containing m + 1 points. Since the lines of the plane that include more
than one point in the unitary polarity are retained, every line though a pair of the points
in the polarity is a block of the design. Thus every pair of points in the design must
occur together in a block and the unital design is a Steiner 2-design with parameters
2-(m3 + 1, m + 1, 1). The number of bits in each check is (2.16)

r = m2,



4.5 LDPC codes from unital designs 71

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 . . . . 1 1 . . . 1 .
. . . . . 1 . 1 1 1 . .
. . 1 1 . . 1 1 . . . .
1 . . 1 1 . . . 1 . . .
. . . . 1 . 1 . . 1 . 1
. . 1 . . . . . 1 . 1 1
. 1 1 . 1 1 . . . . . .
1 1 . . . . . 1 . . . 1
. 1 . 1 . . . . . 1 1 .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Figure 4.7: The incidence matrix of the 2-(9, 3, 1) unital design from the unitary

polarity on the plane GF(22).

and the number of blocks is (2.15):

b = m2(m3 + 1)/(m + 1).

The unitary polarity defined on the projective plane of order 4 is constructed in
Appendix A.1.4 and produces a 2-(9, 3, 1) unital design with incidence matrix shown in
Fig. 4.7.

The unitals described above are Hermitian unitals, which are the set of points and
lines of a unitary polarity on a desarguesian plane of order m2 [4]. These unitals exist
for all m a prime power. However other unital 2-(m3 + 1, m + 1, 1) designs exist, for m

not necessarily a prime power, which are not defined on a desarguesian plane [4]. The
codes presented in this thesis are all derived from Hermitian unitals constructed using
the method of [58].

The density of the parity-check matrix of a unital code is

m + 1
m3 + 1

,

which decreases as the code length increases at a rate proportional to
√

n. Meanwhile,
the minimum distance bound for the unital codes from Massey

d ≥ m + 2

increases with the length of the code in the order of 4
√

n.

While an explicit formula for the 2-ranks of the incidence matrices of unital designs
is not yet available, it is known that the 2-rank can only be less than m3 if 2|m + 1
[4, Theorem 8.3.1]. For the unitals presented in Table 4.2 the 2-ranks of the incidence
matrices have been calculated in [58]. The conjecture that the 2-rank of those unitals
where 2|m + 1 is

m(m2 − m + 1)
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m (v, b, γ, r, λ) rank2(H) [n, k, d]

2 (9, 12, 3, 4, 1) 9 [12, 3, 6]

3 (28, 63, 4, 9, 1) 21 [63, 42, 6]

4 (65, 208, 5, 16, 1) 65 [208, 143, 8–10]

5 (126, 525, 6, 25, 1) 105 [525, 420, 7–9]

7 (344, 2107, 8, 49, 1) 301 [2107, 1806, 9–12]

8 (513, 3648, 9, 64, 1) 513 [3648, 3135,≥ 10]

9 (730, 5913, 10, 81, 1) 657 [5913, 5256,≥ 11]

Table 4.2: Parameters of the first seven codes from Hermitian unital designs

is proven for the cases with m ≤ 9.

In summary, the LDPC codes derived from unital designs, unital LDPC codes, have
the following parameters:

Number of parity-check equations: m3 + 1
Length: m2(m3 + 1)/(m + 1)
Rate: R ≥ m2−m−1

m2

Minimum distance: d ≥ m + 2
Row weight of the parity-check matrix: m2

Column weight of the parity-check matrix: m + 1
Density: (m + 1)/(m3 + 1)

Table 4.2 shows the parameters of the unital designs obtained for values of m =
2, . . . , 9, m a prime power. Also shown are the parameters of the associated linear block
codes. The range of possible values for the minimum distance of the unital codes has been
shortened via exhaustive search using Magma [14]. The small unital codes have minimum
distances better than the lower bound. Using unitals produces more algebraic LDPC
codes, which have lower densities and higher rates than the oval, EG and PG codes.

4.5.1 Simulation results for unital LDPC codes

The performance of unital LDPC codes on the AWGN channel, when decoded using
the sum-product decoding algorithm [71, 73], is compared to that of randomly gener-
ated codes of the same rate and length. The results are shown in Figs. 4.21–4.26. The
simulation setup, and random code construction is the same as detailed in Section 4.4.1.

Fig. 4.21 shows the performance of the unital [63, 42, 6] code compared to a randomly
generated LDPC code on the AWGN channel. The unital code is (4, 9)-regular code and
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the randomly generated LDPC code is (3,9)-regular. Also shown is the performance of
the equivalent length but slightly higher rate oval LDPC code which is also (4,9)-regular.
Probably due to its better minimum distance, the unital code outperforms the oval code at
very high signal-to-noise ratios. Fig. 4.23 shows the performance over an AWGN channel
of the unital [525, 420,≥ 7] code compared with a randomly generated LDPC code. The
unital code is (6, 25)-regular and the randomly generated LDPC code has column weights
of 3 and row weights between 9 and 22. The unital code significantly outperforms the
random code at medium to high signal-to-noise ratios with some increase in decoding
complexity shown in Fig. 4.24, due to the larger column weight and extra parity-checks
in the unital code.

Finally, Fig. 4.25 shows the BER performance over an AWGN channel of the unital
[2107, 1806,≥ 9] code compared with a randomly generated LDPC code. The unital code
is (8, 49)-regular and the randomly generated LDPC code has column weights of 3 and
row weights between 16 and 26. As for the longer oval and EG codes the long unital
code outperforms the randomly constructed code only in low noise channels and also has
a increased decoding complexity as seen in Fig. 4.26.

As the size of the unital increases so too does the column weight of the unital code.
This provides a good minimum distance for the code, and hence excellent decoding per-
formance at high signal-to-noise ratios, but also degrades the decoding performance at
low signal-to-noise ratios. Overall, unital codes are promising LDPC codes for the short
codes at all signal-to-noise ratios and for the longer codes if used in high signal-to-noise
ratio channels.

4.6 Linearly dependent parity-checks

An interesting result following from the research into algebraic LDPC codes has been
the observation that the existence of linearly dependent rows in the parity-check matrix
of an LDPC code are beneficial for the sum-product decoding process [70, 118, 72]. On
the one hand it would seem obvious that extra parity-check equations would provide
extra extrinsic information to the code bits which would assist in the decoding process.
However, because the extra checks are linearly dependent, this extra extrinsic information
is a function of the information already available.

The question therefore is: to what extent are linearly dependent rows in the parity-
check matrix of an LDPC code of benefit to the decoding process? To consider this
question we will look at the performance on the binary erasure channel of some of the
algebraic LDPC codes with linearly dependent parity-check equations. The binary erasure
channel is useful because the performance of individual codes can be compared to the
ensemble average, calculated using finite length analysis.
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Since finite length analysis does not depend on the manner of construction of the
codes in a given ensemble, only that they have a given number of parity-check equations,
length, column weight, row weight, and minimum stopping set size, we expect that an
algebraically constructed code will in general perform as close to its ensemble average
as a randomly constructed code. We have observed previously, in Section 3.3.5, that the
algebraic structure of an LDPC code, where that code has a full rank parity-check matrix,
does indeed not greatly alter its performance from that of the ensemble average. This
result is further observed in simulations in this and the following chapters.

However, the results of finite length analysis are an average over all codes with a given
size and density H, the vast majority of which will be full rank. Thus we expect that
any significant differences in performance between codes with rank deficient parity-check
matrices and the ensemble average, calculated using finite length analysis, will be due to
the linear dependence of the parity-check equations in that code rather than due to the
fact that the given code was algebraically constructed.

The ensemble of all possible m × n parity-check matrices with column weight γ and
row weight r is denoted by (m, n, γ, r). An ensemble with parameter Smin �= 1 is the
subset of the original ensemble which contains only those matrices with no stopping sets
of size smaller than Smin. For example, the [63,44,5] code from the 2-(28, 4, 1) oval design
belongs to the ensemble of all codes with 28 parity-checks, length equal to 63, column
weights 4, row weights 6, and minimum stopping set size Smin = 5.

To begin we start with the oval and STS codes of Fig 4.13. In Fig 4.27 the performance
of these codes, simulated on the BEC, is shown and we see that their relative performance
is about the same as on the AWGN channel. To see what effect the linear dependence of
the parity-checks in the oval code has on code performance we compare its performance
to the ensemble average for codes with the same length, column weight, row weight and
number of parity-checks, Fig. 4.28. Codes from this ensemble will generally be of lower
rate than the oval code however the object is not to compare the actual codes, but instead
to examine the effects when parity-checks are linearly dependent.

The operation of the sum-product decoding algorithm on the BEC is independent of
the code rate and so the difference in performance between the oval code and ensemble
average is due to the linearly dependent parity-check rows in H. We see that while a full
rank binary 28× 63, (4,9)-regular matrix performs close to the ensemble average the oval
code performs significantly worse than the average for this ensemble.

To rule out the randomness of the construction as the source of the differing perfor-
mance we compare the algebraic [70, 49, 4] code from the 2-(21, 3, 1) STS design to its
ensemble average in Fig. 4.29. The STS LDPC code is a very structured code but has
no linearly dependent rows in its parity-check matrix and, as expected, performs close to
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the full rank random LDPC code from the ensemble, and close to the ensemble average.

Thus, as expected, linearly dependent parity-check equations do not offer the same
value extrinsic information as the same number of linearly independent parity-check equa-
tions. However the oval code does still out-perform a full rank code of the same length and
rate. Thus it would appear that while not as good as linearly independent parity-check
equations extra linearly dependent parity-check equations can offer some performance
gain without reducing the code rate.

In Fig. 4.30 similar trends to that of the oval codes can be seen in the performance of
the length 63 EG LDPC code compared to the performance of a randomly constructed
63 × 63, (8,8)-regular, LDPC code and compared to the ensemble average. The linearly
dependent checks are not quite as good as linearly independent checks but there are
enough of them that the EG code outperforms the same rate randomly constructed code
which has fewer checks, all of which are linearly independent.

In Fig 4.31 we look at the performance of the [255,190,9] oval LDPC code compared to
a random code from the same ensemble. Again codes from this ensemble will generally be
lower rate than the oval code however the object is not to compare the actual codes, but
instead to examine the impact of linearly dependent parity-checks. Similarly, Figs 4.32
and 4.33 show the performance of the length 1023 oval and EG codes. Again, for these
two oval codes the large portion of linearly dependent rows in their parity-check matrix
results in a decoding performance worse than the average for the ensemble of codes with
the same number of parity-checks where most of them are linearly independent.

4.7 Discussion

In this chapter we have presented two new infinite classes of error correction codes
derived from Steiner 2-designs: oval codes and unital codes. The significant outcome of
this approach is the construction of LDPC codes which are both regular and 4-cycle free,
particularly for those code parameters where these properties are difficult to achieve using
random constructions. This yields codes which both have deterministic constructions and
which significantly outperform the traditional randomly constructed LDPC codes of the
same rate and length. We found that some very good (γ, r)-regular LDPC codes can be
produced for values of γ > 3 which outperform the existing (3,r)-regular LDPC codes.

There are two main groups of codes from Steiner 2-designs, those with full (or close to
full) rank parity-check matrices, and those with a significant proportion of linearly depen-
dent rows in their parity-check matrices. For the codes from designs with (approximately)
full rank incidence matrices their performance with sum-product decoding is similar to
the randomly constructed codes, which are also full rank. Many of the algebraic codes
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show improvements over random LDPC codes due to the guaranteed removal of 4-cycles
in Steiner 2-designs. For small to moderate block lengths these LDPC codes from Steiner
2-designs represent a reasonable alternative to randomly constructed LDPC codes as they
offer a deterministic construction, regularity and guaranteed girth.

The density of the LDPC parity-check matrix dominates the performance of the LDPC
codes at low signal-to-noise ratios, with other properties such as minimum distance and
girth playing a greater role as the signal-to-noise ratio is increased. LDPC codes with
larger column weight perform poorly in high noise channels but outperform codes with
smaller column weight in low noise channels. For the full rank LDPC codes the advantages
of a larger column weight can be difficult to show using simulations due to the extremely
low bit error rates at which the larger column weight becomes beneficial.

For the second group of codes from Steiner 2-designs the linearly dependent rows in H

can provide a significant benefit in decoding performance. We saw that when considering
the decoding performance of an LDPC code on a binary erasure channel, the extra linear
dependent parity-checks in the oval and unital codes can be advantageous. In this channel
adding extra linearly dependent checks to a given parity-check matrix can not weaken its
decoding performance (if a given collection of bits was not in a stopping set before the
addition of a new parity-check it won’t be afterwards) and it can generally improve it
(by removing a stopping set). This does not necessarily hold on other channels where the
correlation between parity-checks may even worsen the code’s performance.

However, even when considering the decoding performance of an LDPC code on an
AWGN channel, the linear dependence of the parity-checks are not necessarily a negative
aspect of the oval and unital codes since incorporating linearly dependent rows in H pro-
duces a higher rate code, which can outperform the equivalent rate randomly constructed
code. Furthermore, the linearly dependent checks allow a greater column weight in H

without increasing its density and so very good minimum distance and minimum stopping
set sizes are achieved. As seen for the small oval, unital, and EG codes a large portion of
linearly dependent rows in H can offer improved AWGN decoding performance over the
equivalent length and rate codes with full rank parity-check matrices.

For the codes we consider our observations are complicated by the accompanying
increase in column weight with code length for these constructions. Thus, although it is
not as pronounced as for full rank codes, the performance gain of the longer unital and
oval codes, and indeed the existing EG and PG codes, is in general only realised at high
signal-to-noise ratios. This becomes more pronounced as the length, and hence column
weight, of the codes is increased. Constructions for long codes with small column weight
and many linearly dependent parity-check equations unfortunately eludes us.

Overall, the oval and unital codes are promising LDPC codes for the short codes at all
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Figure 4.8: Rates and lengths of LDPC codes from Steiner 2-designs

signal-to-noise ratios and for the longer codes if used in high signal-to-noise ratio channels.
The longer codes may be particularly beneficial for applications such as deep space or near
earth communications. The oval and unital codes can offer a modest advantage over the
existing Euclidean and projective geometry codes due to their higher rate, their lower
column weights, resulting in lower decoding complexity, and their equally good decoding
performances compared to equivalent randomly constructed codes.

All the codes from Steiner 2-designs have Tanner graphs with maximum girth 6,
and so they can not show the logarithmic relationship between girth and block length
known to be achievable for sufficiently long random codes. Thus, for sufficiently large
lengths, randomly constructed codes would be expected to outperform codes from Steiner
2-designs. However, as we saw for the Steiner triple systems, this length may be large
enough so that codes from Steiner 2-designs represent the best choice for many practical
applications requiring high rate LDPC codes.

The other benefits of the deterministic construction provided by Steiner 2-designs
is that the storage requirements necessary to completely describe the LDPC codes are
reduced. If storage is a significant issue it is possible to specify only the required value of
v and γ, and the entire code can be constructed on-line with some expenditure in terms
of computational complexity. Alternatively, where the hard-wiring of the codes Tanner
graph is employed [9], the exact regularity of the codes from Steiner 2-designs translates
directly into regularity in the layout of an application-specific integrated circuit (ASIC).
So in addition to providing guaranteed code properties such as the absence of 4-cycles,
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LDPC codes from Steiner 2-designs are significantly easier to implement than randomly
constructed codes.

In closing, a final observation we wish to make about codes from designs concerns code
parameter availability. Fig. 4.8 shows the parameters of the codes from Steiner 2-designs
defined by setting H = N . These include the codes presented here as well as the existing
codes from finite projective geometries. Also shown are the codes from the finite Euclidean
geometries, although not Steiner 2-designs they are closely related to finite affine planes.
The codes from Steiner 2-designs are only available for a restricted range of rates and
lengths and, particularly for the column weight three designs, these rates are very high
even for quite short code lengths. While high rate codes are of importance for applications
such as magnetic disk drives, where the non-linearities of the read-write mechanisms deter
an increase of bit density to compensate for increased coding redundancy, applications
such as wireless communications frequently employ much lower rate error correction codes.
The search for a wider range of deterministic and regular LDPC codes is the subject of
the following two chapters.
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Figure 4.9: The decoding performance of the length-638 SFS LDPC code in an

AWGN channel using sum-product decoding with a maximum of 50 iterations.
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Figure 4.10: The decoding performance of the length-1271 SFS LDPC code in

an AWGN channel using sum-product decoding with a maximum of 50 iterations.
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Figure 4.11: The decoding performance of the length-2120 SFS LDPC code in

an AWGN channel using sum-product decoding with a maximum of 50 iterations.
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Figure 4.12: The decoding performance on a BEC of length-82, rate half, regular

LDPC codes decoded using sum-product decoding.
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Figure 4.13: The decoding performance of oval and STS LDPC codes on an

AWGN channel using sum-product decoding with a maximum of 50 iterations.
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Figure 4.14: The average number of floating point multiplications required to

decode a codeword for iteratively decoded LDPC codes on an AWGN channel with

a maximum of 50 iterations.
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Figure 4.15: The decoding performance of length-255 LDPC codes on an AWGN

channel using sum-product decoding with a maximum of 50 iterations.
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Figure 4.16: The average number of floating point multiplications required to

decode a codeword for length-255 iteratively decoded LDPC codes on an AWGN

channel with a maximum of 50 iterations.
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Figure 4.17: The decoding performance of length-1023 LDPC codes on an

AWGN channel using sum-product decoding with a maximum of 1000 iterations.
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Figure 4.18: The average number of floating point multiplications required to

decode a codeword for length-1023 iteratively decoded LDPC codes on an AWGN

channel with a maximum of 1000 iterations.
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Figure 4.19: The decoding performance of the length-4095 LDPC codes on an

AWGN channel using sum-product decoding with a maximum of 1000 iterations.
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Figure 4.20: The average number of floating point multiplications required to

decode a codeword for length-4095 iteratively decoded LDPC codes on an AWGN

channel with a maximum of 1000 iterations.



4.7 Discussion 85

0 1 2 3 4 5 6 7 8 9
10

−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

Signal−to−noise ratio E
b
/N

0
 (dB)

B
it 

er
ro

r 
ra

te

Uncoded BPSK               
Random LDPC [63,42, ≥ 2]
Unital LDPC [63,42,6]      
Random LDPC [63,44,≥ 2] 
Oval LDPC [63,44,5]        

Figure 4.21: The decoding performance of the length-63 oval and unital LDPC

codes on an AWGN channel using sum-product decoding with a maximum of 10
iterations.
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Figure 4.22: The average number of floating point multiplications required to

decode a codeword for iteratively decoded LDPC codes on an AWGN channel with

a maximum of 10 iterations.
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Figure 4.23: The decoding performance of the length-525 unital LDPC code on

an AWGN channel using sum-product decoding with a maximum of 10 iterations.
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Figure 4.24: The average number of floating point multiplications required to

decode a codeword for iteratively decoded LDPC codes on an AWGN channel with

a maximum of 10 iterations.
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Figure 4.25: The decoding performance of the length-2107 unital LDPC code on

an AWGN channel using sum-product decoding with a maximum of 10 iterations.
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Figure 4.26: The average number of floating point multiplications required to

decode a codeword for iteratively decoded LDPC codes on an AWGN channel with

a maximum of 10 iterations.
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Figure 4.27: The erasure correction performance of short oval, STS and random

LDPC codes on a binary erasure channel.
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Figure 4.28: The erasure correction performance on a binary erasure channel of

LDPC codes with (4,9)-regular parity-check matrices of size 28×63. The continu-

ous curves show the average erasure correction performance of an ensemble while

individual symbols give the simulated erasure correction performance of individual

codes.



4.7 Discussion 89

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Erasure probability

B
it 

er
as

ur
e 

ra
te

FL analysis (21,70,3,10) Smin = 1
FL analysis (21,70,3,10) Smin = 4
FL analysis (21,70,3,10) Smin = 5
Random LDPC [70,49, ≥ 2]      
STS LDPC [70,49, ≥ 4]         

Figure 4.29: The erasure correction performance on a binary erasure channel

of LDPC codes with (3,10)-regular parity-check matrices of size 21 × 70. The

continuous curves show the average erasure correction performance of an ensem-

ble while individual symbols give the simulated erasure correction performance of

individual codes.
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Figure 4.30: The erasure correction performance on a binary erasure channel of

LDPC codes with (8,8)-regular parity-check matrices of size 63×63. The continu-

ous curves show the average erasure correction performance of an ensemble while

individual symbols give the simulated erasure correction performance of individual

codes.
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Figure 4.31: The erasure correction performance of length-255 oval and random

LDPC codes on a binary erasure channel.
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Figure 4.32: The erasure correction performance of length-1023 oval and ran-

dom LDPC codes on a binary erasure channel.
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Figure 4.33: The erasure correction performance of length-1023 EG and random

LDPC codes on a binary erasure channel.
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5

A generalization to partial

geometries

In this chapter we consider partial geometries in a generalization to a large class
of algebraic LDPC codes which contain many of the existing algebraic LDPC codes
as special cases. The incidence matrices of partial geometries provide systematic
constructions for regular LDPC codes with Tanner graphs free of 4-cycles and with
deterministic code properties. The incidence structure of the partial geometries en-
ables us to derive code properties such as minimum distance, girth, rate, and stopping
set distribution for the whole class of codes.

5.1 Introduction

In the previous chapters promising LDPC codes were derived from Steiner 2-designs
for most code lengths but for only a restricted set of (mostly high) code rates. The
requirement that every pair of points occur in a block together (λ = 1) produces incidence
graphs with the maximum number of bit nodes for a 4-cycle free graph with a given
number of check nodes. For lower rate codes we require incidence structures with fewer
bit nodes and hence we require designs with each pair of points in at most one block
together but also with enough structure for control over the code properties.

Partial geometries represent a solution to this problem providing a deterministic
method of constructing 4-cycle free bipartite graphs with less connectivity than the in-
cidence graphs of Steiner 2-designs. In considering partial geometries we generalize our
search to designs with similar properties to Steiner 2-designs, namely that each point
occurs in a fixed number of blocks, each block in a fixed number of points and that the
design incidence graphs are free of 4-cycles. The difference between partial geometries and
Steiner 2-designs is that each pair of points in the partial geometry are not required to
occur in a block together and thus partial geometries are not balanced incomplete block
designs. The definition of partial geometries does however specify how closely a pair of
points are connected depending on whether or not they are in a block together.
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More specifically, a partial geometry, denoted pg(s, t, α), satisfies the following prop-
erties [19, p. 33]:

P1. Each point P is incident with t + 1 blocks and each block B is incident with s + 1
points.

P2. Any two distinct blocks have at most one point in common.

P3. For any non-incident point-block pair (P, B) the number of blocks incident with P

and intersecting B equals some constant α.

It is this last property that separates the codes from partial geometries from the
codes from Steiner 2-designs. Using it we can derive expressions for the girth, minimum
distance and rate of the codes and, by adjusting α, increase or decrease the amount of
connectivity between code bits and checks. By choosing the largest possible value of α we
get the most connectivity and the resulting designs are in fact Steiner 2-designs, a special
case of partial geometries. The subset of partial geometries with the smallest value of α,
equal to 1, are the generalized quadrangles, which have also been considered as LDPC
codes [118]. The four main classes of partial geometries are:

• a partial geometry with α = s + 1 is a Steiner 2-design or 2-(v, s + 1, 1) design,

• a partial geometry with α = t is called a net or, dually with α = s, a transversal
design (TD),

• a partial geometry with α = 1 is called a generalized quadrangle (GQ),

• if 1 < α < min{s, t} the partial geometry is proper,

We consider two classes of partial geometries in more detail, proper partial geometries
in Section 5.3 and transversal designs in Section 5.4, but first we derive some results for
the LDPC codes from all the partial geometries.

