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/ The extended Kalman filter \

< conventional Kalman filter applies to linear state estimation problems:
» next states are linear combinations of current states and inputs
» measurements are linear combinations of current states and inputs

< often interested in nonlinear problems

= next states and/or measurements are nonlinear combinations of present
states and inputs

< very commonly used approach is to linearise system model about
current best estimate of the state

+ this is the extended Kalman filter (EKF) /
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/ Example—radar tracking \

Natural choice of states are Cartesian P y
coordinates (P Py) and derivatives (V,V,) A

For constant velocity, states evolve as follows:
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But most natural measurements are Linearisation:
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o state equation is nonlinear
e measurement equation is linear

X, = Ca(OH), concentration in tank
X, = CO, concentration in tank

u, = Ca(OH), inflow rate

u, = CO, Inflow rate

<
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Example—decalcification plant

~

tank,
volume V

lime weak
water lime water

. ° ::o —>
%%, —
wz

injection

Ca(OH), + CO, —» CaCO, + H,O
calcium carbon calcium water
hydroxide dioxide carbonate
(precipitate)

rate of reaction = XX, /
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/ L_inearisation of nonlinear model \

State-space model of discrete-time nonlinear system:
Xer = FOa) + glxow,
Vo= h(x) + n
with noise model:
E{WinT} = Qd;, E{w;j = 0
E{nian} = RS;, Efn} = 0

We’ll actually use EKF to estimate states of linearised state-space system:

additional terms due to
X = AXe + Gewy [ linearisation ]

Yo = CpXg + Ny

K Note: linear system is time-varying, since A, ,G,,C, will depend on state

estimates produced by extended Kalman filter /
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L_Inearisation

Key to linearisation is Taylor’s Theorem:

f(x) = f(a + (x-a)f'(a) + (X_Z—'a)zf”(a) +

~

[ linearising state equation around estimate X, and retaining only first two terms:

f(x) ~ FRg) + AdXe— %)

where of

OX | X= Xk|k

Ak =

O also, define:

g(x¢) = 9(2k|k) = Gy

O similarly for measurement equation:

(X)) = h(Xgpa) + Ck(xk_)zk|k—1)'
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where

Ck = g_t):

X = kal/
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/ The linearised model \

State equation
Xiw = Fx) + glxw
~ f()zk|k) T Ak(xk_)zk|k) +  Gw,
= AX¢ T ( (Xk|k) Aka|k) + Gwy

\

Vv
U, known at time k

Measurement equation

Yk = h(xk) + Ny
~ h()A(k|k—1) + Cy (Xk - )A(k|k—1)
= Cyxe + (h()zk|k—l)_ck)2k|k—l) + Ny
| _J

Y
K Y, known at time k-1 /
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/ Time and measurement updates \

to predict with KF, simply

propagate model assuming

Time update
P " _ A K noise input is zero
X1 = AxXgog-r + Known term

= AXcgpr + (f()zk—nk—l)_ Ak)zk—1|k—1)

= f ()A(k—1|k—1)
Measurement update
Xk = Xgeer T jk(yk —known term —Ckiklk_l)
= >A(k|k—1 + Jy (Yk - {h()zk|k—l)_ck)2k|k—1}_ck >A<k|k-1)
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The EKF algorithm

Given:
Xew = Fx) + gl )w
Ve = h(x)) + n
EKF algorithm:
)A(k|k—1 = f()A(k—1|k—1)
>A<k|k = >A(k|k—1 + Jy (Yk _h()’zk|k—1))
Jo = PuesCr(CiPysCl +R)”
Pk AkPk|kAlI + GkQGE
Pk|k = (' _jka)Pklk—l
where
A = g—i K= R Gy = g()zk|k)

Cy

= Qo Ew;j = 0
= R&;, E{nj = 0
time update

measurement update

Kalman gain calculation

time update

measurement update

X = Xk|k—l /

oh
OX

<ZX2 Centre for Integrated
CIDAC Dynamics and Control

© Centre for Integrated Dynamics and Control



Basic idea is to relinearise and recompute X

Replace measurement update

)A(k|k = )A(k|k—1 + jk(yk_h()zmk—l))
with

>A(|(<|k ) = Xeka + jlgl)(yk - h()A(k|k—1))
o I is calculated based on linearisation at Xk

< Iterate on i until convergence occurs, or fixed number of iterations completed

O,
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/ Iterated Extended Kalman Filter (IEKF) \

/
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/ Detalls of IEKF

Initialisation:
C 0 _ oh i
X OX | ¥ = X1
Steps Oto L:
- : : - 1
JkJ) = Pk|k_1Cp((J)T [CLEJ)Pk|k—1CI(<J)T T RT

|(<sz = )A(k|k + ‘J_Igj)<y_h()2k|k—1))

X
(i) _ oh
C T )
After L steps: Kk
X = XI(<I|_)’ Xk = f()A(k|k)

Pk|k = (I_‘J_kCIEL))PHk—l

K P = APache + GQG,
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At each time instant k, compute Kalman gain J, iteratively as follows:

/
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Performance guarantees for EKF

There are none.

< Performance of EKF is clearly dependent on quality of approximations:

Xeer = AKX + U+ Gewy

Ye = CeX + Y + Ny

< Linearisation can cause unexpected difficulties:

bias errors
divergence

< Pragmatic steps to address effects of linearisation errors:

<
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assume more process noise than there really is: increase Q
scale up covariance matrix P

use numerically robust formulations of KF update equations to keep P positive definite

LIS Dynamics and Control © Centre for Integrated Dynamics and Control

12



	The Extended Kalman Filter
	The extended Kalman filter
	Example—radar tracking
	Example—decalcification plant
	Linearisation of nonlinear model
	Linearisation
	The linearised model
	Time and measurement updates
	The EKF algorithm
	Iterated Extended Kalman Filter (IEKF)
	Details of IEKF
	Performance guarantees for EKF