5.2 Codes from partial geometries

We can take the incidence matrix N of a partial geometry as the parity-check matrix
H of an LDPC code which we denote by C1. The code C1 has m = |P| parity-checks,
length n = |B| and the parity-check matrix is (s + 1,t + 1)-regular.

Lemma 5.2.1 The error correction codes C1 from all of the partial geometries have

tanner graphs free of 4-cycles.
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Proof. A 4-cycle requires two bit nodes to be connected to the same two check nodes
(see Section 2.1.1) and thus that two columns of H contain ones in two places in common.
By property P2 of partial geometries, any two blocks have at most one point in common
and so any two columns of N both have ones in at most one row. Thus the Tanner graph
of the codes with H = N are free of 4-cycles. �

For any α > 1 property P3 guarantees the existence of a 6-cycle, so all partial geome-

tries other than the generalized quadrangles, have a girth of 6. Further, the number of

6-cycles in a partial geometry code can be enumerated exactly.

Lemma 5.2.2 The exact number of 6-cycles in the Tanner graph of a code from a partial

geometry, pg(s, t, α), is

N6 =
nt(α − 1)

3

(
s + 1

2

)
.

Proof. The number of 6-cycles in H can be counted using only the properties P1–
P3 of the partial geometries. If we take a line l of the partial geometry there are

(
s+1
2

)
different pairings of the points in l. Now, take one pair (P1, P2) of points in l. The point
P1 is incident in t lines other than line l, none of which contain the point P2. However,
the point P2 is connected to α of the points in each of these lines, one of which is P1.
Thus the points P1 and P2 are connected in a cycle of size 6 through each of the t lines
containing P1 for each of the α−1 lines intersecting them. So, each pair of points (P1, P2)
is involved in t(α− 1) 6-cycles. Given that there are

(
s+1
2

)
pairs of points in a line l there

are t(α− 1)
(
s+1
2

)
6-cycles containing the points in l. There are n lines in total, and given

a single 6-cycle includes 3 lines the result follows. �

The generalized quadrangles have no 6-cycles and we can count the exact number of

8-cycles.

Lemma 5.2.3 The exact number of 8-cycles in the Tanner graph of a code from a partial

geometry, pg(s, t, 1), is

N8 =
snt2

4

(
s + 1

2

)
.

Proof. The number of 8-cycles in H can be counted using again only the properties
P1–P3 of the partial geometries. If we take a line L of the partial geometry there are(
s+1
2

)
different pairings of the points in L. Now, take one pair (P1, P2) of points in L.

The point P1 is incident in t lines other than line L, none of which contain the point P2

and we choose any one of them as L1. Similarly, the point P2 is incident in t lines other
than line L, none of which contain the point P1 and again we choose any one of them as
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L2. The lines L1 and L2 can not share a point for if they did that point would be in two
lines intersecting L, contravening P3. However, all the points on L1 must be incident
in a line which intersects L2. For the point P1 that line is L, while each of the other s

points on L1 are incident in s separate lines which intersects L2 and each one of them
forms an 8-cycle with L, L1 and L2. So the pair of points (P1, P2) are incident in exactly
t2s 8-cycles. There are

(
s+1
2

)
ways to choose a pair of points on each of n lines and each

8-cycle includes four lines and the result follows. �

As the incidence graphs of partial geometries are free of 4-cycles, the size of the
smallest stopping set is at least one greater than the minimum column weight of H [83]
and thus the codes from partial geometries have minimum stopping set size

Smin ≥ s + 2. (5.1)

Like the Steiner 2-designs the benefits of the deterministic construction of the partial
geometries is that the storage requirements necessary to completely describe the LDPC
codes are reduced. If storage is a significant issue it is possible to specify only the required
value of s, t, and α and the entire code can be constructed on-line with some expenditure in
terms of computational complexity using a known algebraic construction for that design.
Alternatively, where the hard-wiring of the code’s Tanner graph is employed as in [9] the
exact regularity of the codes from partial geometries translates directly into regularity
in the layout of an application-specific integrated circuit (ASIC). So as well as providing
guaranteed code properties, LDPC codes from partial geometries are easier to implement
than randomly constructed codes.

5.2.1 Minimum distance

The incidence matrices of partial geometries are column orthogonal (by definition
P2) and so Massey’s bound (Lemma 3.2.3) can be applied to lower bound the minimum
distance of LDPC codes from partial geometries:

d ≥ s + 2. (5.2)

However, by using known properties of strongly regular graphs and Tanner’s minimum
distance bound we can derive, in a similar manner to [118], a minimum distance bound
for codes from partial geometries which is tighter for some of the partial geometry codes.

In [104], Tanner presented the following bounds for the minimum distance d of a
code with a regular parity-check matrix H provided that the multiplicity of the largest
eigenvalue, µ1, of HHT is 1. Let wc be the column weight of H, wr the row weight of H

and µ2 the second largest distinct eigenvalue of HHT . Then from [104, Theorem 3.1] we
have the bit-oriented bound :

d ≥ n(2wc − µ2)
(µ1 − µ2)

, (5.3)
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and from [104, Theorem 4.1] the parity-oriented bound :

d ≥ 2n(2wc + wr − 2 − µ2)
wr(µ1 − µ2)

. (5.4)

We shall use these bit and parity-oriented bounds, together with the properties of strongly
regular graphs, to give lower bounds on d in terms of α, s and t for codes obtained from
partial geometries. For this, we need expressions for the values and multiplicities of the
eigenvalues of NNT and we shall use two well known properties of strongly regular graphs
presented in the following two Lemmas.

Lemma 5.2.4 [19, p. 21] The adjacency matrix, A, of a strongly regular graph has three

distinct real eigenvalues completely specified by the parameters of the graph.

Proof. By definition the adjacency matrix of a strongly regular graph is symmetric,
has a zero diagonal and column and row weights equal to n1 thus:

AJ = JA = n1J. (5.5)

By (5.5), A has an eigenvalue, e0, with value n1 and multiplicity 1 corresponding to the
eigenvalue v of J .

Now if we consider the matrix A2 we note that the (i, j)th entry of A2 is the number
of points connected to both of the points Pi and Pj so A2

i,j takes on one of three values

A2
i,j =

⎧⎪⎨
⎪⎩

n1, if i = j

p1, if Pi and Pj are connected
p2, if Pi and Pj are not connected

which can be expressed as:

A2 = n1I + p1A + p2(J − I − A). (5.6)

By equations (5.5) and (5.6) I, J and A span a real algebra of dimension 3 which is
commutative and consists of symmetric matrices, thus A has three eigenvalues [19]. We
know already that A has an eigenvalue of n1 and substituting into equation (5.6) gives
the following relationship between the parameters of a strongly regular graph:

n1n1 = n1 · 1 + p1n1 + p2(v − 1 − n1)

and so

n1(n1 − p1 − 1) = p2(v − n1 − 1).
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Any other eigenvalue of J is zero, so the other eigenvalues of A, e1,e2, satisfy:

e2 = n1 + p1e − p2(e + 1)
= (n1 − p2) + e(p1 − p2)

and so [19, p. 21]

e1, e2 =
(p1 − p2) ±

√
(p1 − p2)2 + 4(n1 − p2)

2
,

and the lemma is proved. �

It is also possible to determine the multiplicity of these eigenvalues in terms of the
parameters of the strongly regular graphs. Denote by f1 and f2 the multiplicities of e1

and e2. Since the multiplicity of e is 1:

v = 1 + f1 + f2.

The diagonal elements of A are all zero (2.18) and so

Tr(A) = n1 + f1e1 + f2e2 = 0.

Combining gives:

f1, f2 =
1
2

[
(v − 1) ± (v − 1)(p2 − p1) − 2n1√

(p1 − p2)2 + 4(n1 − p2)

]
.

Lemma 5.2.5 [16, p. 386] For a partial geometry D with incidence matrix N the adja-

cency matrix of the point graph of D is A = NNT − (t + 1)I.

Proof. By the properties of partial geometries the matrix NNT satisfies:

(NNT )i,j =

⎧⎪⎨
⎪⎩

t + 1 if i = j

1 if i and j connected
0 if i and j not connected

which is equivalent to the expression

NNT = (t + 1)I + 1A + 0(J − A − I),

and the result follows. �

From Lemma 5.2.4 and equation (2.19) the multiplicity of the largest eigenvalue of
the adjacency matrix of a partial geometry is one, and the eigenvalues of A, written in
the notation of partial geometries (2.19), are:

s(t + 1), s − α, −(t + 1).
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Class of partial geometry Code length Minimum distance bounds

Steiner 2-design (t+1)(st+s+1)
s+1 d ≥ max

{
(t+1)(2s+2−t)

s+1 , 2(2s+1)
s+1

}
Net (s + 1)(t + 1) d ≥ max

{
(t+1)(s+1)

t , 2(s+t)
t

}
Transversal design (t + 1)2 d ≥ max

{
(t+1)(2s−t+1)

s , 4
}

Generalized quadrangle (t + 1)(st + 1) d ≥ max{(t + 1)(s + 2 − t), 2(s + 1)}
Proper partial geometry (t+1)(st+α)

α d ≥ max
{

(t+1)(s+1−t+α)
α , 2(s+α)

α

}
Table 5.1: Minimum distance bounds for LDPC codes from partial geometries

From Lemma 5.2.5 it follows that if µ is an eigenvalue of A with multiplicity f then
µ+(t+1) is an eigenvalue of NNT with multiplicity f , and so for N the incidence matrix
of a partial geometry, NNT has eigenvalues

(s + 1)(t + 1), s + t + 1 − α, 0 (5.7)

with multiplicities

1,
st(s + 1)(t + 1)
α(s + t + 1 − α)

,
s(s + 1 − α)(st + α)

α(s + t + 1 − α)
. (5.8)

Finally, we get an expression for the minimum distance:

Lemma 5.2.6 The minimum distance of a code from a partial geometry, pg(s, t, α), sat-

isfies

d ≥ max{(t + 1)(s + 1 − t + α)
α

,
2(s + α)

α
}.

Proof. With H, the parity-check matrix of an LDPC code, defined as the incidence
matrix of a partial geometry, pg(s, t, α), we have wr = t + 1, wc = s + 1, n = (t+1)(st+α)

α .
From Lemmas 5.2.4 and 5.2.5, HHT has a largest eigenvalue (s+1)(t+1) with multiplicity
1 and second largest eigenvalue s + t + 1− α. Substituting into equations (5.3) and (5.4)
the result follows. �

The minimum distance bounds for LDPC codes from each class are given in Table 5.1.
Vontobel and Tanner considered LDPC codes based on generalized quadrangles and the
minimum distance bounds in Table 5.1 for the generalized quadrangles were presented in
[118].

The minimum distance bounds from Lemma 5.2.6 are weak for the Steiner 2-designs,
nets and transversal designs; a better bound is provided by (5.2). However for the gen-
eralized quadrangle and proper partial geometry codes the bounds from Lemma 5.2.6
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significantly improve on the bound in (5.2) to give minimum distances up to twice the
column weight of H. As we saw in Chapter 4 increasing the LDPC code column weight
in order to increase the code minimum distance can have a detrimental effect on code
performance by increasing the code density, and so a minimum distance bound greater
than γ + 1 is beneficial.

5.2.2 Linearly dependent rows in H

The generalized quadrangles [118] are described by incidence matrices which are sig-
nificantly rank deficient and this may also be the case for other partial geometry designs.
Thus we seek expressions of the 2-rank of H for the partial geometry codes as a function
of the parameters of the partial geometry, not only to determine the rate of a given code
without needing to construct it, but also as a means to select those parameters which
lead to highly redundant parity-check matrices.

A simple upper bound on the 2-rank of a code is rank(H), the number of non-zero
eigenvalues of HHT , which we know for partial geometry designs (5.7) and so we can
upper bound the rank of H in terms of s, t and α:

rank2(H) ≤ st(s + 1)(t + 1)
α(t + s + 1 − α)

+ 1. (5.9)

Next, for a lower bound on the 2-rank of H we use results from Brouwer’s work on
the p-rank of the adjacency matrices of strongly regular graphs [15].

Lemma 5.2.7 [15] If A is the adjacency matrix of a strongly regular graph with eigen-

values k, r, u and multiplicities 1, f , g respectively, and the matrix M is defined as,

M = A + bJ + cI, for some b and c, then M has eigenvalues θ0 = k + bv + c, θ1 = r + c,

θ2 = u + c, with multiplicities 1, f , g respectively. Further,

B1. If precisely one eigenvalue θi of M is ≡ 0 mod p then rankp(M) = v − mi, where

mi is the multiplicity of that eigenvalue.

B2. For the case of two eigenvalues of M ≡ 0 mod p. If θ0 ≡ θ1 ≡ 0 mod p and θ2 �=
0 mod p then rankp(M) = g if p|e and rankp(M) = g + 1 otherwise. Similarly if

θ0 ≡ θ2 ≡ 0 mod p and θ1 �= 0 mod p then rankp(M) = f if p|e and rankp(M) = f+1

otherwise.

In the above, e := µ + b2v + 2bk + b(µ − λ), with λ = r + u + µ and µ = ru + k.
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For H the incidence matrix of a partial geometry we can define M = HHT = A+(t+
1)I, and thus k = s(t + 1), r = s−α, u = −(t + 1), θ0 = (s + 1)(t + 1), θ1 = s + t + 1−α,
θ2 = 0 and e = α(t + 1). Then Brouwer’s results show that if s + t + 1 − α ≡ 1 mod 2,
the 2-rank of HHT is

rank2(HHT ) =
st(s + 1)(t + 1)
α(s + t + 1 − α)

+ 1

when (s + 1)(t + 1) or (t + 1)α ≡ 1 mod 2, and

rank2(HHT ) =
st(s + 1)(t + 1)
α(s + t + 1 − α)

otherwise. As rank2(H) ≥ rank2(HHT ) we now have a lower bound on the 2-rank of H

for certain choices of s, t and α, i.e. if s + t + 1 − α ≡ 1 mod 2

rank2(H) ≥ st(s + 1)(t + 1)
α(s + t + 1 − α)

. (5.10)

For Steiner 2-designs we have α = s + 1 and the upper bound is full rank. For the
projective geometry designs and the oval designs exact expressions for rank have been
determined based on the geometric properties of these designs, see [60] and Section 4.4
respectively.

Using equation (5.10), we can see that the incidence matrix of a transversal design
has at least s linearly dependent rows, and exactly that many for t ≡ 0 mod 2, while for
any partial geometry design we can choose s, t and α to guarantee at least

s(s + 1 − α)(st + α)
α(s + t + 1 − α)

(5.11)

linearly dependent rows in the parity-check matrix. So all partial geometries with α < s+1
produce codes with linearly dependent rows in their parity-check matrix. Thus only the
codes from the Steiner 2-designs can be full 2-rank, although are not necessarily so.

Since we can bound the incidence matrix rank (5.9) we can bound the code dimension

k ≥ t +
st(t − α)(t + 1)
α(s + t + 1 − α)

,

and the code rate is thus lower bounded by

R ≥ st(t − α)(t + 1) + αt(s + t + 1 − α)
(s + t + 1 − α)(t + 1)(st + α)

.

5.3 Proper partial geometries

It would seem that the proper partial geometries are the class of partial geometries
which provide the most flexibility as they are characterized by three independent parame-
ters s, t, and α. In the context of LDPC codes this property translates to a flexible choice
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Class Conditions on 2-rank(H)

s, t, α

Steiner t odd st + s ≤ rank2(H) ≤ st + s + 1

2-designs otherwise rank2(H) ≤ st + s + 1

Nets s, t even rank2(H) = st + s + 1

s even, t odd st + s ≤ rank2(H) = st + s + 1

otherwise rank2(H) ≤ st + s + 1

Transversal t even rank2(H) = st + t + 1

designs otherwise rank2(H) ≤ st + t + 1

Generalized t even, s odd rank2(H) = st(s+1)(t+1)
s+t + 1

quadrangles s even , t odd st(s+1)(t+1)
s+t ≤ rank2(H) ≤ st(s+1)(t+1)

s+t + 1

otherwise rank2(H) ≤ st(s+1)(t+1)
s+t + 1

Proper partial s + t + 1 − α odd st(s+1)(t+1)
α(s+t+1−α) ≤ rank2(H) ≤ st(s+1)(t+1)

α(s+t+1−α) + 1

geometries s, t, α even rank2(H) = st(s+1)(t+1)
α(s+t+1−α) + 1

t even s, α odd rank2(H) = st(s+1)(t+1)
α(s+t+1−α) + 1

otherwise rank2(H) ≤ st(s+1)(t+1)
α(s+t+1−α) + 1

Table 5.2: Bounds on the 2-rank of the parity-check matrix of LDPC codes from

partial geometries

of the density and rank of H and the code length, minimum distance and rate. However,
there is unfortunately only a small subset of the possible partial geometry parameters
for which a partial geometry design is known to exist, and so our flexibility in choos-
ing code parameters is constrained by design availability. In this section we present the
known families of partial geometry designs and using one of these families demonstrate
that some very good LDPC codes can be constructed.

The known constructions for proper partial geometries are given in Table 5.3. We
present examples of the construction method for the first two classes in the table in the
Appendix A.2. Table 5.4 shows the parameters of some LDPC codes from proper partial
geometries.

5.3.1 Simulation results for proper partial geometry LDPC codes

In this section we compare the performance of LDPC codes from partial geometries
with that of randomly constructed codes on the AWGN channel using sum-product de-
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Construction Parameter choice (s, t, α) Reference

Thas 1 q = 2h, d = 2m, m < h ( q − d, q − q
d , q − q

d − d + 1 ) [107]

Thas 2 q = 2h, d = 2m, m < h (q − 1, (q + 1)(d − 1), d − 1) [107]

De Clerk et al. n ∈ Z (22n−1 − 1, 22n−1, 22n−2) [31]

Mathon q = 3m, m ∈ Z ( q − 1, 0.5(q2 − 1), 0.5(q − 1) ) [76]

sporadic S1 - (5,5,2) [113]

sporadic S2 - (4,17,2) [47]

Table 5.3: Known constructions for proper partial geometry designs

coding. The simulation setup, and random code construction is the same as is outlined
in Section 4.4.1.

Figs. 5.5–5.10 show the performance of LDPC codes derived from the proper partial
geometries pg(4,6,3), pg(6,4,3), pg(12,12,9), pg(8,14,7) and pg(24,28,21), compared to
that of randomly constructed LDPC codes with the same rate and length but with column
weight 3.

The [63, 35, 10] LDPC code from the pg(4,6,3) significantly outperforms the equiva-
lent length and rate random code due to its good minimum distance and many linearly
dependent rows, Fig. 5.1. The pg(4,6,3) code has a column weight of 5 and so will have
a slightly higher decoding complexity per iteration than the random code. However, as
seen in Fig. 5.2, this is somewhat mitigated by the faster convergence of the decoding
algorithm for the pg(4,6,3) code. The dual, pg(6,4,3) design, gives a [45, 17, 10] code.
Even though v is larger than b there are sufficiently many linearly dependent rows in the
incidence matrix of the geometry that the resulting code has a reasonable rate. The large
portion of linearly dependent rows in this code allows it to significantly outperform the
equivalent length and rate random LDPC code as shown in Figs. 5.3 and 5.4. For this
code the union bound is also shown, demonstrating that, as for the STS design, the alge-
braic structure of the partial geometry design does give a “better” code than the random
code, in terms of maximum likelihood decoding performance, but at the same time this
structure is carefully chosen to also give a better sum-product decoding performance.

The [221, 139,≥ 14] LDPC code from the pg(12,12,9) design significantly outperforms
the equivalent length and rate random code due to its good minimum distance, 14, and
many (139) linearly dependent rows. The pg(12,12,9) code has a column weight of 13 and
so will have a higher decoding complexity per iteration than the random code. However,
as seen in Fig. 5.6, this is again somewhat mitigated by the faster convergence of the
decoding algorithm for the pg(12,12,9) code.
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(s, t, α) v n # linearly [n, k, d] Source

dept. rows

(6,4,3) 63 45 35 [45, 17, 10] Thas 1

(4,6,3) 45 63 17 [63, 35, 10] Thas 1

(5,5,2) 81 81 ≥ 30 [81, 30 − 31,≥ 9] S1

(7,8,4) 120 135 ≥ 35 [135, 50 − 134,≥ 9] DeClerk et al.

(12,12,9) 221 221 139 [221, 139,≥ 14] Thas 1

(8,14,7) 153 255 71 [255, 173,≥ 10] Thas 1

(4,17,2) 175 630 ≥ 21 [630,≥ 476,≥ 6] S2

(24,28,21) 825 957 581 [957, 713,≥ 26] Thas 1

(16,30,15) 561 1023 ≥ 33 [1023,≥ 495,≥ 18] Thas 1

(26,27,18) 1080 1120 ≥ 260 [1120,≥ 300,≥ 28] [108]

(7,27,3) 512 1792 ≥ 70 [1792,≥ 1350,≥ 9] Thas 2

(31,32,16) 2016 2079 ≥ 651 [1120,≥ 714,≥ 33] DeClerk et al.

(8,40,4) 729 3321 72 − 73 [3321,≈ 2665,≥ 10] Mathon

(15,51,3) 4096 13312 ≥ 780 [13312,≥ 9996,≥ 17] Thas 2

Table 5.4: LDPC codes from proper partial geometries.

The [255, 173,≥ 10] LDPC code from the pg(8,14,7) also outperforms the equivalent
length and rate random LDPC codes. However for this code the minimum distance, 10,
and number of linearly dependent rows, 71, is slightly less and so the performance gain
is not as marked as for the pg(12,12,9) code. Also shown in Fig. 5.7 is the Euclidean
geometry code which is the same length and (roughly) the same rate as the pg(8,14,7)
code. We can see that the EG code slightly outperforms the pg(8,14,7) code. However
the EG code does have twice as many non zero entries in its parity-check matrix and
so its performance gain is accompanied by an increase in decoding complexity, Fig. 5.8.
Note that in this figure the EG and oval codes appear not to have as large an increase
in encoding complexity over the column weight 3 random code as would be expected
by their large column weight. This is due to a faster convergence for these codes and
hence a smaller average number of decoding iterations. If the number of floating point
computations was instead measured for some fixed number of iterations the complexity
would be linearly proportional to the column weight and a much larger difference in
decoding complexity would be apparent in the figures. At very low signal-to-noise ratios,
where the maximum number of iterations are used in most cases, the number of floating
point operations required are exactly proportional to the column weights, with the number
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of operations used to decode the EG code twice that required for the partial geometry
code and over five times that required for the random code.

Lastly, Figs. 5.9 and 5.10 show the performance of the [957, 713,≥ 26] LDPC code
from the pg(24,28,21) design. Due to the large column weight of this code a performance
gain is only realised over the randomly constructed column weight 3 codes for very high
signal-to-noise ratios. The increased density of H for the proper partial geometry code,
25/957 as compared to 3/957 for the random code, also gives a greater concentration of
short cycles in the code outweighing the positive effects of the extra linearly dependent
rows. Like the LDPC codes from Steiner 2-designs, the density of the LDPC parity-check
matrix dominates the performance of the partial geometry codes at low signal-to-noise
ratios with other properties such as minimum distance and girth playing a greater role as
the signal-to-noise ratio is increased.

We wish then to consider partial geometry codes with small column weights which still
involve linearly dependent rows in H. This leads us to focus on those partial geometries
with column weights of 3, for which there is an infinite class in the transversal designs
with s = 2.

5.4 Transversal designs

A transversal design is a partial geometry with α = s but like Steiner 2-designs they
are also defined independently. We present this definition and their construction before
deriving an alternative construction for transversal designs which are anti-Pasch.

A transversal design of order q, block size k, and index λ, denoted TDλ(k,q) is a triple
(V,G,B), where [3]

T1. V is a set of kq elements,

T2. G is a partition of V into k classes (called groups) each of size q,

T3. B is a collection of k-subsets of V (called blocks), and

T4. every unordered pair of elements from V is either contained in exactly one group,
or is contained in exactly λ blocks, but not both.

Lemma 5.4.1 The blocks of the transversal design TD1(k,q) are the blocks of a pg(r, k−
1, q − 1).

Proof. By definition the blocks of the TD are size s + 1 = k. Next a point P must
appear in a block with (k−1)q other points, the points it does not appear with in a group.
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There are k − 1 points in every block with P , none of which can appear in two blocks (or
P will appear in two blocks with the same point which is not allowed by T4), thus P is
incident in t + 1 = q blocks. It remains then to prove that each point not in a block B

is incident in s− 1 blocks incident with B. Consider a block B in the transversal design.
Firstly each point in B must come from a different group of the transversal design, if not
the two points from the same group will appear in both a group and a block together
and T4 will not hold. Now consider any point P of the transversal design not in B. The
point P will not appear in a block with the point of B in the same group as it (by T4)
but (again by T4) it must appear in a block with every other point in B. Each of these
blocks must be distinct or a pair of points will appear together in two blocks. Thus there
are s = k − 1 blocks containing P which are incident with B as required. �

The construction of transversal designs uses combinatorial structures called Latin
squares. Indeed the existence of a TD1(s+1, q), written TD(s+1, q), is equivalent to the
existence of s − 1 mutually orthogonal Latin squares (MOLS) of order q [3]. The exact
number of mutually orthogonal squares that exist for a given order q has not yet been
resolved, however constructions exist for s + 1 MOLS of order q, for q a prime power and
s + 1 ≤ q + 1 [11]. First let

GF (q) = {φ1, φ2, . . . , φq−1, φq},
and define q − 1 MOLS by the q × q matrices M1, . . . , Mq−1, taking the (i, j)th entry of
Ml to be

Ml(i, j) = φiφl + φj .

Then to construct a transversal design TD(s + 1, q) [3], take a set of s − 1 mutually
orthogonal squares of order q and construct a (s + 1) × q2 array O with one column for
each of the positions (i, j) in the Latin squares. The first two rows of O label positions
in the Latin squares, the first row giving the row number and the second the column
number. In the third row are placed the corresponding entries of the first Latin square
and so on, so that the lth row of O contains the entries of the (l− 2)th Latin square. The
result is that any two rows of O give in their vertical pairs, each ordered pair of points
exactly once. Now add (l − 1)q to each entry on the lth row of O and the columns of O

are the blocks of the transversal design.

Example 5.4.1 The TD(4,4) design requires two MOLS of order 4. With GF(4) =

{(0, 0), (1, 0), (0, 1), (1, 1)} written as GF(4) = {0, 1, 2,−∞}, these MOLS are:

M1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

−∞ 2 1 0

2 −∞ 0 1

1 0 −∞ 2

0 1 2 −∞

⎤
⎥⎥⎥⎥⎥⎥⎦ , M1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

2 −∞ 0 1

1 0 −∞ 2

−∞ 2 1 0

0 1 2 −∞

⎤
⎥⎥⎥⎥⎥⎥⎦ .
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Replacing the elements {0, 1, 2,−∞} with {1, 2, 3, 4} gives the Latin squares:

M1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

4 3 2 1

3 4 1 2

2 1 4 3

1 2 3 4

⎤
⎥⎥⎥⎥⎥⎥⎦ , M2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

3 4 1 2

2 1 4 3

4 3 2 1

1 2 3 4

⎤
⎥⎥⎥⎥⎥⎥⎦ .

The orthogonal array is then:

O =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

4 3 2 1 3 4 1 2 2 1 4 3 1 2 3 4

3 4 1 2 2 1 4 3 4 3 2 1 1 2 3 4

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

and the blocks of the transversal design are given by the columns of

TD =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4

5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8

12 11 10 9 11 12 9 10 10 9 12 11 9 10 11 12

15 16 13 14 14 13 16 15 16 15 14 13 13 14 15 16

⎤
⎥⎥⎥⎥⎥⎥⎦ .

From Section 5.2 we know that the LDPC codes with parity-check matrix the incidence
matrix of a transversal design TD(k, q) have at least s linearly dependent rows, point
graphs free of 4-cycles, and a minimum distance of at least s + 2. Thus the LDPC codes
derived from transversal designs, TD LDPC codes, have the following parameters:

Length: n = (t + 1)(st + s)/s = (t + 1)2

Number of parity bits: n − k ≤ (s+1)(st+1)−1
s

Rate: R ≥ t(t−s+1)
(t+1)2

Minimum distance: d ≥ s + 2
Row weight of the parity-check matrix: t + 1
Column weight of the parity-check matrix: s + 1
Density: s+1

(t+1)2

For the special case of the column weight three designs, s = 2, we present a modifica-
tion of the construction method in order to construct anti-Pasch transversal designs. In
Section 3.3.2 we developed the role of Pasch configurations in Steiner triple systems and
showed that by avoiding such configurations the minimum distance of the STS codes can
be increased from 4 to 6 and the minimum stopping set size increased to 5. The same is
true for the transversal designs.
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Lemma 5.4.2 Column weight 3 TD LDPC codes with no weight 4 codewords can be

constructed from TD designs without Pasch configurations. These codes have a minimum

distance of at least 6.

Proof. The proof follows the line of reasoning of Lemma 3.3.1. The set of 4-line
configurations which are possible in the blocks of a TD(3,q2) are those in Fig 3.5, the same
as for the STS designs. This is because the same factors are limiting the arrangement of
blocks in both STS and TD(3,q) designs: three points per block, and no pair of points
in more than one block together. Thus the only arrangement of 4 blocks in a transversal
design which will result in a weight 4 codeword are the blocks of a Pasch configuration.
Finally, five columns of an TD incidence matrix will contain 15 non-zero entries, and
there is no way to divide 15 entries amongst a set of points so that each contains an even
number. �

Before presenting this construction for transversal designs we outline how a Pasch
configuration can occur in a transversal design.

Lemma 5.4.3 A Pasch configuration will occur in a TD(3,q) constructed from a q × q

Latin square L, if and only if a pair of columns in L contains any pair of points (a, b) in

one row and the pair (b, a) in another.

Proof. The columns of the transversal design are divided into q subsets of q columns
such that each subset of q columns contain the same first point. Thus the columns of
a Pasch configuration, if one exists, must come one pair from each of two subsets, say
subsets i and j, so that two points in the set 1, 2, . . . , q both occur twice in the chosen
blocks. Next, the second point of each block occurs in the same order in each subset, that
is q + 1, q + 2, . . . , 2q and so we pick blocks from the same two positions in each subset,
say positions x and y so that two points in the set q + 1, q + 2, . . . , 2q both occur twice
in the chosen blocks. Thus if a Pasch configuration exits it will occur in the four blocks
corresponding to the ((i−1)q +x)th, ((i−1)q +y)th, ((j−1)q +x)th and ((j−1)q +y)th
blocks of the transversal design for any i, j, x, and y {∈ 1 · · · q}. Now for the four blocks
chosen above to be a Pasch configuration the final points in each block must contain the
same pair of points twice. Since the final row is made up of the entries of the Latin square
the four entries we are interested in are the elements in M which are the intersection of
the columns x and y with the rows i and j. Thus a Pasch configuration will occur if and
only if a pair of columns in the Latin square contains a pair of points (a, b) in one row
and the pair (b, a) in another. �

Example 5.4.2 The pairs (4,3) and (3,4) occur in the first two columns of the Latin
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square M1 of Example 5.4.1. Thus the transversal design constructed using M1:

TD =

⎡
⎢⎢⎢⎣

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4

5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8

12 11 10 9 11 12 9 10 10 9 12 11 9 10 11 12

⎤
⎥⎥⎥⎦

has a Pasch configuration consisting of the 1st, 2nd 5th and 6th blocks through the points

1, 2, 5, 6, 12, and 11.

Construction 5.4.1 For an anti-Pasch TD(3,q), q any positive integer, construct the

q × q Latin square L such that:

L(i, j) = j + i − 1 (mod q).

The orthogonal array is constructed as above with the first two rows of O labelling the

positions in the Latin square and the third row holding the corresponding entries of L.

Similarly, the transversal design is constructed from the orthogonal array by adding (l−1)q

to each entry on the lth row.

Lemma 5.4.4 Construction 5.4.1 produces transversal designs free of Pasch configura-

tions.

Proof. As each row of the Latin square produced by Construction 5.4.1 is a cyclic
shift of the first it is not possible for any pairs of points (a, b) and (b, a) to occur in the
same pair of columns and so by Lemma 5.4.3 the result follows. �

Example 5.4.3 The Latin square on 4 points produced by Construction 5.4.1 is

L =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 2 3 4

2 3 4 1

3 4 1 2

4 1 2 3

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

and so the TD(3,16) constructed with L,

TD =

⎡
⎢⎢⎢⎣

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4

5 6 7 8 5 6 7 8 5 6 7 8 5 6 7 8

9 10 11 12 10 11 12 9 11 12 9 10 12 9 10 11

⎤
⎥⎥⎥⎦ ,

is anti-Pasch.
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The lower bound on minimum distance for our new transversal designs is unfortunately
tight. To prove this we show that each transversal design contains a 6-line configuration
with all point degrees two. Such a configuration will give a weight 6 codeword in the code
as in Lemma 3.2.4.

Lemma 5.4.5 The transversal designs of Construction 5.4.1 with q ≥ 3 contain 6-line

configurations with all points of degree two.

Proof. The proof is by construction. To find a 6-line configuration in a TD(3,q) from
Construction 5.4.1 we take the columns 1, 2, q + 2, 2q, 2q + 1 and 3q. Since each set of q

columns contain the same first point, columns 1 and 2 both contain point 1, columns q+2
and 2q both contain point 2 and columns 2q + 1 and 3q both contain point 3. Secondly,
since each set of q columns contain the points q + 1 to 2q in that order, columns 1 and
q + 1 both contain the point q + 1, columns 2 and q + 2 both contain the point q + 2, and
columns 2q and 3q both contain the point 2q. Lastly, the third points in each column are
ordered from 2q +1, 2q +2, . . . 3q in the first set of q columns, from 2q +2, . . . 3q, 2q +1 in
the second set of q columns and so on. Thus columns 1 and 2q both contain point 2q +1,
columns 2 and 3q both contain point 2q + 2 and columns q + 2 and 2q + 1 both contain
the point 2q + 3. Thus in these six columns there are nine points, 1, 2, 3, q + 1, q + 2, 2q,
2q + 1, 2q + 2, and 2q + 3 each occurring twice. �

5.4.1 Simulation results for TD LDPC codes

In this section the performance of the TD LDPC codes on the AWGN channel, when
decoded using the sum-product decoding algorithm [71], are compared to that of randomly
generated codes of the same rate and length. The simulation setup, and random code
construction is the same as detailed in Section 4.4.1.

Figs. 5.11–5.12 show the performance of a (3, 16)-regular LDPC code from the transver-
sal design pg(2, 15, 2), compared with a randomly constructed code of the same rate and
length. Also shown is the same length EG code compared to an equivalent length and
rate random LDPC code. We can see that as for the EG LDPC code the TD LDPC code
offers a significant decoding performance improvement over the same rate random code,
but unlike the EG code, does this with a decrease rather than an increase in decoding
complexity over the random code. The TD LDPC code thus offers a significant error
correction improvement over an equivalent length random LDPC code without increasing
the decoding complexity and also offers a much higher rate algebraic LDPC code than
the existing EG and PG codes of the same length.

Figs. 5.13 and 5.14 show the performance of a regular LDPC code derived from the
pg(2, 24, 2) designs, compared with randomly constructed codes of the same rate and
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length. Figs. 5.15 and 5.16 show the performance of a regular LDPC code derived from
the pg(2, 36, 2) design, compared with randomly constructed codes of the same rate and
length. Finally, Figs. 5.17 and 5.18 show the performance of a regular LDPC code derived
from the pg(2, 47, 2) design, compared with randomly constructed codes of the same rate
and length. We see that with transversal designs we can achieve high rate codes which
significantly outperform randomly constructed LDPC codes and do this with a reduction
in decoding complexity.

5.5 Discussion

The partial geometries provide a generalization to a large class of algebraic codes
which contain many of the existing algebraic LDPC codes as special cases. The structure
of geometries allowed us to present lower bounds for the minimum distance, minimum
stopping set size and code rate and an expression for the exact number of the minimum
weight cycles in all of these codes. The examination of partial geometries was motivated
by the search for a wider range of algebraic LDPC codes and a greater amount of flexibility
in choosing the code properties. Since each pair of points is contained in at most one block
we can, by adjusting s, t and α, generate a much wider range of algebraic codes, provided
that a construction is known for the chosen design.

Overall the performance trends observed in the LDPC codes from Steiner 2-designs
are mirrored in the LDPC codes from partial geometries. Choosing partial geometry
designs with large column weight and many linearly dependent parity-check equations
results in excellent decoding performance for the smaller codes but for the larger codes
the increased density of H, with increasing column weight, hinders their performance in
channels with low signal-to-noise ratios.

Again, codes with column weight 3 represent the best performing codes over a wide
range of code lengths and in this chapter we have presented a construction for column
weight 3 codes which are both anti-Pasch and contain linearly dependent rows in H. In the
anti-Pasch transversal designs we achieve LDPC codes which are not only deterministic
but which significantly outperform the traditional randomly constructed LDPC codes of
the same rate and length and do this with a reduced decoding complexity.

Overall, by relaxing the intersection requirements of Steiner 2-designs, to our require-
ments that a pair of points occur in at most one line together, a whole new set of LDPC
codes have been constructed. However, although some very good LDPC codes have been
produced, the limited range of proper partial geometries available hampered our flexibil-
ity in choosing α and hence varying the code connectivity. In the following chapter we
increase our range of LDPC codes by relaxing even further the incidence requirements of
bits and checks in our code, while still requiring that it be regular and free of 4-cycles.
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Figure 5.1: The decoding performance of a length-63 proper partial geometry

code on an AWGN channel using sum-product decoding with a maximum of 10

iterations.
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Figure 5.2: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 10 iterations.
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Figure 5.3: The decoding performance of a length 45 proper partial geometry

code on an AWGN channel using sum-product decoding with a maximum of 10

iterations. Also shown is the union bound for both codes
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decode a codeword for iteratively decoded low-density parity-check codes on an
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Figure 5.5: The decoding performance of a length-221 proper partial geometry

code on an AWGN channel using sum-product decoding with a maximum of 200

iterations.
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Figure 5.6: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 200 iterations.
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Figure 5.7: The decoding performance of length-255 proper partial geometry

and EG codes on an AWGN channel using sum-product decoding with a maximum

of 200 iterations.
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decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 200 iterations.
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Figure 5.9: The decoding performance of a length-957 proper partial geometry

code on an AWGN channel using sum-product decoding with a maximum of 1000

iterations.
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Figure 5.10: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 1000 iterations.
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Figure 5.11: The decoding performance of length-256 LDPC codes on an AWGN

channel using sum-product decoding with a maximum of 200 iterations.
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Figure 5.12: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 200 iterations.
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Figure 5.13: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 200 iterations
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Figure 5.14: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 200 iterations.
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Figure 5.15: The decoding performance of length-1369 LDPC codes on an

AWGN channel using sum-product decoding with a maximum of 1000 iterations
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Figure 5.16: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 1000 iterations.
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Figure 5.17: The decoding performance of length-2209 LDPC codes on an

AWGN channel using sum-product decoding with a maximum of 1000 iterations
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Figure 5.18: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 1000 iterations.



6

Code design using resolvability

In this chapter resolvable designs are employed to create LDPC codes with the pa-
rameter flexibility and decoding performance of the randomly constructed codes. By
employing resolvability we can greatly extend the class of low-density parity-check
codes that can be algebraically constructed. The resulting codes are (3, ρ)-regular or
(4, ρ)-regular with Tanner graphs free of 4-cycles, for any value of ρ and for a flexible
choice of code lengths. Further, cyclically resolvable cyclic Steiner 2-designs can be
used to construct LDPC codes with simple encoding circuits.

6.1 Introduction

Our aim in this chapter is to design LDPC codes with the performance and flexibility
of pseudo-random constructions, such as those of Gallager and MacKay and Neal, but
with deterministic properties and construction. We saw in Chapters 3, 4 and 5 that
Steiner 2-designs and partial geometries yield good LDPC codes which are regular and
free of 4-cycles. However, the codes from these designs are high rate and there are only
a limited range of code parameters for which they are available.

In particular, the LDPC codes from combinatorial designs with column weight 3, the
Steiner triple systems and transversal designs, perform very well with iterative decoding.
However for the STS LDPC codes (3.3)

n =
v(v − 1)

6
, and R ≥ 1 − 6

(v − 1)
,

while for the transversal designs

n = (t + 1)2, and R ≥ 1 − 3(t + 1) − 2
(t + 1)2

.

So as larger STS and TD designs are used the codes quickly become high rate. For STS
LDPC codes longer than 150 the rate is already at least 0.8 (see Fig. 3.3).

A simplistic approach to obtaining a lower rate code is to choose a design with more
blocks than the required code length and then to remove some columns of N . For each
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pair of points in the omitted column the corresponding incidence is now zero and the
matrix thus formed is no longer the incidence matrix of a 2-design. However, 4-cycles
will still be avoided in the Tanner graph of the resulting code as removing columns (bit
nodes) can not add cycles. Unfortunately, randomly removing columns from N results
in a parity-check matrix with variable row weights, and can lead to rows with all entries
zero, which is exactly the problem of the random constructions that we are trying to
avoid. To retain regular codes we would like to be able to remove a group of columns of
N in such a way that we reduce by one the weight of every row in the matrix. For this
we propose in this chapter the use of designs which have the property of resolvability.

The concept of resolvability was introduced by Rev. Kirkman when he posed and
solved the following problem:

Fifteen young ladies in a school walk out three abreast for seven days in succession: it
is required to arrange them daily, so that no two shall walk twice abreast.

—Rev. T.P. Kirkman, Lady’s and Gentleman’s Diary, 1847.

If we think of girls as points and each column of three girls as a block, the solution
to Kirkman’s problem is a 2-(15, 3, 1) design. There are v = 15 girls, γ = 3 girls in
each column, each pair of girls must appear together in a column once (λ = 1), each girl
appears in r = 7 columns, one for each day of the week, and there are b = 35 columns of
girls, five on each day of the week.

The extra property required of the solution to Kirkman’s problem, which is not guar-
anteed by the structure of a Steiner triple system, is that every set of five blocks that
constitute a resolution class must contain each point exactly once, since each girl must
appear in precisely one of the columns each day. A design with this property is resolvable.
Fig. 6.1 shows the arrangement of Kirkman’s schoolgirls for four of the days of the week.

More formally, a design is resolvable if the blocks of the design can be arranged into
r groups, called resolution classes, such that the v/γ blocks of each resolution class are
disjoint, and each class contains every point precisely once. Steiner triple systems which
are resolvable are called Kirkman triple systems (KTS).

Kirkman’s problem for 15 schoolgirls can be asked of other numbers of v girls, where v

is the number of points in a Steiner triple system. However, for the design to be resolvable
there must be r groups of v/3 blocks, since there are v/3 blocks in each of r resolution
classes, and so v must satisfy

v ≡ 0 (mod 3).
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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Figure 6.1: Part of the incident matrix of a Kirkman triple system on 15 points.

For clarity only four of the seven resolution classes are shown.

We saw in Chapter 3 that if a 2-(v, 3, 1) design exists then v must satisfy

v ≡ 1, 3 (mod 6).

Thus Kirkman triple systems on v points, KTS(v), are restricted to

v ≡ 3 (mod 6).

It wasn’t until 1967 however that Ray-Chaudhuri and Wilson [84] showed this neces-
sary condition is also sufficient so that Kirkman triple systems exist for any number of
points v ≡ 3 (mod 6).

Resolvable designs provide the solution to our problem of lower rate, regular LDPC
codes. As in the previous chapters we define the parity-check matrix of an LDPC code
by the incidence matrix of a design. The number of blocks in the incidence matrix of
a resolvable design, and hence the code length, can be reduced by v/γ blocks at a time
while maintaining code regularity by simply removing all of the blocks in a resolution
class together.

The following section presents LDPC codes from KTS designs before we focus on
particular strategies for linear time encodable (3,r)-regular LDPC codes from carefully
chosen KTS designs in Section 6.3. Resolvability is not a property unique to Kirkman
triple systems and a number of other families of resolvable Steiner 2-designs can be con-
structed. We look in particular at resolvable 2-(v,4,1) designs and resolvable oval designs
in Section 6.4. We also demonstrate that many of the transversal designs we constructed
in Construction 5.4.1 are resolvable and so produce good (3,r)-regular LDPC codes with
linearly dependent parity-checks.
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6.2 LDPC codes from Kirkman triple systems

The properties of the codes from KTS designs depend on the particular construction
used and so we present in the Appendix A.3 two construction methods for KTS designs.
KTS designs are constructed using mixed difference systems, which were introduced in
Definition 2.2.2. Briefly, the translates of all s of the k-subsets of a mixed difference
system, with λ = 1, on point set H = G ×Zt (|G| = v), form the blocks of a resolvable
2-(tv, sv, sk/t, k, 1) design [3].

Like the LDPC codes from STS designs, the incidence matrix of the KTS design is
used to construct the parity-check matrix of the KTS code. The difference is that only a
fraction of the columns in the incidence matrix are used to define H. As the KTS designs
are a special case of the STS designs the results derived for STS designs hold for them
also, and the KTS LDPC codes that retain all of the resolution classes have the same
(construction independent) properties as all other STS LDPC codes. However retaining
only a subset of the resolution classes of the design can change the minimum distance,
girth and rank properties of the code.

We will denote by KTS(v, ρ) an LDPC code constructed using the blocks of ρ reso-
lution classes of a KTS design on v points. The number of resolution classes used in the
parity-check matrix, ρ ∈ {4, 5, . . . , (v−1)/2}, determines the row weight of H, which is ρ,
the code length n = ρv

3 , and the rate, R ≈ ρ−3
ρ . For example, the entire incidence matrix

of the KTS design in Example A.3.2 provides the parity check matrix for a [35, 21, 4]
LDPC code, while if just the first four resolution classes, shown in Fig. 6.1, are used for
H the code has parameters [20, 6, 6].

Alternatively, for a given code rate R ≈ ρ−3
ρ , for ρ any integer, KTS LDPC codes

exist for any block length n ≡ 3
1−R (mod 6

1−R). Fig. 6.2 shows the available KTS LDPC
codes up to lengths 1000. A large range of regular LDPC codes are made available by
employing the resolution classes of KTS designs.

The number of non-zero entries in the parity-check matrix of a KTS code is 3n and
so increases only linearly with n. The density of the parity-check matrix is thus inversely
proportional to v, and independent of the choice of ρ:

density(H) =
3
v
.

The exact number of 6-cycles in the Tanner graph of a code from the complete KTS
design is exactly the same as any other STS(v). Removing columns can not add cycles
and so the KTS codes are 4-cycle free. The number of 6-cycles in the KTS codes taking
a subset of the blocks of the KTS design is upper bounded by (3.4):

N6(KTS(v, ρ)) ≤ v(v − 1)(v − 3)
6

. (6.1)
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Figure 6.2: Rates and lengths of LDPC codes from Kirkman triple systems

For the KTS designs presented in the Appendix, we observe that Construction A.3.1
produces designs with full rank incidence matrices, while Construction A.3.2 produces
designs with one linearly dependent row in their incidence matrix, corresponding to the
point at ∞. This row will remain linearly dependent in the KTS codes regardless of the
selection of resolution classes. For all v ≤ 500 corresponding to prime q, full rank (Con-
struction A.3.1) and rank v − 1 (Construction A.3.2) codes have easily been constructed
for any length greater than v. In fact the majority of possible selections of resolution
classes produce codes of the maximum rank.

6.2.1 The minimum distance of KTS LDPC codes

The properties of Kirkman triple systems ensure that all columns in the parity-check
matrix have weight 3, and that no two columns share more than one point. Thus each
bit in the code is checked by γ orthogonal parity-check equations, and d ≥ 4 for the KTS
codes. As removing columns from a code can not decrease the number of parity-check
equations orthogonal on each bit the minimum distance of the KTS codes with resolution
classes removed is lower bounded by the minimum distance of the KTS codes with all
resolution classes retained.

As for the STS codes, to obtain codes with minimum distance at least 6, we need to
establish the existence of Kirkman triple systems which are also anti-Pasch. Fortuitously,
very recent constructions have been found for anti-Pasch KTS with v ≡ 9 (mod 18) [21].
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When using KTS designs which are not anti-Pasch an option is to discard those
resolution classes that involve a Pasch configuration when selecting resolution classes of
the design to construct a KTS-LDPC code. For example, a rate-1

2 anti-Pasch LDPC code
can be constructed from the KTS(21) in (A.3.1), by selecting the 1st, 2nd, 3rd, 4th, 8th
and 9th resolution classes.

The upper bound on minimum distance of 10 for STS codes [72] does not apply to
KTS codes with resolution classes removed as removing resolution classes will decrease
the number of mitre and near codeword configurations.1 Since the choice of resolution
classes is not systematic a tight bound on minimum distance can not be derived. However,
we have found that in general a successful method is to choose resolution classes which
maximize Tanner’s minimum distance bound [104].

6.2.2 The decoding performance of KTS LDPC codes

In this section the decoding performance of the KTS LDPC codes is compared with
that of randomly constructed codes. The simulation setup, and random code construction
is the same as detailed in Section 4.4.1. The density of the parity-check matrix is the
same for both the KTS and random LDPC codes and so the number of operations per
iteration for each code is equal. Thus the decoding complexity of the KTS and random
LDPC codes is similar.

Fig. 6.10 shows the performance of rate-1
2 KTS and randomly generated LDPC codes.

The KTS codes are (3, 6)-regular and the randomly generated LDPC codes have average
row weights of 6, and constant column weight 3. Fig. 6.11 shows the performance of
rate-2

3 KTS and randomly generated LDPC codes. The KTS codes are (3, 9)-regular and
the randomly generated LDPC codes have row weights between 7 and 12, and constant
column weight 3. Finally, Fig. 6.12 and Fig. 6.13 show the performance of rate≈0.8 and
rate≈0.9 KTS and randomly constructed LDPC codes. The KTS codes are compared
to randomly generated codes which have the same rate, codeword length and an equal
number of non-zero entries in H.

The KTS LDPC codes perform as well as the randomly generated LDPC codes and
can significantly outperform them for shorter code lengths where it is difficult to randomly
construct LDPC codes without 4-cycles. When compared to random codes we see that
KTS codes have met our aim (at least for small n) of constructing algebraic codes with
the parameter flexibility and decoding performance of randomly constructed codes.

1The relationship between these configurations and the code minimum distance is discussed in Sec-

tion 3.3.2.
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6.2.3 The implementation complexity of KTS LDPC codes

Due to the deterministic construction of resolution classes, the storage requirements
necessary to completely describe the KTS codes are reduced. For a KTS code only
the sets of the difference system are required (the translates can be constructed on-
line), whereas for a random code the entire parity-check matrix must be stored. For a
code from Construction A.3.1 this requires (v − 3)/6 sets of size 3 to be stored while
codes from Construction A.3.2 require v/3 sets of size 3 to be stored. If storage is a
significant issue it is possible to specify only the required m and primitive element θ

(see constructions A.3.1 and A.3.2) and the entire code can be constructed on-line with
some modest computational expense. Alternatively, where the hard-wiring of the codes
Tanner graph is employed, as in [9], the regularity of the KTS codes translates directly
into regularity in the layout of an integrated circuit.

The resolution classes of the KTS codes also offer a significant degree of flexibility
when it comes to selecting code lengths and rates on-line. Once the sets of the difference
family are stored, longer (and higher rate) codes can be achieved simply by adding another
translate to the code which increases the number of message bits without changing the
number of parity bits. The only information that needs to be communicated to completely
specify the code in use is which resolution classes are employed.

The generator matrix of an LDPC code is typically constructed by applying Gaussian
elimination to transform the parity-check matrix into upper triangular form and using
back substitution to construct G. However, the new matrix is no longer sparse and the
computational complexity is O(n2). If the parity-check matrix can be put into (near)
upper-triangular form using just row and column swaps the matrix will still be sparse
and (near-) linear encoding is possible [89]. The procedure for placing H into near upper
triangular form in [89] is to randomly remove columns of H to be considered as belonging
to message bits with the hope that enough of rows in the remaining sub-matrix have
weight 1. Row and column permutations can be used to place those weight-1 rows in
upper triangular form, the columns through the weight-1 rows are next removed from
consideration, and the process is repeated with the remaining sub-matrix until no more
weight one rows can be found [89].

For the KTS LDPC codes we observe that a gap of 3 can be obtained by randomly
selecting n−v+3 columns to be designated known. In all the KTS designs from Construc-
tions A.3.1 and A.3.2 with v ≤ 57 we have been able to produce a near upper triangular
generator matrix with a gap of three. However we can not guarantee this for larger v.
Instead we consider the automorphism classes of the KTS designs as a means of simple
encoding in the following section.
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6.3 Codes from cyclically resolvable cyclic designs

An automorphism of an STS design with point set P and block set B is a bijection
α : P → P such that:

B = {x, y, z} ∈ B ⇐⇒ Bα = {xα, yα, zα} ∈ B.

Thus α maps points to points such that the block set is retained.

Example 6.3.1 The STS(9)

B = {[1, 2, 3], [1, 4, 7], [1, 5, 9], [1, 6, 8], [4, 5, 6], [2, 5, 8],

[2, 6, 7], [2, 4, 9], [7, 8, 9], [3, 6, 9], [3, 4, 8], [3, 5, 7]},

has an automorphism

α = (123)(456)(789).

An STS(v) is cyclic if it has an automorphism that is a permutation consisting of a single

cycle of length v.

Example 6.3.2 The STS(7)

B = [1, 2, 4], [2, 3, 5], [3, 4, 6], [4, 5, 7], [5, 6, 1], [6, 7, 2], [7, 1, 3],

is cyclic with an automorphism

α = (1234567).

For a cyclic Steiner 2-design the set of points can be identified with Zv, the set of
integers {0, 1, 2, · · · , v − 1} modulo v. For a block B = {P1, P2, P3}, in a cyclic STS
design the block orbit containing B is defined by the set of distinct blocks

B + i = {P1 + i, P2 + i, P3 + i} (mod v)

for i ∈ Zv. If a block orbit has v blocks it is called full otherwise it is short. A cyclic
STS(v) with v ≡ 1 mod 6 has only full orbits while a cyclic STS(v) with v ≡ 3 mod 6 has
one short orbit.

If a resolvable design has a non-trivial automorphism of order v which preserves the
resolution then it is cyclically resolvable. An STS which is cyclic with respect to an auto-
morphism σ and which is also cyclically resolvable with respect to the same automorphism
is called a cyclically resolvable cyclic Steiner triple system [44]. As KTS designs require
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{1,4,16} {8,11,2} {15,18,9} {19,20,3} {5,6,10} {12,13,17} {0,7,14}
{2,5,17} {9,12,13} {16,19,10} {20,0,4} {6,7,11} {13,14,18} {1,8,15}
{3,6,18} {10,13,4} {17,20,11} {0,1,5} {7,8,12} {14,15,19} {2,9,16}
{4,7,19} {11,14,5} {18,0,12} {1,2,6} {8,9,13} {15,16,20} {3,10,17}
{5,8,20} {12,15,6} {19,1,13} {2,3,7} {9,10,14} {16,17,0} {4,11,18}
{6,9,0} {13,16,7} {20,2,14} {3,4,8} {10,11,15} {17,18,1} {5,12,19}
{7,10,1} {14,17,8} {0,3,15} {4,5,9} {11,12,16} {18,19,2} {6,13,20}
{1,11,9} {4,14,12} {7,17,15} {10,20,18} {13,2,0} {16,5,3} {19,8,6}
{2,12,10} {5,15,13} {8,18,16} {11,0,19} {14,3,1} {17,6,4} {20,9,7}
{3,13,11} {6,16,14} {9,19,17} {12,1,20} {15,4,2} {18,7,5} {0,10,8}

Figure 6.3: The cyclically resolvable cyclic Steiner triple system on 21 points

given in [44, 79].

v = 3 (mod 6) the cyclically resolvable cyclic Steiner triple systems all have a short orbit
of length v/3 containing the block [44]{

0,
v

3
,
2v

3

}
.

In [79] cyclically resolvable cyclic Steiner triple systems, or CRCB(v,3,1) designs, are
classified into three types, depending on the position of the short orbit. In type T1 the
short orbit is also a resolution class. In type T2 and T3 the blocks in the short orbit
belong to separate resolution classes. The difference between the type T2 and T3 designs
is the relationship between the resolution classes and block orbits. In the type T2 designs
each resolution class not containing the short orbit is fully contained in one of the other
orbits, whereas in type T3 designs the resolution classes not containing the short orbit
have their blocks spread over different orbits. In the terminology of designs the three types
are differentiated by the structure remaining when the regular short orbit is removed. The
type T1 designs result in a cyclically resolvable group divisible design when the blocks of
the short orbit is removed, the type T2 designs become cyclic semiframes and the type
T3 designs reduce to cyclic quasiframes [79].

If a CRCB(3p, 3, 1) of type T2 exists then [79]

p ≡ 1 (mod 6).

Example 6.3.3 Fig 6.3 shows the blocks of a type T2 CRCB(21,3,1) design. Each row

of the figure is a resolution class, and a border surrounds the blocks in the same cyclic

orbit.

There can be more than one cyclically resolvable cyclic triple system on v points. For
example there are two CRCB(21,3,1) designs and 528 CRCB(39,3,1) designs [64]. In this
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thesis the designs given in [79] are employed to construct cyclically resolvable KTS LDPC
codes.

6.3.1 Encoding LDPC codes from cyclically resolvable cyclic designs

The cyclic invariance of the LDPC codes from cyclically resolvable cyclic triple sys-
tem can be used to provide simpler encoding, in a similar manner to quasi-cyclic error
correction codes.

Suppose we have a quasi-cyclic code of the form in [55]:

H = [A1, A2, . . . , Al], (6.2)

where A1, . . . , Al are binary v × v circulant matrices. Then provided that one of the
circulant matrices is invertible (say Al) the parity-check matrix for this code can be
constructed in systematic form by multiplying through by A−1

l .

Hs = [A−1
l A1, A

−1
l A2, . . . , A

−1
l Al], (6.3)

The final circulant is thus the identity Iv, and so Hs is in systematic form, and a generator
matrix G can be easily constructed:

G =

⎡
⎢⎢⎢⎢⎣

(A−1
l A1)T

Iv(l−1) (A−1
l A2)T

(A−1
l Al−1)T

⎤
⎥⎥⎥⎥⎦ , (6.4)

The result is a quasi-cyclic code of length vl and dimension v(l−1). Linear-time encoding
can be achieved using (l − 1) v-stage shift registers in much the same way as for cyclic
codes but with separate length v shift registers for each circulant in G.

The algebra of (v × v) binary circulant matrices is isomorphic to the algebra of poly-
nomials modulo xv − 1 over GF(2) [55]. A circulant matrix A is completely characterized
by the polynomial a(x) = a0+a1x+ · · · av−1x

v−1 with coefficients from its first row, and a
code C of the form (6.2) is completely characterized by the polynomials a1(x), . . . , al(x).
Polynomial transpose is defined as

a(x)T =
n−1∑
i=0

aix
n−i (xn = 1).

For a binary code, length n = vl and dimension k = v(l − 1), the k bit message
[i0, i1, . . . , ik−1] is described by the polynomial i(x) = i0 + i1x + · · · + ik−1x

k−1 and the
codeword for this message is c(x) = [i(x), p(x)], where p(x) is given by

p(x) =
l−1∑
j=1

ij(x) ∗ (a−1
l (x) ∗ aj(x))T , (6.5)
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{ 0, 9,18} { 1,10,19} { 2,11,20} { 3,12,21} { 4,13,22} { 5,14,23} { 6,15,24} { 7,16,25} { 8,17,26}
{ 0, 3,16} { 9,12,25} {18,21, 7} { 2, 8, 6} {11,17,15} {20,26,24} { 1,13,23} {10,22, 5} {19, 4,14}
{ 1, 4,17} {10,13,26} {19,22, 8} { 3, 9, 7} {12,18,16} {21, 0,25} { 2,14,24} {11,23, 6} {20, 5,15}

...
...

...
...

...
...

...
...

...

{ 1, 8, 9} { 4,11,12} { 7,14,15} {10,17,18} {13,20,21} {16,23,24} {19,26, 0} {22, 2, 3} {25, 5, 6}
{ 2, 9,10} { 5,12,13} { 8,15,16} {11,18,19} {14,21,22} {17,24,25} {20, 0, 1} {23, 3, 4} {26, 6, 7}
{ 3,10,11} { 6,13,14} { 9,16,17} {12,19,20} {15,22,23} {18,25,26} {21, 1, 2} {24, 4, 5} {27, 7, 8}

Figure 6.4: The cyclically resolvable cyclic Steiner triple system on 27 points

given in [79].

ij(x) is the polynomial representation of the information bits iv(j−1) to ivj−1,

ij(x) = iv(j−1) + iv(j−1)+1x + · · · + ivj−1x
v−1

and polynomial multiplication (∗) is modulo xv − 1.

While the LDPC codes from the cyclically resolvable cyclic Steiner triple systems are
not quasi-cyclic they can be similarly encoded. For example, the type T1 CRCB design
on 27 points in Fig. 6.4 has four full orbits with base blocks

{0, 3, 16}, {2, 8, 6}, {1, 13, 23}, {1, 8, 9},

and one short orbit

{0, 9, 18}.
For this code we have a 27 × 90 parity-check matrix

H = [A′
s, A1, A2, A3, A4].

H consists of four circulants

a1(x) = 1 + x3 + x16,

a2(x) = x2 + x6 + x8,

a3(x) = x + x8 + x9,

a4(x) = x + x13 + x23.

and the matrix A′
s which is the blocks of the short orbit. The matrix A′

s can be thought
of as a the first 9 columns of the circulant As:

as(x) = 1 + x9 + x18.

The polynomial a4(x) is invertible with inverse given by,

a−1
4 (x) = x + x4 + x5 + x6 + x7 + x9 + x12 + x13 + x15 + x17 + x20 + x21 + x23 + x24 + x25,
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and so the parity-check matrix can be put into systematic form

Hs = [A−1
4 A′

s, A
−1
4 A1, A

−1
4 A2, A

−1
4 A3, I27].

where A−1
4 A′

s is a 27 × 9 matrix which is the first 9 columns of the matrix A−1
4 As. We

thus have,

a−1
4 (x)as(x) = 1 + x + x3 + x7 + x8 + x9 + x10 + x12 + x16 + x17 + x18 + x19 + x21

+x25 + x26,

a−1
4 (x)a1(x) = 1 + x + x4 + x5 + x7 + x9 + x11 + x13 + x15 + x18 + x19 + x22 + x23

+x25 + x26,

a−1
4 (x)a2(x) = x4 + x5 + x7 + x9 + x12 + x17 + x19

+x22 + x26,

a−1
4 (x)a3(x) = x4 + x6 + x7 + x10 + x13 + x14 + x15 + x18 + x19 + x21 + x22 + x23

+x24 + x25 + x26.

The generator matrix for this code is:

G =

⎡
⎢⎢⎢⎢⎣

(A−1
4 A′

s)
T

I90 (A−1
4 A1)T

(A−1
4 A2)T

(A−1
4 A3)T

⎤
⎥⎥⎥⎥⎦ .

Using G in this form our code can be encoded using shift registers similarly to a quasi-
cyclic code. Figure 6.5 shows an encoding circuit for this code. For the portion A−1

4 A′
s of

G only the first 9 registers in the shift register circuit are loaded with message bits, the
remainder are initialized with zeros.

Note that although we use Hs to construct G we will use the original matrix, H to
do our decoding. Both H and Hs are valid parity-check matrices for our code however H

has the properties required for sum-product decoding.

When we choose a subset of the resolution classes of the cyclically resolvable cyclic
Steiner triple system to construct our code the process is similar. For example, we take the
LDPC code with the resolution class corresponding to the last row of Fig. 6.4 discarded.
The parity-check matrix is regular and free of 4-cycles as required. The only difference to
the full code is that the circulant A3 is replaced with the matrix A′

3 which is the circulant
A3 with every third column removed.

H = [A′
s, A1, A2, A

′
3, A4].

Again H can be put into systematic form

Hs = [A−1
4 A′

s, A
−1
4 A1, A

−1
4 A2, A

−1
4 A′

3, I27],
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i36
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Figure 6.5: Encoding circuit for the n = 117, k = 90 LDPC code from the

cyclically resolvable cyclic Steiner triple system on 27 points.
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with generator matrix

G =

⎡
⎢⎢⎢⎢⎣

(A−1
4 A′

s)
T

I81 (A−1
4 A1)T

(A−1
4 A2)T

(A−1
4 A′

3)
T

⎤
⎥⎥⎥⎥⎦ .

Of the KTS LDPC codes simulated in Section 6.2.2 the rate-1/2 length 258, rate-1/3
length 90, both rate-0.8, and the rate-0.9 length 567 KTS LDPC codes are from cyclically
resolvable cyclic Steiner triple systems. The CRCB(v,3,1) designs we have used are all
from [79, Table 4.1].

There are many algebraic codes, such as the KTS LDPC codes of Constructions A.3.1
and A.3.2, with structure which are not cyclic. An option is to use the transform tech-
niques of Tanner for group invariant codes which produce similar benefits as using the shift
invariance of cyclic codes [101]. The structure of the KTS codes of Constructions A.3.1
and A.3.2 are reminiscent of that of quasi-cyclic codes. In a KTS code v/3 translates
of a column of length v form one resolution class a number of which are concatenated
together to form H, so that the number of code bits is thus a multiple of v/3. The
translate operation in this case is slightly different from a cyclic shift as each group of
v/3 points in the column are shifted modulo v/3. This is similar to the single parity
orbit multiplicative-additive group invariant codes considered by Tanner in his work [101,
Section VII] with the difference that the bit orbits have size v/3 instead of v. However,
the condition that the bit orbits have size v can be relaxed as a subgroup of the additive
cyclic group exists that leaves the bit nodes in that orbit fixed [101, p. 763]. This group
can be factored out to leave a factor subgroup that generates the orbit. Where cyclically
resolvable cyclic KTS designs do not exist with the parameters required, employing the
KTS group invariance may be the best way to encode the KTS LDPC codes.

Alternatively, in the same way that resolution classes of a resolvable design can be
selected to construct a regular LDPC code so too can the cyclic orbits of a cyclic STS
design which is not resolvable. In this case the code would be quasi-cyclic with H com-
pletely described by circulants. Cyclic STS designs exist for all v ≡ 1, 3 (mod 6) except
v = 9, with blocks the translates of a difference system in Zv [3, Section 8.3]. Using a
subsets of the blocks in the difference system to construct LDPC codes blocks must be
removed v at a time which allows for codes of any rate

R = (l − 1)/l, l ∈ {2, 3, . . . , (v − 1)/6}.

Quasi-cyclic codes from these designs are discussed in more detail in the following Chapter.
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6.4 Resolvability and other designs

Kirkman triple systems are not the only combinaotrial designs which are resolvable,
and resolvable 2-(v, 4, 1), oval and transversal designs can also be constructed. We con-
sider codes from these designs in this section.

Concurrently with our presentation of resolution classes of Steiner 2-designs [53] Kou
et al. considered the uses of resolution classes, which they called “bundles”, for Euclidean
geometry codes [67, 99]. The principal for EG codes is slightly different however as in that
case codes defined by setting H = NT are considered. Thus removing resolution classes
removes parity-checks while retaining the code length and so reduces both the number
of linearly dependent rows and the column weight and so the code density and minimum
distance is decreased.

6.4.1 LDPC codes from Kirkman quadruple systems

We saw in the previous chapter that although in general for full rank parity-check
matrices, better LDPC codes are obtained when the column weight is 3 the exception is for
very high rate codes where column weight 4 codes perform well also. Thus we consider next
resolvable Steiner 2-(v, 4, 1) designs which we call Kirkman quadruple systems (KQS).2

If a 2-(v, 4, 1) design exists then v ≡ 1, 4 (mod 12). For resolvability there must be r

groups of v/γ blocks and so it is also required that v ≡ 0 (mod 4). Thus KQS(v) designs
can only exist for v ≡ 4 (mod 12) and in fact are proven to exist for all v ≡ 4 (mod 12)
[49].

KQS designs can be constructed similarly to KTS designs. For example, let q = 4m+1
be a prime power and θ a primitive element of GF(q). The sets

A = {01, 02, 03,∞}

Bi,j = {θi
j , θ

i+2m
j , θi+m

j+1 θi+3m
j+1 }

for 0 ≤ i ≤ m − 1 and 1 ≤ j ≤ 3 (mod 3) form a mixed difference system which yields a
resolvable (3q + 1,4,1) design [3].

Like the KTS LDPC codes the LDPC codes from KQS designs benefit from a deter-
ministic construction and so the storage requirements necessary to completely describe
the code are reduced. For a KQS code only the v/4 sets of the difference system need to
be stored, the translates can be constructed on-line. Alternatively it is possible to spec-

2Note that the KQS designs are not resolvable Steiner quadruple systems as (confusingly) Steiner

quadruple systems is the name given to a set of weight 4 blocks with the property that any 3-subset of

the point set is contained in a unique block, which is not a 2-(v,4,1) design
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⎡
⎢⎢⎢⎢⎢⎢⎣

1 . . 1 . . . . 1 . 1 . 1 . .
. . 1 . . 1 . . 1 . . 1 . . 1
. 1 . 1 . . 1 . . . . 1 . 1 .
. . 1 . 1 . . 1 . . 1 . . 1 .
. 1 . . . 1 . 1 . 1 . . 1 . .
1 . . . 1 . 1 . . 1 . . . . 1

⎤
⎥⎥⎥⎥⎥⎥⎦

Figure 6.6: Incidence matrix of a resolvable oval design on 6 points.

ify only the required m and primitive element θ and the entire code can be constructed
on-line with some expenditure in terms of computational complexity.

As for the KTS codes the resolution classes of the KQS codes also offer a significant
degree of flexibility when it comes to selecting code lengths and rates on-line. Once the
first set of the difference family are stored, longer higher rate codes can be achieved simply
by adding another resolution class to the code which adds to the number of message bits
without changing the number of parity bits. The only information that needs to be
communicated to completely specify the code in use is the number of resolution classes
employed.

There are also designs of block size 4 which are cyclically resolvable cyclic Steiner
2-designs. In [63] a construction is given for cyclically resolvable cyclic Steiner 2-designs
with block size 4 on 4p points, where p = 12t + 1 and t odd. So linear-time encoding is
also possible for KQS codes.

In Figs. 6.14–6.16 KQS codes are compared with randomly constructed LDPC codes
from [73, 81]. Again, the simulation setup, and random code construction is the same
as detailed in Section 4.4.1. For high rate codes the KQS LDPC codes significantly
outperform randomly constructed LDPC codes.

6.4.2 LDPC codes from resolvable oval designs

As for the STS LDPC codes, as the length of the oval LDPC codes increases so too
does the rate, and the oval LDPC codes are thus very high rate codes. However the oval
designs are also resolvable and their resolution classes can be used to obtain low rate
codes. A distinct resolution of the oval designs is defined by each point of the projective
plane PG(2, q) that is on the oval O. Resolvable ovals are discussed, and an example
presented in Appendix A.1.3. Fig. 6.6 gives the incidence matrix of the resolvable oval
design on 6 points.

The columns of the incidence matrices of oval designs can be divided into γn/v reso-
lution classes with v/γ columns per class and so we can generate a regular code with any



6.4 Resolvability and other designs 137

block length
v

γ
× l for l ∈ {1, 2, . . . γ

n

v
}.

By using a fraction of the resolution classes of an oval design to define the LDPC codes
we can achieve codes with low rates, and a wider range of code lengths.

An LDPC code formed from the resolution classes of an oval on v = 2m(2m−1) points
will have at least 22m−1 − 2m−1 − 3m + 2m linearly dependent rows in its parity-check
matrix and a minimum distance lower bounded by 2m−1 + 1. This is because removing
columns from the incidence matrix can not increase its rank and nor can it decrease the
number of orthogonal parity-check equations on each bit.

Example 6.4.1 There are 9 resolution classes of the oval on 28 points with 7 blocks in

each class. Selecting six of them produces a (4,6)-regular parity-check matrix H of length

42. The rank of H remains 19 and so a [42,23,5] LDPC code is produced.

Example 6.4.2 The resolution classes of the oval on 120 points can be use to construct

regular codes free of 4-cycles with the following parameters:

[240, 175, 9], [225, 160, 9], [210, 145, 9], [195, 130, 9], [180, 115, 9], [165, 100, 9],

[150, 85, 9], [135, 70, 9], [120, 55, 9], [105, 44, 9], [90, 33, 9], [75, 22, 9], [60, 11, 9].

The number of linearly dependent parity-checks in each code is 120 − k + n. A different
selection of resolution classes can result in codes with the same length but with variations
in rate, depending on how many of the existing linearly dependent parity-checks are made
linearly independent by removing columns of N .

Fig. 6.18 shows the error correction performance of the (4, 6)-regular [42, 23, 5] code,
designed by taking 6 of the resolution classes of the 2-(28, 4, 1) oval, on an AWGN channel
compared to a randomly generated LDPC code with the same rate and length. The
resolvable oval code significnatly outperforms the random code due to the large portion
of extra linearly dependent rows in the parity-check matrix of the code.

Fig. 6.17 shows the error correction performance of the (8, 14)-regular [210, 145, 9]
code designed by taking 14 of the resolution classes of the 2-(120, 8, 1) oval on an AWGN
channel compared to a randomly generated LDPC code with the same rate and length.
Also shown is the same rate, but slightly longer, Euclidean geometry LDPC code [60].
The oval code shows a similar improvement, over the randomly constructed LDPC codes,
as the EG LDPC code.
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Removing the columns of the oval design does not change its density or minimum
distance or reduce the number of linearly dependent parity-check constraints and so we
see the same trends in performance for the resolvable oval codes as for the codes from
the whole oval design. That is improved error correction performance compared to the
random LDPC codes for short codes and poorer error correction performance compared
to random LDPC codes at low signal-to-noise ratios as the code length and hence column
weight is increased.

6.4.3 LDPC codes from resolvable transversal designs

In this section we show that many of the anti-Pasch transversal designs we constructed
in Chapter 5 are resolvable. The resolution classes of these designs can be used to con-
struct (3,r)-regular LDPC codes with minimum distance 6 and minimum girth 6 in much
the same way as the KTS designs.

Lemma 6.4.1 The codes of Construction 5.4.1 for q odd are resolvable with the ith col-

umn of the jth resolution class given by the rth column of the transversal design where

r(i, j) = (i − 1) ∗ q + (j − 1 + i)(mod q). (6.6)

Proof. The columns of the transversal design from Construction 5.4.1 are divided
into q subsets of q columns with same first point in all the columns in the same subset
and the second point in each column appearing in the same order (q + 1, q + 2, . . . 2q) in
each subset. Thus for each resolution class the (i − 1) ∗ q term ensures that there will
be one column from each subset of q columns in the transversal design and thus one of
each point from the set 1, 2, . . . , q. Next the +i (mod q) term ensures that a column is
chosen from each of the q positions in the column subsets and thus one of each point
from the set q + 1, q + 2, . . . , 2q has now been included in each resolution class. The term
+(j − 1) (mod q) ensures that each resolution class gets a different set of columns. Up
to this point the argument above is true of any transversal design constructed from an
orthogonal array. However for the allocation of the final set of points 2q+1, 2q+2, . . . , 3q

the proof relies upon the construction method in Construction 5.4.1.

To construct the jth resolution class we are taking the jth column in the 1st set
of q columns, the (j + 1) (mod q)th column in the second set of q columns and the
(j + q) (mod q)th column from the last set of q columns. Now the third entry in the lth
column of the mth set of q columns is 2q + (l + m− 1) (mod q) (see Construction 5.4.1).
Thus the point from the l = (j + i− 1) (mod q)th column in the m = ith set is the point

P = 2q + (j + i − 1 + i − 1) (mod q) = 2q + (j − 2 + 2 ∗ i) (mod q).
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 . . 1 . . 1 . .
. 1 . . 1 . . 1 .
. . 1 . . 1 . . 1
1 . . . . 1 . 1 .
. 1 . 1 . . . . 1
. . 1 . 1 . 1 . .
1 . . . 1 . . . 1
. . 1 1 . . . 1 .
. 1 . . . 1 1 . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Figure 6.7: The incidence matrix of the resolvable transversal design of Exam-

ple 6.4.3.

Thus for a fixed j and i = 1 · · · q the set of points P will include one each of the set
2q + 1, 2q + 2, . . . , 3q if q is odd. �

Example 6.4.3 Starting with the TD (q = 3):

TD =

⎡
⎢⎢⎢⎣

1 1 1 2 2 2 3 3 3

4 5 6 4 5 6 4 5 6

7 8 9 8 9 7 9 7 8

⎤
⎥⎥⎥⎦ ,

we use equation (6.6) to place its columns into their resolution classes. For the 1st res-

olution class (j = 1) we take the columns 1, 5 and 9 for i = 1, 2 and 3 respectively.

For the 2nd resolution class (j = 2) we take the columns 2, 6, and 7 for i = 1, 2 and 3

respectively and finally for the 3rd resolution class (j = 3) we take the columns 3, 4 and

8 for i = 1, 2 and 3 respectively. The transversal designs with columns in this order is:

TD =

⎡
⎢⎢⎢⎣

1 2 3 1 2 3 1 2 3

4 5 6 5 6 4 6 4 5

7 9 8 8 7 9 9 8 7

⎤
⎥⎥⎥⎦ .

Fig. 6.7 shows the incidence matrix of this design.

As for the KTS codes the resolution classes of transversal designs can be used to
derive regular codes with a large range of rates, dimensions and lengths. Fig. 6.8 shows
the TD LDPC codes available from the resolution classes of codes constructed using
Construction 5.4.1. In determining the code rates for Fig. 6.8 a parity-check matrix with
2 linearly dependent rows is assumed, i.e. we assume that removing columns will not
produce added linearly dependent rows.
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Figure 6.8: Rates and lengths of LDPC codes from resolvable transversal designs

In Figs. 6.19–6.24 LDPC codes from the resolution classes of anti-Pasch transversal
designs are compared to randomly constructed LDPC codes from [73, 81]. The simulation
setup, and random code construction is the same as detailed in Section 4.4.1. As for the
TD LDPC codes the LDPC codes from resolvable TD designs perform very well with
sum-product decoding.

6.5 Discussion

Our aim in this chapter has been to construct algebraic codes with the parameter
flexibility and performance of the regular random LDPC codes. In terms of the choices
of lengths and rates that are available for column weight 3, girth 6 LDPC codes this
aim has been achieved. By employing the resolvability of combinatorial designs we can
construct regular LDPC codes free of 4-cycles for a wide range of code lengths and rates.
In particular, the length of the code can be chosen independently of the rate, and existence
is proven for an infinite class of code lengths for each allowed code rate.

The Kirkman triple systems and resolvable transversal designs offer deterministic con-
structions for (3, r)-regular codes free of 4-cycles even for those parameters (small n or
high rate) for which this is difficult to achieve with random constructions. As well KQS
designs offer a deterministic construction for (4, r)-regular codes free of 4-cycles and the
resolution classes of oval designs can be similarly employed to construct low rate LDPC
codes with large column weight and a large number of linearly dependent rows in H.
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Figure 6.9: Minimum distance estimates for ensembles of LDPC codes with

column weight 3. (A closeup of Fig. 2.5)

Furthermore, unlike for the random LDPC codes, the codes from KTS, KQS, resolvable
oval, and resolvable transversal designs can offer significant implementation advantages
due to the deterministic structure of their resolution classes and in some cases their
simple encoding. However, the ad hoc manner of choosing resolution classes makes it
more difficult to predict the structure and properties of the code and we can only loosely
bound code properties such as minimum distance and girth in much the same way as for
the random codes.

We can get a general idea of the rates and lengths for which the codes from anti-Pasch
KTS and resolvable transversal designs would be expected to outperform randomly con-
structed codes. To do this we compare the known lower bound (of 6) for the minimum
distance of these codes with the expected ensemble minimum distance of randomly con-
structed regular ensembles (as given in Fig. 2.5). Fig. 6.9 shows the expected ensemble
minimum distance for a number of code rates and all lengths up to 5000. For example,
randomly constructed rate-1

2 LDPC codes would be expected to achieve minimum dis-
tances better than 6 for code lengths as low as 250 while rate-0.8 LDPC codes are not
expected to give better minimum distances than 6 until lengths over 5000.

As the choice of which resolution classes to employ is not deterministic different choices
of resolution classes may result in codes with different properties and even different pa-
rameters. Like the randomly constructed codes trial and error is employed to find the best
code. However unlike the randomly constructed codes, every LDPC code constructed us-
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ing the resolution classes of the resolvable KTS, KQS, oval and TD designs will be regular
and free of 4-cycles and lower bounds on minimum distance are guaranteed.

One particular subset of resolvable Steiner 2-designs, those which are cyclic and cycli-
cally resolvable, provide the further advantage of simpler encoding circuits. We extend
upon this approach in the following chapter, where we present LDPC codes with simple
linear-time encoding.
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Figure 6.10: The decoding performance of KTS (3,6)-regular LDPC codes on an

AWGN channel using sum-product decoding with a maximum of 10 iterations for
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codes.
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Figure 6.12: The decoding performance of KTS (3,15)-regular LDPC codes on

an AWGN channel using sum-product decoding with a maximum of 10 iterations.
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Figure 6.14: The decoding performance of a length-504 KQS LDPC code on an

AWGN channel using sum-product decoding with a maximum of 50 iterations
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Figure 6.19: The decoding performance of a length-498 resolvable TD LDPC

code on an AWGN channel using sum-product decoding with a maximum of 500

iterations
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Figure 6.20: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 500 iterations.
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Figure 6.21: The decoding performance of a length-500 resolvable TD LDPC

code on an AWGN channel using sum-product decoding with a maximum of 100
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Figure 6.22: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 100 iterations.
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Figure 6.23: The decoding performance of a length-1036 resolvable TD LDPC

code on an AWGN channel using sum-product decoding with a maximum of 1000

iterations
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Figure 6.24: The average number of floating point multiplications required to

decode a codeword for iteratively decoded low-density parity-check codes on an

AWGN channel with a maximum of 1000 iterations.
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Cyclic and quasi-cyclic LDPC

codes

In this chapter we construct algebraic LDPC codes with low encoding complexity by
designing codes which have the graph-based properties necessary to perform well with
the sum-product decoding algorithm but which are also cyclic or quasi-cyclic. We
make extensive use of combinatorial structures such as difference sets and difference
families to design the new codes. The translates of these sets provide us with the
incidence structures necessary for systematic constructions of regular LDPC codes
with Tanner graphs free of 4-cycles and with deterministic code properties. Although
the main focus is regular codes we also extend our construction of quasi-cyclic codes
to produce irregular LDPC codes with simple linear-time encoding circuits.

7.1 Introduction

One serious shortcoming of LDPC codes is their potentially high encoding complex-
ity, which is in general quadratic in the block length. Finding computationally efficient
encoders is therefore important for LDPC codes to be considered as serious contenders
for competing with turbo codes in future applications of forward error correction. Several
approaches have been suggested, including the manipulation of the parity-check matrix
to establish that while the complexity is, strictly speaking, quadratic, the actual number
of encoding operations grows essentially linearly with block length [89]. This is successful
for some irregular LDPC codes whose degree distributions have been optimized to allow
transmission near to capacity [89], however the proof is non-constructive.

A more traditional approach to the encoding complexity problem is to employ cyclic,
or quasi-cyclic, codes as encoding can be achieved in linear time using simple feedback
shift registers. In [103, 105, 102] Tanner considered binary quasi-cyclic codes, or more
generally, group invariant codes, which can be analyzed using his generalized transform
methods [101].
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Many of the Euclidean and projective geometry codes [60] (see Section 3.2) are also
cyclic codes. The projective geometry designs from the points and lines of a PG(2, q),
which provide the cyclic projective geometry codes in [70, 60] (also called difference-set
cyclic codes), have a combinatorial interpretation as the symmetric designs derived from
difference sets. These projective geometry designs however represent only small subset of
the difference structures routinely considered in combinatorics. The original construction
of the PG codes was made in the context of one-step majority-logic decoding and so it
seems plausible that further difference structures suitable for constructing codes for the
sum-product decoding paradigm were not considered in this context. In this chapter we
construct further cyclic, and quasi-cyclic, LDPC codes made possible by considering a
wider range of difference structures to construct new codes.

7.2 Cyclic LDPC codes

A linear code C of length n is cyclic if it is invariant under cyclic shifts, i.e. whenever
c = (c0, c1, . . . , cn−1) is a codeword then so is (cn−1, c0, c1, . . . , cn−2) [65]. We present here
a brief introduction to cyclic codes before designing cyclic LDPC codes in Section 7.2.1.
See [65] or [120] for a thorough introduction to cyclic codes and their representation as
ideals.

A cyclic code can be thought of as an ideal in a polynomial ring. Associate with each
code vector c = (c0, c1, . . . , cn−1), a polynomial

c(x) = c0 + c1x + · · · + cn−1x
n−1.

The code C is represented by the set of polynomials c(x), for all c ∈ C. The ring

Rn = F [x] mod (xn + 1)

consists of the residue classes of all polynomials with coefficients from the field F , modulo
xn + 1. Thus every polynomial with degree less than n is an element of the ring Rn. An
ideal I in a ring is a linear subspace of Rn such that for all polynomials c(x) ∈ I the
polynomials r(x)c(x) are also in I for all r(x) ∈ Rn. This is equivalent to the requirement
that for all c(x) ∈ I , xc(x) ∈ I. Since xc(x) is the polynomial equivalent of a cyclic shift,
the set of code polynomials of a cyclic code of length n is an ideal in the ring Rn.

For every ideal, there is a unique monic polynomial g(x) ∈ I of minimum degree
which divides xn + 1, such that g(x) generates the ideal. Thus any c(x) ∈ I can be
written uniquely as

c(x) = f(x)g(x), f(x) ∈ Rn

such that if g(x) has degree r, f(x) must have degree less than n−r. In coding terminology
the set of polynomials c(x), for every possible f(x) with coefficients from F and degree less



7.2 Cyclic LDPC codes 153

than n− r, is the codeword set of the length n code with generator g(x). The dimension
of the code, k, is thus n− r. The code is binary if the field F = GF(2). Since g(x) divides
xn + 1, a parity-check polynomial h(x) can be found

h(x) =
xn + 1
g(x)

, (7.1)

such that
c(x)h(x) = f(x)g(x)h(x) ≡ 0 (mod xn + 1), (7.2)

since by definition g(x)h(x) ≡ 0 (mod xn + 1).

In matrix notation a generator matrix for C is

G =

⎡
⎢⎢⎢⎢⎣

g0 g1 · · · gn−k 0 · · · 0
0 g0 g1 · · · gn−k 0 · · · 0
...

. . . . . . . . . . . .
...

0 · · · 0 g0 g1 · · · gn−k

⎤
⎥⎥⎥⎥⎦ (7.3)

and a parity-check matrix for C is

H =

⎡
⎢⎢⎢⎢⎣

0 · · · 0 hk · · · h1 h0

0 · · · 0 hk · · · h1 h0 0
...

...
hk · · · h1 h0 0 · · · 0

⎤
⎥⎥⎥⎥⎦ . (7.4)

It is worth noting that both G and H constructed in this way are full rank with k rows
in G and n − k rows in H. However, more than one valid generator and parity-check
matrix exist for a given code, and for LDPC codes it can in fact be beneficial to consider
parity-check matrices which are not full rank. More importantly though, for a good LDPC
code H must be sparse and, ideally, free of 4-cycles. Thus polynomials g(x) and h(x) are
required such that h(x) describes a matrix which is both sparse and free of 4-cycles.

Since the generator polynomial of a cyclic code of length n must be a factor of xn − 1
[65], by factorization of xn − 1 into irreducible polynomials over a field F it is possible to
determine all cyclic codes over F of length n. The parity polynomial is then xn − 1/g(x)
for each g(x). Unfortunately, the parity-check matrices constructed in this way will, with
very high probability, be dense and there is no way to control the graph-based properties
of the code. For this reason we consider cyclic codes designed by first specifying a parity-
check polynomial which has the required properties for LDPC codes and then working
backwards to determine g(x) for our code.

7.2.1 Defining the parity-check polynomial

For a code to be used with sum-product decoding it is necessary that its parity-check
matrix, H, be sparse and desirable that H have few small cycles or stopping sets. To
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achieve this our codes are designed by specifying H rather than G. For a cyclic code this
is done by choosing the polynomial

Θ(x) = θ0 + θ1x + · · · + θn−1x
n−1,

and then HΘ is the matrix with rows of n cyclic shifts of the vector of the coefficients of
Θ(x):

HΘ =

⎡
⎢⎢⎢⎢⎣

Θn−1 Θn−2 · · · Θ2 Θ1 Θ0

Θn−2 Θn−3 · · · Θ1 Θ0 Θn−1

...
...

Θ0 Θn−1 · · · Θ3 Θ2 Θ1

⎤
⎥⎥⎥⎥⎦ . (7.5)

To obtain the properties needed for cyclic LDPC codes we consider polynomials Θ(x)
defined using cyclic difference sets. The translates of these sets provide us with the
incidence structures necessary for systematic constructions of cyclic LDPC codes with
Tanner graphs free of 4-cycles and with deterministic code properties.

Construction 7.2.1 Select a size γ0 subset B of a (n, γ, 1) cyclic difference set D, B =

{b1, b2, . . . , bγ0} such that the polynomial h(x),

h(x) = GCD(Θ(x), xn + 1), Θ(x) =
γ0∑
i=1

xbi ,

has dimension � n. The binary LDPC code then has the circulant parity-check matrix

in (7.5).

The polynomials h(x) and Θ(x) describe the same ideal, and hence the same code, so
a generator polynomial for the cyclic LDPC code described by HΘ is given by

g(x) = (xn + 1)/h(x),

and a generator matrix for the code can be constructed as in equation (7.7).

Theorem 7.2.1 The matrix HΘ described by Construction 7.2.1 is a regular square ma-

trix described by a Tanner graph which is 4-cycle free.

Proof. There are n points in the difference set, hence n coefficients of Θ(x). All n

translates of B are used and so HΘ has n rows and n columns. Each translate of B has
weight γ0, and since all v translates of B are used each point will be included γ0 times,
thus the row weight r = γ0, and regularity is also proved. Next, consider the codes defined
using the entire difference set. The proof that these codes are 4-cycle free is similar to the
proof that the translates of a (v, γ, λ) difference set are the blocks of a Steiner 2-design
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(see e.g. [3]). For the elements a, b ∈ G, we have that a = di + (a − di) for each i, so a

occurs in the translates D + (a − di). Similarly, the element b occurs in the translates
D + (b − di). Thus a and b occur together in a translate D + h, h ∈ G precisely when
h = a − di = b − dj for some i, j. But a − di = b − dj ⇔ a − b = di − dj and a − b is
an element of G. By definition there are λ pairs (di, dj) for which the differences di − dj

give an element of G and so the elements a, b occur together in exactly λ translates. With
λ = 1 each pair of elements occur in exactly one translate, and hence one column of HΘ,
together so the matrix HΘ has its incidence graph free of 4-cycles since a 4-cycle requires
two points to be in two columns together. For the matrices HΘ defined using only a subset
of D we are in effect removing points from the matrix and this can not add 4-cycles. �

For HΘ to describe a non-trivial code the rank of HΘ must be less than n. Equivalently,
the dimension of the ideal generated by Θ(x) in the ring Rn must be less than n. The
dimension of an ideal in Rn is the number of zeros of xn+1 which are not zeros of Θ(x), and
can be found by considering the polynomial h(x) which is the greatest common divisor
(GCD) of Θ(x) and xn + 1. The dimension of the ideal is then equal to n minus the
degree of h(x). So to determine the rate of code with parity-check matrix HΘ requires
the dimension of the polynomial h(x) = GCD(Θ(x), xn + 1). To construct new cyclic
LDPC codes we have used the program Magma [14] to search for subsets of the difference
set which give h(x) with the required degree.

For the special case where the entire difference set is employed in Construction 7.2.1,
HΘ is the incidence matrix of a cyclic Steiner 2-design, as the translates of a (v, γ, 1)
difference set are the blocks of a Steiner 2-(v, γ, 1) design [3]. Difference sets defined on
any group isomorphic to Zv produce cyclic incidence matrices since D + j (mod v), j ∈
{0, 1, 2, . . . , v − 1} is a cyclic shift of D. These sets, called perfect difference sets, exist
for all γ = ps + 1, p a prime and s an integer [95]. The designs from difference sets
with γ = 2s + 1 are the projective geometry designs originally proposed for use as the
parity-check matrix of difference-set cyclic codes by Weldon [119] and at the same time
in the form of projective geometries by Rudolph [91] and more recently as LDPC codes
by Lucas et al. [70].

Unfortunately difference-set cyclic designs are not very common and so few cyclic
codes are produced, there being four codes having length less that 1000, namely n = 7,
21, 73 and 273. Further, the column weight of these codes increases with n as does the
rate which approaches 1 as n increases and, as we saw in Chapters 4 and 5, this hinders
the code performance at low signal-to-noise ratios. When designing LDPC codes it is not
necessary to limit our attention to the difference sets with p = 2 or indeed to employ the
entire difference set. By choosing a subset B of a difference set we produce a wide range
of cyclic LDPC codes with different rates and column lengths.
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Example 7.2.1 The search of 3-subsets of the (21,5,1) perfect difference set, D = {3, 6, 7, 12, 14},
shows that the subset B = {3, 6, 12} gives an ideal described by:

Θ(x) = x3 + x6 + x12,

in the ring Rn = F [x] (mod x21 + 1) with the required properties. The greatest common

divisor of Θ(x) and x21 + 1 is h(x) = 1 + x3 + x9 and so the dimension of the ideal is 12.

Thus Θ(x) describes a [21,9,4] cyclic LDPC code with generator polynomial

g(x) = (xn + 1)/h(x) = 1 + x3 + x6 + x12.

Example 7.2.2 The translates of the (273,17,1) perfect difference set

D = {1, 2, 4, 8, 16, 32, 64, 91, 117, 128, 137, 182, 195, 205, 234, 239, 256},

form the blocks of the projective geometry design on 273 points. This design gives the

cyclic [273,191,18] LDPC code in [70]. The subset

B = {2, 8, 32, 117, 128, 137, 182, 195, 234, 239}

of D gives a (10,10)-regular [273,124,11] LDPC code.

The difference-set cyclic, or projective geometry, codes include only those difference
sets with γ = 2s +1 as the rank of the circulant matrices are derived over the field GF(p)
[45] and so the codes constructed in [119, 91] are non-binary for p �= 2. However a binary
incidence matrix exists for every difference set and so binary cyclic LDPC codes can be
produced using Construction 7.2.1 for every set with γ = ps + 1. The codes from these
sets have fewer linearly dependent checks and so are lower rate codes.

Example 7.2.3 The (57,8,1) difference set {1, 6, 7, 9, 19, 37, 38, 42 } has γ = 71 + 1.

The translates of the subset B = {1, 6, 9, 37} of this set produces a rate 1/5 cyclic LDPC

[57,12,5] code with generator polynomial

g(x) = (x57 + 1)/(x + x6 + x9 + x37)

= 1 + x3 + x6 + x9 + x12 + x15 + x18 + x21 + x24 + x27x30 + x33 + x36

+x39 + x42 + x45 + x48 + x51 + x54.

The incidence structures constructed from the translates of an entire difference set are
Steiner 2-designs and so difference sets play a prominent role in the field of combinatorics.
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However, this property is not necessary for our application. We consider a second source
of sets, to produce cyclic LDPC codes, from a generalization of cyclic difference sets called
difference triangles. Difference triangles relax the conditions required of difference sets,
that is that every difference occurs exactly once, to the requirement that each difference
occurs at most once.

Definition 7.2.1 [26, p. 312] An (m, γ)-difference triangle is a set X = {X1, . . . Xm}
where for 1 ≤ i ≤ m, each Xi = {ai,0, ai,1, · · · ai,γ}, is a set of γ integers, such that the

differences

ai,l − ai,j 1 ≤ i ≤ m, 0 ≤ j �= l ≤ γ,

are all distinct and non-zero.

Structures closely related to difference triangles are difference packings which in ad-
dition allow for short orbits:

Definition 7.2.2 [26, p. 313] An m-DP(v, γ) difference packing is a set X = {X1, . . . Xm}
where for 1 ≤ i ≤ m, Xi = {bi,1, bi,2, · · · bi,γ} and for 1 ≤ i, i′ ≤ m, 1 ≤ j �= l ≤ γ and

1 ≤ j′ �= l′ ≤ γ then bi,l − bi,j ≡ bi′,l′ − bi′,j′ only if i′ = i, l′ = l, and j′ = j.

For every prime power q there is a 1-DP(q2 − 1, q) [26]. For µ a primitive element of
F (q2) and u a integer not a multiple of q +1, define d1 = 0, and µdk+1 = 1+µu+k(q+1) for
k = 0, · · · , q − 2. The set {d1, · · · dm} is then a 1-DP(q2 − 1, 1). Together with the short
base block ∞⋃{a(q + 1) : 0 ≤ a ≤ q − 2} the result is the affine plane AG(2, q). The
binary finite Euclidean geometry codes presented in [60] are 1-DP(q2 − 1, q) difference
packings with q = 2s and are closely related to affine planes.

Difference triangles and packings with m = 1 provide a useful source of starting sets
for Construction 7.2.1.

Example 7.2.4 The 1-DP(15,3) X1 = {1, 3, 4, 12} produces a [15,7,5] cyclic LDPC code

with parity-polynomial, Θ(x) = x + x3 + x4 + x12, and generated by:

g(x) = x + x4 + x6 + x7 + x8.

Example 7.2.5 The incidence matrix of the 1-(63,8) difference packing

X1 = {0, 22, 32, 43, 48, 56, 60, 62}

is used to construct the parity-check matrix of the [63,37,9] Euclidean geometry code.

Using Construction 7.2.1 the following cyclic LDPC codes are constructed:
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[63, 31, 7], Θ(x) = 1 + x32 + x48 + x56 + x60 + x62,

[63, 21, 6], Θ(x) = x22 + x32 + x43 + x56 + x62,

[63, 31, 5], Θ(x) = x32 + x43 + x56 + x62,

[63, 15, 4], Θ(x) = x32 + x56 + x62.

Example 7.2.6 The set X1 = {0, 52, 60, 71, 72, 127, 155, 169, 176, 192, 201, 214, 216, 219, 245, 249},
with v = 255 is used to construct the parity-check matrix of the [255,175,17] Euclidean

geometry code. Using Construction 7.2.1 the following cyclic LDPC codes are constructed:

[255, 127, 9], Θ(x) = x52 + x71 + x127 + x155 + x169 + x177 + x214 + x245,

[255, 63, 5], Θ(x) = x52 + x127 + x169 + x214.

The advantage of choosing a subset of the difference set to construct the LDPC code
is not only a wider range of choice when it comes to selecting the rate of a cyclic LDPC
code but also a degree of flexibility when it comes to selecting the column weight, and
hence density, of the resulting parity-check matrix.

Subsequent to the publication of our work on cyclic LDPC codes [54] the preprint
[94] was obtained in which a similar method of searching for cyclic LDPC codes was
independently proposed. In [94] cyclic LDPC codes are constructed by searching over
all possible ideals in Rn and checking each for 4-cycles using the idempotents of cyclic
codes. Construction 7.2.1 is a less systematic shortcut to this method, by considering
only ideals constructed using a subset of a difference set or packing 4-cycle free codes are
automatically guaranteed. A number of the codes in Examples 7.2.4, 7.2.5 and 7.2.6 are
also presented in [94].

7.2.2 The impact of cyclic parity-checks on decoding performance

In this section we consider the decoding performance of the new cyclic LDPC codes
presented in Section 7.2.1. First we consider their performance on the binary erasure
channel in order to investigate the role of the structure of the cyclic codes influences their
decoding performance, before their performance on the AWGN channel is considered. The
simulation setup, and random code construction, is the same as described in Section 4.4.1.

The new cyclic codes of Examples 7.2.2–7.2.6 would be expected to perform well on the
BEC as they have good minimum distances, at least γ+1, a girth of 6, no stopping sets up
to size γ, and many linearly dependent rows in H. However, we see that as longer cyclic
codes are considered their performance, relative to randomly constructed LDPC codes
with the same rate and length, is significantly poorer. As in Section 4.6 we compare the
cyclic codes both to randomly constructed codes with the same rate and length as well
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as to the ensemble average for all codes with the same number of parity-checks (although
not necessarily the same rate).

Fig. 7.3 shows the performance of the [63,31,7] cyclic code of Example 7.2.5. The
[63,31,7] code is from the ensemble of all codes with length 63, with 63 parity-checks,
column and row weights 6, and minimum stopping set size Smin = 7. In Fig. 7.3, finite
length analysis is used to show that codes from this ensemble do on average give excel-
lent erasure correction performances. However, the simulated performance of the cyclic
[63,31,7] code is significantly worse than the (63,63,6,6) ensemble average. The question
then is whether this difference is due to the cyclic structure of the [63,31,7] code or, as for
the LDPC codes from Steiner 2-designs, due to the fact that so many of the parity-check
equations in the code are linearly dependent. To answer this question we simulate the
performance of two codes with full rank 63 × 63 parity-check matrices, one randomly
constructed and the other cyclic. The cyclic code is the cyclic shift of a subset, from the
same difference triangle as the [63,31,7] code, chosen so that a full rank HΘ is produced.

As would be expected the randomly constructed binary 63 × 63, (6,6)-regular matrix
performs close to the ensemble average. Interestingly, so too does the cyclically con-
structed binary matrix. Thus, contrary to our supposition in [54], the cyclic relationship
between parity-checks does not seem to hinder the decoding performance of cyclic codes
using the sum-product algorithm at these lengths. In a similar manner to the combi-
natorial codes of Chapter 4, the difference in performance between the cyclic [63,31,7]
code and the (63,63,6,6) ensemble average is attributed to the linear dependence of half
its parity-checks. Even so, the cyclic [63,31,7] code outperforms the equivalent length
and rate random code since it comes from an ensemble with 63 instead of 32 checks and
because it has a larger smallest stopping set size, 7 instead of 4.

Fig. 7.5 depicts the simulated performance and finite length analysis of length 255
(4,4)-regular codes. Again the full rank, random and cyclic, parity-check matrices from
the ensemble show the best error correction performance while the cyclic [255,63,5] code
from the ensemble performs significantly worse than the ensemble average due to the many
linearly dependent rows in its parity-check matrix. Significantly, in this case the equal
length and rate random code outperforms the cyclic code at lower erasure probabilities
as shown in Fig. 7.6. Also shown in this figure is the performance of this code with
the linearly dependent rows removed from its parity-check matrix. Although the linearly
dependent parity-checks do not give the same decoding advantage as linearly dependent
checks, they are not altogether superfluous.

As can be seen in Figs. 7.7–7.12 the relative performance of the cyclic LDPC codes on
the binary erasure channel is reflected in their performance on the AWGN channel. For
the small codes the cyclic LDPC codes can provide a decoding performance advantage
over randomly constructed codes but not for the longer LDPC codes. The limitation of
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H =

⎡
⎢⎢⎢⎢⎣

1 1 1 1 1
1 1 1 1 1

1 1 1 1 1
1 1 1 1 1

1 1 1 1 1

⎤
⎥⎥⎥⎥⎦

G =

⎡
⎢⎢⎢⎢⎣

1 1 1
1 1 1

1 1 1
1 1 1

1 1 1

⎤
⎥⎥⎥⎥⎦

a) Parity-check matrix with two circulants

b) Generator matrix in systematic form

bits in the second circulantbits in the first circulant

parity checks

c) Tanner graph representation

Figure 7.1: A rate- 1
2 quasi-cyclic code from circulants

these cyclic LDPC codes is the requirement that the parity-check matrix of the code be
square. There are two repercussions of this limitation; firstly, it requires a large portion
of linearly dependent rows in H which makes higher rate codes very difficult to find, and
secondly, the column weight and row weight of H are the same which limits the number
of bits in each parity-check equation.

7.3 Quasi-cyclic LDPC codes with H a row of circulants

An alternative to cyclic codes with encoding complexity almost as low are quasi-cyclic
codes, first presented in [111] and [55]. Recall from Chapter 6 that a code is quasi-cyclic
if for any cyclic shift of a codeword by c places the resulting word is also a codeword, and
so a cyclic code is a quasi-cyclic code with c = 1.

In Chapter 6, KTS designs which were invariant under cyclic shifts were considered.
Here we focus in particular on generating binary quasi-cyclic codes described by a parity-
check matrix

H = [A1, A2, . . . , Al], (7.6)

where A1, . . . , Al are binary v × v circulant matrices.

Provided that one of the circulant matrices is invertible (say Al) the generator matrix
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for the code can be constructed in systematic form

G =

⎡
⎢⎢⎢⎢⎣

(A−1
l A1)T

Iv(l−1) (A−1
l A2)T

...
(A−1

l Al−1)T

⎤
⎥⎥⎥⎥⎦ , (7.7)

resulting in a quasi-cyclic code of length vl and dimension v(l − 1). As one of the cir-
culant matrices must be invertible, the construction of the generator matrix in this way
necessitates a full rank H. Encoding can be achieved with linear-time complexity using
(l − 1) v-stage shift registers in much the same way as for cyclic codes.

As described in Chapter 6, a circulant matrix A is completely characterized by the
polynomial a(x) = a0 + a1x + av−1x

v−1 with coefficients from its first row, and a code
C of the form (7.6) is completely characterized by the polynomials a1(x), . . . , al(x). For
a binary [n, k] code, length n = vl and dimension k = v(l − 1), the k bit message
[i0, i2, . . . , ik−1] is described by the polynomial i(x) = i0 + i1x + · · · + ik−1x

k−1 and the
codeword for this message is c(x) = [i(x), p(x)], where p(x) is given by

p(x) =
l−1∑
j=1

ij(x) ∗ (a−1
l (x) ∗ aj(x))T , (7.8)

ij(x) is the polynomial representation of the information bits iv(j−1) to ivj−1,

ij(x) = iv(j−1) + iv(j−1)+1x + · · · + ivj−1x
v−1

and polynomial multiplication (∗) is modulo xv − 1.

Example 7.3.1 A rate-1
2 quasi-cyclic code with v = 5, is made up of a first circulant

described by a1(x) = 1 + x, and a second circulant described by a2(x) = 1 + x2 + x4. The

second circulant is invertible

a−1
2 (x) = x2 + x3 + x4,

and so the generator matrix contains a 5×5 identity matrix and the 5×5 matrix described

by the polynomial

(a−1
2 (x) ∗ a1(x))T = (1 + x2)T = 1 + x3.

Fig. 7.1 shows the parity-check matrix, generator matrix and Tanner graph of this code.

For this small example the code is neither sparse nor 4-cycle free, both of which we
require for LDPC codes. In the following subsection difference families are described
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and it is shown that they can be used to construct the quasi-cyclic matrices we need to
produce LDPC codes which are 4-cycle free. Our construction is similar to the original
construction for quasi-cyclic codes by Townsend and Weldon [111], where H is also defined
by row of circulants, but with H now composed so as to be sparse and regular.

7.3.1 Quasi-cyclic codes from difference families

A difference family is an arrangement of a group of v elements into not necessarily

disjoint subsets of equal size which meet certain difference requirements. More precisely:

Definition 7.3.1 [3] The t γ-element subsets, called base blocks, of an Abelian group G,

D1, . . . , Dt with Di = {di,1, di,2, . . . , di,γ} form a (v, γ, λ) difference family if the differ-

ences di,x − di,y, (i = 1, . . . t; x, y = 1, . . . , γ, x �= y) give each non-zero element of G
exactly λ times.

If the Abelian group is Zv each translate is a cyclic shift and the difference family is
a cyclic difference family.

Example 7.3.2 The subsets D1 = {1, 2, 5}, D2 = {1, 3, 9} of Z13 form a (13, 3, 1) dif-

ference family with differences:

From D1 : 2 − 1 = 1, 1 − 2 = 12, 5 − 1 = 4,

1 − 5 = 9, 5 − 2 = 3, 2 − 5 = 10,

From D2 : 3 − 1 = 2, 1 − 3 = 11, 9 − 1 = 8,

1 − 9 = 5, 9 − 3 = 6, 3 − 9 = 7.

In this work we are interested in difference families with λ = 1 which, as we will see in
the following, allows the design of codes free of 4-cycles. The existence of (v, 3, 1) difference
families has long been proven for all v ≡ 1 mod 6, v a prime power [82]. Existence results
for (v, 4, 1) and (v, 5, 1) difference families, v ≡ 1 mod 12 and v ≡ 1 mod 20 respectively,
have been proven for all v a prime power [24] and these results are extended to (v, 6, 1)
difference families in [23], and (v, 7, 1) difference families in [22]. We propose constructions
for both regular and irregular quasi-cyclic codes using these difference families.

Construction 7.3.1 (Regular codes): To construct a length vl rate l−1
l regular quasi-

cyclic code H = [a1(x), a2(x), . . . , al(x)] with column weight γ, take l of the base blocks

of a (v, γ, 1) difference family, and define the jth circulant of H as the transpose of the
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circulant formed from the jth base block in the difference family as follows:

aj(x) = xdj,1 + xdj,2 + · · · + xdj,γ .

For an irregular quasi-cyclic code we define the column weight distribution of a length
vl rate l−1

l code as the vector W = [w1, w2, . . . , wl], where wj is the column weight of the
columns in the jth circulant. Denote by wmax the maximum column weight of H,

wmax = max{w1, w2, . . . wl}.

Construction 7.3.2 (Irregular codes): To construct a length vl rate l−1
l irregular quasi-

cyclic code, H = [a1(x), a2(x), . . . , al(x)], with weight distribution W = [w1, w2, . . . , wl],

take l base blocks D1, . . . , Dl of a (v, γ, 1) difference family with γ ≥ wmax, such that aj(x)

is defined, using wj of the elements of Dj, as

aj(x) = xdj,1 + xdj,2 + · · · + xdj,wj .

The jth circulant of H is then the transpose of the circulant described by aj(x).

The choice of which elements in the base block to use for a circulant is arbitrary, and in
fact a single base block can be used to construct two circulants provided that the element
set chosen for each are disjoint. The row weight, ρ, of the parity-check matrix is constant,
and given by

ρ =
l∑

i=1

wl. (7.9)

Constructions 7.3.1 and 7.3.2 can also be applied to a single difference set. If the set is
a Singer difference set the codes constructed will be the same as those obtained in [60] by
column splitting the projective geometry codes with rotating column weight distribution.
However, in the following we apply Constructions 7.3.1 and 7.3.2 to difference families
which gives us a more flexible choice of code parameters.

7.3.2 The girth of quasi-cyclic LDPC codes from difference sets

To demonstrate that the quasi-cyclic codes are free of 4-cycles requires a well known

result of difference families:

Lemma 7.3.1 [3] A pair of elements from Zv occur together exactly λ times in the set

of translates of every base block in a (v, γ, λ) difference family.



164 7. Cyclic and quasi-cyclic LDPC codes

Proof. The set of translates required are the sets Di + d = {di,1 + d, di,2 + d, . . . , di,γ +
d},∀d ∈ Zv, i = 1, . . . t. Now, consider two elements a, b ∈ Zv, a = di, j + (a − di, j) so a

occurs in the translates Di +(a−di,j). Similarly, b occurs in the translates Di +(b−di,k).
Thus a, b occur together in a translate Di + d precisely when d = a − di,j = b − di,k for
some j, k. Now, a−di,j = b−di,k ⇔ a−b = di,j −di,k which by the definition of difference
families occurs exactly λ times and the result follows. �

Lemma 7.3.2 The codes of Constructions 7.3.1 and 7.3.2 have Tanner graphs free of

4-cycles.

Proof. Follows from the choice of λ = 1. First consider the regular case. Each column
of H = [a1(x), a2(x), . . . , al(x)] is a translate of one of the sets Dj in the difference family.
To show that there can be no four cycles in H we need to show that no two columns of H

can have a non-zero entry in the same two rows, which is equivalent to requiring that two
elements of Zv can occur together in at most one of all the translates of the base blocks
in the difference family. Since two elements occur together in exactly λ translates, we
need only choose λ = 1 to avoid 4-cycles. The argument follows naturally to the irregular
construction. Considering only wj of the elements in a given base block of the difference
family in effect removes elements from the blocks in the set of translates, and 4-cycles can
not be added by removing entries from H. �

The avoidance of 4-cycles in the quasi-cyclic LDPC codes guarantees a minimum
distance of at least γ0 + 1 by Massey’s minimum distance bound if each bit in the code is
checked by at least γ0 parity checks. Unfortunately, for the quasi-cyclic codes of rate-1/2,
the number of ones in a row of the parity-check matrix is an upper bound on the minimum
distance of the code [103]. So we have d ≤ γ0 + γ1, where γ0 and γ1 are the weights of
the two circulants in a rate half quasi-cyclic code.

Since 4-cycles are avoided in H the girth of the quasi-cyclic codes from difference
families is at least 6. Recently in [105] Tanner showed that all codes with parity-check
matrices from circulants with column weight ≥ 3 must contain a 6-cycle. What may also
be significant is the number of cycles in the code of length 6, and the structure of the
circulant matrices allows us to say something about the number of these cycles, denoted
by N6.

Suppose that the cycle occurs through positions (i1, j1), (i1, j2), (i2, j2), (i2, j3), (i3, j3),
(i3, j1) in a circulant matrix A with γ ≥ 3. Then, as A is circulant, there is also a 6-cycle
through the positions (i1 + 1, j1 + 1), (i1 + 1, j2 + 1), (i2 + 1, j2 + 1), (i2 + 1, j3 + 1),
(i3 +1, j3 +1), (i3 +1, j1 +1) in A, and so on for {+1, +2, · · · , +(v−1)} addition modulo
v. So that a circulant matrix that has a 6-cycle must have at least v such cycles. If there
is another 6-cycle, not yet counted, through the points in any column of A it must also
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occur in v − 1 cyclic shifts by the same argument.

Lemma 7.3.3 For a quasi-cyclic matrix H made up of the circulants from l sets of a

(v, γ, 1) difference family,

N6 ∈ {v, 2v, 3v, . . . ,

(
γ

2

)
(lγ − 1)(γ − 1)

vl

3
}

Proof. Choose a pair of checks, a and b which check a bit c. Each check includes lγ − 1
bits other than c. Denote by A the set of bits other than c included in check a and by B

the set of bits other than c included in check b. The 2(lγ − 1) bits A∪B must be distinct
otherwise a and b will both check the same two points, which is not allowed by definition
of a (v, γ, 1) difference family. A 6-cycle through a and b requires a third check to include
both a point in A and a point in B. This can happen a maximum of (lγ − 1)(γ − 1)
times, if the set of (lγ − 1)(γ − 1) checks on the points in A, which are not a, are also the
checks on the points in B, and we use each of the (lγ − 1)(γ − 1) checks on the points
in A and B, other than a and b, once in a 6-cycle. A check can not be used twice as
it can not appear in more than one column with either a or b. Thus the pair of checks
a and b can be involved in a maximum of (lγ − 1)(γ − 1) 6-cycles without also forming
4-cycles. There are

(
γ
2

)
pairs of checks in a column of H and vl columns in H, however we

have counted each 6-cycle three times - once for each pair of checks, thus the maximum
number of 6-cycles is (

γ

2

)
(lγ − 1)(γ − 1)vl/3.

As above, for each 6-cycle through the points in a column of A there are a total of v

6-cycles in the circulant and so the number of 6-cycles must be a multiple of v. �

Note that the matrix H formed by taking the maximum possible number of circulants
from a (v, γ, 1) difference family is the incidence matrix of a cyclic Steiner 2-(v, γ, 1)
design. If H is from the entire (v, γ, 1) difference family the maximum number of 6-cycles
are guaranteed by Lemma 3.2.1 (with l = r/γ) since every pair of points occurs exactly
once in the translates of a difference set.

Now if the quasi-cyclic code is irregular, Lemma 7.3.3 will need to be modified to
account for the different column weights.

Lemma 7.3.4 For a quasi-cyclic matrix H, with weight distribution W = [w1, w2, . . . , wl],

made up of l circulants from sets of a (v, γ, 1) difference family, the number of 6-cycles

satisfies:

N6 ≤ v

3

l∑
k=1

(
wk

2

)[( l∑
m=1

wm(wm − 1)

)
− (wk − 1)

]
.
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Proof. The proof is similar to the proof of Lemma 7.3.3, the only difference being the
way in which the number of bits and checks are counted. Each check includes

∑l
k=1 wk

points but each of those points are included in a different number of checks depending
on the circulant weight wl. Thus we need to count the number of checks on the points
in A one circulant at a time. In a circulant of weight wl there are wl points in a and
(wl − 1) checks other than a through each of these points. The exception is the circulant
containing point c for which we do not count the checks on c. Thus the number of checks
on the points in A is:

l∑
m=1

[wm(wm − 1)] − (wk − 1),

where wk is the weight of the circulant containing point c. Finally we need only count
the cycles through one column in each circulant and multiply by v and the result follows.

�

7.3.3 Regular quasi-cyclic LDPC codes

The incidence matrices of the quasi-cyclic LDPC codes are required to be full rank as
one of the circulants is required to be invertible. Thus, the best performances for regular
quasi-cyclic LDPC codes, over most signal-to-noise ratios, will be for those codes with
column weight 3, and so we are interested in cyclic (v, 3, 1) difference families.

To construct a cyclic (v, 3, 1) difference family for all v ≡ 1 mod 6 requires m triples
{q, b, c} which partition the set {1, ..., 3m} such that a+b = c or a+b+c = 0 (mod 6m+1)
(see [3]). Then the triples {0, a, a + b} form a (6m + 1, 3, 1) difference system. The
differences arising from the triple {0, a, a + b} are ±a,±b,±(a + b) that is ±a,±b,±c.
So altogether the differences are just the non-zero elements ±1, · · · ,±3m of Z6m+1. For
m ≡ 0 or 1 (mod 4) the triples are Skolem triple system of order m and for m ≡ 2 or 3
(mod 4) O’Keefe triple systems will provide the required triples [3].

Quasi-cyclic codes can also be constructed for all v ≡ 3 mod 6 using a construction
due to Rosa. Although not strictly difference families the modified difference systems from
Rosa triples provide exactly the properties required to make up the circulants of a quasi-
cyclic code. A Rosa triple system with v = 6m + 3 is the partition of {1, 2, · · · , 2m; 2m +
2, · · · , 3m+1} or {1, 2, · · · , 2m; 2m+2, · · · , 3m; 3m+2} into m triples {i, ai, i+ai}. The
differences obtained from a Rosa triple system are precisely all the non-zero elements of
Z6m+3 other than 2m + 1 and 4m + 2. Take also the first 2m + 1 translates of {0, 2m +
1, 4m + 2} and the remaining differences are produced [3]. Since every difference occurs
at most once in the translate of the modified difference families, Lemma 7.3.2 holds also
for quasi-cyclic codes constructed from these sets.

As in Section 7.2.1, we do not need to restrict our attention solely to difference families.
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Difference triangles and packings with m > 1 are also useful for Constructions 7.3.1 and
7.3.2.

The choice of which sets in the difference family or packing to select is not determinis-
tic. As for the choice of resolution classes, we choose the combination of sets which which
maximize Tanner’s minimum distance bound [104].

Example 7.3.3 For v = 15, m = 2 the two Rosa triples {1, 3, 4} and {2, 6, 8} partition

{1, 2, 3, 4, 6, 8, }. The set of translates of each triple make a 15 × 15 circulant, the second

of which is invertible. Thus these two circulants construct a quasi-cyclic rate-1
2 [50, 25, 4]

LDPC code.

Example 7.3.4 Choosing four sets {0,35,62}, {0,46,60}, {0,37,59}, and {0,39,55} from

a (63,3,1) difference family produces a quasi-cyclic [252,189,4] LDPC code with parity-

check matrix comprised of four circulants:

a1(x) = 1 + x35 + x62,

a2(x) = 1 + x46 + x60,

a3(x) = 1 + x37 + x59,

a4(x) = 1 + x39 + x55.

Unlike for the cyclic codes, we would expect that the decoding performance of the reg-
ular quasi-cyclic LDPC codes would be similar to that of the randomly constructed LDPC
codes for short-to-medium length codes. Both the quasi-cyclic and random constructions
of regular LDPC codes lead to codes with full rank parity-check matrices and with the
same column weights, hence (with the exception of the rate half codes) similar minimum
distances. Simulation results show that this is indeed the case. In Figs. 7.13–7.15 quasi-
cyclic LDPC codes are compared with randomly generated LDPC codes created using the
construction method from [71, 81]. The simulation setup, and random code construction
is the same as is outlined in Section 4.3. Fig. 7.13 shows the performance of the quasi-
cyclic LDPC code in Example 7.3.4. The quasi-cyclic code in Fig. 7.14 is constructed from
five base blocks of the (103,3,1) difference family and the quasi-cyclic code in Fig. 7.15 is
constructed from base blocks of the (181,3,1) difference family.

For codes of rate-1/2 the quasi-cyclic codes do not perform as well as the randomly
constructed codes, probably due to the minimum distance limitation shown by Tanner
[103].1 However, for rates-2/3 and above the performance of the quasi-cyclic codes is com-
parable to that of the random codes of the same rate, codeword length and density. Thus

1That is not to say that good rate half quasi-cyclic LDPC codes cannot be constructed, but this may
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we have regular LDPC codes with parameters and performance similar to the randomly
constructed LDPC codes but with the structure required for simple linear-time encoding
circuits.

7.3.4 Irregular quasi-cyclic LDPC codes

Since randomly constructed irregular LDPC codes outperform the regular ones it is
natural to consider if a similar advantage can be obtained for quasi-cyclic LDPC codes
with irregularly weighted circulants. While optimized irregular codes produce excellent
performance with reasonable decoding complexity, they are significantly affected by the
computational complexity of the encoding algorithm. While in the case of regular codes a
number of good algebraic constructions have been presented, less consideration has been
given to structured irregular codes. The same encoding efficiency will be achieved for the
quasi-cyclic codes regardless of whether each circulant has the same weight or not.

For the irregular codes we begin with larger block size difference families and then use
varying size subsets of some of the base blocks in the family. The existence of (v, γ, 1)
difference families is less well known for families with γ ≥ 3 but there have been a number
of recent results in this area [121, 17, 24]. Infinite families are known for γ up to 7 and
sporadic examples obtained for larger γ.

Example 7.3.5 The (65, 5, 1) cyclic difference family has base blocks {0, 1, 3, 31, 45},
{0, 4, 10, 19, 57} and {0, 5, 16, 41, 48}. A length 260 rate-3

4 irregular quasi-cyclic code,

with weight distribution W = [5, 4, 3, 2] is constructed from the circulants:

a1(x) = 1 + x + x3 + x31 + x45,

a2(x) = 1 + x4 + x10 + x19,

a3(x) = x16 + x41 + x48,

a4(x) = 1 + x5.

The weight 2 circulants in the irregular codes in particular need to be chosen carefully.
The guarantee of no 4-cycles is not enough for weight two circulants because a cycle of
size 6 in weight 2 columns will guarantee a codeword of weight three and a stopping set
of size 3.

require using a matrix, rather than a row, of circulants, as is done using group structured LDPC codes in

[106], or by column and row splitting Euclidean and projective geometry codes as in [60]. In fact this latter

technique may also be successfully extended to difference families which would need only row splitting to

produce quasi-cyclic LDPC codes made up of a matrix of circulants. However, it is not yet clear how to

construct circuits to encode these circulant matrix quasi-cyclic codes.



7.3 Quasi-cyclic LDPC codes with H a row of circulants 169

If just one v × v weight 2 circulant is required it is possible to choose the circulant as
in [117] such that the only cycle is weight 2v:⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1 1

1 1

1 1

. . .
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7.10)

However as further weight 2 columns are required cycles are unavoidably added.

There is a similar tradeoff in the choice of column weight for these irregular codes as
these is for the regular codes. That is, the larger the portion of high weight columns in
the code the better the code performance at high signal-to-noise ratios, while a greater
portion of low weight columns will improve the code performance in high noise channels.

Example 7.3.6 Using the (101, 5, 1) difference family from [17]:

D1 = {0, 14, 42, 47, 55}, D2 = {0, 95, 83, 52, 63},
D3 = {0, 17, 51, 21, 74}, D4 = {0, 36, 7, 92, 26},
D5 = {0, 100, 98, 76, 61},

four quasi-cyclic irregular LDPC codes are constructed:

• a rate-3
4 , [404, 303] code with a1 = xD2, a2 = xD3, a3 = xD4, a4 = x76 + x100,

• a rate-4
5 , [505, 404] code with a1 = xD2, a2 = xD4, a3 = 1 + x61 + x98, a4 =

1 + x14 + x27, a5 = x17 + x21 + x74,

• a rate-5
6 , [606, 505] code with a1 = xD2, a2 = xD3, a3 = xD4, a4 = 1 + x42 + x55,

a5 = 1 + x98 + x61, a6 = x100 + x76, and

• a rate-6
7 , [707, 606] code with a1 = xD1, a2 = xD2, a3 = xD3, a4 = 1 + x7 + x26,

a5 = 1 + x98 + x61, a6 = x100 + x76, a7 = x36 + x92,

where xDj = xdj,1 + · · · + xdj,γ .

The performance of the codes is compared to equal length randomly constructed codes
from [71, 81], and regular column weight 3 quasi-cyclic codes with similar parameters. The
simulation setup, and random code construction is the same as detailed in Section 4.4.1.
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For the length 606 and 707 codes regular column weight 3 codes can’t be produced from
the (101,5,1)-difference family as there are not enough sets, so we have chosen regular
quasi-cyclic codes from (v,3,1) difference sets with similar length. The performance of the
quasi-cyclic code of Example 7.3.5 is shown in Fig. 7.16. The performance of the quasi-
cyclic codes in Example 7.3.6, are shown in Figs. 7.17 – 7.20. The decoding performance
of the quasi-cyclic codes demonstrates that there is a modest performance gain to be
made over the regular quasi-cyclic codes by using irregular quasi-cyclic codes.

There is a great deal of flexibility in choosing circulants via Construction 7.3.2. The
weight distribution can be varied depending on the channel noise level and no matter
what distribution is chosen quasi-cyclic 4-cycle free codes are guaranteed.

The irregular quasi-cyclic LDPC codes offer the same encoding advantages of the
regular quasi-cyclic LDPC codes. That the circulants are different weights makes no
difference to the process of finding G, with the only constraint again the requirement that
one circulant be invertible.

Example 7.3.7 Fig 7.2 shows an encoding circuit for a rate 1/2 quasi-cyclic LDPC code,

from the (21,5,1) difference set D = {3, 6, 7, 12, 14}, with circulants:

a1(x) = x6 + x7,

a2(x) = x3 + x12 + x14,

a−1
2 (x) = 1 + x3 + x4 + x6 + x8 + x9 + x11 + x12 + x13 + x14 + x18,

a−1
2 (x)a1(x) = 1 + x2 + x3 + x5 + x6 + x8 + x10 + x11 + x12 + x13 + x15 + x16 + x20.

The message bits k0 . . . k20 are loaded into the shift register circuit to produce codeword

bit c21, and at each subsequent shift of the entries in the register codeword bits c22 to c41

are produced.

7.4 Discussion

The aim of this chapter has been to design codes which have the properties necessary
to perform well with the sum-product decoding algorithm but which are also cyclic or
quasi-cyclic. The most significant benefit of constructing cyclic and quasi-cyclic codes
is that they can be encoded simply with shift register circuits. As well, the storage
requirements necessary to completely describe the code are reduced, requiring only that
the base blocks of the difference family are specified; the translates can be constructed
on-line.
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+

i0

i20

C21 ... C41

C0 ... C20i0 ... i20

i1

i2

Figure 7.2: Encoding circuit for the n = 42, k = 21 irregular quasi-cyclic LDPC

code of Example 7.3.7.
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The cyclic construction of LDPC codes presented here is restricted by the need for
many linearly dependent rows in the parity-check matrix of the code to obtain cyclic
codes having non-trivial rate. However, this construction does produce some very good
short LDPC codes which perform better than the equivalent length and rate randomly
constructed codes. The codes from the entire difference set or packing, which are in most
cases the finite geometry codes, give the highest rate codes and so are likely to be the
best codes unless implementation complexity is a significant issue.

The limited range of cyclic LDPC codes available motivated our search for quasi-cyclic
LDPC codes which also have simple encoding circuits but which offer greater flexibility
for designing the codes. Unlike for the cyclic codes, the properties and performance of the
regular quasi-cyclic LDPC codes are similar to that of the randomly constructed LDPC
codes. Like randomly constructed codes the quasi-cyclic codes have full rank parity-check
matrices with the same column and row weights and hence (with the possible exception
of the rate half codes) similar minimum distances.

Motivated by the success of the irregular random LDPC codes we also considered
quasi-cyclic codes with non-uniform column weight. The decoding performance of the
irregular quasi-cyclic codes demonstrates that there is a modest performance gain to
be made over the regular quasi-cyclic codes. Likewise, the irregular quasi-cyclic LDPC
codes show an improved decoding performance over the standard randomly constructed
LDPC codes. While it is not expected that the codes presented will outperform randomly
constructed optimized irregular codes, since the column weight distribution of the quasi-
cyclic codes is restricted by the need for circulants, they do offer significant benefits in
terms of low complexity encoder implementation.

Similarly to the codes from resolvable designs, the choice of which subsets of the
difference family to use is not systematic, which makes it more difficult to predict the
structure and properties of the quasi-cyclic codes and we can only loosely bound code
properties such as minimum distance and girth in much the same way as for the random
codes. However unlike the randomly constructed codes, every LDPC code constructed
using subsets of a difference family will be quasi-cyclic and free of 4-cycles and lower
bounds on minimum distance are guaranteed.

As for the codes from resolvable designs there is also the possibility of changing the
code rate and length on line by selecting circulants dynamically. Alternatively, for ap-
plications on channels with varying noise levels, the option exists to maintain the code
length and rate but to vary the weight of the circulants that are chosen. For high noise
channels smaller weight circulants produce the best results and reduce the lowest decod-
ing complexity while in low noise environments a large portion of high column weight
circulants improves the bit error rate.
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Overall, the aims of this chapter have largely been met and a large class of cyclic and
quasi-cyclic LDPC codes have been presented, which both perform well when iteratively
decoded with the sum-product decoding algorithm, and which have simple linear-time
encoding circuits. The quasi-cyclic codes in particular offer algebraically constructed
codes with similar performance to the traditional random LDPC codes but with the
added advantage of a cyclic structure offering substantial implementation advantages
over random codes.

Since the presence of circulants with row weight greater than 2 upper bound the girth
of the graph to 6 [105], the cyclic and quasi-cyclic codes presented in this chapter can
not give the logarithmic increase of girth with length known to be achievable for ran-
domly constructed codes. Thus for large enough lengths these structured codes will give
poorer decoding performances, with sum-product decoding, than an average randomly
constructed code. Given this limitation, future work focusing on more general quasi-
cyclic codes, where a column weight of 3 or more does not require the presence of a
circulant of weight 3 or more, and encoding circuits for them, may well prove beneficial.
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Figure 7.3: The erasure correction performance on a binary erasure channel of

LDPC codes with (6,6)-regular parity-check matrices of size 63×63. The continu-

ous curves show the average erasure correction performance of an ensemble while

individual symbols give the simulated erasure correction performance of individual

codes.
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Figure 7.4: The erasure correction performance of length 63 rate-1/2 codes on
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performance of an ensemble while individual points give the simulated erasure

correction performance of individual codes.
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Figure 7.5: The erasure correction performance on a binary erasure channel

of LDPC codes with (4,4)-regular parity-check matrices of size 255 × 255. The

continuous curves show the average erasure correction performance of an ensem-

ble while individual symbols give the simulated erasure correction performance of

individual codes.
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Figure 7.6: The erasure correction performance of length-255 rate-1/4 codes on

a binary erasure channel. Continuous curves show the average erasure correction

performance of an ensemble while individual points give the simulated erasure

correction performance of individual codes.
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Figure 7.7: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 10 iterations.
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Figure 7.8: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 10 iterations.
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Figure 7.9: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 10 iterations.
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Figure 7.10: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 10 iterations.



178 7. Cyclic and quasi-cyclic LDPC codes

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

Signal−to−noise ratio E
b
/N

0
 (dB)

B
it 

er
ro

r 
ra

te

Uncoded BPSK          
Random LDPC [255,63,4]
CYC LDPC [255,63,5]   

Figure 7.11: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 10 iterations.
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Figure 7.12: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 10 iterations.
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Figure 7.13: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 50 iterations.
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Figure 7.14: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 50 iterations.
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Figure 7.15: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 50 iterations.
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Figure 7.16: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 10 iterations.
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Figure 7.17: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 50 iterations.
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Figure 7.18: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 50 iterations.
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Figure 7.19: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 50 iterations.
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Figure 7.20: The decoding performance of LDPC codes on an AWGN channel

using sum-product decoding with a maximum of 50 iterations.
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Concluding remarks

This thesis has applied combinatorial theory to the problem of designing algebraic LDPC
codes. Drawing widely from existing incidence structures we have presented new families
of algebraic LDPC codes with definite benefits over the traditional randomly constructed
codes, particularly where small to medium length codes are concerned. The benefits of
considering codes from combinatorial designs are guaranteed code properties, parameter
flexibility, and ease of implementation including reduced storage requirements and reduced
encoding complexity. Designs also offer codes with guaranteed girth, in all cases at least
6, and provide desirable properties not easily achieved with random constructions, such
as rank deficient parity-check matrices.

In the first part of this thesis we were concerned with LDPC codes which are com-
pletely deterministic, and we construct in Chapters 3 to 5 a wide range of codes from
Steiner 2-designs and partial geometries. Steiner 2-designs offer very high rate LDPC
codes, most likely the highest rate 4-cycle free codes possible for a given length and col-
umn weight. Generalizing to partial geometries enabled us to unify many of the existing
algebraic LDPC codes under one general class, and to derive lower bounds for the min-
imum distance, minimum stopping set size and code rate, and expressions for the exact
number of minimum weight cycles in all of these codes.

There are two main types of algebraic codes from designs, those with full (or close to
full) rank parity-check matrices, and those with a significant proportion of linearly depen-
dent rows in their parity-check matrices. The codes from designs with (approximately)
full rank incidence matrices have properties and decoding performances similar to ran-
domly constructed regular LDPC codes. In most cases the algebraic codes from designs
show decoding improvements over the random codes due to the guaranteed removal of
4-cycles. This is particularly evident for codes, such as those with high rate, where this
is difficult to do using random constructions. We saw that longer column weights allow
for better decoding performance at high SNR values but hinder performance at low SNR
values.

For the LDPC codes from Steiner 2-designs and partial geometries with rank deficient
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incidence matrices, the linearly dependent rows in H can provide a significant benefit
in decoding performance. However, this is complicated by the accompanying increase
in column weight for these codes. The performance gain of the new unital, oval, and
proper partial geometry codes with larger length is typically realised only at high signal-
to-noise ratios. However, for the small codes the LDPC codes from designs with rank
deficient incidence matrices represent an excellent alternative to randomly constructed
LDPC codes as they significantly improve upon their decoding performance as well as
offer a deterministic construction, regularity and guaranteed girth.

As the codes from the Steiner 2-designs and partial geometries have Tanner graphs
with girth 6 (or 8 in the case of the generalized quadrangles), they do not show the
logarithmic relationship between girth and length known to be achievable for sufficiently
long random codes. Thus, for long enough codes randomly constructed codes would be
expected to outperform codes from these designs. However, as we saw for the Steiner
triple systems and transversal designs, this length may be long enough so that codes from
designs represent the best choice for all practical applications requiring high rate LDPC
codes.

In a compromise between completely deterministic codes and parameter flexibility, we
employed design resolvability in the second part of this thesis to construct regular 4-cycle
free LDPC codes for a much wider range of code rates and lengths. The resolvable designs
allow us to construct LDPC codes with similar properties to the randomly constructed
codes. The non-systematic selection of resolution classes for these codes means that while
some code properties can be guaranteed the codes are not fully deterministic and less can
be said about their properties than for the codes from full designs. However, this also
means that the codes from resolvable designs are not limited by the tight upper bound
on girth facing the codes from the full designs.

The last part of this thesis is aimed at addressing the high encoding complexity as-
sociated with LDPC codes. To produce cyclic and quasi-cyclic error correction codes,
which are good LDPC codes, we made extensive use of combinatorial structures such as
difference sets, difference families and mixed difference families to design the new codes.
The translates of these sets provide us with the incidence structures necessary for system-
atic constructions of regular LDPC codes with Tanner graphs free of 4-cycles and with
deterministic code properties.

The quasi-cyclic codes in particular have similar properties and performances to the
randomly constructed LDPC codes and represent a large family of flexible 4-cycle free,
regular LDPC codes with simple linear-time encoding circuits and deterministic construc-
tion. Furthermore, the irregular circulants offer a flexible choice of weight distribution
which can be alternated depending on the channel. For high noise channels smaller weight
circulants produce the best results and with the lowest decoding complexity while in low
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noise environments a large portion of high column weight circulants improves the bit error
rate.

In general, the majority of the proven performance properties of LDPC codes have
been derived for ensembles of finite or infinite length codes with a given degree distri-
bution. While codes from a given ensemble are generally constructed randomly there is
no reason to suppose that a random code from a given ensemble is any better than an
algebraically constructed code from the same ensemble. In fact, as we have seen for a
number of codes in this thesis, algebraic codes can allow access to better ensembles (with
better minimum distance or stopping set distribution) than practically available with
random constructions. The random constructions do have the advantage of flexibility
as, until recently, very few of the known algebraic codes have the properties required for
sum-product decoding. This thesis has addressed this shortage by extending the range
of LDPC codes which can be constructed algebraically and showing that many of these
algebraic codes can outperform the available randomly constructed codes with the same
parameters.

8.1 Future directions

The one area where we were unable to find incidence structures with the properties we
desired were long designs with low block weight and significantly rank deficient incidence
matrices. The small unital, oval and proper partial geometry designs demonstrate that
the combination of low block weight and many linearly dependent rows produces excellent
LDPC codes. However we were unable to present constructions for rank deficient incidence
structures with small column weights at much longer lengths. A partial result was achieved
with the transversal designs for which an infinite class of column weight 3 and 4 incidence
structures exist for an infinite range of lengths but for which only γ−1 linearly dependent
rows are guaranteed, where γ is the column weight. Finding long codes with a large
number of linearly dependent parity-checks but also with small column weights will also
facilitate a better understanding of the effect of rank deficient parity-checks on the sum-
product decoding algorithm.

A second area of future interest is the combinatorial construction of non-binary LDPC
codes. Non-binary codes can provide performance improvements over random LDPC
codes [30], and may also be better suited to some communications channels. Designs
are naturally described by binary matrices, representing incidence, and sparse non-binary
matrices are not normally associated with this field. However, recent interest in non-
binary designs such as generalized Bhaskar Rao designs [92] may provide useful structures
for non-binary LDPC codes.

Finally, in this thesis we have limited our consideration to codes described by incidence
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graphs with simple even parity-check constraints. It is highly likely that better codes can
be produced using subcode constraints [100] as has been done very successfully for codes
from generalized quadrangles in [118, 117].



A

Construction of designs

For completeness we present the construction methods used for the designs we require for
our algebraic codes.

A.1 Steiner 2-designs

Constructions for three Steiner 2-designs are presented: projective geometries, ovals
and unitals.

A.1.1 Projective geometries

In this section we present projective geometries which are used in the construction of
both oval and unital designs. Further details on projective geometries can be found in
[3, 4]; our treatment of projective geometries follows Anderson [3].

Consider the set S of triples x = (x, y, z) of elements of the finite field GF(q), where
(x, y, z) are not all zero. S has q3 − 1 members, but we identify triples x and y if x = κy
for some non-zero element κ ∈ GF(q), and say that x and y are equivalent. Denote the
equivalence class of x by [x]. Each equivalence class has q − 1 members, corresponding
to the q − 1 possible non-zero values of κ, and so there are (q3 − 1)/(q − 1) = q2 + q + 1
different classes [x], which we take as the points of PG(2,q).

Next define the blocks (or lines) as follows: If α = (α0, α1, α2) is a triple of elements of
GF(q), not all zero, define the line [α] to be the set of all points such that α0x+α1y+α2z =
0. By an argument similar to the one for points, there are q2 + q + 1 blocks. To see that
there are q + 1 points on each line, consider the line [α] where α = (α0, α1, α2). Not all
the αi are zero, so suppose for example that α1 �= 0. Then, if [x] is on [α], x1 is uniquely
determined by x0 and x2, where x0 and x2 cannot both be zero. There are q2 − 1 choices
of x0 and x2, so there are q2 − 1 vectors x �= 0 satisfying α0x + α1y + α2z = 0, and hence
there are (q2 − 1)/(q − 1) = q + 1 distinct points [x] on [α].
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As an example, we construct the finite projective plane PG(2,22), which is also a 2-
(21, 5, 1) design. Here we use the field GF(4), which can be thought of as the elements
{0, 1, α, α + 1}, where α2 = α + 1. Writing β in place of α + 1, so that αβ = α(α + 1) =
α2 + α = 1 and β2 = (α + 1)2 = α2 + 1 = α, and omitting brackets and commas, the 21
points can be written as

100, 010, 001, 1αα, 1β0, 01β, 1α1, 101, 10α, 1βα, 1β1,

10β, 11α, 1ββ, 110, 011, 1α0, 01α, 1αβ, 11β, 111.

Note that there are 21 points, and not 43 − 1 = 63, since we identify points that differ
only by a scalar multiple. Thus, for example, 01β and 0α1 define the same point since
α(0, 1, β) = (0, α, 1). Similarly, there are 21 lines in PG(2,22):

[100] : 010 001 01β 011 01α,

[010] : 100 001 101 10α 10β,

[001] : 100 010 1β0 110 1α0,

[110] : 001 11α 110 11β 111,

[011] : 100 1αα 1ββ 011 111,

[101] : 010 1α1 101 1β1 111,

[1α0] : 001 1β0 1βα 1β1 1ββ,

[01α] : 100 01β 1α1 1βα 11β,

[10α] : 010 10β 1ββ 1αβ 11β,

[1β0] : 001 1αα 1α1 1α0 1αβ.

[01β] : 100 1β1 11α 01α 1αβ,

[10β] : 010 1αα 10α 1βα 11α,

[11α] : 1αα 01β 1β1 10β 110,

[11β] : 1α1 10α 1ββ 110 01α,

[1α1] : 1αα 1β0 101 01α 11β,

[1β1] : 01β 101 11α 1ββ 1α0,

[α11] : 10α 011 1β1 1α0 11β,

[β11] : 1β0 1α1 10β 11α 011,

[1αβ] : 1β0 01β 10α 1αβ 111,

[1βα] : 1βα 10β 1α0 01α 111,

[111] : 101 1βα 110 011 1αβ,

In the above, the five points identified as lying on the line [1αβ] are, by definition, those
points (x, y, z) which satisfy the equation x + αy + βz = 0.

A.1.2 Ovals

This material on oval designs is essentially Bose and Shrikhande’s original presenta-
tion [13], using the terminology of Assmus and Key [4, 58]. Oval designs are constructed
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from projective planes, and we use the projective plane constructed in Section A.1.1 in
our example.

An oval in a projective plane of even order q is a set of q + 2 points that meet each
line of the plane in 0 or 2 points. To construct an oval requires a non-degenerate conic C

on a projective plane PG(2,2m), e.g. the conic

xz = y2.

There are q + 1 points P1, P2, . . . , Pq+1 on this conic, where q = 2m. Through any point
Pi = (x′, y′, z′) on the conic there pass q + 1 lines, q of which meet the conic in the other
q points on the conic, and the remaining line z′x + x′z = 0 meets the conic in the single
point Pi, and is therefore tangent to C. The q + 1 tangents to the conic all pass through
the point P0 = (0, 1, 0) which is called the nucleus (also pole, or knot) of the conic. The
q2 + q + 1 lines of the plane may be divided into three classes:

(a) the q(q + 1)/2 secants, each of which meets the conic in 2 points, neither of which
is P0;

(b) the q + 1 tangents, each of which meets the conic in one point and passes through
P0; and

(c) the q(q − 1)/2 exterior lines which do not meet the conic and hence do not pass
through P0.

A regular oval O in the projective plane PG(2, q) is now formed by taking the q + 1
points P1, P2, . . . , Pq+1 on the conic, together with the nucleus P0. The q2 − 1 points of
the plane other than P0 and the points of the conic are called retained points.

Oval designs can now be defined: let Π be a projective plane of even order q, and let
O be an oval of Π. The oval design W (Π,O) is the incidence structure having for points
the lines of Π exterior to O, and for blocks the points of Π not on the oval O, namely
the retained points. Incidence is given by the incidence in Π; that is, in an oval design, a
point is considered to belong to a block if the corresponding line and point in PG(2,2m)
are incident. It is easy to show that oval designs are Steiner systems with parameters
2-(q(q − 1)/2, q/2, 1); see [4, Chapter 8]. The family of oval designs constructed in this
way have the following parameters:

v = q(q − 1)/2, b = q2 − 1, ρ = q + 1, γ = q/2, λ = 1,

where q = 2m.

To complete the example above, we take the conic xz = y2 defined on points (x, y, z) of
the projective plane PG(2,22) from Section A.1.1. There are q+1 = 5 points P1, P2, . . . , P5
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exterior lines retained points

[11α] 1αα 01β 1β1 10β 110

[11β] 1α1 10α 1ββ 110 01α

[1α1] 1αα 1β0 101 01α 11β

[1β1] 01β 101 11α 1ββ 1α0

[α11] 10α 011 1β1 1α0 11β

[β11] 1β0 1α1 10β 11α 011

Table A.1: The exterior lines and retained points of an oval design

on this conic:
100, 001, 1αβ, 1βα, 111,

and these points, together with the nucleus P0 = 010, form an oval O. The q2 +q+1 = 21
lines of the plane are divided into three classes:

(a) the q(q + 1)/2 = 10 secants:

[010], [011], [110], [01α], [1α0],

[01β], [1αβ], [111], [1βα], [1β0]

(b) the q + 1 = 5 tangents:

[100], [001], [101], [10α], [10β]

(c) the q(q − 1)/2 = 6 exterior lines:

[11α], [11β], [1α1], [1β1], [α11], [β11].

To construct the oval design we take the points exterior to the oval as blocks and the
non exterior lines as points. The set of exterior lines and their corresponding retained
points are shown in Table A.1. We take as points the 6 lines of PG(2,22) that are exterior
to the oval, and as blocks the set of q2 + q + 1 − (q + 2) = q2 − 1 = 15 retained points.
Thus if we take the 6 exterior lines in the order listed above, and the 15 retained points
in the following order:

010, 1αα, 1β0, 01β, 1α1, 101, 10α, 1β1,

10β, 11α, 1ββ, 110, 011, 1α0, 01α, 11β.

we obtain the incidence matrix of the 2-(6, 2, 1) oval design,
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secant/tangent retained points on secant/tangent

[01α] 01β 1α1 11β

[010] 101 10α 10β

[01β] 1β1 11α 01α

[011] 1αα 1ββ 011

[001] 1β0 110 1α0

Table A.2: Construction of the resolution classes of an oval design

N =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . 1 . . 1 1 . . . . 1 . 1 .

1 . . . 1 . . . 1 1 . . . 1 .

. 1 . 1 . . . . 1 . . 1 1 . .

. 1 . . 1 . 1 . . . 1 . . . 1
1 . . . . 1 . 1 . . 1 . 1 . .

. . 1 1 . . . 1 . 1 . . . . 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The first column, for example, reflects that the point 1αα is incident with the two lines
[11α], [1α1] exterior to the oval.

A.1.3 Resolvable ovals

Oval designs are resolvable with a distinct resolution defined by each point P on O: the
q − 1 blocks corresponding to the retained points on a secant or tangent through P form
a single parallel class, and the full set of q + 1 parallel classes forms the resolution [58].

Choosing point P = 100 on O leads to a resolvable oval design as follows: q + 1 = 5
members of the set of secants and tangents listed above intersect point P , and each
such line contains q − 1 = 3 retained points. The set of secant/tangent lines and their
corresponding retained points are shown in Table A.2.

We now take as points of the oval design the 6 exterior lines, and as blocks the set of
q2 + q + 1 − (q + 2) = (sq + 1)(q − 1) = 15 retained points, taken from Table A.2 in the
natural (left-to-right, top-to-bottom) order. Each row of Table A.2 therefore constitutes
a resolution class of the design, and we obtain the incidence matrix of the 2-(6, 2, 1) oval
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design:

N =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 . . 1 . . . . 1 . 1 . 1 . .

. . 1 . . 1 . . 1 . . 1 . . 1

. 1 . 1 . . 1 . . . . 1 . 1 .

. . 1 . 1 . . 1 . . 1 . . 1 .

. 1 . . . 1 . 1 . 1 . . 1 . .

1 . . . 1 . 1 . . 1 . . . . 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The first column, for example, reflects that the retained point 01β is incident with the
two lines [11α], [1β1] exterior to the oval.

A.1.4 Unitals

The unitals presented here are derived from Hermitian unitals constructed using the
method of [58]. Unital designs are constructed from projective planes, and we use the
projective plane constructed in Section A.1.1 in our example.

An unitary polarity in a projective plane of even order q = m2 is a set of points of the
plane with cardinality m3 + 1 and the property that every line of the plane meets the set
in 1 or m + 1 points.

For the projective plane presented in Section A.1.1, the set of points

110, 011, 1α0, 01α, 1β0, 01β, 101, 10α, 10β

form a unitary polarity. The lines

[11β], [010], [1β1], [βα1], [1α1], [111],

[001], [α11], [100], [β11], [11α], [1αβ],

all contain 3 of the points in the unitary polarity and all other lines contain one of these
points.

A unital design or unital has as points the point set of a unitary polarity and for
blocks those lines in the projective plane that meet the point set of the unitary polarity
in m+1 points [4]. The points and blocks of the design retain the incidence of the points
and lines of the geometry. Thus a unital design is a Steiner 2-design with parameters
2-(m3 + 1, m + 1, 1). That is, a unital design consists of b = m2(m3 +1)/(m+1) subsets,
called blocks, of a set of v = m3 +1 points with the property that every point is contained
in r = m2 blocks, every block contains γ = m + 1 points and every pair of points is
contained in exactly one block together.
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The unitary polarity defined above on the plane PG(22) produces a 2-(9, 3, 1) unital
design with incidence matrix is

N =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 . . . . 1 1 . . . 1 .

. . . . . 1 . 1 1 1 . .

. . 1 1 . . 1 1 . . . .

1 . . 1 1 . . . 1 . . .

. . . . 1 . 1 . . 1 . 1

. . 1 . . . . . 1 . 1 1

. 1 1 . 1 1 . . . . . .

1 1 . . . . . 1 . . . 1
. 1 . 1 . . . . . 1 1 .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

A.2 Proper partial geometries

The known constructions for proper partial geometries are given in Table 5.3. We
present the construction for the first class in the table which are due to Thas [107]. These
designs are constructed from projective planes and we use the projective plane constructed
in Section A.1.1 in our example.

An (m, k)-arc in a projective plane of order q is a set of m points, no k of which are
collinear. The arc is perfect if

m = (q + 1)(k − 1) + 1.

To construct an ((q + 1)(k − 1) + 1, k)-arc, let

f(y, z) = ay2 + byz + cz2

be an irreducible quadratic over GF(q) and let H be any sub group of the additive group
of GF(q) with order d. In the affine plane, AG(2, q), embedded in PG(2, q), define

A := {(y, z) : f(y, z) ∈ H}.

Any affine line meets A in 0 or d points and A is a perfect ((q + 1)(d − 1) + 1, d)-arc.

The partial geometries pg(s, t, α) of this construction have the parameters

s = q − d, t = q(d − 1), α = (q − 1)(d − 1)/d,

and require an ((q + 1)(d− 1) + 1, d)-arc defined in a projective plane of order q. Such an
arc exists for all q = 2h, d = 2m, for h,m, any integers so long as h > m. The points of
the partial geometry are the points of PG(2, q) that are not contained in the arc and the
lines of the partial geometry are the lines of PG(2, q) that are incident with k points of
the arc where the incidence of is that of PG(2, q).
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As an example we construct the pg(2,2,1). First we find an EG(2, 22) embedded in the
PG(2,22), by removing one line from PG(2,22) and all the points through it. By omitting
all points on the line x = 0 from PG(2,22) we see that all remaining points have x = 1 (see
Section A.1.1) and so we can represent the points of EG(2, 22) by the shortened (y, z).
Thus EG(2, 22) contains the points:

00, αα, β0, α1, 01, 0α, βα, β1,

0β, 1α, ββ, 10, α0, αβ, 1β, 11,

and has lines which are all the lines of PG(2,22) except [100]. For example the line [1αβ]
from PG(2,22), is

[1αβ] : β0 0α αβ 11

in EG(2, 22). Next we choose H = {0,1}, and use the irreducible quadratic

f(y, z) = αy2 + yz + z2.

Then the points (y, z) in EG(2, 22) for which f(y, z) = 0 or 1, give us our arc:

A := 00, αα, 01, βα, β1, α0.

Finally the points of the partial geometry are all the points in PG(2,22) other than those
in A:

010, 001, 1β0, 01β, 1α1, 10α, 10β,

11α, 1ββ, 110, 011, 01α, 1αβ, 11β, 111,

and the lines of the partial geometry are the lines of the PG(2,22) which contain two
points of A. It is easy to check the set of lines in PG(2,22) to fine the subset which
intersect A twice, they are:

[010], [001], [011], [101], [1α1], [01α], [1β0],
[01β], [10β], [11α], [1α1], [1β1], [α11], [1βα], [111],
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and we have a pg(2,2,1) with incidence matrix

N =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 . . . 1 . 1 . . . . . . . .

. 1 . 1 . . . . 1 . . . . . .

. 1 . . 1 . . . . . 1 . . . .

. . . . . 1 . . . 1 . 1 . . .

. . . 1 . 1 1 . . . . . . . .

1 . . . . . . . 1 . . . 1 . .

1 . . . . . . . . 1 . . . 1 .

. . . . . . . 1 1 . . 1 . . .

. . 1 . 1 . . . . . . 1 . . .

. 1 . . . . . . . 1 . . . . 1

. . 1 . . . . . . . . . 1 . 1

. . . . . . . 1 . . 1 . . 1 .

. . . . . . 1 1 . . . . . . 1

. . . . . 1 . . . . 1 . 1 . .

. . 1 1 . . . . . . . . . 1 .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Note that the partial geometry produced by this method is only a generalized quadrangle
for this case, for all other h, m a proper partial geometry is produced.

A.3 Kirkman triple systems from mixed difference systems

To generate the resolvable KTS designs the concept of mixed difference systems is re-
quired. We first present background material on mixed difference families before present-
ing in Constructions A.3.1 and A.3.2 the KTS designs. Our treatment of difference sys-
tems follows Anderson [3], while the material on KTS designs is essentially Ray-Chaudri
and Wilson’s original presentation [84], using the terminology of Anderson [3].

The concept of a mixed difference system was presented in Definition 2.2.2. A mixed
difference systems allows several copies of each element of an Abelian group to be used
as the points of the design. For G an Abelian group of order v let H = G ×Zt. Then H
consists of tv elements, t copies of each element of G. An element (a, i) ∈ H represents
the ith copy of the element a in G. The translates of the sets of a mixed difference system
form the blocks of a 2-(tv, sv, sk/t, k, λ) design with point set the elements of H. KTS
designs can be constructed in this way, and we present below constructions for the mixed
difference systems required for the KTS designs with v = 3q and v = 2q + 1, q a prime
power.

Construction A.3.1 [3, Theorem 2.2.4] Let q = 6m+1 be a prime power, m an integer

and take θ, a primitive element of GF(q), so that θ6m = 1, θ3m = −1, and θ2m + 1 = θm.
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The point set is H = GF(q) × Z3 and the mixed difference system consists of the sets:

A = {01, 02, 03},
Bi,j = {θi

j , θ
i+2m
j , θi+4m

j }, 1 ≤ i ≤ m

Ci,j = {θi+m
j , θi+3m

j+1 , θi+5m
j+2 }, 1 ≤ i ≤ m

Di,j = {θi
j , θ

i+2m
j+1 , θi+4m

j+2 }, 1 ≤ i ≤ m

for 1 ≤ j ≤ 3, where θi
j is (θi, j) ∈ H. The sets A, Bi,j and Ci,j of the mixed difference

system make up the blocks of one resolution class of a design, and each translate of these

sets gives a further resolution class. Next, each set Di,j with its translates give a resolution

class; so we obtain a total of 9m + 1 resolution classes and we have a KTS(3q).

Example A.3.1 Take H = GF(7) × Z3, m = 1, q = 7 and v = 21. Choose θ = 3 and

the mixed difference system is:

A = {01, 02, 03},
B = {31, 61, 51}, {32, 62, 52}, {33, 63, 53},
C = {21, 42, 13}, {22, 43, 11}, {23, 41, 12},
D = {31, 32, 33}, {62, 63, 61}, {53, 51, 52}.

(A.1)

The sets A, B, and C make up the blocks of the first resolution class of the design and
the 6 translates of these sets make up the blocks of the next 6 resolution classes. The
blocks in the second resolution class (the translate of A, B and C with g = 1) are:

{11, 12, 13}, {41, 01, 61}, {42, 02, 62}, {43, 03, 63},

{31, 52, 23}, {32, 53, 21}, {33, 51, 22}.

Next, the translates of each block in D make up a resolution class, for the first block this
class is:

{31, 32, 33}, {41, 42, 43}, {51, 52, 53}, {61, 62, 63},

{01, 02, 03}, {11, 12, 13}, {21, 22, 23}.

Altogether there are 10 resolution classes, each with 7 blocks, to give the KTS (21,70,10,3,1)-
design.

Construction A.3.2 [3, Theorem 9.1.5] Let q = 6m+1 be a prime power, m an integer

and take H = GF(q) ×Zt ∪∞. Choose θ, a primitive element of GF(q), so that θ6m = 1
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and θ3m = −1, and choose an integer u, so that θm + 1 = 2θu. Then the sets:

A = {01, 02,∞},
Bi = {θi+u+m

2 , θi+u+3m
2 , θi+u+5m

2 }, 0 ≤ i ≤ m − 1,

Ci = {θi
1, θ

i+m
1 , θi+u

2 }, 0 ≤ i ≤ m − 1,

Di = {θi+2m+u
2 , θi+2m

1 , θi+3m
1 }, 0 ≤ i ≤ m − 1,

Ei = {θi+4m+u
2 , θi+4m

1 , θi+5m
1 }, 0 ≤ i ≤ m − 1,

form a mixed difference system in H. The sets of the mixed difference system partition

the 2q + 1 elements of H and make up the first resolution class. Each translate of the

sets give a further resolution class and we have a KTS(2q + 1) design. Note that when

forming the translates g + ∞ = ∞.

Example A.3.2 Take H = GF(7)×Z2∪∞ and m = 1, q = 7 and v = 15. Choose θ = 3

and u = 2 and the required mixed difference system is:

A = {01, 02,∞}, B = {32, 52, 62},
C = {11, 31, 22}, D = {21, 61, 42}, E = {41, 51, 12}.

(A.2)

These sets make up the six blocks of the first resolution class of the KTS(15), and each
successive resolution class is obtained by forming translates of these sets. The first trans-
late is

{11, 12,∞}, {42, 62, 02}, {21, 41, 32}, {31, 01, 52}, {51, 61, 22},
If we take the ordering of the points to be {01, . . . , 61, 02, . . . , 62,∞} the first 20 columns
of N for this KTS (15,35,3,7,1)-design are shown in Fig. 6.1.
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Most frequently used symbols

[n, k, d] block code: length n, dimension k and minimum distance d, 9

2-(v, b, r, γ, λ)

or 2-(v, γ, λ) Steiner 2-design, 23

A adjacency matrix, 27

α partial geometry parameter, 27

B block, 23

B set of blocks, 23

b number of blocks, 23

C error correction code, 12

c codeword, 10

c(x) polynomial representation of a codeword, 152

D combinatorial design, 23

d minimum Hamming distance, 9

F finite field, 26

γ design block size, 23

G Abelian group, 25
g an element of G, 25

G generator matrix, 10

GF (q) Galois field with q elements, 9

g(x) generator polynomial, 152

H parity-check matrix, 10

h(x) parity-check polynomial, 153

I ideal, 152

I incidence relation, 23

J all ones matrix, 97
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k code dimension, 9

λ t-design parameter, 23

m number of parity-checks, 12

N point-by-block incidence matrix, 23

n code length, 9
n1 strongly regular graph parameter, 28

N6 number of 6-cycles, 36

N8 number of 8-cycles, 95

O orthogonal array, 106

O oval design, 65

⊕ modulo-2 addition, 10

P point, 23

P set of points, 23
p1 strongly regular graph parameter, 28
p2 strongly regular graph parameter, 28

P ext
i extrinsic probability, 12

PG(m, q) projective geometry, 26

pg(s, t, α) partial geometry, 27

P int
i a priori probability, 12

R code rate, 9
ρ number of resolution classes in a KTS code, 124

r point degree of a design, 23

rankq(H) rank of H over GF(q), 11

Rn ring of polynomials degree n, 152

Smin minimum stopping set size, 20

s partial geometry parameter, 27

θ primitive element, 127

t partial geometry parameter, 27

V vector space, 26

v number of points, 23

wc column weight of H, 11
wr row weight of H, 11

x transmitted codeword, 13
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y received vector, 13

Zv cyclic group, 25

z bit-wise hard decision of the received vector, 13

Abbreviations

APP a posteriori probability
AWGN additive white Gaussian noise

BER bit error rate
BEC binary erasure channel
KTS Kirkman triple system
KQS Kirkman quadruple system

LDPC low-density parity-check
LLR log-likelihood ratio

MOLS mutually orthogonal Latin squares
PG partial geometry

SNR signal-to-noise ratio
STS Steiner triple system
TD transversal design
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